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In this paper properties of a boson gas at zero temperature are investigated by means of field-theoretic
methods. Difficulties arising from the depletion of the ground state are resolved in a simple way by the
elimination of the zero-momentum state. The result of this procedure when applied to the calculation of the
Green’s functions of the system is identical to that of Beliaev. It is then shown generally that for a repulsive
interaction the energy £ (k) of a phonon of momentum k, which is found as the pole of a one-particle Green’s
function, approaches zero for zero momentum, which means that the phonon spectrum does not exhibit an
energy gap.

The Green’s function method is applied to the calculation of the properties of a low-density boson gas. The
next order term beyond that calculated by Lee and Yang, and Beliaev for the ground-state energy is obtained
and the general form of the series expansion is found to be

(Eo/Q) =3n*fo[ 1+a(n /i) +b (nfo®) Inn fi*+c(nfo®) +-d (nfe*)} In(nfe?) +- - -],
where # is the density and fj is the scattering length for the assumed two-body interaction between the
bosons. The coefficients a and b are independent of the shape of the interaction, and are the only terms thus

far calculated. The coefficient b is in agreement with the hard-sphere gas calculations of Wu and of Sawada.
A discussion is given of the intermediate-density calculation of Brueckner and Sawada, and certain
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possible improvements in the method of summing a selected set of higher-order terms are proposed.

1. INTRODUCTION

HE realization that there exists a great formal
similarity between the quantum theory of a large
number of interacting Fermi particles and quantum field
theory has led in recent years to the development of new
methods for the treatment of such a fermion gas,! in
particular at zero temperature.

The application of similar methods to a system of
particles obeying Bose statistics gives rise to two diffi-
culties of a different nature. The first difficulty has to do
with the particular role played by the large number of
particles of momentum zero. In the noninteracting
system all particles have zero momentum. In the inter-
acting system the zero-momentum state likewise con-
tains very many particles, since only a finite fraction of
these is excited as a consequence of the interaction. The
fraction of particles of nonzero momentum in the
ground state of the interacting system is a function of
the density and is very small for low density. Hence for
low density this so-called “depletion’ of the ground
state can be neglected, as in the work of Bogoliubov? and
in the pseudopotential method of Lee, Huang, and
Yang.? However, for calculations of the energies of the
ground state and of low-lying excited states going
beyond the extreme low density case, the depletion effect
must be taken'into account.

Another difficulty, which also is absent in the fermion
case, is the fact that even for a regular, repulsive inter-
action perturbation theory diverges Bogoliubov has
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shown how in the case of very weak interaction and low
density the divergences can be removed by means of a
canonical transformation. This same procedure was also
used by Lee, Huang, and Yang in their pseudopotential
method.

Recently Beliaev* developed a method which enables
one to take into account the depletion effect rigorously
and which furthermore leads to a formulation which to
all orders is free of divergences. In this method essential
use is made of the Green’s functions, which are well-
known in field theory. From these functions both the
phonon spectrum and the energy E, of the ground state
can be obtained.

In the present paper we present in the first place
another, and to our opinion, simpler and more trans-
parent treatment of the depletion effect, in which we do -
not make use of any form of perturbation theory. This
forms the content of Sec. 3, which follows a rather ex-
tensive discussion of the difficulties in Sec. 2.

In Sec. 4 we introduce the one-particle Green’s func-
tions. We follow Beliaev and obtain a closed expression
for the Green’s functions in terms of two functions =y,
and 2 which are the analog of the proper self-energy
parts in field theory. This procedure involves a partial
summation of the perturbation series expansion of the
Green’s functions and is sufficient to remove all low-
momentum divergences. One then has a consistent
scheme where both difficulties, mentioned above, have
been resolved. We use this scheme in Sec. 6 to derive a
quite general relationship between the chemical po-
tential p=dE,/dN and the functions £; and =, both
for zero momentum and energy. This relation permits
one to prove that the phonon energy is equal to zero for
zero momentum. That some calculations give rise to an
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490 N. M.
energy gap in the phonon spectrum?® is due either to an
incorrect treatment of the depletion effect, or to an
inconsistent treatment of some of the terms in the
interaction.

In Sec. 5 we give a short discussion of more general
Green’s functions and their significance for treating the
scattering of neutrons by a boson gas.

Sections 7 and 8 are devoted to the calculation of the
properties of the low-density boson gas. In Sec. 8 it is
shown that, in agreement with Sawada’ and Wu,” there
exists a term in the expansion for E¢/N of the form
W fet In(nfe®), the coefficient of which is calculated.
Finally in Sec. 9, we discuss the general form of the
series expansion, and, somewhat briefly, the intermedi-
ate-density theory of the hard-sphere gas due to
Brueckner and Sawada.®

2. DIFFICULTIES WITH DEPLETION
OF THE GROUND STATE

The system under consideration consists of N inter-
acting particles enclosed in a cubic box of volume Q. We
assume these particles to obey Bose statistics. The
Hamiltonian can be written as H= H,+V, in which the
kinetic energy H, and the interaction V have the usual
form in second quantization®:

I{ozzk %k2dk*dk,
V=107 3 [vki—ky)+o(ki—ko)]

kikoksky

(2.1)

X Oxr(ki+ko—k3—ky) ax; *akq *ax;ai,.

The operators ax™ and ay are creation and annihilation
operators, satisfying the commutation relations

Lawa]=[a*a*]=0; [ax,a*]=bx.

The function »(k) is the Fourier transform of the central
two-body interaction

v(k)= fd%c v(x) e kX,

The Kronecker symbol éx; is equal to one if the argu-
ment is zero, and zero otherwise.

Since we are interested in the limiting case in which
both NV and Q are infinite, with a finite particle density
n=N/Q, we find it convenient to use another notation,
which is more suitable for that case. We define

f — 2P T, P (k—K) = (20) s (k—K),

£k=ﬂ%(2’n’)—%dk.
The commutation relations for the #-operators are
Leob]=[6*6%]=0; [Eo&*]=06(k—1]).

5 M. Girardeau and R. Arnowitt, Phys. Rev. 113, 755 (1959).
See also S. Butler and J. Valatin, Nuovo cimento 10, 37 (1958).
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? We choose such units that Z=M=1.
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In the limit of an infinite system, 83(k—1) is the Dirac
é-function and the symbol [ is replaced by the integra-
tion sign /'d®k. In our new notation the Hamiltonian
becomes

Ho=f 3k,
k
and

V=%@ﬂ4jnkkkfﬂh—kﬂ+ﬂh‘koj

X 8 (k1+k2_ k3 bt k4) Ekl*skz*fkgskzg.

It is our purpose to calculate the energies of the
ground state and of low-lying excited states of this
system, all at zero temperature. Since practically all
available methods for the treatment of such problems
are based on some form of perturbation theory (in which
the interaction between the particles is considered as the
perturbation) let us first consider the noninteracting
system. Here we notice a marked difference with the
fermion gas, a difference which, as we shall see, gives
rise to definite complications in any treatment of the
boson gas. In the ground state | ¢o) of the noninteracting
system all particles have zero momentum. Consequently
in any form of perturbation theory this zero-momentum
state will play a role different from the other single-
particle states. It is therefore convenient to rewrite the
interaction Hamiltonian in a form in which all terms
with one or more k’s equal to zero are written separately.
When we do this, we find

H=Hot Vak Vob Vib Vak Vb V-V, (2.2)
where ,
Vo=1(27)"3 [v(ki—ks)+o(ki—ki) ]
Ki-- ks
X 8% (ky4-ko— ks — ko) £y * o * Exs s,
V=1 (2m) a0 (2m) 12~ f [o(kn)+0(ks) ]
k1keoks
X8 (k1+k2*‘ k3) £k1*£k2*£k3,
V.= 1(2m) 0o (2r) 10} f [o(ks)+0(ks) ]
koksky
X8 (ko—x3—Ky) Exo*Erstky,
! (2.3)
Vam 1) tarepen [ Tutk)+olk]
kike
X 8% (ky+Ko) £ier *Eieo™®,
VomtCnytartnye [ Tutko)+otk)]
k3ky
X 8% (ks+ky) ez,
V = (2m)~5ay*as (2m)'21 f [o(ks)+0(0)]

koks
X 8 (ko—Ka) £rco* s,
vV 0= % (27r) —Bae*lay’ (27r) Q% (0) 1)(0) :
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Here the primed summation symbols mean that the
summation is extended over all k0.

The operators a¢* and a, always appear together with
a factor @~ in the Hamiltonian (2.2). At first sight one
might suppose therefore that the operators ao*Q~% and
ao~* could be neglected. However, because the state of
zero momentum contains a large number of particles,
this is not the case; thus a¢*ae®™|poy=12|do), if |Po) is
the unperturbed state of the system, corresponding to
N particles with momentum zero.

Let us now see the way in which the operators ao* and
ao prevent the immediate application to the boson
problem of methods which have been very successful in
the case of fermions. These methods possess the common
feature that the ground state of the system is considered
as the analog of the vacuum in field theory; that is, the
ground state of the noninteracting system is then defined
by the condition that all annihilation operators applied
to that state give zero. In the case of the Fermi gas this
means that neither holes nor additional particles are
present. For the Bose gas a similar situation does not
exist. Although in the unperturbed ground state there
are no particles of momentum k<0, a large number IV of
particles has momentum zero. Hence the noninteracting
ground state cannot be considered as vacuum with re-
spect to the operators ao* and ao.

This leads to serious difficulties, which become ap-
parent as soon as one starts calculating the ground-state
energy, using perturbation theory. The energy of a gas
of interacting Fermi particles can be expressed as a
power series in the interaction V, and the various
contributions can be represented in terms of diagrams.
As shown by Goldstone,! an expression for the ground-
state energy may be derived, in which only connected
diagrams appear. The derivation depends upon a rule
which makes it possible to express the contributions of
disconnected diagrams in terms of their connected
parts.

For the boson gas one can likewise represent the vari-
ous terms arising from the power series expansion of V
in terms of diagrams. The difference lies in the fact that,
when one calculates the contribution from a given dia-
gram, the resulting expression is multiplied by the ex-
- pectation value for the unperturbed ground state of
products of ¢¢~* and @¢*Q%, arising from the various
terms in V. For instarice, for the fourth-order diagram of
Fig. 1(a), where the dashed lines represent particles of
zero momentum, this factor is equal to @~¥¢o| a¢™ad®| o)
=Q3N(N—1)(N—2). For any connected diagram the
contribution for large systems is asymptotically pro-
portional to 2, so that in the foregoing expression one
may replace the factors N—1 and N—2 by ¥, the neg-
lected terms being of relative order V-1, This approxi-
mation amounts to replacing the operators a¢* and ao by
the c-number N%.

In contributions from disconnected diagrams this re-
placement would lead to incorrect results. Consider the
disconnected fourth-order diagrams of Fig. 1(b) and (c).
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Fic. 1. Three fourth-order ground-state diagrams; diagram a is
connected, b and ¢ disconnected. The dashed lines refer to annihila-
tion and creation of particles with zero momentum.

They give contributions of order Q?;¥ therefore a term
of relative order N can no longer be neglected. Thus
the diagrams b and ¢ differ not only in the fact that the
energies of the intermediate states which appear are
different (as is the case for analogous diagrams in the
fermion problem) but also in that the operators a¢ and
ao* appear in different orders, contributing in the one
case a factor N(V—1)(N—2)(VN—3) and in the other
N2(N—1)2 It is this latter difference which renders
invalid the theorem on the contribution of disconnected
diagrams and makes a linked cluster expansion impos-
sible for the boson gas.

For the case of extreme low density, the correction
terms we have discussed may be neglected, since they
lead to higher powers of the density n=N/Q. In that
case one is justified in replacing the operators o and a,*
by the c-number N, a procedure well known from the
work of Bogoliubov.? Then also the theorem on the
disconnected diagrams and hence the Goldstone formula
are valid. But for cases where # is not small, the deple-
tion of the ground state spoils the validity of both.

3. TREATMENT OF THE DEPLETION EFFECT

Two essentially different ways are open to resolve the
difficulties related to the depletion of the zero-mo-
mentum state discussed in the preceding section. One
possibility is to carry through all necessary calculations,
treating the operators a¢* and ao exactly, until a stage
has been reached in which only Q-independent expres-
sions appear. In such expressions one is justified in
neglecting terms of order 27, a procedure which leads to
great simplifications. This is the basis for the Green’s
function approach of Beliaev.* Recently Sawada® has
handled the problem along these lines, with the aid of
ordinary time-independent perturbation theory. In both

10 See, for instance, N. M. Hugenholtz, reference 1.
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methods one runs into considerable complications in the
derivation of Q-independent expressions.

We propose another and simpler method of dealing
with the depletion of the zero-momentum state; we use
a Lagrangian multiplier technique to eliminate this
state at the outset. Our method amounts to a generaliza-
tion of the original argument of Bogoliubov? concerning
the role played by @0 and a¢*, and forms the natural ex-
tension of his argument to finite densities.

We remark that, no matter what the density is, the
commutator of the operators ao*?~* and a2 %is equal to
Q~1, and therefore vanishes for an infinitely large system.
Furthermore, these operators commute with all other
operators in the problem, so that in this limit they can
be considered as c-numbers. The operator ao*ao/R2, the
density 7, of particles of zero momentum, is then like-
wise a c-number. Thus it seems natural to replace the
operators a¢?~} and ao*?* by a c-number 7ot The
variable 7, is to be determined by the properties of the
interacting system, in a way which will be discussed
below. It will turn out that for low densities, 7o is ap-
proximately equal to 7, the particle density, so that the
foregoing procedure then reduces to that of Bogoliubov.

Let us see what happens when one replaces a¢2~* and
ao*t by no?. The zero-momentum state then simply
disappears from the problem. The new Hamiltonian is

H(no)=Ho+V (n). @3.1)

Now the number of particles is no longer conserved,
since V (n¢) contains terms which do not commute with
the operator N'=2'a;*ax. However N’ is still approxi-
mately a good quantum number, in that it commutes
with H to order &, Thus

N'H=HNT14+0@™)].

Our original problem was to determine the ground state
of the system of IV interacting Bose particles, that is,
that eigenstate of the total Hamiltonian H which has
the lowest eigenvalue E,, subject to the condition that
the number of particles is equal to N. In the modified
problem, in which the momentum-state zero has been
eliminated, we must therefore impose the subsidiary
condition that

(N"y=N—n. (3.2)

The variable 7o must be determined in such a way that
the energy we find is minimal.

In a theory in which N’ commutes rigorously with H,
the subsidiary condition (3.2) could be satisfied most
easily by imposing it on the unperturbed wave func-
tions. It would then be automatically satisfied for the
true wave function, since N’ would then also commute
with the operator e~*¥¢ which enters when one wants
to describe the transition from the unperturbed to the
perturbed wave function. In the present case, N’ com-
mutes with H only to order 7!; since e~ *¥* has matrix
elements which contain arbltrarlly high powers of the
volume € (due to disconnected diagrams) a correction
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term of order 2! cannot be neglected. Hence we cannot
satisfy the subsidiary condition by imposing it on the
unperturbed states and we must turn to another method
for satisfying (3.2). To that purpose we use the method
of the undetermined multiplier.

We first remark that the ground state of the Hamil-
tonian (3.1) with the subsidiary condition (3.2) is also
the ground state of the Hamiltonian

=H (no) —plV’, (3.3)

without any subsidiary condition. Clearly now the
ground-state wave function |o(70,u)), and thus also the
expectation values Eo (no,u), Eo(no,u) and N’ (nou) of
H', H, and N’, respectively, depend on the parameter g,
which is determined by the condition

(3.4)

This relation expresses, for fixed 7, the parameter p in
terms of #¢. As said before 7, is determined by the condi-
tion that, again for » fixed,

d (Eo)
dﬂo Q
Using (3.4) and (3.5) we may derive two useful
equations for u. From the observation that |¥o(no,u)) is
the ground-state wave function of H in (3.3) we con-
clude that the expectation value of H’ for the wave
function |Yo(no,w')) has a minimum for 1=, and

w'=pu, and hence
> (3.6)

Fu ) <
ano

1 (no,u) = n—nyq.

(3.5)

d%o
and
Eo on
— ——-)—,u,—-——O (3.7
du\ Q u
Keeping # fixed and using (3.4) and (3.7), one finds
easily
EY
w5 5G)
dng\
so that

(3.8)

8 (E
-2(%)
aﬂo Q

The second equation we obtain by noticing that Eo/Q is
a function of #, since u, which is a solution of (3.4), is a
function of 7o and n. By virtue of (3.5) we have

DD GG/
Q on Q ou’
which with (3.7) reduces to

d fEo
dn ) =pu. (3.9)
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We thus arrive at the following procedure. Instead

of the Hamiltonian H (no) we consider H', given by Eq.
(3.3), in which the kinetic energies of the particles k2/2
are replaced by k?/2—pu, with u=dEy/dN playing the
role of a potential. We then calculate the ground-state
energy Eo (nou) of H’, the parameter n, being de-
termined by (3.4).
. Our original problem of calculating the ground-state
energy of a system of NV interacting boson is thereby
reduced to the mathematically simpler problem of
finding the smallest eigenvalue of the Hamiltonian
H'=Hy+V (ny), in which

Hy= f Bt b (B — ),
k

and V(no) is a sum of terms, which are obtained from
(2.3) by replacing the operators ao@~% and a,*Q~# by nk.

It should be emphasized that here all difficulties con-
nected with the zero-momentum state are absent, since
this state has been eliminated. Hence, in this respect,
we are now free to use the same methods, which are
applied successfully to a gas of fermions, or to field
theory. In particular, one can now use the linked cluster
expansion of Goldstone!:

1 11
E0'=<o‘[v— V—V+V—V—V—. ] 0>. (3.10)
C

H, H/ H,

Here |0) is the vacuum state, which now replaces the
state |¢o) with NV particles of zero momentum in the
original problem. The subscript C means that only con-
nected diagrams contribute to the expression.

We will end this section by making a comment on the
number of zero-momentum particles in the ground state
of the interacting system. It is very easy to show that,
as long as perturbation methods are applicable, a finite
fraction of particles always occupies the zero-momen-
tum state. Suppose namely that the interaction be such
that 7o, the density of particles of zero momentum, is
equal to zero. In that case the only nonvanishing term

“in the interaction (2.3) is V,, which describes the
interaction of two particles in excited states. With such
an interaction as a perturbation, it is clearly impossible
to get the perturbed ground state, if one starts from an
unperturbed state in which all particles have zero
momentum.

4. THE GREEN’S FUNCTIONS

There is a further complication in the boson problem
which arises from the fact that the interaction allows for
the creation of pairs of equal and opposite momenta. As
aresult one has terms in which. two or more intermediate
states consist of pairs of particles of the same energy, as
shown in Fig. 2. This leads to divergent integrals for low
momenta.

One way of handling this problem is to transform to a
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F1c. 2. A ground-state diagram leading to an integral which is
highly divergent for small .

new set of variables, as proposed by Bogoliubov?:

’ ’ . — .t
aAx=Uy bk—vk b..k*, ak*—uk bk*—vk’b_k,

(4.1)

where #;’ and v;,’ are real, and satisfy #;2—v,2=1. One
can then determine the coefficients of the transformation
by imposing the principle of the compensation of danger-
ous diagrams," and work with the linked cluster expan-
sion (3.10) in terms of the new variables by and b, *.

We shall here follow another method, due to Beliaev,*
which is closely related to the Green’s function methods
of quantum field theory. The relationship between the
Green’s function method and the Bogoliubov transfor-
mation will be discussed briefly in Sec. 7. In the Green’s
function method the divergences are removed by making
partial summations over classes of diagrams. Our presen-
tation differs from Beliaev’s mainly through the fact
that in our work the zero-momentum state has already
been removed. The results turn out to be completely
equivalent to those obtained by Beliaev.

We define a one-particle Green’s function by

G(x1—Xa, ly—12) = — (Yo | TY (Xl )Y (Xats) | o),

in which |¢o) is the ground-state wave function of the
interacting system and the y¥(xf) are field operators in
Heisenberg representation. They are related to the
creation and annihilation operators &c* and £x by

(4.2)

Y(xt)=(2r '%f etk xg (1),

Defining the Fourier transform of G(x,f) by

G00= (20 [ @ o260,
one finds ,

G(p, t—1)8(p—p")=—i{o| TE;(DEy* () [Y0).  (43)

For an extensive discussion of the use of Green’s func-
tions in the theory of many-particle systems we refer to
the work of Beliaev and also to Migdal and Galitskii,!
who studied the fermion problem in this way.

The one-particle Green’s functions, as defined above,
are appropriate tools to describe single-particle excita-
tions. In particular, the analytical behavior near the

1 N. N. Bogoliubov, Nuovo cimento 7, 794 (1958).
12 The sign agrees with that of reference 4. In field theory the
opposite sign is customary.
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real e-axis of the function G(p,e), defined by

~f-00
9= [ Gwpea (4.4)

tells us the energy and the life-time of a single-particle
excitation of momentum p.13

It is also possible to derive a formula expressing the
total energy of the system in terms of the one-particle
Green’s function. One proceeds as follows. Using (4.3)
for 1<t and taking the derivative with respect to ¢, one
has

d
—G(p, t—1)6* (p—p’)
dt

= (o & *(O)LH' (1),50) 1 [v0)
=—i(3p*—wG(p, =) (p—P)
+@ol & *()LV (9),E @) o).
Here H'(t) and V({) are the total and interaction
Hamiltonian in Heisenberg representation, and one
should bear in mind the fact that the unperturbed
energies are shifted from 3p? to 3p?—u. Using (4.4),

taking the limit ¢t — ¢ (always keeping /<{’), and sum-
ming both over p and p’, one gets

- f ool 6LV, 6100

[ [ #e e, @)
o

The path of integration C is a contour consisting of the
real axis from — « to 4« together with a semicircle in
the upper half plane. Making use of (2.3) for V, in which
aoQ~* and @,*Q* must be replaced by #, one easily
finds that the left-hand side of Eq. (4.5) can be written

m)]. (4.6)
K, ks k, ks

. ks k2
k><4 k>‘ ——,

d
Q"[— 20| V| %H‘no(% EV
0

b
-k —k y\k
K K
d e f
F16. 3. The vertices @, b, - - -, f correspond to the terms
Va, Vo, - -+, Vyof Eq. (2.3

13 The function G(p,€) plays a role very similar to that of the
function D, (2) of Van Hove and Hugenholtz. See, e.g., Physica 24,
363 (1958). )
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The ground-state expectation value of the kinetic
cnergy Hy is

ol 0l ) =02m) [[@p 1l Wl (47
The expectation value ($o| Np|o) for the number of

particles of momentum p can be expressed in terms of
the one-particle Green’s function

N =G 0)= g de G 4.8
(ol Nolgy=iG (p, — >——2;fce (0,9, (48)

Equations (4.5), (4.6), (4.7), and (4.8), together with
(3.6), and (3.8) lead to

E ;
= [@ [ ded(eir G,
(2m)* c
or with
W =in) (@ f deG(p.o), (4.9)
c
Fo
——inu= d3j)f de } e+2p2)G(p,e) (4.10)
Q (2m)4

This is actually a rather complicated differential equa-
tion in FE¢/Q as a function of #, since p= (d/dn)(E./Q)
appears not only at the left-hand side, but also in
G(p,e). In the low-density case the situation is, in fact,
much less complicated. If one uses Eq. (4.10) to calcu-
late Eo¢/Q to a certain accuracy, one can use for u on the
right-hand side an expression of lower order. One there-
fore finds a simple linear first order differential equation
for E,/Q which leaves the term ~#?2 undetermined. This
is however the first term in the expansion for Ey/Q,
which can easily be calculated by other methods; for
example, by the formula (6.2) for p derived in Sec. 6.

Having seen that both single particle properties and
the ground-state energy can be derived from the one-
particle Green’s function, our task is to derive a useful
expression for G(p,e). Here we use the method of
Beliaev.t Since we will use the same ideas in Sec. 8 to
obtain a new result, we will have to repeat some of his
arguments.

Using the interaction representation we have

G(p, (=18 (p—p")=— 0| TE, (D&, *(1)S]0),

where |0) is the vacuum state (no particles of mo-
mentum |k|0) and £,(f) = et e~ Hot, The S-matrix
can be expanded in powers of the interaction V:

© '—’L) n +0 00
. f - f dn TV (L) - -
n=0 —

If one substitutes this expression in (4.11), one obtains
an infinite series, in which each term contains a vacuum
expectation value of a time-ordered product of £ and £*

(4.11)

V(t,).



GROUND-STATE ENERGY AND EXCITATION SPECTRUM

operators. Using the method of Wick, one can write
such a vacuum expectation value as a sum of terms,
which are found by forming pairs of creation and
annihilation operators in all possible ways and taking
the product of the vacuum expectation values of the
time-ordered product of each such pair. From the
definition (4.3) of the Green’s function we see that each
such pair carries a factor

O[T e ()| 0)=1iGo(k, t—1)5 (k—K’),

Go being the Green’s function of the noninteracting
system.

As usual in field theory, we represent the various ways
in which such pairs of creation and annihilation opera-
tors can be formed by Feynman diagrams. In that way
one obtains a one-to-one correspondence between dia-
grams and terms of our Green’s function. It is now a
simple matter to find the following rules for calculating
the contribution of each diagram to G(p,e). (a) For each
line, either internal or external, of momentum k and
energy e one has a factor Go(k,e)= (e—3k2+u—+18)""
(b) For each vertex one has a factor 8(Q_; k) 6(2; )
for conservation of momentum and energy. (c) For each

vertex of type a, b, ¢, d, ¢, f of Fig. 3, which correspond -

to the terms V,, Vi, Ve, Va, Ve, and V; of Eq. (2.3) a
factor v(ki—ks)+v(ki—ky), v(ki)+2(ks), v(ks)+v(ks),
v(k), v(k), v(k)+v(0), respectively. (d) For each pair of
equivalent lines (i.e., two lines connecting the same pair
of vertices) a factor 3. (e) For each incomplete vertex
(i.e., a vertex with one or two missing lines) a factor 7
or ny as the case may be. (f) A numerical factor
1/r(2m)—4m+es. gm=s where m is the order of the diagram
and s is the number of factors 7y, due to the incomplete
vertices; 7 is the number of ways in which the vertices
can be permuted without changing the diagram. In
addition to G(p,e) it is advantageous to introduce two
similar functions

G(p, =) (p+p) = —io| TE()Ey (1) |0),
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F16. 4. The general form of the diagrams contributing to G(p,e).

and

G(p, 1—1)8(p+p') = —i(do| TE* (D Ex* (1) |0,

which are represented by diagrams with two outgoing
lines (i.e., external lines running to the left) and two
ingoing lines (i.e., lines running to the right), respec-
tively. These functions obviously have no counterpart
in the unperturbed system.

The general structure of the diagrams contributing to
G(p,e) is shown in Fig. 4. It simply forms a chain con-
sisting of three types of proper parts, connected by a
single line. These proper parts will be called Z1;(p,e),
Zoa(p,e€), or Za0(p,e) depending on whether they have one
ingoing and one outgoing line, two ingoing lines or two
outgoing lines, respectively. One sees easily that Z¢; and
Sy are equal. Clearly G and G have diagrams of the
same general structure as G.

It is now very easy to express G(p,e), G(p,e), and
G(p,e) in terms of these three quantities 211, Zo2, and
Yso. One can immediately write down the equations

G(P,E) :GO(P;€)+G(P,€)Ell(?:€)G0£ny)

+G(P;€)E20(Pye)G0(P,€);

G(?yé): G(P,G)Eu(?, - G)GO(Py - f)
+G(p,6Z0n(p,e)Go(p, —o),

G(P,E) ZG(P;E)EH (P: - e)GO(P7 - e)
FG (0,6 Z0:(p,)Go(p, —e).
These equations are represented graphically by Fig. 5,
where the thick lines are exact Green’s functions and the
thin lines the unperturbed Green’s functions. These

three algebraic equations can be solved and one finds
the expressions

é+%P2—M+E11‘

G(p9=

[e—3@ut—20) PP~ pH G+ 20) P4 20

(4.12)

""202

G(p,0)=G(p,e)=

as derived by Beliaev. Here Zit=2,:1(p,e) and =i~
=311(p, —e¢). By calculating these explicit expressions
of the Green’s functions in terms of Z1; and Zgq, one has
performed the partial summation necessary to remove
the divergences from the theory.

5. THE CORRELATION FUNCTION

One is also interested in more general Green’s func-
tions than the one-particle Green’s functions defined in

[e—3Cut—Zi0) P[5 —pt+ 3 Gt +2u0) PH2e?

(4.13)

the preceding sections, namely those which characterize
the interaction of the many-boson system with external
fields. For instance, the only way in which the ele-
mentary excitation spectrum of liquid helium may be
directly measured is through the inelastic scattering of
slow neutrons. As has been shown by Van Hove,* the
probability per unit time that a slow neutron give up
energy w and momentum k to a boson gas in its ground

14T,. Van Hove, Phys. Rev. 95, 249 (1954).
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Fi1c. 5. The graphical representation of the algebraic relations
between G(p,e), G(p,e) and G(p,e).

state may be written in the Born approximation as
w(k,w)=A4S (kw). (5.1)

4 is a constant which characterizes the neutron-boson
interaction, and S(k,w) characterizes the elementary
excitation spectrum of the boson system according to

S(k,w) =21 (px) ne? (0 —wno). (5.2)

Here px is the density fluctuation of momentum k,
pe= [ w0 sdta= 5, inox,

which may easily be written in second quantization as
Px=2_q Gq*agix. (px)no denotes the matrix element be-
tween the exact wave functions |¥y) of the ground state
and [¢,) of the excited state, which correspond to the
exact eigenvalues Ey and E,, so that w,o=FE,— E,is the
exact energy of the excitation produced by the neutron.

S(k,w) is the Fourier-transform in space and time of
the pair distribution function. It is simply related to the
following function:

iFi (=) =0 T{px()p-x(#)} |0).

This relationship can be seen if we define the Fourier
transform of Fy(¢t—¢') by

(5.3)
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1 0
Fu(i—t)=— f do Fkw)e o=, (5.4
2r J_o
It then follows that
1
Pl =S o0 - |, 69
n W—=wno+10 wtw,o—10
from which one immediately finds
ImF (k,w)=nS(kw). (5.6)

We further remark that the structure factor, S(k), which
is defined by

S(k)=(0] px*px| 0}/, (6.7
is given then by
1 .
S(k)=— f do—F (k,w), (5.8)
nYe 2

where the contour may be closed either above or below
the real axis (since pyx and p_x commute).

If we now eliminate the condensed state operators, a,
and ao*, according to the prescription of the preceding
sections, we see that there are three distinct contribu-
-tions to 2Fy(t—1’), corresponding to diagrams with two,
three, and four external lines, respectively. Thus we may
write

tFe(t—t)=i{Fo(t— )+ F (@~ )+ Feo(t—1t)}, (5.9)
where

Fye(t—1)=noo| T{La_*()+ax ()]

XLax*()+ax(t) T} [¥o), (5.10a)
Fib(t=1)=2(no)¥o| T{La—x*()+ax(®)]
X[2Zq @gi™()aq(t) ]} o), (5.10b)
Fye(t=1)= ol T{{Lq ag-x*(aq ()]
X[ aqi*()ag ()1} o). (5.10¢)

F*(t—¢') may be expressed in terms of G and G as
Fka(t—t’)=n0{Gk(t—z’)+§k(t’—t)
+G(t—=)+Gu(' =)}, (5.11)

With the aid of (4.12) and (4.13), we may write its
Fourier transform, Fe(k,w), as

B2t 2— 20— 220

Fa(k,w) =nu[€__(2u+ Zn )]2

6. THEOREM ON THE PHONON SPECTRUM

The expression for G(p,e), derived in Sec. 4 can be
used to calculate the energy E(k) of a single particle
excitation as a function of its momentum k. In the low-
density approximation it appears that for small mo-
menta E(k) is proportional to %, so that in particular
E(0)=0.

. (5.12)
G2 —p+3Cut+Zu) P42

It is the purpose of this section to show generally, i.e.,
to all orders in the interaction, that the phonon energy
is equal to zero for zero momentum. The proof is based
on a simple relationship we shall establish between the
chemical potential p and the functions £,,(0,0) and
262(0,0) for p and e equal to zero.

In order to derive this relationship we shall start with
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the well-known expansion
t

0
Ult—t)=e H =g iHo 37 (=) | dty
n=0

.
t1 tn—1

X f g - - f i V(L) -V (L)e™e,
v v

where, as before, V(f) is the interaction in interaction
representation. Introducing the time-ordering operator
T, one can easily write

_.,L)n

U(t—t)y=e oty
n=0 7!

t t
X f dhy- - - f Ay TV () - V(e . (6.1)
t t

Since the asymptotic behavior of (0| U (¢)]0) for large ¢
is of the form N exp(—7Eqt),'5 one can use the diagonal
element (0| U(#)]|0) to derive a convenient expression
for the total energy E, of the system in its ground state.
Using diagrams to represent the various terms of the
expansion (6.1), one finds that (0| U(£)|0) can be ex-
pressed in terms of connected diagrams only, by the

formulals _
O1U®|0)=exp((0|U®)|0)),
where (0| U (£)|0) is defined by

00 0-x 2 f dty- -

n!
1
3

X | dtfO|[TV(t)- -V (tn)]c|O).

—3t

The subscript C means that only connected ground-
state diagrams contribute to (0| U (£)]0). In exactly the
same way as in the case of the Green’s function, the
time-ordered product can be expressed in terms of
normal products. We now study this function in the
limit £ — . As before, the integrations over {; lead to
factors 6(3_; €;) in each vertex, saying that the sum of
the ¢;’s, with appropriate signs, must be zero for each
interaction. However, in the case without external lines,
one of these relations is identically satisfied as soon as
the others are fulfilled. This means that the last inte-
gration simply leads to a factor #, expressing the fact
that (0| U (£)|0) is asymptotically proportional to . The
proportionality factor must clearly be —iE,. It is now
very easy to establish that Eo/Q can be calculated as the
sum of the contributions of all connected ground state
diagrams. The contribution of each diagram must be
calculated according to the rules given in Sec. 4, with
the following modifications: (&’). For each vertex except
one, thereis a factor 8(3_; k;)6(2_: €:). (f’). A numerical
factor 1/r(2m)—tmtts—t4jm—stl

15 ClL. Bloch, Nuclear Phys. 7, 451 (1958).
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We shall now use this expansion of Eq to establish the
following equation involving the chemical potential u,
211, and 2022

/42211(0,0)—202 (0,0). (6.2)

To prove this equation we remark that all diagrams
of £11(0,0) can be obtained in a unique fashion from the
connected ground-state diagrams by attaching in all
possible ways one ingoing and one outgoing line of
momentum and energy zero to one or two incomplete
vertices; to obtain Z¢(0,0) one attaches two ingoing
lines in a similar fashion. Let us consider an arbitrary
connected ground-state diagram, which is built up from
n, vertices of type e of Fig. 3, n, of type b, etc., and
denote its value by {#a,np,7c,a,0,n5}. Obviously
+2n4=n,+2n,. The number s of factors #, is given by

s=3mptgnctnatnotny=n+2natn;,.  (6.3)

With the Eq. (3.8) derived in Sec. 3, the value of u
arising from this diagram is found to be

(6.4)

1D =505 Hng, - - 0.

We now calculate the sum of all terms of 211(0,0) and
02(0,0) which can be obtained from this ground-state
diagram. The process of attaching two external lines
diminishes the number of factors 7o by one. Hence, in
the numerical factor for 211 or 2o, as given in Sec. 4
under f, we must replace s by s—1, which makes this
factor identical to the corresponding one for nyEq/Q.

Let us now start adding the two external lines, one by
one. An ingoing line can only be added to vertices b, d,
and f, transforming them into ¢, b, and ¢, respectively.
The transitions b — ¢ and f— ¢ do not change the
value -of the diagram, since the vertex-functions v(k;)
+v(ks) and v(k;—p)+v(ke—p) are equal for p=0, and
similarly for »(k)+v(0) and »(k)+v(p). However the
transition d — b leads to a factor of 2.

If we denote by I{nqnunenanens} the sum of
terms one gets by adding one ingoing line in all possible
ways, one finds

I{naanb) e ,’I’L,}
=np{n.t1, no—1, n,, na, ne, ny}
+naf{nae, no+1, ne, ng—1, ne, nys}
+np{na, ne, w1, na, ne, ny—1},
where one should remember that the different bracket
expressions, representing different diagrams, have all
equal values, except for a factor of 2 for each missing

vertex of type d or e. Adding one more ingoing line in
exactly the same manner, one finds

202 (0,0)=II{ng - -ns}=[ns(ns—14+2na+n;y)
+2n4(np+1420n4—24ny)
Fns(ny+2n4+n—1) JngEo/Q,
which, by virtue of (6.3), gives

Z0a(®(0,0) = (s2—s)ng Lo/ (6.5)
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3 | 3

i 3 !
a 2><4 + 2><><4+2>©<><4+""
ro3 ro3 L. 3
b o = <+ e

Fi6. 6. (a) The multiple scattering terms which for low density

are all of equal importance; (b) the graphical representation of
Eq. (7.3) for the scattering matrix ¢.

Similarly

2u@0,0)=0I{n, - -ns;}=sn"1Ey/Q,  (6.6)

in which O is the operation of adding an outgoing line.
Equations (6.4), (6.5), and (6.6) give immediately

p =21, (0,0)—Z0?(0,0).

Since we proved this relation for an arbitrary diagram
of order »>1, and since for n=1 this relation is also
satisfied, we have proved Eq. (6.2) generally.

This equation makes it very easy to prove our
assertion concerning the phonon spectrum. Indeed, it
follows immediately from (4.12) that for u satisfying
(6.2) both poles of G(p,e) coincide at e=0. Hence there
can be no energy gap in the phonon spectrum.

We therefore conclude that for those theories of the
boson gas for which an energy gap has appeared in the
elementary excitation spectrum, the cause of the ap-
parent gap is to be found in an inconsistent treatment of
the vertices 211 and Zgs, or the depletion effect, in the
higher order terms of the perturbation-theoretic ex-
pansion.®

A few remarks should still be made concerning the
conditions under which Eq. (6.2) is valid. We made use
of a power series expansion for E, which, as can be
proved easily, is equivalent to the linked cluster ex-
pansion (3.10). We obtained FE, from the limiting
process

d
Eo=1lim —(0|U(#) | 0). (6.7)
e dt
It is clear that this expansion in powers of V' does not
converge in the boson case. In fact, many of the terms
are infinite, due to the divergence of integrals for small
momenta. For actual calculations this expansion is
therefore not very useful and we prefer (4.10). However,
in our proof we implicitly used a cutoff for small mo-
menta, knowing that the result will not depend on the
cutoff, provided the limit in (6.7) exists. A criterion for
this existence is not known at present. We believe that,

at least for repulsive interactions, this condition is
fulfilled.

7. THE LOW-DENSITY LIMIT

In this and the succeeding section we will be con-
cerned with the calculation of the properties of a dilute
boson gas at zero temperature. Our goal is to calculate

N. M. HUGENHOLTZ AND D.

PINES

the first few terms in the expansion of these properties
in an ascending series in #; for instance, the ground-
state energy may be written as

Eo=EyO4+E®@4+E®+ -

where in the low-density limit Ey®<KE @ <KE®., As
discussed in Sec. 4, the calculation of the properties of
a given system in the present method begins with the
calculation of the effective potentials, Z;; and Z¢,. Once
these are determined, in a given order, say, the Green’s
function G(p,e) is obtained from (4.12). The poles of
G(p,e) then yield the low-lying elementary excitations,
while the ground-state energy, E,, may be obtained by a
suitable integration over p and ¢, according to (4.10).
It should be emphasized that the Green’s function
method differs markedly from a conventional pertur-
bation-theoretic approach, in that a first-order determi-
nation of the G’s (and the system properties deriving
therefrom) already corresponds to the summation of an
infinite sequence of terms in a perturbation-theory ap-
proach. As an example, calculating Z1; and 2y, in first
order, one finds
Zu=no(VotV,),

202=”0Vp,

(7.1)
(1.2)

where 2; represents the sum of a direct and an exchange
term. As Beliaev has remarked, the results (7.1), (7.2)
when combined with (4.12) already contain the classic
result of Bogoliubov for the excitation spectrum of a
dilute gas of weakly interacting bosons? We may
further remark that a calculation of the ground-state
energy based on (7.1) and (7.2) is formally equivalent to
the high-density electron gas calculation of Gell-Mann
and Brueckner.!® It represents a sum of all ground-state
diagrams which are topologically equivalent to a con-
tinuous line, punctuated by dots to represent the
interactions, as illustrated in Fig. 2. The use, then, of
(7.1) and (7.2) for the =’s is likewise equivalent to the
random-phase approximation introduced by Bohm and
Pines for the electron gas.!”

The first-order calculation above is not sufficiently
accurate to describe the properties of the system in the
low-density limit. The reason is that there is, in fact, a
whole sequence of contributions to the 2’s which are of
equal importance in this limit. These correspond to the
repeated scatterings of a given pair of particles.®* Con-
sider the scattering of particles of momentum p; and p,
to ps and ps. Then, as shown in Fig. 6(a), not only is the
first-order scattering of importance, but also all the
additional multiple scatterings which are indicated
there. Thus all the terms of Fig. 6(a) contribute to the
2’s in the same order of #. From Fig. 6(b), it is clear
that this infinite sequence of terms may be summed
with the aid of an integral equation which may be

( 16 1;11 Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 304
1957).

17D. Bohm and D. Pines, Phys. Rev. 92, 608 (1953). See also
P. Nozitres and D. Pines, Nuovo cimento 9, 470 (1958).
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written symbolically as

(7.3)

.
b19;34= V12; 38+ V19;56G 3G % 56; 34

Henceforth, in all diagrams, we shall assume the vertex
to be given by ¢ according to (7.3), so that the point
representing a given vertex is in reality a sum over an
infinite sequence of diagrams. The class of diagrams
which must then be considered is correspondingly con-
siderably reduced.

The solutions of (7.3) may be expressed in terms of
the scattering amplitude for two particles in a vacuum.
The particular vertices which are of interest to us here
have been calculated by Beliaev, who finds

{(00p—p) = f*(p,0) + f T 0,00
b (21'.)3 b bl
1 1
—————_—+—|, (7.4)
2u—q*+id ¢*
1(0pp0)++(0p0p) =27, (o3 +2 [ 2 el
PP pUp s(2Py2P (21'_)3 s\2D,q

1
| N
e+ 2u—pr—gtis  @—ipr—id

where f:(p",p)={/(0’,p)+ /(=D )}/2, f(¥';p) Is the
scattering amplitude defined by

}, (7.5)

)= f Pra(e " Ty(x),  (1.6)

and ¥, (x) is the eigenfunction for a particle moving in a
potential »(x) which behaves at infinity like a plane wave
of momentum p plus an outgoing spherical wave.

It is not necessary to know the complete solutions of
(7.4) and (7.5) in order to determine the leading terms
in the low-density expansion of the ground-state energy
and excitation spectrum. As we shall see these are com-
pletely determined by the properties of the 2Z’s for
momentum transfers which are small compared to the
inverse of the zero-momentum scattering amplitude, fo.
In this limit, we have

f:Gp3p=2/(0,0)=2/(0,0)=fo, (p<KSfo™).

Further, the integrals in (7.4) and (7.5) give rise to
terms of order fo(120f¢*)?. As we shall see, the expansion
parameter for the low-density hard sphere gas is just
(nof®)}, so that contributions arising from the integrals
may properly be regarded as giving rise to second-order
corrections to the first-order 2’s formed from the #’s.
The latter are, therefore,

(1.7)

2:ozmznofo,

(7.8a)

211(1)=2ﬂ0f0; (7.8b)
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while the first-order chemical potential is, according to
(6.2),
[.1(1)2211(0)'—202 (0)= 7101.(). (7.8C)

Let us now consider the properties of the system in
first and second orders. The first-order ground-state
energy Fo® is determined from the “zeroth” order
Green’s function, (2;;0=24,®=0),

Go(p,é) = 1/(5—%P2+16)7

and the first-order chemical potential, u®. According to
(4.10) we have

Fo®/Q=Lppu® =152 1, (7.9)

since there is no contribution from the integral in (4.10).
The energy spectrum of the elementary excitations
derived from G°(p,e) is of course that of a gas of free
particles.

The first-order excitation spectrum and the second-
order ground-state energy are obtained from the first-
order Green’s functions, which are, according to (4.12)
and (7.8),

GO (pe) = (e+3p*+nofo)/ (€—wy’+ib),  (7.10)
GO (p,) =GN (p,e) = —nofo/ (€—w,?+1i8), (7.11)

where the poles of G, and hence the energies of the low-
lying elementary excitations, are given by

wpt=p*nofot1p". (7.12)

The dispersion relation, (7.12), for the excitation spec-
trum shows that in the low-momentum region (p<< (#410)?)
the elementary excitations behave like sound waves
with a constant velocity, (7¢fs)%. In the high-momentum
region (p>>(nfo)}), w, may be expanded in powers of
nofo;

w =5 p* 0 fo— (ne* [/ pH) 4+ - - (7.13)

The elementary excitations then correspond to almost
free particles moving in an “optical potential,” #qfo.

It is convenient to re-express the first-order Green’s
functions in the following form:

2 2

Up Up
GO (ptp) = —— = (714
e—wptid  etw,—1b
GO (p4-p) =GO (p+-u)
1
S _ , (1.15)
e—w,,-l—ié €+wp—i6
where
ut= G +mfotes)/ 2, (1.16)
. .vp2= (%P2+n0f0_wp)/2wp’ (7.16b)
0 p="0f0/ 20 p. (7.16¢)

We remark that the coefficients %, and v, may be
regarded as coherence factors which, for a given mo-
mentum, measure the way in which the interaction be-
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tween the particles influences the system properties. The
role that these coherence factors play depends in turn
on the relative size of the momentum p, and the mo-
mentum which characterizes the strength of the inter-
action, (#0fo)}. Two limiting cases are of interest:

Case 1: p<<(2n0f0)},
"0 "0 0,2 (no fo) /2,

Case 2: p>>(2nofo)},
u,"=15 vl o/ p<K1.

Thus for small momenta the coherence factors #, and
v, are large and equal. The resulting Green’s function
differs markedly from its free-particle value, G®, and
the related properties of the system are determined by
the sound-wave type excitations in a way which is not
at all accessible to a conventional perturbation-theoretic
treatment. On the other hand, for large momenta, the
Green’s function, G, approaches that of a free particle
(as do the elementary excitations), G® is negligible, and
the interaction could easily be treated by ordinary
perturbation theory, to which, in fact, the present
treatment reduces.

The second-order ground-state energy is found from
(4.10) and (7.14) to be

Ey® 1 p dp pide
—po=— [ — [ ety

Q 2V (2m)3Jde 2r
U,? 0,2
[ S S R T)
e—wp,+16 etw,—id

where the contour integral is to be closed in the upper
half plane. We find, on carrying out the integration
OVET ¢,

E0(2) 1 d:a’p
_%m@):_f
Q 2J (2m)3
104 —wp) (3p—w,
X(zP "Ofozw )(3pP—w )' (7.18)
Wp

According to (7.13), for large momenta (p= (2n0fo)?),
the integrand on the right side of (7.18) is of order p—*;
the dominant contributions to the integral come from
the low-momentum part (p< (270f0)?). The integration
is straightforward, and one finds

(Eo(2)/ﬂ) - %n,u“") =—2 (ﬂofo) ;/157I'2 (7. 19)

We remark that we can now see that the neglect of the
dispersion in f(p'p) is justified in the calculation of the
first-order ground-state energy: the contributions to
(7.19) come from
S (nofo) <L fo ™,
since
(mof o)1,
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To complete the calculation, we consider (7.19) as a
differential equation in Eo/Q as a function of #, since
p=(d/dn) (E,/Q). Putting in this order,

Eo®/Q=a(nfo)?, (7.20)
one gets
p® =Sanifyl.

(7.21)

If we substitute (7.20) and (7.21) in (7.19) and bear in
mind that in this order we may replace 7, by # in the
right-hand side of (7.19), we find «=8/15#2, and thus

8
7 fo(nfo?)3,

1572

Ly®/Q= (7.22)

in agreement with the results of Beliaev.* For the special
case of a gas of hard spheres, the result (7.22) is at once
seen to yield the result of Lee, Huang, and Yang,? since
for this potential fo=4ma, where ¢ is the diameter of the
spheres.

It is of interest to calculate the depletion of the
ground state in this order. We have from (4.9) and (7.14)

) i
n—no=f fde—
2m)3Jde 2n
U2 0,7
l S } (7.23)
e—wpt18  etw,—10
and hence
d&*p 3p*+nofo—w,
n=mno+ f
(2m)3 2w,

=.m( 4 ) ) (7.24)
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Asin (7.18) the main contributions to the integral come
again from low momenta (p< (2n0f0)?), since for large
2, the integrand is of order p~* We see that the depletion
of the ground state as a result of the interaction be-
tween the particles is of order #o}f,?.

We may also calculate the time-dependent correlation
function F (k,w) and the structure factor S(k) defined in
Sec. 5 in this order. It is straightforward to show that in
lowest-order only the two-line part of F(kw) is of im-
portance. One finds, on substituting Egs. (7.8) in (5.12)

nk?

FO(kw)= . (7.25)
(e—wr+18) (e-+wi,—10)
We then have, using (5.8)
k2
SO(f)=—= (7.26)

2or 2(mofotk/A)F

We thus find from (7.26) that in this order the phonon
excitation spectrum takes the form proposed by
Feynman!®

wr=Fk/25 (k).
18 R. P. Feynman, Phys. Rev. 91, 1291 (1953).



GROUND-STATE ENERGY AND EXCITATION SPECTRUM

We note that for large £(k>>(n0f0)?), S (k) approaches
unity, which is its free particle value. For small
k [k (nof0)*] on the other hand, S(%) differs greatly
from unity, and in fact varies linearly with &. It is
natural, then, to regard (#ofo)~* as the correlation length
in the problem, i.e., the length over which correlations
brought about by the particle interactions play an im-
portant role.

We see from (7.9), (7.22), and (7.24) that the
parameter which characterizes the series expansion of
the properties of the dilute boson gas is (#,f¢®)*. That
this parameter should enter (rather than, say, fo/n5?)
is a direct consequence of the fact that it is the low
momentum transfers which determine the properties of
the system. Thus the interaction is weak when the
scattering length f, is small compared to the correlation
length, (120f0)~%, and it is this ratio which appears as the
expansion parameter.

We conclude this section by remarking on the con-
nection between the present method and that of
Bogoliubov.? In the latter approach one obtains the
first-order excitation spectrum and Ey® by keeping only
the terms Vg4, V,, V4, and ¥V, of (2.3) in the Hamiltonian
(assuming one has first introduced an effective inter-
action by the pseudopotential method or by using
[7.3]). The resulting Hamiltonian then may be diago-
nalized by means of a canonical transformation of the
form (4.1). The condition that the new Hamiltonian be
diagonal is simply

Up =Up; Uy =0y,
where %, and v, are defined by (7.16). In this fashion
one may obtain a ground-state energy and excitation
spectrum in accord with (7.22) and (7.12). It is inter-
esting to note that the coefficient v, which measures the
admixture of the new creation operator in the old
annihilation operator is likewise a measure of the
strength of the negative frequency pole in our Green’s
function, (7.14), as might perhaps have been expected.

8. THE NEXT ORDER TERM IN THE
GROUND-STATE ENERGY

We now carry out the calculation of the next term in
the series expansion for the ground-state energy. To do
this, we need to know the second-order effective po-
tentials, 213® and Z¢.®. With the aid of these we may
determine G®, and then calculate E¢® and u® in a
fashion directly analogous to our calculation of £¢® and
1™ in the preceding section.

We find it convenient to begin by obtaining an ex-
pression for G® which differs somewhat from that, one
finds on direct application of (4.12). We do this by
considering the algebraic equations for G and G which
obtain if one uses GV (p,€), GP (p,e), and GV (p,e) as the
“bare” propagation functions instead of G°(p,e); one
must likewise introduce new effective potentials, 2
=211—211(l), and Eozl=202—202(1), in place Of 211 and
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P, e P, e

— ) +P,s C: P'e+
P,e P.e P
i hoe P-e -P-e
Pe ) = b O) + . O +
-P-€ -R-¢
+ P, e ES > +
Pe

F1c. 7. The graphical representation of the equations (8.1) and
(8.2). The wavy lines correspond to the Green’s functions G,

G®, and GO,

Z¢2. The new coupled integral equations may be simply
obtained by analysis of the appropriate new diagrams in
a way directly analogous to the procedure of Sec. 4, as
shown in Fig. 7. The resulting equations are'

G(P,e) =G® (P,G)-'-G(P,G)Zu’ (P: E)G(l) (P,G)

+G(P,€)202’ (P,G)G(D (Py(:)
—I—G(P,G)Ezo, (P:e)é(l) (P,E)

+G(p,e)2u' (p, —)GD (pe), (8.1)
and
G(p,e) =G (p,&)211 (p, — GO (p, —e)
+G (9,622 ($,€)GP (p, —¢)
+G(,021 (p,6)G (p,e)
+G(p,0Z0(p,GD (pre).  (8.2)

These equations may also be obtained by suitable
algebraic manipulations from (4.12) and (4.13), using
(7.10) and (7.11). We now remark that for the calcula-
tion of E¢® it will suffice to work directly with (8.1),
substituting G®, GO, and G® for G, G, and G on the
right-hand side of the equation, and then using the
resulting expression in (4.10). Thus we may write
G=GY4-G?, where

G®(p,0) =G (p,2u® (p,6)GV (p,e)
+GO (5,020 (£,)G (p,e)
+G(1) (P,G)EH(Z) (P: - e)é(l) (P:e)
+G(1) @’6)202(2) (P)E>G(1) (?;e); (83)

and the =Z®’s denote the appropriate expressions of
lowest order in #, for 2’s.

19 Actually, the GO (p,e), and GOV (p,e) of (8.1) and (8.2) differ
from the expressions (7.10) and (7.11), in that one should include
as well the higher terms in the expansion for u. To the order of the
calculations carried out in this section, these higher terms make no
contribution, so we drop them at the outset.
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There is a further very great simplification which re-
sults because Eo® turns out to depend logarithmically
on nof®. As will presently become obvious, we can
obtain the correct coefficient of this term by taking only
the leading terms for small 7 in (8.3). We therefore find

Z1u®(p,e) 210 6202 (p,€)
(e=3pFid)? (e—yptio)(et}pi—id)
1 f’Zu® (p, —¢)
(e 30— i)

GO (p,)=

(8.4)
The corresponding expression for Eo® is

Eo® 1 dp i
o= [ 28
Q 2 (27I")3 C (7T

(e+39GP (p,e),
2m)

which upon substitution of (8.4) becomes
a’p dei (Let+3p"I2u®(pye)
]
(2m)?PJe 2m) L (e—3p*+1d)
2n0foZ02® (p,€)
(e—prtid)?
no’ fZu® (p, — ¢
(= 3pi0) e+ =)

Eo(s)

'. (8.5)

In carrying out the integral over € in (8.5), it is im-
portant to bear in mind the fact that any singularities of
G(p,e) must lie slightly above the negative real e axis,
or slightly below the positive real € axis, as follows from
the definition of G, (4.2). Therefore, because the contour
of integration in (8.5) is closed above the real axis, the
only contributions to E® arise from the singularities
along the negative real e axis. As a result we need con-
sider only those parts of Z¢® (p,e) which have singu-
larities on the negative real e-axis, while for the terms
involving 21:® (p,e) and Z1.¥ (p, —e€) we shall need to
consider the leading term in # for Z1:® (p,$%/2), as well
as the leading terms which possess singularities above
the negative real e axis.

Inspection of the terms of Z¢® which might then
contribute shows that the only diagram of importance
(in the limit 79— 0) is that shown in Fig. 8(a). If we

b€ €
pe
-p,-€ ' 3
p+q,€+€ g€ P+, €+¢€! T\, P, et

q, €,
p+q,€+e'
pe

-q,-€ b€

q b c

Fi1c. 8. The relevant diagrams for those terms in 2¢2® and =1;,®,
which contribute in Eq. (8.5). The wavy lines correspond to GO,
GW, and GO,
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now apply the rules of Sec. 4 and make use of (7.10) and
(7.11) to calculate the contribution from this diagram,
we find for small 7,

Zoe®P4n, f? f f
(2m)? 27r
u?

x| -
o e— 3B id

7)/c2 l
’ 122 ;.
€+ et+3k2—10
Uglg

WL
e—1g+is

Uelq

e+3¢*—18

l, (8.6)

where we have introduced k=gq-+p, and approximated
the vertices by (n0fo)?. On carrying out the integral
over €, we find for the relevant term,

d%g 1
(2m)8 @Letbgp -3k —is]

There are two kinds of contributions to =1, (p,¢)
which are relevant to our purposes. Those of the first
kind give rise to singularities above the negative real e
axis, and arise from the diagrams of Fig. 8(b) and (c).
The contribution from (b) is

4nof0 f

202(2)E’4n02f03f (87)

UqVq }
€412 —16
UKV

e+ iR —id

{ Uqlq
(2m)3 21r € —1q*+is

UiV
X{ - ], (8.8)
et —3k2+is

while that from (c) is

4 fo* f

(2m)3 21r

M]c vk2
x| ;
et+é ———k2+16 e+ +1k2—1b
% v

€—3+i6 €+342—1b

X | } (8.9)
On carrying out the integrals over ¢, and keeping only

the relevant terms for small #,, we find for the sum of
(8.8) and (8.9)

— 4103 fo! f (2ny 2k2

The contribution to Z1;® (p,¢) to be substituted in the
last term of (8.5) arises from the momentum dependence
of fs(3p,3p) and the integral in (7.5). It is, to lowest
order in 7,

(8.10)

eHipHiRR—id
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d%q
(2m)?

20 T, )+ 2o [

1
x| — -,
-+ ¢=ip—id

(8.11)

where, as Beliaev has shown, one may apply (7.6) to
obtain

d%g 1
A |

(2n)? ¢—1p*—id
a’q
—ser [ il
On summing (8.10) and (8.11) we find then:
d’q
(2m)?

Zu?(p,e) = 21‘1/0fuzf

X { ! 2n* [ K*+¢7] }
e=3¢°—3k*+id  ¢*k* (et 5P —1d)
d*q

1
+2m /2 P.P. f S . (8.12)
(21)° g+~ 1p?

where we have shifted variables in order to write the
contribution from (8.11) in a more symmetric way, and
P.P. denotes the principle part. The results (8.7) and
(8.12) are in agreement with the high momentum
(p>>(n0f0)*) expansion of the Beliaev effective potentials.

The singularities in (8.7) and (8.12), which give rise
to an imaginary part of ¢, and 213, are associated with
the fact that in this order it is possible for an excitation
of momentum p to decay into two excitations of mo-
mentum —q and p-+q.

If we now substitute (8.7) and (8.12) into (8.5) and
carry out the integration over ¢, we find

E0(3) dSP
(2m)?

- %n,u(s) = 2%03f04f

p¥4

d3
x[ [ a0 +B00+C0)

(2m)?
d%q 1
—f—Imf ], (8.13)
(20)? g+ B p—i0)
where 2 ) (1))
—q¢— q
(p2+ q2_+_ k2)2k2q2
B(pg)=——"""7, (8.14b)
P q q?(p2+q2+k2)2
and A
Cpg)= (8.140

(P4 g2+ k) (p2— g — k2+-i8)

are the contributions from the singularities of 211(p,€),
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Zo2(p,€), and Z11(p, —¢), respectively, and the last term
in (8.13) arises from the singularity at e= —3}*in (8.5).

It is convenient to combine 4 and B. On doing this,
and taking advantage of the symmetry between k£ and
q, k and p, and of course p and ¢ (when the expression
appears as the integrand of [8.137]), one finds

2

A+B=— — . (8.153)
k2q2(k2+P2+q2) q2<k2+p2+q2)2
We also have
2
C=—
pZ(P2+k2+q2)2
1 1
+—{ — } (8.15b)
p4 k2+p2+(]2 q2+k2_P2_}_15

We now note there is considerable cancellation amongst
the terms arising from the different singularities. The
resultant ground-state energy is real (as of course it
must be) and is given by

Eq® ap ( dq 2
——— %11,'“(3) = 2ﬂ03f04f f —

2 e )

1 1

P (et g)

pb.P. diq }
- — . (8.16)
" J (2m)(+¢= )

On carrying out the integration over q and over the solid
angle of p, we find

EO(S) 7/1103f04 4 \/3 dp
__,%n/_‘(:f):_._(h___)f__'
Q 1672 \3 = b

Our limiting procedure has led us to a logarithmically
divergent expression. This need not concern us unduly

(8.17)

- however. We know that, had we kept the next-order in

no terms, the expression would be well-behaved in the
low-momentum region, and possess a natural cutoff at
Pmin~ (m0f0)?. Further, the logarithmic divergence for
large momenta is a consequence of the fact that we re-
placed the f(p,q), which properly appear in the 2’s, by
fo; had we not done this, we would have found a natural
cutoff occurring, in the case of hard spheres, for
Ppmax~ foL. We are thus led to write

@N Prax g

In- =In 5
P Pmin ( ¢0f03)7

where g is a constant which will influence only the next
order terms, Eo® and u®. We have therefore

Eo( ) 1’1/3f()4 ( \/g

4
et Y TS ~—~--~—) In(nfe®), (8.19)
Q 272\ 7w 3

(8.18)

in which we replaced #o by 7,
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To solve this equation we proceed as in Sec. 7 and
write
Ey®=8n*fo* In(nfe),
so that
WO = 3612 In(n ),

in which g is determined by substituting this in (8.19).
We find

E® ndfpt(4 V3
=——{———-‘> In(nfo®), (8.20)
Q 167213 =
3ndfet(4 V3
® = {———} In(nfo?). (8.21)
1672 13 =

Our result (8.20) is in agreement with the results (ob-
tained by different methods) of Wu? and Sawada.®

The present calculations also permit us to determine
the second-order excitation spectrum in the high-mo-
mentum region (p>>(n0f0)¥). In this region, one has,
from (4.12) and (8.11) a pole at

e(p)=w, 202 (p,317)
7
= %P2+"10f0(1 —;fOP)gif“}‘ fGpsp), (8.22)

in agreement with the results of Beliaev* and Lee and
Yang.?® In this momentum region, the imaginary part
of €(p) is seen to be simply related to the imaginary part
of the forward scattering amplitude.

Beliaev has calculated the second-order excitation
spectrum in the low-momentum region. For this calcula-
tion it is necessary to include many more terms in the
calculation of =1;® and ¢.®, that is terms which are of
the same order at low momentum as those we have con-
sidered. Beliaev finds*

e(p)=p (nofo) [ 14 (7/67%) (nofo*)*]
—i(3/640m)p% /. (8.23)

Thus in second-order, for low momentum, there is a
correction to the real part of the sound wave frequency,
and an imaginary part, corresponding to the fact that a
phonon of momentum p can decay into two phonons of
momenta ¢ and p—gq. That this latter process goes as p®
is a consequence of great cancellation amongst the
coherence factors appearing in the Z®’s and in the low-
momentum expansion of the denominator in (4.12).

It is interesting to note that the microscopic calcula-
tion of the sound velocity, (120f0)*[14 (7/6m%) (nofo®)¥],
is in agreement with the macroscopic calculation. The
latter derives from the fact that the velocity of sound
waves of infinite wavelength is related to the compressi-
bility, which may in turn be obtained from the ground-
state energy. We calculate the first three terms in the

2 T, D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958).
2 An independent calculation of (8.23) has been carried out by
Lee and Yang.®
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expansion of the macroscopic sound velocity, s, with the
aid of the following equations:

5= (dp/dn)", (8.24)
d (E ]
We find, from (7.9), (7.22), (7.24), and (8.20),
s= (nfo)’[1+ (nf)}/=*
1 (3/16)n ¢ {E—V3/m} In(nf@)+---. (8.26)

9. DISCUSSION

In the preceding section we have seen that both £,
and u possess a series expansion of the form

Eo=3n*fo[1+a(nfe®)+bnfd In(nf)+-- -1, (9.1)
p=nfoll4a' (nf@)+0nfé In(nf¥)+---1. (9.2)

It is not difficult to see that #'=n—ny possesses a
similar series expansion

1
1z-m=n’=3——2(nf0)%[1+a”(nfo3)"f+- <7 (9.3)

Depletion effects associated with the difference between
no and 7z only make their appearance in the higher order
terms of the expansion (9.1) for the ground-state energy.
To see this, recall Eq. (7.19), which states that

Ey@®— %nM(Z) ~ (nofo) 3

If one then substitutes the series expansion (9.3) for #qg
into (7.19), one finds contributions to higher order
terms in the expansion for E,, which have the form:

(11113fo4+02%7’2f011/2+ e,

If one further remembers that E®—Znu®~ngfy?
XIn(nofo®), one finds further contributions from the
depletion effect which take the form

72 fV2 In (nfd)+ - - -

It thus appears likely that the series expansion for E,
takes the form

Eo=3n*fo[ 14a(nf)i+bnfe In(nf)+cnfo
+dnd [ In(nf)+entfdP4- -] (9.4)

Of these coefficients only ¢ and b are known at present.
It should further be remarked that while the coeffi-
cients ¢ and b are independent of the particular “shape”
of the interaction potential, the coefficients of the higher-
order terms will depend on the specific law of force.
Thus, no matter what the interaction which gives rise
to the scattering length f,, the coefficients ¢ and b
remain the same, while ¢ is a shape-dependent parameter
[as may be seen directly from (8.18), for instance].
The coefficient ¢ appears to be quite difficult to calcu-
late, Consider the calculation of 24,®, for instance. It
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may readily be seen that to calculate this quantity, one
must include, amongst other terms, the entire sequence
of diagrams shown in Fig. 9. As Beliaev has remarked,
the summation of these diagrams cannot be expressed
in terms of two-body scattering amplitudes, but requires
that one obtain a solution to the three-body problem in
closed form.

Actually the incentive does not appear great for
performing a calculation which yields ¢. The reason is
that if one studies the relative size of the logarithmic
term and the term immediately preceding it in the series
expansion for Ey, one finds that when one gets to densi-
ties and scattering lengths which might characterize the
behavior of liquid helium, the logarithmic term is much
arger than its predecessor. For a model of hard spheres
of diameter 2.2 A, with a density equal to that of liquid
helium, (7f*)¥221.4, and E,®~6E,®.

The one hope, then, of carrying out a microscopic
calculation of the properties of liquid helium would
seem to lie in summing a selected class of higher order
terms, as has been done by Brueckner and Sawada.®
Their procedure is equivalent in the present formulation
to the following approach. One takes, as in the extreme
low-density limit, the effective potentials to be

2@ =n[#*(0g0q)+¢* (0qq0) ],
202D =nt(? (00g—q),
w(@ =5t (0000).
We have introduced the notation #® to reflect the fact
that the #(?’s are now determined by a nonlinear inte-
gral equation, which is similar in form to (7.3), but in
which the propagators are altered to include the effect

of forward scattermg via the effective potential, Z1,(%.
Thus (7.3) is replaced by

b19;34= V12,341 012, 56G 5 DG Dt56;34 Y,

9.5)

(9.6)

where
G (pe0) =1/(e—=3p*—Zn@+u@+41d5).  (9.7)

In this fashion one is able to sum a selected class of
higher-order diagrams.

It is always difficult to justify including some higher
order terms and not others. For instance, certain terms
which are of importance in the calculation of the loga-
rithmic term, E¢®, in the low-density expansion, are
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F16. 9. An infinite series of terms which contribute to the 7¢®fo*
term in Eo/Q.

neglected in the Bruecker-Sawada approximation.
Whether this neglect is justifiable remains to be seen.
We believe the methods described in this paper offer a
useful way to carry out such an investigation.

We may further remark that Brueckner and Sawada
have neglected the depletion effect. This omission would
appear to lead to nonnegligible corrections for a system
of hard spheres of diameter 2.2 A at the density of liquid
helium (this being the Brueckner-Sawada model for
liquid helium). It is not difficult to see how to apply that
correction in the present formulation. In the expres-
sions, (9.5), one should properly have ¢ appearing in
place of %, where #, is determined, in this order by

71-—n0=f

where G'(p,e) differs from GV (p,e) only in that the
modified effective potentials (with 7o) given by (9.5)
are to be substituted in place of Z1;® and Ze.®.

It is also not difficult, using the Green’s function
method, to formulate procedures which go well beyond
Brueckner and Sawada in the number of higher-order
terms which are summed. One approach, which has been
proposed by one of us and Nozieres,?? consists in taking
for the effective potentials

Z1® =mno[¢» (0q0q)+¢> (0qq0) ],
02D =n0® (00q—q),
w=no®» (0000),
where the #®’s are determined by a nonlinear integral
equation with the more accurate propagators, G (pe),

defined in terms of the effective potentials (9.9), ac-
cording to (4.12). Thus

b19;34 D =019, 34019, 56G5 D G D s; 34D,

f —G (9, (98

(2m)3

(9.9)

(9.10)

where

e3P +Zu®(p, —e) —u®

G(b)(Pae)*

(e—3Zu® (2,0 —Zu® (p, — )2~ 3+ (5,9 +2u® (B, — ) I—u®P+[Zu® (5,0T

and the relation between 7, and # is to be determined
according to (4.9) using the above value of G (p,e).
How successful such a procedure may be (it will cer-
tainly require extensive machine computations) remains

to be seen.
10. CONCLUSION

We have shown that a simple treatment of the deple-
tion of the ground state as a consequence of the inter-

action between particles permits one to apply the
powerful methods of field theory to the many-boson
problem. It is then possible to present a consistent
divergence-free formulation of the problem to any order.
This enables one to obtain certain general relationships
between the quantities of interest in the theory. We
were thus able to prove that the low-lying excitations of

22 P, Nozieres and D. Pines (private communication).
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the system would not possess an energy gap. Another
general relation, which perhaps can be proved by the
methods of the present paper, is the equality which
appears to obtain between the macroscopic and micro-
scopic sound velocities. ‘

The present approach also affords a straightforward
way to calculate the series expansion of the properties
of the dilute boson gas. We have calculated the next
term beyond the results of Beliaev and Lee, Huang, and
Yang, and find that the expansion is not a power series,
but involves as well the logarithms of the expansion
parameter (nf?)}. We have likewise seen that for the
terms up to and including the 73 f¢* In(nf¢*) term in the
ground state energy, the character of the forces between
the particles in a dilute boson gas is irrelevant ; only the
zero energy scattering amplitude enters. It is obvious
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that the series expansion has no meaning in the case of
forces which are attractive, so that the scattering
amplitude, fo, is negative. In this case one would expect
a complete breakdown of the perturbation-theoretic
expansion in the low-density region (no condensed
state, etc.) along with the appearance of two- or more-
particle bound states.
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