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The frequency distributions of hydrogen lines broadened by the local fields of both ions and electrons in a
plasma are calculated in the classical path approximation. The electron collisions are treated by an impact
theory which takes into account the Stark splitting caused by the quasi-static ion fields. The ion field-
strength distribution function used includes the effect of electron shielding and ion-ion correlations. The
various approximations that were employed are examined for self-consistency and an accuracy of about 109,
in the resulting line profiles is expected. Good agreement with experimental Hg profiles is obtained while
there are deviations of factors of two with the usual Holtsmark theory. Asymptotic distributions for the line
wings are given for astrophysical applications. Also here the electron effects are generally as important as
the ion effects for all values of the electron density and in some cases the electron broadening is larger than

the ion broadening.

INTRODUCTION

INCE atomic hydrogen is subject to a large linear
Stark effect, the principal cause of broadening of
hydrogen lines in plasmas is the interaction of the
emitting atoms with the local electric fields of the ions
and electrons. Even at low degrees of ionization and
low densities, Stark effect broadening is usually domi-
nant, but if at high temperatures Doppler broadening
becomes significant in the cores of the lines it can
easily be taken into account by the usual folding
procedure. But under most conditions the spectral
distribution will depend mainly on the electron and
ion density and only slightly on temperature or neutral
density. With the aid of an adequate line broadening
theory one can therefore use experimentally determined
hydrogen line profiles to measure the densities of the
perturbing ions and electrons in a partially ionized gas.
Detailed calculations of the broadening of Ly-a,
Ly-8, Ha, Hg, H,, and H; by both ions and electrons
in a plasma have been carried out using an IBM 704.
The effects of electron shielding and ion-ion correlations
on the statistical theory for the broadening by ions
have been incorporated using Ecker’s' distribution
functions. The broadening due to electrons is calculated
by means of a generalized impact theory which takes
into account the Stark splitting caused by the ion
fields. Large corrections to the usual Holtsmark? theory
have been obtained which affect much of the previous
work on the composition and structure of stellar atmos-
pheres which was based on the Holtsmark distribution.
In the present calculation, the various approximations
which are introduced into the numerical evaluation of
the spectral distribution function have been investi-
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gated and an over-all accuracy of about 109 is indi-
cated. This is borne out by a comparison with recent
precise measurements of the Hg profile in a plasma by
Bogen.® The theoretical and experimental profiles are
in close agreement over an intensity range of two
decades.

ELECTRON BROADENING

Because of the characteristically high velocities of
electrons in a plasma, their influence on line broadening
can be calculated with the impact approximation, as
will be shown at the end of this section. A generalized
impact theory is used that has been developed by the
authors? and independently by Baranger.® It treats
the case of overlapping lines in a multiplet and leads to
new terms in the spectral distribution; i.e., asymmetric
terms in addition to the usual Lorentz-dispersion terms.
For the problem under consideration, the hydrogenic
energy levels are split by the quasi-static ion fields.
The lines which arise from transitions between these
split levels are then broadened and overlap because of
the electron collisions.®

The general problem of overlapping lines was solved
explicitly when perturbations of the upper state are
large compared to perturbations of the lower state.
The method of calculation when both states are per-
turbed was only indicated and is given below using a
generalization of “Method II” of the earlier theory.

The spectral distribution function is found from the
trace of the thermal average (denoted by { }r) of the

3 P. Bogen, Z. Physik 149, 62 (1957).
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Michigan, 1947; University of Michigan Engineering Research
Institute, ASTIA Document No. AD 115040 (unpublished). See
also H. Margenau, Revs. Modern Phys. 31, 569 (1959).
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Fourier transform of the dipole-dipole correlation
function

{u(Ou(0)} r={Ta (1,0)e ot/ (0)giHot Ik
X Tb(t:O)#(O)}T) (1)

where u(0) is the dipole operator at the time =0, H, is
the unperturbed Hamiltonian of the radiating atom
and T,5(4,0) is the usual time development operator
which satisfies the Schrodinger equation

d
’ih;—Ta,b(l,O) - eiH‘J”hV(t)e_i”"”hTa, b(t’())’ (2)
i

where V({) is the perturbation. The a and & indices
denote the principal quantum numbers of the initial
and final states and the operator T,(,0), say, has
matrix elements between states with the same principal
quantum number a. The dipole-dipole correlation func-
tion can be written in this way because we do not
consider collision induced transitions between states
with different principal quantum numbers and also
neglect the dipole radiation arising from transitions
between substates of a level with a given principal
quantum number. Neglecting these transitions can be
fully justified for low-energy electron collisions in a
plasma and for optical line radiation.

Consider now the matrix elements

{|p®u(0)|a)}r
={{/| Td" (1,0) |} exp (iwarrt) (" | 1(0) [ 8')
Xexp (iwgt) (8| Ts(1,0) [8”)(8" [1(0) [a')} r
= exp (iwarprt) ([ (0) [ 8) (8" | 1(0) |a)
X [(B"{ T (LO) To(,0)} 2| )[B”),  (3)

where we have chosen a representation in which H, is
diagonal and we’ g = war’ —wgr= (Eq+— Eg') /h. The prob-
lem is so reduced to finding the thermal average of the
product T,(£,0)T5(£,0). Consider now the change in
this quantity during a time interval Af:

A{T . (t,0)T5(1,0)} r
={T.(t-+At, 0)T(t+At, 0) =T, (,0)T5(t,0)} r
={[T. (t+At, )Ty (t+At, £)—1]
XT(t0)Ts(t,0)}r. (4)

If there is only one collision’ in the time interval Af that
is not correlated with previous collisions (impact

7 In the case of hydrogen, most of the electron broadening is due
to distant, i.e., weak collisions, which overlap in time. If the com-
bined effect of such weak collisions in A# is small, T (¢+At, )
XTs(t4At, 1) will be given by the first terms of the iterated
solution of the Schrédinger equation. The linear superposition is
still valid in that case because terms due to the perturbations
produced by several different electrons will average out since the
perturbation energy is an odd function of the perturber coordi-
nates. This is only true up to the third iteration and the validity
criterium for the impact theory may therefore be reformulated
as follows: There must be either only one strong collison or
several weak collisions which cause together only a small deviation
in the matrix elements of the 7' T, operator, in a time interval
characteristic for the correlations of the perturbations.
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approximation), the two factors on the right side can
be averaged separately and one has

A{TH(40)T5(1,0)yr=2"; Pi[ Tait (t;)Tv;(t;)—1]AL;
><{T‘;r (t,O)Tb(tJO)}T) (5)

where we denote the change in T'(4,0) by a collision
during the time interval A¢; by T'(¢;); P; is the prob-
ability per unit time that there is a collision of the
type j. The time interval Af; has been chosen to be
large compared to the duration of a collision but
sufficiently short so that there is only a small deviation
in 71 (£,0) T (¢,0) during the time interval. This assump-
tion will be examined later for self-consistency. In that
case one obtains the differential equation

d
ATt To}r=as{Ta!Ts}r, (6)
dt;
where
$as=2_; P{T.;'Tg;—1], (N
which has a solution
{TaTTb}T= €Xp (¢abt)7 (8)

with T,7(0,0)75(0,0)=1. This result follows because
Toi(t;) X T;(;) due to a single collision is independent
of the time ¢; of the collision when A¢; is large compared
to the collision time. Then we have T'4,5);(t;) = T (4,15 ;(0)
=T (a,0)j, and ¢4 is independent of ;. Substitution of
(8) into the expression for {u(#)u(0)}r and Fourier
transformation yields the spectral distribution

1 0
Jap(w)=—Re Tr f dte=p{u(D)p(0)}r

e——E.;,/kT

Re 2 2 (o/[u(0)[8")(8" [n(0)|')

7 Z(T) atalt BB

X [ e |48/ expl(—itara a1 )18, )

where w—wqp=Awqg, and Z(T) is the partition
function.
Finally we have

e EalkT

Tarl)= wZ(T)

Re 3 2 ([r(0)[8")
a'alt 1B

x| (8’ "1 gy
| l(mwa”ﬂ'_%b)m |

X B"|u(0) ). (10)

In obtaining this formula we have taken the matrix
elements of the density operator

@/|pla)
= (o' |exp(—Ho/RT) | o)/ Z(T)==2e "o /¥ /Z(T)
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to be independent of the splitting. This is a good
approximation for the optical region where the perturba-
tion energies are small compared with the mean thermal
energy.

In order to calculate the spectral distribution with
(7) and (10) it is necessary to solve the Schrédinger
equation for the time-development operator. We now
make the classical path assumption and take the field
produced by the perturbing electron to be uniform over
the atom. The classical Hamiltonian for a single electron
collision of type j is

r-r;
Rk

Here r is the position vector of the atomic electron; g;
and v; are the impact parameter and velocity, re-
spectively, of the perturbing electron at the time of
closest approach {=0. For rapidly varying perturbations
the exponentials in (2) can be replaced by unity. This
can be seen as follows : The average Stark effect splitting
within a level of principal quantum number a will be
Aw~e*a?ao/hp? in angular frequency units with the
Bohr radius ay=7%?%/me? and a typical distance p; between
the radiating atom and the nearest ion.f The duration
of an electron collision is of order A7,=p./7., p. being a
typical impact parameter and 7, the average velocity of
the electrons. Now p; and p. will both be of the order
N—%if N is the number of electrons per unit volume.
The exponents are of the order AwA7,, i.e., @*N3h/mi,.
When this quantity is small compared to unity, the
exponentials are not important. This limits the theory
to densities that are not too high but still covers most
of the range of practical interest as can be seen from
Table I.

Now we can extend all time integrals from — o to
+ o« and obtain the following expression for the operator
T; from the iterated solution of the Schrédinger equa-
tion (2) using (11):

*r- (94 Vst)

Vi()=e> .
’ (ps vt}

(11)

®  ro-1;(1) e\ 1o 1))
M-—ltz f wdtlrj(t)ls_(;) f_ lor
I‘a r](t)
12
Xf O "

It can also be shown for many lines of interest that we
need only consider ¢, instead of ¢as, since the broaden-
ing arises mainly from perturbations of the upper state

TasLE 1. Limiting values of Aw-Ar, for 7=10 000°K.

Ly-a Ly-8 Hy Hp Hy Hs
N(cm™) 101 1018 1018 10v7 1017 1016
AwAT, 0.2 0.2 0.2 0.15 0.25 0.15

T The subscripts ¢ and e denote ions and electrons and should
be distinguished from the collision index j.
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which is most easily polarized; i.e., we can take
T4(t,0)=1 if perturbations of the final state are nu-
merically unimportant. This is rigorous for the Lyman
series since the ground state is nondegenerate and is an
excellent approximation for the higher members of the
Balmer series as is shown later. Calculations of spectral
line intensities where perturbations of both the initial
and final states must be considered, using the general
formulas given here, will be the subject of future
publications.

For the present purposes we need only to calculate the
quantity f'do;P;(Tq;—1), which involves an average
over the directions defined by g; and v;. All odd terms
in (12) drop out and one obtains

e ® rg-1;(t
T,,,]-—1=—(—)f d— )
%

0 I l'j(l)!3

¢ ,ra-rj(t’)
inmdt m+ (13)

On evaluation of the double integral all terms containing
components of both v; and g; will average out, and the
terms of the form v;,v;, give no contribution because
they are multiplied by odd functions of ¢ and the double
integral is consequently zero. With these simplifications
we have

T 1 (32)2( )2 w0 dt
e (Y owrar [
] h T (o)

[/

X| — (19
o o ot)!

All terms of the type pj.pj, will again average out and
the quantities (pj.)% (0jy)% (pj:)? can be replaced by

307 for an isotropic distribution of electrons. The
integrals then reduce to
- 2et 1o1, (15)
aj 1=———
’ 3 n® (PJ'UJ)2
and we find
¢a:A7fdo'f PJ'(Taj* 1)
2 753
— 2N f f dpdy f(v)[ ] (16)
72 (pv)?

where f(v) is the velocity distribution which is assumed
to be Maxwellian:

() (el
={—-) (— ) Pexp{ — .
/ ™ kT P 2T
Evidently the p integration leads to logarithmic
divergencies for both small and large impact param-

(17)
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eters. At small impact parameters higher order terms
in the iterated solution of the Schrédinger equation
become of importance. But it will turn out that close
collisions are relatively unimportant compared to the
more distant collisions. We can estimate their effects
from the Lorentz-Weisskopf collision frequency Nwp,*v,
where the cross section mp,? is defined by the condition
that the leading terms in (13) approach unity, i.e., by

e (ry-ro)t

(3)"‘"

(18)

v

Then the collisions are strong and completely disrupt
the radiation process. To estimate the magnitude of
pw it is sufficient to replace the matrix element (rq-rq)
by a mean value for a given principal quantum number
a, which will be of the order a‘a¢?; then

pur ()} (h/mv) 2.

The divergence at large impact parameters corre-
sponds to the breakdown of all binary collision theories
for the case of Coulomb interactions. Actually the
distant collisions outside the Debye radius will be
screened in a neutral plasma and one can cut off the
integral at the Debye radius pp given by

op=(kT/4nwNe?)t.

(19)

(20)

By dividing the collisions into three classes, strong
collisions inside p,, weak collisions between p,, and pp
and screened collisions outside pp, the p integration can
be performed and (16) becomes

4detr,r, oD
b= ——7erdv vf(v)[pw2+~— ln(——)]. (21)
3h2 o2 Pw

The first term in the bracket determines the relative
contribution of strong collisions and the logarithmic
term represents the contribution of weak collisions.
Comparison with (18) shows that the coefficient of the
logarithm is 2p,?. The ratio of the weak- to strong-
collision contributions is therefore given by

¢'w/¢s 2 ln(PD/PW);

or if we express pp by (20) and p,, by (19) and use the
mean velocity 7= (3k7T/m)?, the ratio

b 3kT s m
—2 ln[ (
b 2ha?

(22)

1

)]

2rNe

(23)

is 5 or larger for the range of densities and temperatures
considered in this paper. The contribution of close
collisions to the ¢ matrix will therefore be less than 20%,.

This result has some bearing on the validity of the
classical path assumption also, because we can now see
from (19) that the angular momentum of electrons
giving significant contributions is (%)¥a? or larger. The
most effective impacts which take place near the Debye

radius correspond to angular momenta larger by one
order of magnitude. Errors due to the classical path
assumption are therefore entirely negligible for hydrogen
because of the large angular momentum quantum
numbers.® This also shows that the field strength pro-
duced by the perturbing electron is practically constant
over the atom because

e

pu=(3)1—a’a02 3a°a,
1w

(24)

for the most probable electron velocities. Since the most
effective impacts occur at impact parameters several
times larger than p, it can be concluded that the
assumption of a homogeneous perturbing field, i.e., the
choice of the perturbation Hamiltonian (11), is justified
for the majority of effective collisions which take place
at distances large compared to the Bohr radius.

Neglecting the strong-collision term, we finally obtain
after a partial integration

4 et f27m —my?
¢a=--—(") |- ( ") en(
3\ kT pu 2kT / louin
mo?
—-e p( )]ra-ra. (25)
Ymin ¥

For the very small velocities the limiting impact
parameter for weak collisions p,(v) is larger than the
Debye radius pp. The effect of these slow electrons can
so be estimated with the Lorentz-Weisskopf formula
and turns out to be entirely negligible because only
very few electrons are in this velocity range. We
will therefore proceed by cutting off the integral
at a minimum velocity vmin defined by the relation
pw(Vmin)=pp or with (19) and (20):

(8xNe/3kT) (fia?/m). (26)

Then the first term in (25) vanishes and we have, with
the substitutions

vmll’l

y=m2®/2kT, @7)

and
Ymin=MVnin?/2kT = (4wN/3m) (eha?/kT)?, (28)

the final expression for the ¢ operator which we have
used in the numerical calculations

1/8rm\* ¢! ® exp(—y)
d)a:_(‘_—) N—r1,- ruf dy P y—‘
3\ kT h? i y

Ymin

(29)

The values of ymin are mostly smaller than 0.1 so that
the exponential integral may often be approximated by

® exp(—y)
—————~—Inynin—0.577, (30)
Ymin y

" %1t was shown earlier in reference 6 that for hydrogen the
quantum mechanical and classical path calculations lead to
identical results for the matrix elements of the perturbation if the
relative angular momenta are large and the interaction is weak.
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and ¢ is only a very weak function of ymin which
justifies the cutoff procedures. The major uncertainties
in ¢ are due to the neglect of the exponentials,® the
extension of the time integrals in (12) and the neglect
of strong collisions in (25). These various approxima-
tions introduce errors of the order 10-209%,. But these
errors will partially compensate each other and Eq. (25)
is accurate to about 109,.1° The errors due to the
approximate nature of the perturbation Hamiltonian,
i.e., the assumption of classical path and homogeneous
perturbing field, are of lesser importance. They essen-
tially only cause an uncertainty in ymin, the exact value
of which is not very critical.

This does not yet mean that the line profiles calcu-
lated with these approximations for ¢, will be of corre-
sponding accuracy. The validity of the impact assump-
tion must first be determined. This requires for weak
collisions an estimate of the change (AT,) of the
matrix elements of the transition operator in a time
interval A7, characteristic for the correlations of the
perturbations. Now the correlation time A7, is of the
order of pp/? or smaller, (AT ;)~2¢.Ar., and using (29)
with (r,-r,)=2a%a¢* and also (20), we find

exp(—y)
PR Ky . )
me? Ymin y

For the lines considered in this paper this quantity is
0.1 or smaller. Therefore, the impacts only cause a
small change in the operator 7°(4,0) in a time where the
perturbations are correlated, and the impact assump-
tion is accordingly justified.

Using standard perturbation theory for the linear
Stark effect for a field strength F which is here produced
by the ions and is taken to be in the z direction, we
obtain the usual expression in terms of parabolic wave
functions:

Awarrg=Awar— (eF/h) (' | 3] ") — (8| 2| 8)),

where Awep=w—w,+wp is the frequency measured
from the frequency of the unperturbed line.

Substitution of (29) and (32) into the general ex-
pression (10) for the spectral intensity yields the final
formula for the impact profile used in our numerical
calculations:

(32)

9 By expanding the exponentials in (2) one can show that the
errors introduced are of the order

Awhrs / f Cexp(—3) /314y,
Ymin

which is never larger than 0.1 (see Table I).
10 Tf the time integrations in (12) are extended only to a finite
time given by p?4-1%2=pp?, one obtains instead of (21)

4 ettt pD
$a= —wade(v) { (puw/pD)? wz-!-— —- 111(*) } ,
22 Puw

i.e., the errors are smaller by a factor (pu‘/pn)z than estimated for
strong collisions above [see Eq. (21)].

J av(w,F)

1
=— 2 Re(@[r(0)|a)

T a’a’’B

X <a’

1 /8rm\te o exp(—y) 71!
() [
3 kT h2 Ymin y

X (" [u(0)[8),

where we drop [exp(E./kT)]/Z(T) for convenience.
This describes the influence of the electron perturba-
tions on the Lyman lines within a ~109, numerical
accuracy as discussed previously. For the Balmer lines
the broadening of the b=2 state by electron impacts is
neglected. But again this will only introduce small
errors because the ¢-matrix elements vary as a* and the
number of elements contributing to the electron
broadening of a Stark component varies with a. The
relative contribution of the broadening of the 5=2
state to the broadening of the initial state for the Balmer
lines is therefore of the order (2/¢)® and consequently
is negligible except perhaps in the case of H,.

[i[Awab—@F/h)«a'w sl o) — (5] 218)]

)

(33)

ION BROADENING

Since the ions move slowly relative to the electrons,
the impact approximation cannot be used to describe
the ion broadening except in a narrow frequency
interval near the line center.® Instead it is necessary
to treat the ion field in the static approximation and
to obtain the ion-field distribution function.

The instantaneous shift in the position of a particular
Stark level 8w,g corresponding to the ion field strength
F is given by time-independent perturbation theory:

dwarp= (¢/h) (& | 2|a')— (B 2| B))F=CurpF. (34)

The spectral distribution is found from the distribution
of Stark splittings, which can be expressed in terms of
the field-strength distribution function W (F), describing
the probability of finding the ion field between F and
F4-dF as W(F)dF. With this, the spectral distribution
in the statistical approximation is

Jab(Aw)=Zﬂ | &’ [u(0)[8) "W (F)

Wa'B

T —; (a'ln(0)|ﬁ>[2W(C ‘3). (33)

a’'B '8

The sum is over all the Stark components contributing
to a line.
Lenz,"* Burkhardt,!? Spitzer,'® and Holstein'* pointed
A, W. Lenz, Z. Physik 83, 139 (1933).
2 G. Burkhardt, Z. Physik 115, 592 (1940).

13 1. Spitzer, Phys. Rev. 58, 348 (1940).
4T, Holstein, Phys. Rev. 79, 744 (1950).



STARK BROADENING OF

out that the statistical theory is valid only when

SwargATi>1. (36)

Here A7; is a time characteristic for the ion field varia-
tions. For an ion passing by with an impact parameter p;
with a velocity v; this time will be of the order p,/v;. The
corresponding field strength is e/p?, and with (34) we
can rewrite the validity criterion:

(eCorg0warg/v:) 1. 37)

If we introduce a mean value Co g= (/me) (a>—b?) for
the Stark coefficients of a line whose initial and final
states have principal quantum numbers ¢ and b, this
gives finally

(hdwap(a®— %) /mv2)>>1. (38)

This condition is generally satisfied for the ions except
near the very core of the lines.

Holtsmark? derived the field-strength distribution by
neglecting all correlations between the ions. Then a
dimensional analysis showed that distribution functions
for different ion densities V have the same shape and
that they scale with N5 If one introduces the normal

field strength F, defined by
Fo=2.61eN?t, (39)

the field-strength distribution function for any density
can be expressed in terms of a universal distribution

function Wy (F/F,) as follows:
W(F)=Q/Fo)Wu(F/F), (40)

and the spectral distribution can be conveniently
written as

1

| <a’|#|6>|2Wu(£w“'B ) (41)

a’fL70

Jar(Aw)=3"
a’B a'plo

where we put u=pu(0) for simplicity.

It is now customary to introduce a reduced wave-
length scale'® a=AN/F,. With A= (Aw/2mc)A? (ANKN),
(41) finally reduces to

[Sa(a)Jada=J s (Aw)dAw
=}% Ko @ |1|8)|*Wa(a/Kug)da, (42)

where the constants K, are defined by

2

x2
Kap=——Cargm—((a! | 2]a’)— (8] 2|8)). (43)
2mc 2mwch

The functions Sg(a) for the first four Balmer lines
were calculated by Verweij'® and simultaneously by

15 The variable « and S(a) are introduced in conformity with
standard astrophysical notation. The quantity « is not to be con-
fused with the quantum numbers «’.

16 S, Verweij, Publ. Astronomical Inst. Amsterdam, No. 5
(1936) ; dissertation, Amsterdam, 1936.
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Schmaljohann,!” who properly took intoaccount the
average over the polarization of the radiation. Asymp-
totic relations for the wing distributions were also
obtained by these authors. Here the corresponding
field-strengths are high and are therefore caused by an
ion very close to the radiating atom. Then the effect
of the other more distant ions can be neglected and the
distribution function will be proportional to the prob-
ability of finding the ion inside a certain shell between
r and r4-dr:

W (F)dF=4mridr/V, (44)

where F=¢/r* and the volume V available for one ion
is V=N It follows that

W (F)=22rNetF—8, (452)
or

Wa(F/Fo)=21.50(F/F)-. (45b)

With Egs. (42) and (45b) one finally obtains for the
line wings:

1.50
[Su(@]us— 2 Kes[@[ulB)] (46)

The most complete tables for the Sy («) were calculated
by Underhill and Waddell'® for the lines forming the
different series of the hydrogen spectrum.

Using the Markoff method, Holtsmark also derived
the distribution function Wy for smaller values of
F/F,, taking into account the fields of all the ions, not
just the nearest neighbor. However, in calculating the
probability of weak fields, the assumption that the ions
are statistically independent becomes questionable
because it is usually the case that the thermal energies
are not very large compared with the Coulomb inter-
action energies. Furthermore, the ion fields will be
partially shielded by the electron clouds surrounding
the ions. These effects can be accounted for approxi-
mately by using Debye screened fields instead of
Coulomb fields for the contribution of individual ions
to the field at the radiating atom. This procedure is
valid only if the number of particles within the Deybe
sphere is not too small. The distribution function ob-
tained in this way will depend on Np, the average
number of particles within the Debye sphere. From
(20) we find

4 1 kT \?
ND=~—pD3N=~—~(——) N-t,
3 60/ \ e

Ecker! has calculated the field-strength distribution
function Wg(F/F,) as a function of a parameter
6=2"iNp using a Coulomb field with a cutoff at the

(47)

17P. Schmaljohann, State examination work, 1936 (unpub-
lished) ; see also A. Unséld, Physik der Sternatmosphiren (Springer-
Verlag, Berlin, 1955), Second edition, Chap. X1.

18 A. Underhill and J. Waddell, National Bureau of Standards
]C)ir(éxlafglgg). 603 (U. S. Government Printing Office, Washington,
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radius pp/V2, instead of the exact Debye screened field. measurements of this line could give direct information
The factor V2 arises from the ion-ion correlations, i.e., on the ion field-strength distribution function.
an additional Boltzmann factor for the ions in the Theimer and Hoffman® and Ecker and Miiller® also
Poisson equation normally used to derive the screened computed distribution functions using the complete
Debye potential. The use of the usual Debye length Debye field. For large §, these functions agree with
as a cutoff takes into account only the screening and is  Ecker’s earlier results but for § near unity the new
appropriate as a cutoff parameter for electrons moving distributions are still narrower. This is due to the
in a static ion field. Then the ion-ion correlations are shielding action of the electrons inside the Debye sphere.
irrelevant and the cutoff is larger by the factor V2. These electrons, however, give rise to impact broadening
The Ecker procedure can only be expected to yield and it is more appropriate to omit them here, i.e., to
satisfactory results when the ion fields are larger than use the cutoff method, so as not to use the electrons
the field produced by an ion at the Debye radius. inside the Debye sphere twice in the calculation of the
§ . \ line profile.

F/Fo>Fp/Fo=Np~. (48) Baranger and Mozer?" have recently derived distri-
bution functions using cluster integral expansions. For
accurate distribution functions by extrapolation from fields produced at a neutral point t.hey essentlall'y
F/Fy~6-% to F/Fy=0, maintaining the normalization confirm the screengd ﬁeld. results. Their curves are in
Ji° W(F/Fo)dF/Fo=1. We used curves which were between those obtained with pp and PD/\./Z as screening
determined by Ecker by an extrapolation preserving parameter, the actga} \_zalue Of Wthh.ls usually not
the general character of the Holtsmark function, which critical. Therefore, this is additional evidence that the

is equivalent to drawing smooth curves from the origin field-strength  distribution functions used here are
to a point F/Fy=~25~% The extrapolation procedure sufficiently accurate where their behavior is reflected

actually employed is not critical. If one replaces in the Fesulting line profiles which include electron
Ecker’s smooth distribution functions in Fig. 1 for broadening.

F/F¢<1.567% by a step function determined by the ION AND ELECTRON BROADENING
normalization condition, the difference in the resulting
line profiles is less than 109, under practically all
circumstances even at the line center. This was shown
numerically for Hg (see the following section) and is a

consequence of the relative importance of the elect‘ron The ion field will stay nearly constant in times which
broadening. The lines with a central component, ., ontain a number of electron collisions. This number
Ly-a, Hq and H, will be will be less affected and also g approximately the ratio of electron velocity to the
H;, which has no central Stark component, is not ion velocity, v,/v; In calculating the spectral distribu-
seriously affected because its central dip is smaller than  tion we now have to consider a sum of Fourier integrals
that of Hg. The only exception might be Ly-8 so that of the following type:

For smaller values of F/F, one obtains sufficiently

The motion of the “fast” electrons and “‘slow” ions
produces an electric field which behaves like a random
function having rapid variations superimposed on a
slowly varying component of comparable amplitude.

]K(w)zz j: 1dl exp[ — (tAw—iCF(K)+~)i]

exp[ — ((Aw—iCF;(K)+v)t;]—exp[ — ((Aw+iCF:(K)+v)tir1 ]

= 49)
i 1(Aw—CFi(K))+~v
Here Aw stands for the frequency measured from the the resulting profile is given by
unperturbed line; C is a Stark-effect coefficient. F;(K)
is the ion field strength at the Kth radiating atom in the W (F(K)) 3
time between ¢; and f;;; and v is the electron damping J(w)=Re (50)

constant. We have dropped the o’,8 indices for sim- K i[Aw—CFo(K) I+

plicity. The time interval /;41—¢; is taken to be long
enough to include many electron collisions but short
compared to times in which the ion field changes
appreciably. This permits the evaluation of the in-
tegrals. The observable profile is found from the sum 19 Q. Theimer and H. Hoffman, Astrophys J. 127, 477 (1958).

over J averaging over F;(K). If the damping is * G. Ecker and K. G. Miiller, Z. Physik 153, 317 (1958).
la:; e ixf gt(?r)r;es chagactgeristic fozr( t}ze time variat?onf of i M- Baranger and B Mozer, Carnegie Institute of Technology,
g Pittsburgh, Pennsylvania, Technical Report No. 2, Nonr-760(15),

the ion field, only the term with #;=0 contributes and  Office of Naval Research (1959) (to be published).

where W (F) is the field-strength distribution function.
We conclude that the statistical theory for ions can be
applied to the entire line profile if v¢, is large compared
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with unity. Now v is of the order of the ¢ matrix
elements multiplied by the number of interacting
states, i.e., with (29), (r. ro)=2a*(h?/me?)? and the
number of interacting states ~a

s () () 5

Ymin y
The time t; will be of the order p/9;~ N—¥(m./kT)?, the
duration of an ion collision, so that we have

W fmi\? ® exp(—y)
<‘Yt1>1wz Nt (—) a5f dy ———.
mkT \ m Ymin y

For ion collisions for which y#;=1, the remaining terms
in (49) cannot be neglected because of this amplitude
argument. But after summation over the different
atoms K they will still drop out if the phases CF;(K)t
due to the static ion shifts are sufficiently large, because
the F;(K) are random. F;(K) is of the order eN%, C is
typically a?h/me, so that with fj=N—%(m;/kT)* one
finally has

(51)

(52)

A\ 1%
(CF(K)t)nm ( %) o, -

m

Inspection of Table II shows that (y/)a and
(CF;(K)t1)w are close to unity for the highest tempera-
tures and lowest densities considered in this paper. The
statistical theory therefore appears to be applicable for
the lons in most cases even in the cores of the lines. It
should be noted that this is only true if damping due to
electrons is present, so that the summations over 7 and
K can be interchanged. If this were not the case one
could use the statistical theory only if the phases Awt;
are large, i.e., one would arrive at the well-known
validity criterion discussed in the previous section and
the statistical theory would not be valid close to the

06 T T T T T T T T

05 ]

[
%.6)

We

/e

Fic. 1. Ecker’s distribution function for the ion field for various
values of & which determines the average number of ions within
a Debye sphere. W (F/F,,») corresponds to the Holtsmark
distribution.
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TasLE II. Minimal values of (vt)a and (CF;(K)t)a.

Ly-a Ly-8 Hy Hj H,y H;
Nminlcm™] 1077 1016 106 1015 1015 104
(vt 06 09 09 08 25 12

(CF;(K)t)m 11 12 12 10 15 10

line center.” But in our case the effects of the ions can
be taken into account by summing up the impact
profiles calculated for constant ion fields. With the
field-strength distribution function W (F), this pro-
cedure yields the resultant line profile J,3(w):

()= f " AP W(E) wo,P), (54)

where J ;5 (w,F) is the electron impact profile determined
by (33). It is again convenient to introduce a=AN/F,
as a measure of the distance from the line center and
to write

Sav(@)=Jap(w(e))dw/da, (55)

which with AA= (Aw/2mc)N\? and (33), (54), and (55)
gives finally with Ecker’s distribution W g (F)

1 0
Sw@== £ [ afWs(7) Re(@lula'm)
ma’B o

T
X <a'm o 'm>

1
i(a_Ka'mﬁf)_{_'Ya

X(@'"'m|u|B), (56)
with v, defined by
INIENY g 2m \Proota p° 0 exp(—y)
3
Ya= _(_—“) f dy— (57)
2.6ecm® \ kT > Yumin y

The integrands are even functions of f=F/F, and the
integration needs only be carried from O to o«. Within
our approximations the line profiles are symmetrical,®
that is, it is sufficient to consider only positive values
of a. The sum over the magnetic quantum number m is
indicated, because states with different » are not mixed
by the isotropic electron perturbation and can be
treated separately. The quantum numbers o/,o’" are now
the usual parabolic quantum numbers ki )k’ and
ki'",ks". The calculations necessary, therefore, only in-
volve matrix inversions of order @ or smaller. The trace
must be performed for each reduced wavelength « for
a sufficient number of f values, so that the integration
involving Wg(f) can be performed numerically. Then
the real parts are summed over the magnetic quantum
numbers of the initial states and over all final states.

22 This point is not of numerical importance, however, because
the line profiles are not sensitive to the form of the ion-field
distribution for small field strengths (see next section and Fig. 6).

2 Slight asymmetries actually do occur and were discussed in
H. Griem, Z. Physik 137, 280 (1954).
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F16. 2. Profile of the Ly-« line as a function of a=AX(A)/F(cgs).

Only positive m need to be considered and also only
radiation polarized in the x and z direction, if proper
weight factors are introduced.

The profiles of the first two Lyman lines and the first
four Balmer lines were calculated from (56) for the
temperatures =10 °K, 2X10* °K and 4X10* °K and
for a range of electron densities IV, which are sufficiently
large that the Doppler broadening is negligible and
sufficiently small that the lines were still separated. The
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Fic. 3. Profile of H,.
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wavelength range was extended to « values for which the
asymptotic formulas derived in the last section of this
paper could be used without introducing errors of more
than 209,

Figures 2, 3, and 4 show some of the profiles of Ly-q,
H, and H; calculated in this way. The central com-
ponent of H, was corrected for the electron broadening
of the b= 2 states. The temperature dependence is quite
small. The fact that the S(a) curves do not depend
drastically on the density shows that the profiles still
scale approximately with N% as in the Holtsmark
theory. The deviations from the Holtsmark curves for
H, and H, are always appreciable and are even larger
for Ly-a, since these lines have a central component that
is not shifted in a static field.
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: — == N=10%cm"3,T = 10000K
~ — ~= N =10"%m™3 T = 10 000K
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In Fig. 5 the Holtsmark curve for Hg is compared
with the statistical theory of Ecker in which the ion
field strength distribution function is corrected for
correlation and screening effects. For comparison, two
other curves are shown which include the electron
broadening; one being calculated with the Holtsmark
field-strength distribution function and the other with
the Ecker distribution. It is apparent that the effect of
the electron broadening on the half-width is compen-
sated to some extent by the electron shielding of the
ion field and by ion-ion correlations. But otherwise the
profiles are quite different. At large distances from the
line center the two curves which were calculated by
considering the effects of both electrons and ions agree
quite well as expected, but are significantly higher than
the two statistical curves which, of course, also approach
one another for large values of a. It should be noted
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that this comparison is only for one condition, namely
T=10000 °K and N=10'% cm™3, but the general con-
clusions also apply to other cases because the general
shape of the N\ S(a) curves do not depend sensitively on
either temperature or density in the range of interest.*

That the behavior of the field-strength distribution
function for small field strengths is not critical is shown
in Fig. 6, where two Hp profiles are compared which
were obtained using the extreme possibilities for the
extrapolated part of the field-strength distribution
functions.

COMPARISON WITH EXPERIMENT

The most recent experimental data on Balmer-line
profiles were obtained by Bogen,®> who used a water-
stabilized arc and made precision measurements of the
Hj line profile with both photographic and photo-
electric methods. The plasma densities and tempera-
tures were calculated from measured absolute line
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o

Fic. 5. Comparison of the various approximations
for the Hp profile.

intensities assuming thermal equilibrium. The assump-
tion of local equilibrium is justified by the high densities
and long experimental times. Figure 7 shows an experi-
mental Hyg line profile with 7=10 400 °K, N =2.2X10'¢
cm~® and the corresponding theoretical curves. While
the Holtsmark theory does not account for the spectral
distribution, the complete theoretical and experimental
curves agree within 109, over the whole intensity
range of two orders of magnitude, i.e., within the nu-
merical accuracy of the calculation and the experi-
mental error.

The dip in the center of the experimental Hy curve is
smaller than in the theoretical curve, which may be
partly due to inhomogenieties that are present in an arc.
This is borne out by the fact that the central dip in H,
does not show up in the spectra from water-stabilized

2 A complete set of curves for densities in the range N=10"
—10® cm™3 will be published as a Naval Research Lahoratory
report.
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Fic. 6. Profiles S () for Hg using two extreme possibilities for the
extrapolated part of the ion field strength distribution W (F/F).

arcs, but is quite pronounced in shock tube spectra?®
where density gradients are not significant. Unfor-
tunately, experimental profiles of comparable accuracy
are not available for other than the Balmer series of
hydrogen. A measurement of the first two lines of the
Lyman series would be especially significant. Because
the strong central Stark component is affected by
electrons only, Ly-o would serve as a test case for the
electron broadening theory. The Ly-8 line, on the other
hand, has no central component, so that the shape near
the line center is only slightly influenced by electrons.
It could, therefore, be used to determine the microfield
distribution of the ions and to check the theory of the
ion broadening.
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Fic. 7. Comparison between the theory for Hg and
the experimental profile of Bogen.

28 E. B. Turner, dissertation, University of Michigan, 1956;
University of Michigan Engineering Research Institute, ASTIA
Document No. AD 86309 (unpublished).
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The excellent agreement between the present theory
and Bogen’s data for Hg encourages the application of
these results to deduce electron densities from measured
hydrogen-line profiles. While the Holtsmark theory
could be expected to yield electron densities only within
a factor of two, the line-broadening theory may now be
used to determine densities with relatively small errors.
The accuracy now possible is quite adequate for most
plasma experiments and astrophysical applications.

ASTROPHYSICAL APPLICATIONS

The Holtsmark theory has been used extensively in
astrophysical applications to deduce electron densities
and pressures from the profiles of the early members of
the Balmer series, using temperatures obtained from
relative line intensities. Since the observed radiation
comes from layers with densities that vary with optical
depth, a comparison between a line broadening theory
and astrophysical observations is only possible after
involved model atmosphere calculations. Verweij'® was
the first to employ this method, using the Holtsmark
theory to deduce the structure of a stellar atmosphere.
His theoretical line profiles did not agree too well in
detail with the observational data, but he was able to
explain qualitatively the absolute-magnitude effects in
spectral classes B, 4, and F. More recent calculations?
indicate that the observed profiles can be forced to fit
Holtsmark curves in the far wings, but that there are
discrepancies between the theory and observations
near the core of the lines and that the densities and
therefore the surface gravities obtained from the line
profiles are larger than those indicated by the mass and
radius of the star. It was suggested?” that the electrons
might give a significant contribution to the line broaden-
ing and that the densities are accordingly smaller than
those deduced using the Holtsmark theory. Recently a
number of investigators?$?=3 applied a revised line
broadening theory® to the H, line emitted by B stars
and found that consistent surface gravities resulted, if
the contribution of the electrons to the absorption
coefficient was taken into account. They estimated that
the line absorption coefficient was raised by around 509,
and found that one could calculate the shape function
near the line core as well as in the far wing. The theory
that they used can be obtained as an asymptotic limit
of the present theory, but only the diagonal matrix
elements of the perturbation were calculated in detail.
The broadening caused by collision induced transitions
was based on estimates of the magnitude of the off-
diagonal matrix elements. In this section an explicit

26 For example, see the discussion in L. H. Aller and J. Jugaku,
Astrophys. J. 128, 616 (1958); also G. Traving, Z. Astrophys. 36,
1 (1955); 41, 215 (1957).

27 G. J. Odgers, Astrophys. J. 116, 445 (1952).

( 28 Elste, Aller, and Jugaku, Publs. Astron. Soc. Pacific 68, 23
1956).

2 K. Osawa, Astrophys. J. 123, 512 (1956).

% H. Van Regemorter, dissertation, Paris Institute d’Astro-
physique, 1958 (unpublished).
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calculation, taking into account properly the effect of
collision induced transitions, will be presented. The
absorption coefficient for H, and the residual line in-
tensity in B-type stars is found® to be slightly larger
than that given previously by the approximate theory,
but the general line shape is the same.

Because of the long optical paths encountered in
stellar atmospheres the observed Balmer line profiles
are only determined by the form of the wing of the
theoretical absorption coefficients. The wing distribu-
tion follows from the general formula for the resultant
line profile if we consider large values of «. Then only
two ranges of f values contribute to the integral over f.
At small f the factor W () is large and the remaining
factor in the integrand is nearly constant as a function
of f. At f values given by f=a/K,ms on the other
hand, the second factor is large and the first factor is
nearly constant. By splitting the integral and taking
out the nearly constant terms, one can approximate
Sas(a) by®

su= = & ([ winir) glulem

X (@'m| (iat+~) "o m) (o' m|u|B)

[47
v (
Ka”mﬂ

X (a'm|[i(e—Kaomsf)+v]7|a"m)

) [ Re@lutam)
f1

><<a”m|nlﬂ>df]- (59)

If now the limiting value f, is sufficiently large the first
integral is unity because of the normalization, and if
f1 is still small compared to f=a/Keums the second
integral becomes

(W/Ka”mﬂ)W(a/Ka”MB) ‘ <B!/‘|anm> ! %,

It is now consistent with these approximations to use
the asymptotic expression for W (f) given by (45) and
to expand the electron impact contribution in powers
of v/a, retaining only the leading term. So finally we
obtain

(60)

1.5
Sab(a)g R Z Ka"mﬂ%Hﬁ'ﬂla”m)‘z
a? o’'mB
1
+t— % (Blula'm)
o o’a’ ' mB

X{a'm|y|a m){a""m|p|B), (61)
3 L, H. Aller and J. Jugaku, Astrophys. J. 130, 469 (1959).
32 This result agrees with the first terms of an asymptotic series
obtained earlier.$
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TasLE III. Ratio R(N,T) [A~*] of electron to ion contribution to the absorption coefficient for the wings of the Balmer lines.

4 X104

N[em=IN\T[°K] 3 X104 104 2 X10¢ 4%10¢ 3 X10¢ 104 2 X104
H, Hpg
10w 1.50 1.05 0.79 0.60 1.39 1.05 0.80 0.60
10u 1.34 0.93 0.71 0.54 1.21 0.93 0.71 0.54
1012 1.17 0.82 0.63 0.48 1.04 0.81 0.62 0.48
10t 1.01 0.70 0.54 0.42 0.86 0.68 0.54 0.42
101 0.85 0.59 0.46 0.36 0.69 0.56 0.45 0.35
10ts 0.68 0.47 0.38 0.30 0.51 0.44 0.36 0.29
106 0.52 0.35 0.30 0.25 0.34 0.31 0.27 0.23
1047 0.35 0.24 0.22 0.19 0.17 0.19 0.19 0.17
1018 .. 0.12 0.14 0.13 ..o 0.07 0.10 0.11
H, H;s
101 1.79 1.37 1.04 0.79 2.17 1.66 1.27 0.96
101 1.56 1.20 0.92 0.70 1.87 1.45 1.12 0.85
1012 1.32 1.03 0.80 0.62 1.57 1.24 0.97 0.75
101 1.08 0.87 0.68 0.53 1.27 1.03 0.82 0.64
104 0.84 0.70 0.57 0.45 0.97 0.81 0.67 0.54
1015 0.61 0.53 0.45 0.37 0.67 0.60 0.52 0.43
1018 0.38 0.36 0.33 0.28 0.37 0.39 0.37 0.32
1017 .. 0.20 0.21 0.20 ... .. o ces
1018 .. e e
or in terms of AN=Fyq, The first term J; corresponds to the ion contribution
. and the second term J. is due to the electron impacts.
: By factoring out the ion contribution, we can write
= .o )E ") |2 . . ’
ar(82) 5 ,Z‘ (FoK o ms)?| (8] ] a"m)| the absorption coefficient in the form
(AN)# o' m8
a(AN)=a;(AN)[14+R(N,T) (AN]. (63)
'my(@’m|vFo|a'"'m . . .
7 (AN)? a/azr/:mﬁ (Blula'm)a'm|vEolam) The coefficient R(NV,T), which is the ratio of the electron
to ion contribution at a distance of one wavelength unit
X{a''m|u|B)=Ti+J.. (62) from the line center, is defined by
1 a,(AN) 2(N)2(m/2nwkT): exp(—y)
R(N,T)= = - f dy ———
(AN)? a;(AN) 3(2.6¢€) m?*

Ymin y

Values of this coefficient calculated for the first four
Balmer lines and for Ly-a and Ly-3 are listed in Tables
IIT and IV. An inspection of the tables shows that for
values of astrophysical interest the term R(N,T)(AX)?
is practically always of order unity and the absorption

1
- X Bluldm) am

T a’a’’mB

| PAR 93
02

a”m>(a"m|p.[ﬁ>
a

(64)

LS (Kerns)!| 8lula"m)|?

coefficients in the line wings are accordingly larger by
a factor around two for a given electron density com-
pared with the predictions of the Holtsmark theory.
As mentioned earlier, this result removes an existing
difficulty in the theory of stellar atmospheres.

TasLE IV. Ratio R(N,T) [A™*] of electron to ion contribution to the absorption coefficient for the wings of the Lyman lines.

Ly-a Ly-8

N[em=3I\T[°K] 3 X10¢ 10¢ 2 X104 4 X104 3 X10¢ 104 2 X104 4 X104
101 2.11 1.93 1.45 1.09 4.30 3.29 247 1.86
1012 2.01 1.54 1.17 0.89 3.31 2.56 1.96 1.50
104 1.45 1.14 0.89 0.69 2.29 1.83 1.45 1.14
1016 0.88 0.74 0.61 0.49 1.26 1.11 0.94 0.77
10v7 0.60 0.55 0.47 0.39 0.74 0.74 0.68 0.59
1018 0.32 0.35 0.33 0.29 (X 0.38 0.42 0.41
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The coefficients R(N,T) vary slowly with tempera-
ture and density. Values of this constant for conditions
not represented in the table can therefore be easily
found by interpolation or extrapolation. Correspond-
ing calculations for higher series members of the Balmer
lines are not yet available, but since the R(N,T") de-
pend smoothly on the principal quantum number of
the upper state for Hs, H,, and H;, the absorption

KOLB,
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coefficients for other Balmer lines can be estimated by
extrapolation.
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A theory for obtaining the conductivity of a uniform plasma as a function of frequency and temperature is
presented and compared with a number of recent treatments.

INTRODUCTION

ECENTLY, several different treatments of the
high-frequency properties of an anisotropic plasma
have appeared.}~* In each case the time-dependent part
of the electron distribution function is obtained and
then used to determine either the conductivity tensor
or the propagation constant for a plane electromagnetic
wave within the plasma. The forms of the conductivity
tensor reported by these authors differ and the cause
of the differences is not clear. It is the purpose of this
discussion to indicate the nature of the differences or
similarities in the various treatments.

FORMULATION OF THE PROBLEM

We consider the plasma to consist of electrons, posi-
tive ions, and neutral particles. In the absence of any
electromagnetic disturbance, the plasma has a uniform
density and is electrically neutral. For simplicity, we
assume that in the presence of an electromagnetic field
only the motion of the electrons is affected. The pro-
cedure for determining the properties of the plasma can
be applied equally well when the motion of the ions is
included; the contribution of the ions can be inferred
from the results for electrons by noting the change of
mass and charge. Within the plasma the electrons are
described by their kinetic properties. Thus, the number
of electrons at time ¢ whose position and range of
velocities lie within the interval r and r-+dr and v and

* This work was supported in part by the U. S. Atomic Energy
Commission.

L A. G. Sitenko and K. N. Stepanov, J. Exptl. Theoret. Phys.
U1985§)l§| 31, 642 (1956) [translation: Soviet Phys. JETP 4, 512
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v+dv is given by f(r,v,t)d*»d*. The electron distribu-
tion function, f(r,v,t), must satisfy the Boltzmann
equation®

af/3t+v-V,.f+ (g/m) (E4uvXH)-V,f

=—v(/—f0). (1)
Here E(r,t) and H(r,t) are the electric field and mag-
netic intensity, respectively. The quantities g=—|g|

and m are the charge and mass of an electron, respec-
tively. In MKS units, which will be used here, € and
wo are the characteristic constants of free space. The
loss term, —v(f— fo), is included to conserve number
density and momentum. For simplicity, the collision
frequency, », is assumed to be independent of velocity.
The removal of both this assumption and the limited
loss term can be accomplished by following the method
of Allis.®

We consider a plasma that is close to thermal equi-
librium within which the following linearization condi-
tion holds:

T v~ fo(0)+ fr(r,v,0),
E(r,)~Ey(r,), (2
H(r,t)~Hz+Hi(r,t),

where fo(2?), the distribution function in the absence

of the electromagnetic disturbance, is chosen to be the
Maxwell-Boltzmann distribution

fo(®)=n(m/2xKT)} exp— (mv*/2KT). 3)

Here K and T are, respectively, Boltzmann’s constant

5S. Chapman and T. G. Cowling, The Mathematical Theory of
Nonuniform Gases (Cambridge University Press, London, 1939).

6 W. P. Allis, Handbuch der Physik (Springer-Verlag, Berlin,
1957), Vol. 21.



