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The second-order perturbation procedure of Bolsterli and Feenberg is applied to the ground state of O'.
The two-body interaction operator employed has a Serber exchange character with repulsive core and tensor
component, determined to give a reasonable fit to the properties of H?, H?, He?, and He* to the accuracy of
the perturbation procedure. The resulting eigenstate for O is found to have energy eigenvalue —129.2 Mev
and rms radius 2.33X 107 cm. Coulomb forces are neglected. Components in the wave function different
from the zero-order shell-model state are found to have a statistical weight of about 18%,.

1. INTRODUCTION

ANY attempts have been made to correlate the
properties of light nuclei with two-body nuclear
interactions.'® Bolsterli and Feenberg® have devised a
second-order perturbation procedure for such calcu-
lations which reduces mathematical labor, and is fairly
accurate if the zero-order wave function is a good
approximation to the actual eigenstate. We shall
briefly review this procedure here, in order to define
our notation.
The zero-order Hamiltonian is taken to be a sum of
single-particle harmonic oscillator Hamiltonians with
a uniform displacement in energy:

A
Ho=}iw Y (p2+¢2)+U

=1

A
=3 Ho(d)+U. (1-1)
=1
The perturbation operator is
W=3% Vi—%ho(L ¢2—AQH-U,  (1-2)
i<i i

where V; is the nuclear interaction operator between
particles 7 and 7, and Q= (1/4)Y_ q.;. The depth of U
is adjusted so that Wo=0. The approximate eigenvalue
E is implicitly given by

[ Vool
E—E,

E—Ey=— f eME) (Ve"““V)ood)\—
0

+———— L (M 00— (M0)?
E—E¢—2hw

—2(MV)oo+2M Vo], (1-3)
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where
E0= V()O_ M00+ (Hosc) 00, (1'4)
and
M=4ha(E g2~ AQ) = (ho/24) T gi. (1-5)
1 <7

The operator ¢ ™o is transformed into manageable
form by

exp[—p(p*+¢*) 1f (@)

~/omer [ [ [1)

Xexp[— (38) (¢*+v*—2kq-v) Idv, (1-6)

where g=tanh2u, k=sech2u, and u=4%%w\. fiw is deter-
mined to minimize the energy of the physical system
(E—$%hw). Mixing of configurations higher than the
zero-order is given by

[ Waol?
N—1=3 —if (1-7)
720 (E—E,)?
where N normalizes the perturbed wave function
1 Wﬂnq/n
e Ie> | (1-8)
N nF#0 E-—En

This procedure, which has the elegant advantage of
involving only matrix elements with zero-order har-
monic oscillator wave functions, was originally applied
to H?, H3, and He*. This method has been extended,
with refinements,”? to third order in H2 In this case
at least the higher orders to not appear to make a
significant difference in the energy.’

In this paper we shall prescribe formulas for extending
the method to heavier nuclei whose zero-order wave
function may be taken as a closed (doubly magic)
oscillator shell, and apply them to O'6,

2. GENERAL RELATIONS FOR DOUBLY
MAGIC SHELLS
When we have a closed oscillator shell our wave
function may be written as a single determinant of
7 P. Goldhammer and E. Feenberg, Phys. Rev. 101, 1233 (1956).

8 E. Feenberg and P. Goldhammer, Phys. Rev. 105, 750 (1957).
9 P. Goldhammer, Bull. Am. Phys. Soc. 2, 228 (1957).
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particle orbitals: ' one can obtain Vo in a manageable form:

lpo:(A!)_*lul’“'?'““Al Voo=34(4 1)f f 5
0= - coo | Yot Visdodridrs- - -dry

= (AN T~ 1) Pan(Dua(2)- - -ua(4), (2-1) ’

where P, is simply a permutation operator, and we sum =iy f ... f wi* (V) (2) Vi (D)2 (2)

over all permutations of A particles in A distinct Lk

orbitals. Introducing the density matrix —ui(2)u(1) Jdridr,

. =4[+ [La2isvaliy
(alp|b)= l};l ur*(a)ui(b), (2-2) —(1,2] V12| 2,0) Jdrsdrs.  (2-4)

Likewise one may express

where the sum goes over all orbitals, and likewise
(Ve MoV )go=34(A—1) (V123_)‘H°V12) 00

(@,b]p%|c,d) = w* (@)ws* (b)wa(c)us(d) +A(A=1)(A=2)(Vize 5oV 1a)00
L +1i4 (A—l) (A—=2)(A—3)(Viee ™V 340)00 (2-5)
=(a|p|c)(b]p|d), (2-3) in terms of density matrices:

%A (A — 1) (Vme"”"’Vm) 00

=—%e—w°f- . -f{(l, 2| p?V 12 exp[ —NHoso(1) =AHose(2) 1V 12 exp[AHoso (1) +AHose(2) 1| 1, 2)

—_ (1, 2 l p2V12 exp[-— )\Hosc(l) - )\Hosc(z)]Vm expD\Hoge(l) —|—)\Hosg(2)] l 2, 1)}dl’1dl'2, (2-53.)
A(A—1)(A—2)(Vige MV 13)00

— \Eo f | = (—1)Pu(ab) @, 2, 3| p* expIAH oso(1) A Hoso(2) TV 12 expl —AHose (1) TV 13

»=1,2,3
Xexp[—AHos(2)]| @, b, ¢)dridrodr;, (2-5b
14 (A—1)(A—2)(A—3) (V12 EoW g Pl Bl b, Adndrades, - (2-50)

=i —REof. ‘ f Z (— 1)VPV(ade)(1) 2) 3, 4’|p4 exp[)\Hoso(l)+)\Hosc(2)]V12V34
v=1,2,3,4
X exp[ —AHose(1) —AHose(2) 1| @, b, ¢, d)d1y- - -drs, (2-5¢)

where Hopo=Ege, and P,(abc) simply permutes @, b, ¢  and so we must perform a sum on spin and isobaric spin
over 1, 2, 3. Equation (1-6) is employed to handle functions before taking Vi, outside the density matrix.
¢ Moso, For a closed shell we may perform our sum over the

If Vi, is merely a function of ris=r;—r, we have spin, isobaric spin, and space quantum numbers
(1,2]p2V 12| 1,2)=V12(1,2|p?[1,2), but in general we independently. The results of this evaluation are dis-
shall consider an interaction operator with exchange played in Table I, II, and III. Table IIT has been
character so that it will involve the projection operators abbreviated due to the equivalence of the sets of

permutations
Po(l,Z) = (1/16) (1 — 01 0’2) (3+ <1 ‘5'2)
(Singlet_even), (2_63) 1324— 1432—3214—4231, (2'7&)
P1(1,2)=(1/16) (3+01-02) (1— 71+ %2) 34124321, (2-7b)
(triplet-even), = (2-6b) 1342— 1423 — 3241 — 4213, (2-7¢)
Pa(1,2)=(1/16) (1= 01 02) (1= 51 %2) 2314—2431—3124—4132 2-7d
(singlet-odd), (2-6¢) ’ ( )
2413 — — — -
P5(1,2)= (1/16) 3401+ 03) 3+ m- %) 413—3142—4123—2341, (2-7e)
(triplet-odd), (2-6d) 3421—4312, (2-76)

as well as the tensor operator under the needed operations. Furthermore 2134 is

S12=01-N1203 N2 — 30102, (2-6e) readily obtained from 1243; and 2314 from 1342.
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TasiE L Evaluation of (1,2|p20]a,b) in ¢ and = space
for needed projection operators.

ab

O 12 21

1 16 4
Po(12) 3 -3

. 3 _3

P, 1 1
P, 9 9
Py(12)Py(12) 3 -3
P, P, 3 -3
P P, 1 1
P; P 9 9
P;  Pju 0 0

Tensor terms are of the form
(1,2]p*S15Sver | a,0) = Cas[cos*(mazmra) — 3],  (2-82)
(1,2,3]p*S12S 13| a,b,¢) = — Cape[ cOS* (1112,m1:3) — 3], (2-8b)

(1,2,3,4 l p4512534| (l,b,C,d)

=Capea COS*(112,734) —% ], (2-8¢)

and tensor components in the potential will be multi-
plied by a projection operator to select tensor-even
[2(1—~=1-%5)] or tensor-odd [$(3-+=:1-72)] states.
Nonvanishing elements needed in the calculations are
displayed in Table IV.

The space part of the density matrices is easily
evaluated for closed oscillation shells.

(1]po]2) =7 exp[ -3 (g +¢:)) ],

(1]p1]2)=27"q1-q2 exp[ — 5 (¢:*+¢2%) ],
1p-shell

1s-shell (2-9a)

(2-9b)
and so on.
The matrix elements of M needed in Eq. (1-3) are

also easily obtained. Let exp(—¢?®) — exp(—+¢?) in the
oscillator orbitals; then

f- .- f |Yo|2dry- - cdrg — y~GIP4 1s-shell

(2-10)
—> by G4t
1p-shell
d
(2 ¢ oo=— (_ f . ‘fl%lz)
d’Y y=1
=(3/2)4, 1s-shell
=(5/2)A—4, 1p-shell (2-11)
(AQMw=3%, [(40H*]0n=15/4, (2-12)
and we finally have
Moyp=%(4—1)ho, 1s-shell
=31(54—11)hw, 1p-shell. (2-13)

PAUL GOLDHAMMER

Likewise
d2
[(Z ka)zjoo'—’: (_Hf ) f|¢0l2)
k » d’Y2 y=1
=34(34+1), 1s-shell
= (54—4)(54—3), 1p-shell (2-14)
and
(M?)0=3(hw/4)2(34—1)(4—1), 1s-shell
= (hw/4)*(5A—11)(54—9), 1p-shell (2-15)
(MV)qo is simply obtained from Vo:
d
(MV)00= — (ﬁw/Z) (——'Voo)
d7 =1
—(3/D)hw(Vog)ym1. (2-16)

3. APPLICATION TO O

We shall consider an interaction operator that is
composed of three distinct parts:

Vie=Vr(1,2)4+Vc(1,2)+Vs(1,2)S12.  (3-1)
V r represents a repulsive core:
Ve(1,2)=Jg exp(—712/R2), (3-1a)

with a short half-width; V¢ is the central exchange
potential (7>R):

Ve(1,2)= (JoPo+J 1P+ J o Po-t-T 5 P3)

XCXP(—1'122/7’02), (3-1b>

TasLE I1. Evaluation of (1,2,3]0°0]a,b,¢) in & and = space
for needed projection operators.

%6
9 123

312 231 213 132 321
Po(12)Py(13)  9/4 -3 9/4 —9/4 3  —9/4
PP 9/4 -3 9/4 —9/4 3  —9/4
P, P, 1/4 1 174 174 1 1/4
Py P 81/4 9 81/4  81/4 9 81/4
Py P 9/4 0 9/4 —9/4 0 —9/4
Py P, 3/4 0 —3/4 —3/4 0 3/4
Py Py 27/4 0 —27/4 —21/4 O 27/
Py P 3/4 0 —3/4 —3/4 0 3/4
P Py 27/4 0 —27/4 —21/4 0  27/4
Py Py 9/4 0 9/4  9/4 0 9/4
1 64 4 4 16 16 16
Py Py 3/4 0 —3/4 3/4 0 —3/4
Py P 3/4 0 —3/4 3/4 0 —3/4
Py Py 27/4 0 —27/4 21/4 0 —27/4
Py Py 27/4 0 —27/4 21/4 0 —27/4
Py Py 9/4 0 9/4  9/4 0 9/4
Po(12) 12 -3 -3 -12 3 3
Pi(12) 12 -3 -3 -12 3 3
Py(12) 4 1 1 4 1 1
P3(12) 36 9 9 36 9 9
Po(13) 12 -3 -3 303 —-12
P,(13) 12 =3 -3 33 —12
Py(13) 4 1 1 1 1 4
P3(13) 36 9 9 9 9 36
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TaBLE III. Evaluation of (1234|p%O|abcd) in ¢ and 7 space for needed projection operators. Absent permutations
may be obtained from those given by simple symmetry considerations.
%cd
iy} 1234 1243 1324 2143 4321 1423 2413 4312
1 256 64 64 16 16 16 4 4
Po(12)Py(34) 9 -9 9/4 9 3 —9/4 9/4 -3
Po(12)P,(34) 9 -9 9/4 9 0 —9/4 9/4 0
Po(12) P2(34) K -3 3/4 -3 0 —-3/4 —3/4 0
Po(12)P3(34) 27 —27 27/4 —-27 0 —27/4 —27/4 0
P,(12)P(34) 9 -9 9/4 9 3 —9/4 9/4 -3
Py(12)P2(34) 3 -3 3/4 -3 0 —3/4 —3/4 0
P1(12) P3(34) 27 —27 27/4 —27 0 —27/4 —27/4 0
Py(12) P2(34) 1 1 1/4 1 1 1/4 1/4 1
P3(12)P3(34) 9 9 9/4 9 0 9/4 9/4 0
P;3(12)P;3(34) 81 81 81/4 81 9 81/4 81/4 9
Po(12) 48 —48 12 —12 3 —12 -3 -3
P(12) 48 —48 12 —12 3 —12 -3 -3
Py(12) 16 16 4 4 1 4 1 1
Py(12) 144 144 36 36 9 36 9 9

while Vg multiplies the tensor components:

Vs(1,2)=[1(1—r1-79)J s+ (3471 w2) T 4]
X (r13/70)* exp[ — (r12/70)*].

The specific radial forms chosen make the integrals
reduce to a simple closed form, and furthermore quali-
tatively resembles the Gartenhaus potential.’® Making
the substitutions

Aqt=ri}/ré and Bqt=r1*/R?

(3-1c)

(3-2)

we may express Voo and (MV)g for O'® in terms of the
integrals

0ilra)= [ [ (el 2lol2
Xexp(—a*q1et)dridr,
=31 y24-2a2y T2 [1672+40va*+31a%], (3-3a)

0slra)= [+ [[11p12) 12 exp(—agire

=y 1[y2 4202y T2 4y +16va>+31a¢].  (3-3b)

TaBLE IV. Density matrices for the tensor operator described
by Eq. (2-8). All absent elements vanish.

Density
Operator matrix element
%(1—11'12)6‘12 4
== %) Cxy —4
%(3—'—11'12)6‘12 12
i(3+‘h' ‘h)Cn 12
16 (1—"71-%2) (1—71-%3)Ca12 4
5 (1—%1-%2) (1 —71-%3)C1s2 —4
16 (3+71%2) 3471 73) Care —12
16 (3+7%1%2) 3+7%1-73) Cra2 —12
16 (1—71-%2) (1—73-%4)Cazma 4
To(1—"%1-%2) (1 —73-%4) Cuzr2 —4
16 (3471 %2) (3+73- 74 Casz 12
76 3+7%1°T2) B+ 73 T4) Cazrz 12

Then
V00= %JR{ 16’01(1)6) _41)2(176)}
+33J0+37){0:1(1,0) +0V:2(1,0)}
+%(]2+9J3){©1(1:a)"'002(1)‘1)}’

and (MV)q is easily obtained from Eq. (2-16).
The matrix elements (VeV)q involve the integrals

(3-3¢c)

Ij(a,b) = f e f (1, 25* exp[— @*q12"] exp[ —NHoso(1) =NHoso(2) ] exp[ —°15" ]

Ii]'k(a’b) = f o f(l’ 2) 3 IPS exp[)‘Hosc(l)+)\H0sc(2)] eXP[— 024122] exp[—'kHosc(l)]

Iijia(a,b) = f o f (1,2, 3, 4| p* exp[NHoso(1) +NHoso(2) ] exp[ —a*q1s*—b7gss’ |

T,-,-(a)=%(k/27rg)3f' ‘ 'f(l, 2| p? exp[—?(g12*+v12") J[ (Q12* V12)*— 5q1220197 ] exp[AHoso(1")

FNHose(2) 1|7, §7) expl— (38) (q3+v:%— 2kq1- Vit qo® 02— 2kqz- V1) 1dq1dq2dv1dVs,

10 S, Gartenhaus, Phys. Rev. 100, 900 (1955).

XeXpEAHosc(1)+)\H0sc(2)] [ 7:7 j)dqldq?, (3"43')

X exp[ —8%q15%] exp[—NHose(2)] 4, 7, k)dq:dqdy;,  (3-4b)
Xexp[ —NHose(1) —NHoso(2) 13, 7, k, D)dqs- - -dqs, (3-4c)
(3-4d)
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Tiin(e)= (k/21rg)%f- . -f(l, 2, 3| p* exp[AHoso (1) +AHose(2) ] exp[ —a2qi2— a2 (vi—q3)%]

X{Lgiz* (V1i—a5) 12— 5¢12*(Vi— @5)*} exp[ —AHow(2) ][4, 7, k) exp[— (3g) (g4 22— 2kqy - V1) ]
X dqidqedqsdvy, (3-4e)
Tﬁkz(a)=%f"'f(1, 2,3, 4| p* exp[NHoso(1) +AHose(2) ] exp[ —a?(grs*+¢ss?) JL (Qr2 €a4)*— §q15°ga4*]
Xexp[ —AHose(1) —NHoso(2) 1|4, 7, &, D)dqy- - -dqs.  (3-4f)

The contributions to (VeV)o may now be written down quite generally for any closed oscillator shell, employing
the ¢ and « space evaluations given in Tables I-1V:

(Ve MoV g)got-e 20| (V6)oo| 2
= MEo{ (1/2)[3(J o+ T 2) +T 2497 21 T12(0,) — 2 159(ct,0) + T agon (e,0) T4 (1/2) (BT 24T 2) — T 2— 9T 2]
X [T 21(et,0) — 2T 31(0,0) + T agaa(ot,e) 14 (1/4) [3(J o T 1)+ T 2+9T 5 PL L 125 (et,0) — Tnana(ee) ]
+ (/D 3(To+T1) = Ja— 9T s [ Tosa (a0) — Tnans(ese) T+ (1/2)[3(T o+ T 1) +T2+975]

X 3 Jo+]1 —J2—9J3 1213 a,Qa —I 423 0, y 3-5
(Vre ™MoV Yoot 0| (VE)oo|? L3¢ ) L eolee)=Lun(ae) ), (3-52)

= e M0 J {64 1125(8,8) — I1324(8,8) ]— 32[ 1 213(8,8) — T 1425(8,8) 1+ 8[ 112(8,8) — 2I'132(8,8) — L 1321(8,8) ]

(V otV Rk (Voo V a)ooe 5 +4[1251(8,8) — I2415(8,8) 1— 2[121(8,8) — 21 512(8,8) — 1 4312(8,8) ]},  (3-5b)
C oY R)00 C)00 R/00

=Jre M (1/2)[3(Jo+J 1)+ T 2+9T5][L12(e,8) — 21 152(et,8) 4T sse1(er,8) 1+ (1/2)[3(J o+ T 1) — T2 — 9T 5]
X [T21(e,8) — 21 312(et,8) + L s319(0,8) J+4[3 (T o+ T 1) +T2+9T 5[ 125(t,8) — I 1324(,8) ]
—[3 (Jo+J1) —-72—9-73][:1231(01,6) —12413(0,5):|+4E3 (J0+-71) _]2“‘9]3][1213(01,@ —12314(01,5)]

=B ot+T0)+To+9T5 [ L1 (er,8) — T1a23(a,8) 1}, (3-5¢)
(& Vs(3,5)Sse™ 0 3 Vs(4,5)Sii)oo

i<j i<j
= 4¢_)‘E°Ol4{ (]s2+3].42) [Tu (Oi) - T132(C¥) + T4321(a):]+ (-752— 3]A2) [T‘n (Ol) - Tsm(a)‘i‘ T4312 (Ol)]} . (3'5d)

Explicit evaluation of the space integrals appears to be rather arduous, but labor is minimized by noting that

one needs only the integral
S f ool -2 ;
ceo | expl — X2 c,--ri-r]drl- cdrym—————— (3-6)
dm [det|cy|

and various combinations of its derivatives with respect to the ¢;;. For O'¢ the integrals are (we let t=¢2¥):
I2(a,b) = C3{4+3C2[4+4-a*0* (1/24-8+8) ]+ 15C 4 a*+ b*— 4a%b* — 4a20%2 (a*+ 02— a?b22) |},
Iss(a,b) = C{4+-3C2[4+a%* (1/8244) ]+ 15Co [ a*+ b*+a?b? (a?+b2) ]+ 105C%a*b* (14-a?) (140222},
Liz01(a,b) = Cs*{4+3C[4+a2* (£4-1/£) ]+ 15Cs* [ a*+-b*+ a2 (2a2+ 262+ 3a2%) 1},
I51(a,b) =C3{4+3C[a®*(1/824-8412) ]+ 15C 1 [a*+-b*— 4a'b— 4?0 (a2 -+ b2 — a?b%2) |},
I519(a,b) = Co*{4+-3C2[a?0*(1/£#+44) JH15C A a*+b*+ a2b? (a®+5%) ]+ 105Cfatb* (14-a2) (1+-02)12},
Ls12(a,b) = C*{4+4-3C2[a0*(+1/2) J4+15C* [a*+b'+-a2b? (2a%+ 202 +-3a2%) ]},
T93(a,b) = Co*{64+4-3C*[— 22 (a*+b%) — (61a20%) + 16420221+ 15C 4 a?h?(— 11— 5[ a2+b2]— 3a2b2— 512
— 3P a*+-b7]— (40%0%2) — 2(a®+8%) ]+ 105C 504 (14-a2) (14002},  (3-7)
I504(a,b) =Cs* {64+ 3C5*[ — 22 (a?+5%) — 61a2b* ]+ 15C [ a?? (— 11— 542 — 56— 3a2b?) — 2 (a2 +02) ]},
I931(a,b) = Co¥{4+3C2[ 2020 (2— 382) ]+ 15C#[ a?b? (3024 352+ 9a2b%-+ 22— 8a2b%#?) + a*+-b* ]
+105C,%a%* (1+4-a?) (148222},
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o1z (a,d) =C¥{4+3C2[ 402 ]+ 15CH[a2? (3a2+ 362+ 9a26) +at+ 0t ),
Inns(a,d) = I'sn1 (b,a) = CPH{164-3C2[ — 8a2— Ta2b? ]+ 15Co [a2b? (— 1+ a2+ 702+ 5022) +a* -+ 4b*

T3314(0,0) = T1423(b,0) = C#¥{16+3C 5[ — 82— Ta2b* ]+ 15C5*[a2b? (— 1+ a2+ 70>+ 50252+ a*+- 454},
T1a(a) = (5/2)Cy[1/L+184T2]+ (35/2)Co[ — 8a2— 6+ 62— 16022 — 12042+ 18att]

T132(a) = (5/2)Co'[2/ 2428468214 (35/2)Co[ — 1202 — Ta*+£2(— 5— 82— 13a#) ]
+(315/2)Co{ AL (1+a)?+a* IX [ (14-02)2 4ot 44 (14-a?)4— 28 ]} + (3465/2)C o3 ad (1+a2)?,
Tazar(e) = (5/2)C5'[£2+1/224+10]+ (35/2)C [ — 42— 2o,

Tar(a) = (5/2)C1'[1/2+2— 5]+ (35/2)C [ — 8e?— 6t +4tat+ 2600 1+ (315/2) Cr [8e?t]

Taa(e) = (5/2)CyT[2/ 242487+ (35/2)CE[ — 1202 — Tei 4824 ]+ (315/2)Catt (22264 [ 2+ 02— at ]

Tasna(@) = (5/2)C57 (1/2+8)+ (35/2)C5 (—4o?— 20,
where
Ci=[ (1424 (1428%) — 40?0?27 ] 4,

681
— a?b%2(6b°4-50%0%) ]4-105C,%a%b* (14-a?) (140312},
4 (315/2)C1* (8a*?) [ (14-02)— 282 (1+-a?)a?+tat ],
(3-8)
X[ (14-a?)?—28a?(14-a?)+attt],
=+ (3465/2)Co%a® (14-a2)%,
Co=[(142a?) (1420%) —a?**]%, Cs=[(142a*)(1+200T1 (3-9)

(In T terms a=b=a.)

4. THE POTENTIAL

The interaction operator of Eq. (3-1) is simplified by
assuming a Serber mixture:

]2=]3=O, ]0=J1=Jc, ]A=0 (4-1)

We then determine the five parameters J¢, Jr, Js, o,
and R to give a reasonable representation of nuclei in
the first s-shell. The values :
J¢=—258.65 Mev,
Jr=-+189.75 Mev,
70=1.54X 1078 cm=1.54 fermis,

Js=—107.29 Mev,

(4-2)
and

R=ro/'\/8

yield binding energies (by our second-order perturba-
tion method®)

B.E.(H2)= 2.16 Mev, (4-3a)
B.E.(H®) = 8.48 Mev, (4-3b)
B.E.(Het)=28.42 Mev, (4-3¢)

and an electric quadrupole moment of 2.72)X10~% cm?
in H2 The resulting wave function for the three-body
system yields a Coulomb energy difference in H3-He?
of 0.74 Mev, compared with an experimental value of
0.76 Mev. The D-state admixture in H? is computed
to be 79,.

The charge distribution in the s-shell closely resembles
a Gaussian shape since the zero-order wave function is
Gaussian, however configuration mixing introduces
deviations from a pure Gaussian distribution. The
computed rms radii are: 1.92 fermis for H?, 1.60 { for
H3, and 1.46 f for He?; in reasonable agreement with

experiments!! performed on H? and He*. One must keep
in mind, with regard to these latter results, that it is
actually the size of the system that one varies to mini-
mize the energy. The curve is very flat in the neighbor-
hood of the eigenvalue, and consequently a small
correction to the energy from higher orders in the
perturbation expansion could result in much larger
corrections to the sizes computed here.

The use of the second-order perturbation theory
places some restrictions on our potential. For a suffi-
ciently strong repulsive core the J¢? terms in second
order would be dominant, and attractive. One must
take care that the attractive terms from the core
appearing in second order are much smaller than the
zero-order repulsive effect.® Ways to cope with a
stronger core in a calculation such as this have been
discussed by Clark and Feenberg,'? and by Dabrowski.!®

A two-body spin-orbit term in the potential would
make zero contribution to the nuclei considered here
(as long as one goes only to second-order terms), and
consequently we have not considered such a term.

5. RESULTS FOR O

Employing the interaction operator of Sec. 4, and
the matrix elements of Sec. 3, we have solved Eq. (1-4)
for O'¢, We obtain a binding energy of 129.2 Mev com-
pared to an experimental value of 127.16 Mev. Agree-
ment is not quite so good as it appears at first glance
since we have neglected Coulomb forces which in O'¢
contribute nearly —14 Mev to the binding energy.

11 R, Hofstadter, Annual Review of Nuclear Science (Annual
Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 231.

12 J. W, Clark and E. Feenberg, Phys. Rev. 113, 388 (1959).

13 J. Dabrowski, Proc. Phys. Soc. (London) A71, 658 (1958).
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Consequently in this calculation one should shoot for
a number near 141 Mev, and we are about 89 short.

The zero-order contribution to the binding energy is
87.8 Mev (that is E¢—3fw=—87.8 Mev, where
hw=17.25 Mev). The tensor force provides an addi-
tional contribution of 36.4 Mev in the second order,
and the remaining 5.0 Mev comes from the remaining
central terms in second order. It is interesting that the
second-order effects of the central terms are so slight.
This appears to be at least partly due to the fact that
these terms are “smothered” by the larger contribution
of the tensor force.

The rms radius is calculated to be 2.33 fermis; a bit
too small for the experimental value of 2.64 fermis.!t:1
Here again the charge distribution is in zero order
simply the oscillator function for the first p shell.

We find that N?2—1=0.22, so that mixing of con-
figurations higher than the zero order is

(N2—1)/N2=0.18, (5-1)

or about 189,. This means that the simple oscillator
shell-model'®1% wave function comprises about 829 of
our eigenstate. The small configuration mixing is
“H. F. Ehrenberg et al. Phys. Rev. 113, 666 (1959).
16 M. G. Mayer, Phys. Rev. 75, 1969 (1949)

(“‘ Haxel, Jensen, and Suess, Ergeb exakt. Naturw. 26 244
1952
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especially interesting in light of the fact that our
potential yields a 79, D-state admixture in H?, and
hence appears to overrate configuration mixing.

The overshoot in radius can possibly be traced back to
the fact that we are forced to use a repulsive core in this
calculation which is weak by modern standards.10-17.18

The procedure described in this paper is currently
being applied to Ca®* and O,
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