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tion and, as such, would seem to be a definite possibility
for representing the actual damage situation in fused
silica. If it is further assumed that one or both of the
C and E centers arise from'a trapping of an electron or
hole by the defects arising when an Si—0 bond is
broken, then the lack of correlation between the number
of C and E centers remaining after a thermal anneal"
can be explained in terms of the trapping of charges
by impurities. That is, impurities compete with the
defects for the free charges. This also could explain the
small C-band coloration and the presence of the addi-
tional absorption band at 257 mp which appears to be
associated with the hydroxyl-ion in the less pure silica
(7940).

The broken-bond model requires strained regions so
that the broken bond will relax quickly and not reform.
This mechanism is probably not operative to any large
extent in crystalline n quartz and could explain the
relatively small damage observed in this material.

In terms of this broken-bond model one can under-

stand the reduced damage in fused silica when an anneal
at 950'C precedes the irradiation. The strained regions
already present in the glass would be relieved and
would thus reduce the number of broken bonds formed
as a result of irradiation. It is not clear, however, why
there is decreased sensitivity when the sample in
question has been irradiated prior to the 950'C anneal.
It may be that the larger number of broken bonds allows
greater freedom of re-arrangement of the lattice con-
stituents than is possible during the anneal of the
previously unirradiated material.
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Test of Spin Hamiltonian for Iron'+ in Strontium Titanate
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The applicability of a conventional spin Hamiltonian to the paramagnetic spectrum of Fe'+ in strontium
titanate is investigated. The work was inspired by a paper by Muller who 6nds deviations from a conventional
spin Hamiltonian which he attributed to covalent bonding. The spectrum is remeasured and compared with
the more general theory of Koster and Statz. It is found that the conventional Hamiltonian describes the
spectrum about as well, in this case, as the improved theory. The remaining discrepancies vary from crystal
to crystal and are due to random distortions of the Fe'+ site. A rather good agreement with theory was
obtained for one crystal which apparently was more perfect than the other measured samples. From pertur-
bation theory, it is concluded that the deviations from a conventional Hamiltonian should be about 0.1
Mc/sec if covalency and exchange effects can be neglected. The experimental errors in the present experi-
ments are about 1 to 2 Mc/sec. Even though for the present example it is unnecessary to resort to the
improved theory, it is shown that, even in the absence of covalency, measurable deviations from a con-
ventional spin Hamiltonian are expected in substances where the zero-field splittings and the applied
magnetic 6eld are large.

I. INTRODUCTION
' 'N the literature, one sometimes finds statements that
~ ~ the spin Hamiltonian" is not completely satis-
factory in describing the energy levels of paramagnetic
ions as a function of magnetic field. For example, in
connection with maser studies, attention has been
called again to the fact that gadolinium ethyl sulfate
diluted in lanthanum ethyl sulfate shows a spectrum
at low frequencies and lower temperatures not consistent

'B. Sleaney and K. W. H. Stevens, Reports on Progress in
Physics (The Physical Society, London, 1953), Vol. 16, p. 108.

i K. D. Bowers and J. Owen, RePorts on Progress in Physics
(The Physical Society, London, 1955), Vol. 18, p. 304.

with a spin Hamiltonian. ' Muller stated in a recent
paper4 that Fe'+ in strontium titanate showed deviations
from a spin Hamiltonian. Geusic' stated that he ob-
served deviations from a spin Hamiltonian of the order
of one percent for Cr'+ in A1203 crystals.

Observed deviations from spin Hamiltonian may
have many reasons. First of all, the approximations
underlying a spin Hamiltonian may introduce errors
which are larger than the experimental uncertainties.

' Bleaney, Scovil, and Trenam, Proc. Roy. Soc. (London) A223,
15 (1954).

4 K. A. Miiller, Helv. Phys. Acta 31, 173 (1958).
5 J. E. Geusic, Phys. Rev. 102, 1252 (1956).
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Also, the experimental observations may be in error.
The symmetry of the lattice site may also be different
from what is assumed. For example, when the para-
magnetic ions are substituted into the host crystal the
charge on the substituted ions, in general, will be
different from those ions originally present at that
site. To achieve over-all balance in charge, anion or
cation vacancies may be created or other charge
balancing defects must be present. These vacancies

may be in the vicinity of the atom in question and
distort the crystal symmetry. Also strains induced during
the crystal growth cause deviations from the assumed
symmetry.

Adding to possible discrepancies are calculational
uncertainties. The energy levels of the spin Hamiltonian
can be calculated by diagonalizing the Hamiltonian
matrix. Some workers have determined these energy
levels by perturbation theory rather than by an exact
computing machine diagonalization and thus have
obtained discrepancies between calculations and experi-
ment. Finally there is the possibility that the lattice
distorts around the paramagnetic ion as the magnetic
field is applied. Such a distortion would follow the
direction of the magnetic Geld. Measuring a cubic
crystal, for example, would give a spectrum with cubic
symmetry even though the symmetry of the lattice
site would always deviate from cubic symmetry. Such a
distortion could result from the magnetic field induced
changes in the wave function of the paramagnetic ion
and its interaction with neighboring atoms. Bleaney
et a/. ' invoked this concept as a possible explanation
of the experimental observations in gadolinium ethyl
sulfate.

In a first step, two of the authors investigated the
applicability of the spin Hamiltonian. ' ' A new group
theoretical method was developed in which it was
assumed that we know the ground-state wave functions
exactly. The magnetic field was introduced as a pertur-
bation PH (L+2S) and the Hamiltonian matrix for
this perturbation for the lowest states was determined.
Due to the transformation properties of the lowest
states and due to time inversion symmetries there are
many relations between these matrix elements. For a
'5 state in a cubic held, there remain only five in-
dependent matrix elements which may be considered
as adjustable constants when fitting the experimental
data to this theory. As will be shown, the remaining
error in this new theory is entirely negligible and
deviations still remaining must be attributed to such

effects as distortions of the lattice in the vicinity of the
atom due to either the Jahn-Teller effect, or defects, or
other effects not contained in the deviation of the
theory.

In order to see to which extent the conventional

spin Hamiltonian theory applies and whether there are

' G. F. Koster and H. Statz, Phys. Rev. 113,445 (1959).' H. Statz aud G. F. Koster {tobe published).

any deviations from either the old or the improved
theory, we have investigated as a first example Fe'+
in strontium titanate. We have chosen this material
since Muller has reported deviations from a con-
ventional spin Hamiltonian formalism for this crystal
which he felt might have been due to covalent bonding.
In the new theory, effects due to covalent bonding are
included and thus a 6t should be obtainable. We have
preferred this crystal to gadolinium ethyl sulfate or
ruby since the crystal structure is cubic and thus the
number of available constants is still reasonably small.
It will turn out, however, that the conventional spin
Hamiltonian will describe the spectrum much better
than believed and the small remaining discrepancies are
not materially reduced by the new constants. The
origin of the residual discrepancy will be shown to be
due to noncubic 6elds splitting the quadruple zero field
degeneracy (I's+) into two doubly degenerate levels.

II. EXPERIMENTAL PROCEDURE

The paramagnetic resonance spectrometer illustrated
in Fig. 1 is used to measure the interaction of electro-
magnetic energy with paramagnetic spins in a magnetic
field. It is similar to those described in the literature"
with the exception of a few modifications which are
evident in the figure.

The magnetic field is modulated by about 1 gauss or
less at 25 cycles per second, and the resulting signal
which is proportional to d7r"/dH is measured with a
specially designed, narrow band, phase sensitive
detector. The low-noise preamplifier and phase-
sensitive detector each have a tuned amplifier stage
with a Q variable from 25 to zero. Two rejection filters
are included in the preamplifier. The gain of the com-
plete system is about 5X10~ with full scale correspond-
ing to an input of 0.2 microvolt to the transformer. The
equivalent input noise is about 5&(10 ' volt for a band
width of 1 cps at a frequency of 25 cps. The output of
the phase-sensitive detector can be used to keep the
magnetic held locked to the center of an absorption
line. This method is illustrated in Fig. 1. The time
constant of this negative feedback loop is kept high

(up to 500 seconds) in order to prevent oscillation at
high amplifier gain and to reduce the eGect of noise in
the determination of the line center.

The microwave frequency is measured with a cavity
wavemeter which is calibrated to an absolute accuracy
of 1 Mc/sec, and which has a resolution of about 0.1
Mc/sec. Magnetic fields are measured with a nuclear
resonance magnetometer and a 10 Mc/sec counter.
Since the proton resonance probe is physically displaced
from the paramagnetic sample, a slight correction
(about 0.5 gauss) is made for the difference of field
between the two points. When two resonance lines are
not completely resolved, a correction must be made for

Strandberg, Tinkham, Solt, and Davis, Rev. Sci. Instr. 27,
596 (1956).' G. Feher, Bell System Tech. J. 36, 449 {1957).
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the "line interaction" eGect which tends to make the
apparent line centers slightly diferent from the values
that correspond to the separate lines. If one can assume
a Lorentz line shape, then the correction can be com-
puted in terms of the apparent line separation, the
linewidths, and the line amplitudes. The corrections are
obtained from two fifth-order simultaneous equations
which are solvable by successive approximations. The
assumption of a Lorentz shape may be questioned when
the lines overlap only in the wings. In that case,
however, the line shift corrections are negligible and
the detailed line shape is not significant. Larger correc-
tions correspond to greater overlap; hence, the assump-
tion of a Lorentz shape becomes more accurate and the
values of the corrections are more accurate.

The samples were from single crystal boules of iron-
doped SrTio3 and were in the form of thin disks with
the [110jdirection parallel to the axis of the cylinder.
The sample was mounted in a cylindrical resonant
cavity operated in the TE&0& mode, with the axis of the
sample coincident with the axis of the cavity. The
initial orientation of the sample was obtained by means
of x-rays. The crystal can be rotated completely around
the cylinder axis with a resolution of about 0.01 degree.
Since the [110$plane and the plane of rotation are not
necessarily exactly identical, provision is made for a
variable tilt angle with a range of a few degrees and a
resolution of better than 0.01 degree. There is a simple

method for making certain crystallographic directions

exactly parallel to the magnetic field. For the [100j,
[110j, and [111]directions the resonance fieM as a
function of angle is an extremum, so that variation of
the crystal orientation through small deviations about
these directions will permit exact orientation of the
crystal with respect to the magnetic held in these three
directions. When the measurements were repeated to
check the reproducibility of the results, the average
agreement of the rotation angles was 0.11 degree; the
average agreement of the tilt angles was 0.08 degree.

III. EXPERIMENTAL RESULTS

Table I lists the results of measurements at room
temperature for a microwave frequency of about 10
kMc/sec. The five resonance lines for the Fe'+ ions are
designated A, 8, C, D, and E in the order of increasing
field. The resonance field values corrected for the
magnet gradient and the "line interaction" are listed
along with the average deviations between repeated
readings. The sample was cut from a boule containing
0.01 weight percent of iron.

The initial set of measurements was used for the
comparison of theory with experiment. A second set of
measurements on the identical sample was used for the
experimental validation of the original measurements.
When the second set was corrected (0.2 gauss or less)
for the slight frequency difference between the sets, the
deviations between sets were found to average 0.4
gauss. These deviations correspond to the composite
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TABLE I. Measured and calculated line positions.

Direction
type

[110j

Liile

A

C
D

A
8
C
D

A
8
C

fo Mc/sec

10 001.3~1.0

10 000.5w1.0

10 001.2~1.0

Bo gauss
(a)

3037.4m 0.1
3140.6&0.1
3565.3%0.2
3990.4+0.2
4085.9~0.1
3424.5~0.2
3454.1~0.2
3572.2~0.3

~ ~ ~ rI

3684.7~0.2
3225.2&0.1
3275.2~0.1
3547.4&0.1
3837.6~0.1
3924.6&0.2

100 ppm original run
100 ppm

repeat run

Bo gauss
(b)

3037.1~0.2
3140.4~0.1
3565.2~0.1
3990.7+0.2
4086.1+0.1
3424.6&0.2
3454.7&0.2
3572.6a0.2

~ ~ ~

3685.3~0.2
3224.8~0.4
3274.7~0.3
3547.1+0.2
3838.1~0.3
3925.3&0.4

Linewidth
2oB gauss

(c)

15.2%0.6
23.4&1.2
8.8%0.6

22.1~0.7
14.1~0.2
13.7%0.5
16.1~0.1
9.5&0.2

~ ~ ~

11.9~0.1
12.4~0.3
12.8&0.5
9.8&0.3

12.8~0.2
11.9&0.5

Muller's
constant
Mc/sec

10 019.9
9998.4

10 000.6
10 003.5

9983.2
10 007.6

9997.2
9997.9

~ ~ ~

9995.6
10 009.1
10 008.9
10 003.0

9995.2
9993.1

10 010.2
9989.0

10 000.7
10 010.9

9995.6
10 004.0

9996.1
9999.8

~ ~ ~

9997.2
10 003.3
10 003.6
10 001.1
10 001.5
10 001.8

Calculated frequencies
Least squares

fit with 5-
parameter

theory
Mc/sec

Deviations of
5-parameter
theory from
original run

Mc/sec

+8.9—12.3—0.6
+9.6—5.7
+3.5—4.4—0.7

~ ~ ~

—3.3
+2.1
+2.4—0.1
+0.3
+0.6

a Corrected for "line interaction" and field gradient.
b Measured at 10 000.7 &1.0 Mc/sec and corrected to values corresponding to frequencies of original run (for g~2.0:corrections range up to 0.2 gauss).
o Measured between turning points on the derivative trace.
d This line was not resolved.

TABLE II. Comparison of line positions of two crystals with different Fe'+ concentrations.

Direction
type

[100]

Line fo Mc/sec

10 000.7&1.0
Bo gauss

3036.9+0.2
3140.2&0.1
3565.0~0.1
3990.5~0.2
4085.9~0.1

15.2~0.6
23.4+1.2
8.8~0.6

22.1~0.7
14.1~0.2

100 ppm sample
repeat run (Table I)

Linewidth
2b'B gauss Bo gauss

3037.3~0.4
3145.9~0.3
3565.3~0.1
3994.1~1.0
4085.8~0.3

24.0~0.3
52.8~0.2
10.3W0.1
40.3
24.3%1.7

10 ppm sample
Linewidth
2bB gauss

Line center
shift gauss

+0.4
+5.7
+0.3
+3.6—0.1

TABLE III. Deviations between theory and experiment
for 300 parts per million sample.

Line
Deviations (calc-exp) Mc/sec

L1007 I 1101

+3 9
+0.6
+11
+1.0
+3.3

+2.5
+5.5
+3.6

~ 0

+1.0

+40
+3.7
+().7
+0.5
+11

errors introduced by the line center determination, the
magnetic field measurement, the independent determi-
nation of the crystal directions, and any possible drift
in the wavemeter calibration. The linewidths are also
measured a number of times and the average values are
tabulated along with the average deviations of the
various measurements. These linewidths correspond to
the diGerence between the derivation maxima.

In order to determine the variation of the spectrum
from boule to boule and the variation with irog. doping,
measurements were made for Bin the L1007 direction on
SrTi03 containing 10 parts per million of iron. The
results are surprising and are summarized in Table II.
There is a definite increase in linewidth for the lower
iron concentration. In addition, there is a definite

shift of line centers particularly for lines 8 and D, both
of which have the largest increase in linewidth. The
spins are so diluted that any exchange narrowing for
the more concentrated sample is improbable. Ap-
parently the past history of the boule preparation
significantly inQuences the linewidth and line center.
Essentially after completion of these measurements and
calculations a sample containing 300 parts per million
of iron was measured which was apparently more
perfect than the other investigated samples. The results
of the measurements are summarized in Table III.

IV. DETERMINATION OF THE CONSTANTS
OF THE THEORY

As has been experimentally observed (Tables I, II,
and III) there are, in the line position, variations which
change from crystal to crystal. It is therefore impossible
to ascribe too much significance to small deviations of
experiment from theory. We shall, however, use the
data of'Table I to determine the constants of the 5
parameter theory.

As was shown in reference 6, the energy levels of a 'S
state in a cubic environment are described by the
solution of the following secular determinant:
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The unknown constants are g~, g~, g3, g4, and the zero-
field splitting AE. The conventional spin Hamiltonian
theory describes the energy levels of a 'S state as the
solution of another secular determinant which results
from

The secular determinant (1) is, in general, complex.
For machine diagonalization, the complex matrix has
to be transformed into a real one. Denote the Hermitian
Matrix (1) by H. Then we may decompose it into its
real and imaginary parts,

H.((=gPH 8+a(S,'+S„'+S,') 8=H„+iH;„. (4)

can be shown to have the same eigenvalues. as (4);
however, each eigenvalue occurs twice as often as in
(4). The dimension of the matrix has, however, also
doubled which means an approximately eightfold

fq= —(11/6)g; gq= zg; gg=6f;
g4= —3(5)'g aE= 18a. (3)

acting between the six substates of a spin angular The reaj symmetric matrix
momentum S= ~~. The predictions of Eq. (2) are
contained in the more general Matrix (1) as a special (H„
case. The five normally independent constants of
Matrix (1) become related to the two constants of Eq.
(2) in the following way:
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increase in computing time. In fitting the undetermined
parameters of Matrix (1), many diagonalizations are
required. For certain directions of H, symmetry
considerations may be used to partly diagonalize the
matrix. In the present case we want to fit the energy
levels for H lying in the [100], [110], and [111]
direction. In the [100] direction the matrix is already
partly diagonalized giving two 2)&2 and one 1)(1
matrix and thus no machine calculations are required
for this direction. For the [110]direction H may be
chosen to lie in the s—x plane and the matrix will be
real. For the [111]direction the matrix is complex,
yielding a 12X12 real matrix. .

I et us thus investigate how symmetry properties
may be used to factor the matrix when H points in the
[111]direction. With the magnetic field pointing along
the [111]direction, the wave functions must still be
invariant under the operations of the group C3;. As
may be readily verified (see for example Table II of
reference 7) the substates of an angular momentum of

~ span a representation of C3; which contains the one
dimensional irreducible representations F4+, F5+, and
Fe+ each twice (notation as in reference 7).

Since just the individual m, substates form represen-
tations for these one dimensional groups, our Hamil-
tonian Matrix (1) should yield three 2X2 equations
when written down in a basis of substates which are

(D"(~,p,v)
!

0

Dl(n, py) J
(6)

where the D's are given by Rose."n, p, and y take on
the values w/4, arc cos 1/V3, and or/4, respectively. In
the new system of eigenfunctions the original Matrix
(1) which we shall designate by M will be transformed
into the new matrix M' by the relation

M'= U-'MU. (7)

M' is partially diagonal and consists of the following
three 2)&2 matrices:

quantized along the [111] direction. From the 6
substates used for the evaluation (1), 4 belong to
F,+ and 2 to Fr+ (reference 6). As the basis for Fs+ we
used the spin 2 substrates as quantized along the s
direction. For I'7+ we used the representation generated
by the spin 2 substates multiplied by the one-
dimensional representation Fs+ (notation as in reference
7). The 6 basis functions f, quantized along the z
direction can be transformed into a new set of basis
functions y, which are quantized along the [111]
direction. If the io's and P's are presented in the form
of a row vector, then the transformation from the lt's
to the &p's is performed by the matrix

seHPg, +,'HPgs+2—E E-—-', HPgi ——',HPgs —tP(-', Hgi ——',Hgs) )
gee HPg r ', HPgs+—AE E——)—

( ', HPg, ', HPgs+hE -E ——iHPg4——

+iHPg4 HPgs —E)—
iHPg4—

t' ', HPgi+ ,'HPgs+-hE—-E+i-HPg4 )—
HPgs E~—

TABLE IV. Value of constants.

g3
aB

g4 kMc /sec

Equivalent to Miiller
Constants as deter-
mined by least-squares
fit using new Hamil-
tonian
Change in parts per
million

—3.6740 1.0020 1.6700 —2.9874 1.7850

—3.6741 1.0020 1.6703 —2.9875 1.7721

—32 12 192 —30 —7235

A similar procedure shows that the 6&(6 matrix de-
scribing the energy levels in the [110]direction can be
factored into two 3&(3 matrices. In the following cal-
culations, however, the 6)(6 matrix was left as is,
since the computing time was not too prohibitive.

We would like to fit the constants to the measure-
ments in the [100], [110], and [111]direction by
something equivalent to a least-squares fit. For this
purpose, we start with the two-parameter spin Hamil-
tonian as determined by Muller. 4 In Table I we show

the calculated and measured transition frequencies.
We next expand the frequency difference between any
of the pairs of levels listed in Table I in a Taylor series
in bg1, bg2, bg3, 8g4, and SATE. Here bg1, for example, is the
diGerence between g& necessary to fit the data and the
value of gi given by Eq. (3) using the value of g as
determined by Muller. For some particular transition
between levels i and k we can then write

v;e = v, P+u, sag r+ b;sbgs+ c~xhg s

+d,sbg4+e;kbaE+ . (9)

In Eq. (9), v;&' is the frequency difference as calculated
from the conventional spin Hamiltonian using Muller's
constants. The constants a;~, b,~, etc., may be obtained
by diGerentiation or by use of the computer by changing
gi in Matrix (1) by a small amount and observing the
new v;e. We next compute P;s(v, e —v)' where v is the

"M. E. Rose, Elementary Theory of Angular Momentum {John
Wiley k Sons, inc. , New York, 1957), pp. 62—75.



TEST OF SPIN HAM ILTON IAN FOR Fe'+ IN Sr TiO 817

observed transition frequency. The sum over i and k
is meant to include those states between which transi-
tions are obtained. We make the sum P,~(v, q

—v)' a
minimum by choosing bg&, etc. , such that the partial
derivatives of the sum with respect to bg~, etc. , vanish.
We thus obtain the new computed frequency values for
the transitions. These values are given in Table I. The
new constants are given in Table IV.

fH, g, /'
DE=+

g~.—jv~
(10)

H;I, is the matrix element to be taken with respect to
the perturbing operator gPH (L+2S) between one of
the lowest states (i) and any of the higher states (k).
B;I, is only different from zero because the higher states,
for example, the 'T~, states have admixtures from the
'5 ground state due to the spin orbit coupling I..S or
other interactions. The amount of the admixture is
given by first order perturbation theory as

V. DISCUSSION OF THE RESULTS

From Table I, it becomes evident that the theory
cannot completely fit the analyzed experimental results.
Especially in the [100) directions, there are deviations
of the order of 10 Mc/sec.

It is clear that our theory should explain the experi-
mental observations to very close tolerances. To prove
this, we show in Fig. 2 the splitting of a 5 state due to
the various interactions. After diagonalization of the
Matrix (1), the rema, ining error in the ith state can be
estimated, using second order perturbation theory, 7

to be

8 and D for H in the [100) direction have the largest
linewidth and also the largest deviation from the least-
square fit. We And that for the lower concentration
sample marked 10 parts per million, the line widths
are larger than in the higher concentration sample. The
lines 8 and D for H in the [100)direction are broadened
most and also their centers shift by 5.7 and 3.6 gauss,
respectively, from the values measured in the con-
centrated sample. These observations are indicative of
a random distortion of the Fe'+ lattice sites. Such a
random distortion shifts the lines of the individual
atoms in a random manner. If the shifts are not linear
in the amplitudes of the distortion than a net shift in the
peak of the absorption line also results. Apparently the
position of the lines 8 and D for H in the [100)direction
is affected most by the distortion. For the less concen-
trated sample we conclude from the linewidth that
the random distortion causes shifts of the lines 8 and
D for H in the [100) direction of the order of 50 gauss
for the individual atoms while the shift in the line
center is about one order of magnitude smaller. Since
the shift in the lines divers in the two samples, we
conclude that it is not the Jahn-Teller effect which
causes the distortion. Annealing of the sample marked
100 parts per million at 1400'C for 10 hours reduced
the maximum deviations from 12.3 to 7.1 Mc/sec. As
a final check on the conclusions to be obtained in this
paper a sample containing 300 parts per million of iron
was measured. Apparently it is the most perfect
sample since the deviations from the least-square fit
are almost within experimental error (Table III). A

new least-square fit to the new data would make the
deviations even smaller. Deviations of theory from
experiment are thus due to sample imperfections which

The matrix element ('SJ L S~4T&,) may be estimated
to be less than 1000 cm '. From Fig. 2, the smallest
separation E('S) E('T&,) is appro—xirnately 20 000
cm '. The matrix elements with respect to the pertur-
bation PH (L+2S) between the sublevels of the '5
state are of the order of the splitting of the ground
state due to the magnetic field, i.e., about 0.3 cm '.
We thus arrive at a probable error in Eq. (10) of
approximately 10 ' cm '. This is the contribution from
one typical set of states and the summation over all
states has to be carried out. It is, however, quite safe
to conclude that the observed discrepancies of about
3X10 ' cm ' cannot be explained by deficiencies in the
theoretical model.

To explain the deviations of the theory from the
experiment we shall consider the line widths of the
various lines and the measurements that have been
done on the sample marked by "10parts per million. "
In Table I, we see that there is an indicated relationship
between measured line widths and the deviation from
the theory. In particular, we see that the lines marked
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FIG. 2. Typical level arrangement of a (d)5
configuration in a cubic Geld.
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most probably consist of strains introduced in the
growing process. The observed discrepancies are not
likely to be due to charge neutralizing defects since
their contribution is not expected to vary greatly from
crystal to crystal.

Let us next consider the values of the new constants
(Table IV). The largest correction occurs in the value
of the zero-field splitting. The corrections in g~, gg, g3,
and g& are relatively small and probably inside the
experimental error. In the conventional spin Hamil-
tonian all g's are related. In the more general theory the
various g's are independent of each other. In the present
case the deviations from the g values as derived from
a conventional spin Hamiltonian are small and com-
parable to the experimental error so that we cannot
attribute significance to them. ,

It is interesting to note that in the present case the
additional parameters of the new theory are too small
to be detected. We therefore believe that the deviations
which have been observed by Muller are not due to
covalent bonding effects not included in the two-
parameter Hamiltonian, but rather are due to dis-
tortions of the Fe'+ lattice sites.

Let us now compare these experimental results with
the predictions of conventional perturbation theory
which neglects effects due to covalent bonding and
exchange. We investigate in which order of perturbation
theory we first obtain terms not describable by a two-
parameter spin Hamiltonian. This is done by consider-
ing as a perturbation on the atomic energy levels the
cubic Geld, spin-orbit, and spin-spin interactions, and
the Zeeman energy. In a given order of perturbation
theory, the shift in energy is then given by products of
matrix elements of these various perturbations divided

by energy denominators of the order of magnitude of
the multiplet separations (=20 000 cm '). It is easily
shown that for each chain of matrix elements" which
contributes to the zero-field splitting there is in the next
order of perturbation theory a corresponding chain

"See H. Watanabe, Progr. Theoret. Phys (Ky.oto) 18, 405
(1957), for many examples of such chains.

involving one more matrix element, namely one of
PH (L+2S) between the 'S substates. These matrix
elements give rise to a discrepancy with the two-
parameter spin Hamiltonian. We have not found as yet
matrix elements which give discrepancies in the same
order of perturbation theory where the zero-field
splitting terms appear. We could, however, prove that
such terms do not exist when we neglect spin-spin and,
of course, covalency sects. If we always have to go
to higher order perturbation theory then the deviations
from a conventional spin Hamiltonian may be estimated
to be

(zero-field splitting) X (Zeeman energy)

(multiplet separation)

Inserting the appropriate numbers for the present
example we obtain about 0.1 Mc/sec. This is about ten
times smaller than the experimental error. We see from
this simplified estimate that measurable deviations are
even expected if we neglect covalency, exchange, and
similar sects in crystals which show large zero-6eld
splittings. and where high magnetic fields are employed
(millimeter paramagnetic resonance measurements).
As typical crystals, we may mention Fe'+ in MgWO4"
and Cr'+ in emerald. '3 We may also expect the more

complete Hamiltonian to be of importance where the
crystalline field is very large as compared to the central
held. Extreme cases of this type may occur when
electrons are situated in lattice vacancies and other
similar defects.
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