
P H YSI CAL REVI EW VOLUME 116, NUMBER 5 DECEM BER 1, 1959

Bremsstrahlung and the Photoelectric Effect as Inverse Processes*

KrRK W. McVov, t Brookkaven National Laboratory, Upton, New Fork

AND

U. FANo, National Bttreatt of Standards, Waskington, D C. .

(Received January 30, 1959)

The bremsstrahlung matrix element at the short-wavelength
limit of the spectrum is calculated to lowest order in n—:Z/137,
for an unscreened Coulomb field. The result, valid for relativistic
incoming electrons, is shown to be exactly o, 'm & times the com-
plex conjugate of Sauter's relativistic matrix element for the
K-shell photoelectric effect. These matrix elements are the
leading terms in an expansion of the exact matrix elements in
powers of a, and they are found to be derivable from the first
two terms of the expansions in powers of n of the electron wave
functions. In this sense their structure is completely analogous
to that of the Bethe-Heitler bremsstrahlung matrix element.

This simple relation between the matrix elements derives from
an approximate equality (through first order in a) between the
Coulomb wave functions for bound and zero-momentum con-
tinuum states, which can be understood as due to the neglect of
the Coulomb binding energy, a second-order quantity in o..

Finally, the range of validity of Sauter's approximation is
examined in detail. The lower bound of this (energy) range is
found to be simply related to the radius of convergence of the
expansion of the photoeffect matrix element in powers of o..

INTRODUCTION

HE inverse process to the atomic photoelectric
effect is the radiative capture of an electron by

an ionized atom. Another radiative process which may
also, in a sense, be thought of as inverse to the photo-
effect is the process of bremsstrahlung at the short-
wavelength limit of the spectrum, where the electron
is brought "completely to rest, " and its initial kinetic
energy converted entirely into radiation. The purpose
of this paper is to delineate exactly the sense in which
this process is inverse to the photoeffect, and to point
out some of the practical consequences of such a
relationship.

The most striking consequence of the relation is
the prediction that to every polarization phenomenon
in one of the processes corresponds an analogous po-
larization phenomenon in the other, a fact which
has recently been put to practical use by Motz and
Placious. In addition, the relation in question provides
a means of investigating the bremsstrahlung process
at the spectrum limit, where the usual Born approxi-
mation breaks down, ' ' and conversely it sheds
considerable illumination on the meaning and validity
of the approximation techniques employed by Sauter'
in his calculation of the E-shell photoelectric effect.
Sauter's calculation is closely related to a Born approxi-
mation; we shall show that it is entirely analogous to
the .Bethe-Heitler' calculation of the bremsstrahlung
matrix element, and that the results of both calculations
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can be described as the sum of two "Feynman
dlagl ams.

EXACT STATEMENT OF THE PROBLEM

One of the electron states involved in both the
photoeffect and bremsstrahlung at the spectrum tip
("tip-bremsstrahlung, " as we shall call it) is a con-
tinuum Coulomb state of asymptotic momentum p.
In the calculation of the matrix elements for both
processes, we shall use for this state the first Born-
approximation wave function for a Coulomb Beld,
without screening. With this understanding, we can
state the asserted inverse relation, which is an approxi-
mate one, in terms of the following recipe: Calculate
the E-shell photoeGect martix element using the exact
Dirac spinor for the bound state, and calculate the
tip-brernsstrahlung matrix element using the exact
Dirac spinor for the zero-momentum final state.
Expand both matrix elements in powers of Z/137,
retaining only the lowest-order term in each case.
Then these two leading terms are complex conjugates
of each other except for a constant factor, which is the
ratio of normalization constants for the bound and
p=0 continuum states. Thus the cross sections for the
photoeffect and for tip-bremsstrahlung, in this approxi-
mation, are directly related to each other by detailed
balancing. The angular distributions, as well as the
polarization phenomena, will then be exactly the
same for the two processes, in this lowest-order
approximation. '

It is convenient to refer to this as the "first-order" approxi-
mation, or alternatively as the "Sauter approximation. " The
Born-approximation continuum function by definition contains
zeroth- and first-order terms in Z/137, and one of the purposes
of our discussion is to show that, analogously, if the other wave
function entering the matrix element is expanded in powers of
Z/137, only its first two terms contribute in the present approxi-
mation. The lowest-order term of the resulting matrix element
vanishes, so only the next term, of first order relative to this
lowest possible term, contributes. Hence we call it the "first-
order" approximation even though, because of normalization
factors, it is not actually of first order in Z/137.
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Our main task in this paper is to construct a mathe-
matical proof of this inverse relationship. This proof
is unfortunately rather involved, but the physical
ideas behind it are actually very simple. To see this,
recall that the matrix elements for tip-bremsstrahlung
and for the photoeffect differ only in one of the electron
states, which is a zero-momentum continuum state in
one case, and a E-shell bound state in the other. The
energy eigenvalue of the zero-momentum state is m
(if c=1); that of the bound state is less, but in a
Coulomb field it differs from m only by an amount of
order (Z/137)'. Consequently the differential equations
satisfied by these two wave functions have eigenvalues
which differ only in second order in (Z/137), so that
if we expand the functions in powers of (Z/137), we
may expect them to agree through f'rst order. (Of
course this argument applies only to the s~ part of the
continuum state, for the K-shell state is an s; function.
However, the bremsstrahlung integral comes pre-
dominantly from this si partial wave of the p=0
continuum state, for it is the one which is largest near
the origin. ) Since (as we shall show) the radial variable
r appears in these functions only as (Z/137)r, this
implies that the two functions should agree through
first order in r, i.e., near the origie.

Another way of seeing this is by borrowing from the
effective range theory of nuclear forces the argument
that two low-energy solutions to the same wave
equation are expected to agree closely in any region of
space where the difference between their eigenvalues
is small compared to the potential energy. In a Coulomb
field, this requirement is always satisfied if we approach
close enough to the nucleus, so the two wave functions
should agree most closely as r —+ 0. To be more precise,
the difference between the eigenvalues for the above
two wave functions is approximately -,'(Z/137)'m
(setting k=c=1), so we expect them to agree well in
the region where

&(Z/137)'m«(Z/137)/r, or mr&(2(137/Z).

Since earn=137, where ao is the Bohr radius, we may
write this as

r&(2ap/Z,

i.e., the functions should difter little if we are well
within the radius of the E-shell, ax= ap/Z.

Of course, this similarity between the wave functions
implies a similarity between the matrix elements for
tip-bremsstrahlung and the photoeffect only if the
major contributions to the integrals come from the
region where the wave functions agree. We expect the
principal contribution to come from r& 1/q, where q is
the momentum transfer to the nucleus; using this
estimate, the matrix elements should agree best when

1/q&(2ao/Z, or qao))Z/2,

i.e., at high energy and low Z. The analysis given

below shows that the criterion is actually

qap))Z, i.e., q/m))Z/137.

Mathematically, this comes about because the matrix
element has a power series expansion in the variable
n= (Z/137), with radius of convergence n=q/m; the
criterion duo))nZ is merely the requirement that, if we
wish to approximate the series by only its 6rst term
(the Sauter approximation), then we must be well
inside the circle of convergence.

As for the relation to previous calculations, the
photoeffect matrix element thus obtained is exactly
that of Sauter, given in reference 4. (For a further
discussion of this point, see other recent analyses and
extensions of Sauter's work. ") The bremsstrahlung
matrix element obtained in this way has a close formal
relation to the Bethe-Heitler result. The latter may
be thought of as the first two terms of an expansion of
the exact matrix element in powers of Z/137Pr and
Z/137Ps, where P& and P, are the asymptotic velocities
of the initial and 6nal electron states (in units where
c=1). This Born-approximation result is of course
invalid for tip-bremsstrahlung, where I's ——0, but is
replaced, according to the above recipe, by the first
two terms of an asymmetric double expansion, in powers
of Z/137t'r and Z/137. The relation to the Born
approximation is in fact more than formal, and this
"Sauter approximation" bremsstrahlung cross section
is shown in reference 2, on the basis of the results of
the present paper, to diGer from the Bethe-Heitler
cross section evaluated at Ps=0 only by a normaHsation
factor (albeit an infinite one). Since the angular distribu-
tion and polarization properties of the Bethe-Heitler
cross section vary slowly with t's near Ps ——0, we expect
them to remain similar to those of the photoeffect in
the whole region near the tip of the bremsstrahlung
spectrum. This expectation is borne out by the experi-
mental results of reference 1.

THE PHOTOELECTRIC EFFECT

We shall first consider in some detail the erst-order
approximation to the photoeffect matrix element.
This approximation is identical with Sauter s,' for
Sauter explicitly neglected second-order terms in Z/137,
though only in the last stages of his calculation. The
comparison with Sauter's results is discussed in detail
in reference 8, so we need not dwell upon the point
here. Our purpose in this section will rather be to
rederive the Sauter result by an entirely diGerent
method, one which is designed to enable us to see
exactly what properties of the bound state appear in
the matrix element.

As for notational conventions, we shall set A=c=m
= 1, m being the electron mass. The parameter Ze'/Ac

s Haakon Olson, I&'estskrzft til E'gil Hytteraas (Brnns Trondheim,
1958).

Fano, McVoy and Albers, Phys. Rev. 116, 1147 (1959).
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=Z/137 will occur repeatedly throughout the discus- corresponding to the two terms of P&.
sion, so in the interest of economy we shall employ the
somewhat unconventional but convenient definition,

with

In these terms, e.g. , the Bohr radius for nuclear charge
Z is u~=o. ', so the radial dependence of the lowest
bound state of the Coulomb field is e

Ke shall write the photoeffect matrix element as

l (Es+1)ws t ur(r)
M, (~)= ~ (n e) e 's'-d'r,

(rr ps)tt s et(r)
(8a)

M»(rr) = /st(r)e' '(e e)Pr(r)d'r,

for the case in which an electron in state fr absorbs a
photon of momentum k and polarization e, thereby
going into the final state Ps, a state of the continuum.
We have indicated that &~2 depends on o., for we
restrict our considerations to the case in which both

and Ps describe electrons in a Coulomb field:
V(r)= cr/r. Mrs*, —of course, describes the emission
of such a photon, accompanied by an electronic transi-
tion from ifs to Pi. If ft is taken to be a continuum
rather than a bound state, 3f~2* is the bremsstrahlung
matrix element.

For lf s(r), the continuum Coulomb state of asymp-
totic momentum p2, we shall use the first Born-
approximation wave function. In coordinate space we
write this 4-spinor in the "split notation" as

with q=y& —k. Note that the n-dependence of M~ and
M~ comes entirely from Pt.

For the E-shell photoeffect, ft is the s= —1 state,
with s and p components, which is conveniently written
in the split notation as

(1+vi)'~

(9)

where s is a 2-spinor independent of r and n which
describes the polarization of the state; sos=1; and
r" is a unit vector parallel to r.

Consider first Mg(n), the part of the matrix element
which comes from the unperturbed outgoing plane-wave
state. Inserting Eq. (9) for ft, the two spatial integrals
encountered are

where tts(ps) is a 2-spinor describing the polarization
of the state, and e is the Pauli matrix. The function
F(r; ps) is actually a Dirac matrix operator, described
most simply in terms of its Fourier transform. If in
general we define the Fourier transform te(y) of a
function P(r) as

q (p) = (2~) '* e '&'P(r)d'r,

the transform of fs(r) is

rr. p+P+&s (%+1)tt s

It will also be convenient to write Pi in the split
notation,

Ni(r)

t, (r)

Then &~2 can be written as the sum of two terms,

U(n) = r» 'e ~'e ''t'd'r (10L)

V(rr) )(ir. r)g Yr ie are i% rdsr— — —(10b)

which are just the Fourier transforms, with respect to
q, of relatively simple functions of r. Since in Ps we
have already neglected terms of order n' and higher,
we wish to expand U(rr) and V(u) in powers of u, if
possible, and retain only terms of less than second
order. A particularly attractive and simple way of
doing this would be to expand e ""in the usual Taylor's
series (valid for all r), and integrate term by term, so
that the result would automatically be a power series
in e if this term-by-term integration could be justihed.

' This is strictly true if the u which appears in p&= (& —e')& is
neglected. The most consistent way of discussing the situation is
to consider the n which appears in 7& as an entirely different
parameter, say o.', from the a in e ". Then U, e.g., depends on
both 0. and 0.', and has a power series expansion in o. of the form

U(e.,rr') = Z„f„(u')u".
It is this series that we shall call the "expansion of U(a)," and
we shall be interested in it at n'=a. With this note of explanation
as justification, we shall continue to use this slightly inexact but
very convenient terminology. Incidentally, we shall meet an
entirely analogous situation when we discuss bremsstrahlung.
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Since a similar approach to a considerably more
complicated integral is very useful in discussing the
bremsstrahlung matrix element, we have taken some
pains in Appendix A to investigate the existence, form,
and range of convergence of the power series expansions
of functions of the form of U(n) and V(n). The existence
of such a power series is equivalent to the existence of
a region of regularity about n=O for the functions in
question. Consequently we have considered the basic
question to be that of the analytic properties of these
functions in the neighborhood of the origin. Since Eq.
(10) clearly defines U(n) and V(n) only for Re(n))0,
it is necessary to investigate the possibility of ana-
lytically continuing them into the left half of the
n-plane. This analytic continuation, into the pocket
about the origin shown in Fig. 1, is explicitly con-
structed in Appendix A, and the singularity nearest
the origin is found to lie on the semicircular boundary
of the pocket. By this means these functions are shown
to possess convergent Taylor's expansions about O. =O,
with known, finite radii of convergence. Finally, by
explicitly calculating the coefficients of the expansions,
they are found to be exactly what one would obtain
by formally inserting the expansion of e " and the
integrating term by term (including a convergence
factor e '" to assure the convergence of the resulting
integrals) .

The results of this Appendix are summarized in
Theorem (A-2), which states that the circle of con-
vergence of the Taylor's expansions is ~n~ (q in both
cases, that the integral can be evaluated by a term-by-
term integration of the power series representation for
e ", and that the result for any individual term of the
form r"Y~ (r) is

hm(2') ~ e erring(r)e —ip.—rdpr'
e~{) J

= ( i)'Si(X—+2)q &i+Pi 7i„(q), ('11)

for qNO, where the numerical coeKcient S&(),+2) is
given by Eq. (A-3). One of its important properties is
that

Si()%+2)=0, if X= l(mod 2). (12)

Using these results, we can evaluate U(n), the
S-wave integral, with su%cient accuracy by making
the replacement

e ~"=1—er (13)

From the lirst term, we get a coeKcient Sp(pi+1). Re-
calling that pi= (1—n')', we can use the approximation
y~= 1, since we are neglecting n . But in this approxima-
tion LS&(p) is an analytic function of pj, the coefficient
is Sp(2), which is zero by Eq. (12): the leading term
vanishes, and the photoeGect matrix element is thus of
first order in e. This result has a direct analog in the
calculation of the Born-approximation matrix element
for bremsstrahlung, where both wave functions have only

FIG. 1. Region of ana-
lyticity, in the a plane, of
U(n) and V(n).

(E,+1)w, t

Mg (n) =n*47r-*nq —'
(n pp)wp

2$
(n e), (16)

(e q)s.

using X=n&(2ir) & to lowest order in n. Note that,
because the leading term of the upper component from
fi vanished in this approximation, the contributions
from the upper and lower components of Pi are both
of order n, as Sauter found in his original calculation.

Next we must evaluate M~, the term coming from
the perturbed part of the outgoing electron function.
Inserting Eq. (9) into (Sb), the integral involving the
upper component of fi is

W(n) = Ft(r pp)r7' 'e "Ypp(r)e'"'d'r. (17)

The investigation of its regularity in a region about
a =0 is more complicated than the similar investigation
of U(n), for this integrand contains the extra factor
F(r,pp), whose properties play an important role in the
argument. Appendix B is devoted to this investigation,
and the result is summarized in Theorem (B-2). The
conclusion is that, provided F possesses certain detailed

' See, e.g. , H. A. Bethe and E. K. Salpeter, Encyclopedia of
Physics, edited by S. Fliigge (Springer-Verlag, Berlin, 1957),
Vol. 35, p. 326.

zeroth-order and first-order terms; the integral coming
from the zeroth-order terms of both functions vanishes
by momentum conservation, and the lowest-order
integrals then come from the two "cross terms. ""

The next term of (13) does contribute and gives

U(n) = —n(2pr)~Sp(pi+2) q
—&»+'i

= —n(2pr) ~Sp(3) q
—'= Sprnq 4. (14)

In evaluating V(n), the P-wave or "small component"
integral, we need to keep only the first term of e ", for
in Pi this part of the spinor contains the factor (1—yi)'*
=n/W2, which is already first-order in n. Equation (11)
then gives for this integral

V(n) = —i(2pr)&Si(pi+1)q (»+'in q

=—i(2pr)'Si(2)q-'e q

= —Saic-'e. q.

Inserting these results and Eq. (9) into Eq. (Sa),
Mq(n) correct through first order in n becomes
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properties, W(u) does have a region of analyticity
about the origin in the O,-plane. This assures the
existence of a Taylor's series for W(u), and within its
circle of convergence this series is again found to be
just what one would obtain by expanding e " and
formally integrating term-by-term.

A central role is played in this theorem by a function
Gi~(k, P; po), defined in terms of G(p; po), the Fourier
transform of F(r;po). Gi (k,p;po) is the coeflicient
of F'i (P) in the spherical-harmonic expansion of
G(k —p; po):

Gi„(k,p; p,) = G(k —p; p,) I'i (P)dQ„.

F'ooGoo(k, O,po). Consequently, using Eq. (5) fol' G, we

have

W(u) =2v2irGt(k; p,)

u k+P+Eo (E,+1)n, -
(20)

'(P& k )(p& k) '- (n'p&)ie2-

Furthermore, the lower component of iPi with its
factor (1—yi)*' u does not contribute at all in this
first order approximation, because of the u from iso, so

W(u) is the only contribution to Me. Incorporating it
into Eq. (Sb) and reca, lling that the Zoo ——(4n-) '* in

W(u) does not actually occur in iPi, we have

From Eq. (4), the dependence of G(k —p; po) on the
direction of the momentum-space variable p is given

by the function

4m. sn

Mii(u) = —u'
(Eo+1)vro, t

(P2' k') V' —(n po)~-o

2$"

n (k —p)+P+Eo

E(p —k)' —Po'+~eX(p+q)'+&o3
(19)

with q=p2 —k as before. We have included the in-

finitesimal imaginary quantity (ie) (as, e.g. , in reference
10, p. 45) to assure that the singularities of this function
do not occur for real p. This is equivalent to employing
the Parseval's theorem of Appendix 8 in the form of
Eq. (8-8), with e&80.

In order that W(u) have the desired Taylor's
expansion, Gi (k,p; po) must: (a) possess all its de-
rivatives (with respect to P) on the real p axis; (b) be
analytic in some region

~ P ~

(R of the complex P plane;
and (c) vanish at least as fast as P

' as P —+ ~. We
shall not prove these statements here, but it is possible
to verify that all three are true, that in fact R=

~ P&
—k ~,

and that Gi actually vanishes at least as fast as P
4

asp~ QD.

Theorem (8-2) then states that, for ~u~ ( ~ po —k~,
e " can be expanded. and the integral (17) done term

by term, the result for any single term r~ being the
function ( i)' &A(X—+ 2m) given by (8-10) or (8-11).
Since M& already carries a factor e from the continuum
function, we only need the /rsvp term of the bound-state
function in this case, i.e., the replacement e "=1 is
sufficient. Since 1=0 in (17), the result is Ao(pi+1; 2),
and expanding pi, pi= 1, we have finally W(u)
=Ao(2; 2), through zeroth order in u, which according
to Eq. (8-11) is

W(u) =A o(2; 2) = (2x) 'Goot (k,0; po).

This is fortunate, for Goo(k, O; pl) is easy to evaluate,
and is in fact just G(k; p&)/Zoo= (4tr)'G(k; p&), as can
readily be inferred from the form of the expression (19):
since p occurs only in dot-products with other vectors,
if we think of G(k —p; po) expanded in spherical
harmonics of the direction P, it is clear that at P=O,
only the s-wave part will remain, which is just

y(n k+P+Eo)(n e) . (21)
0

2(1—ur)s'
gi(r)—=u'(2m. ) l

ui(n r)s . (22)

This function, obtained by making the approximations
e "=1—ur (upper component) and. e ""=1 (lower
component), is not intended to have any significance
in itself; its behavior for large r, e.g., is entirely meaning-
less. Its significance in the present problem is seen only
through the work of Appendixes A and 8, which
demonstrate that the desired expansion of Mio(u) can
formally be regarded as the result of integrating the
corresponding expansion of iPi (of which t'ai is the first
two terms) term by term. "
"In this sense P& (r) is essentially what Lighthill calls a "general-

ized function. " See M. J. Lighthill, Introduction to I ourier
Analysis and Generalized Functions (Cambridge University Press,
Cambridge, 1958).

This completes our derivation of the Sauter-approxi-
mation matrix element for the E-shell photoelectric
effect. The essence of what we have accomplished by
this alternative method of derivation may be sum-
marized rather loosely in the statement that the Sauter
matrix element depends on only three very simple
properties of the bound-state wave function, iPi(r): on
the magnitude, g(r=0), and the first radial derivative,
g'(r=O), of the "large" component, and on the magni-
tude, f(r=O), of the "small" component, all evaluated
at r=0. This statement is "loose" in the sense that the
factor r» ', with yi ——(1—u')(1, which appears both
in f(r) and g(r), makes all three of these quantities
infinite. However, if n, and hence this entire factor, is
neglected throughout, the statement is exact.

These quantities are actually the first two coefficients
in the expansion of fi in powers of u, as is readily
verified. The approximate wave function obtained by
retaining only these two terms is, from Eq. (9),
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The Sauter matrix element for the photoeffect, which
employs ft in this way, is thus seen to be entirely
analogous to the Bethe-Heitler matrix element for
bremsstrahlung. For, (a) it is the sum of two terms,
Mg and Ã~, corresponding to the two terms of the
Born approximation wave function for the outgoing
electron; (b) the leading ("zeroth-order") term of the
matrix element vanishes because of energy-momentum
conservation; and (c) the remaining contribution is the
sum of the two "cross terms, " each containing the
zeroth-order term of one wave function and the first-
order term of the other.

Finally, it should be realized that our use of the
Born-approximation wave function for the continuum
state its makes this entire calculation invalid as ps -+ 0,
as was emphasized by Sauter. 4 The above method of
derivation shows that, in fact, there is an additional
restriction upon the range of validity of the Sauter
approximation. As we have seen, the matrix element
calculated from the Born-approximation fs and the
exact ft has a power series expansion in n, whose
radius of convergence is finite and equal to q;„
=

I ps —k I. Neglecting the binding energy of the
E-shell, this means that the series converges only if
2k(Es —ps))n'. Thus no matter how many terms of
this series are retained, it cannot be used at energies
lower than this limit. Since the Sauter approximation
keeps only the first term of the series, it is valid only if
we are gael/ within the circle of convergence, i.e., only
if 2k(Es —ps)))n'. From the kinematics of the problem,
this restriction can be seen to be essentially n/Ps«1,
i.e., the same as the restriction imposed by the use of
the Born-approximation wave function itself.

BREMSSTRAHLUNG

We can now make immediate use of this discussion
of the photoeffect to give a very simple derivation of
the Sauter-approximation matrix element for brems-
strahlung at the spectrum tip, and to prove that it
differs from the Sauter photoeffect matrix element
only by a constant factor.

As was mentioned earlier, the fact that the energy
of a bound state in the Coulomb 6eld differs from m
only by terms of order n' or higher suggests that a
bound-state wave function of given angular momentum
and parity will agree with the corresponding zero
momentum continuum function, through first order in
n. This can be demonstrated directly, and the com-
parison is made especially simple if we employ the
notation of Akhiezer and Berestetsky, "who give both
the bound and continuum Coulomb functions in
exactly the same form. Their notation is quite standard,
and in particular y= (ss ns)&, wh—ere lr is the usual

"A. I. Akhiezer and V. B. Berestetsky, Quantum Flec-
trodynamics, a translation of Evantovuya ElektrodAzumika
(Gosudarstvennoe Izdatelstvo Tekhniko- Teoreticheskoi Liter-
atury, Moskva, 1953); available from Technical Services,
Department of Commerce, Washington 25, D. C.

TABLE I. Radial functions for the bound (8)
and threshold (T) states.

{a)

(—1)
(+&)
(—2)

{rxm/n) &ga{r)

2(& —O.mr)
P (n' 1—) /n'g& ', O.mr-
L(n+1)/n'(n —1)]1,'nm-r

{em/e) &fg{r)

{m') ~n'{r)

2(~- mr)
3clmr
3Amf

{O,m2) &fp{r)

—[(n' —1)/n'g4.

Also, one of the factors which appears in the continuum
function for general asymptotic momentum p is
e'"(p+inF/p); this can be written more conveniently as

P '( —(s/I l)Ll(E—~)( —V)(«—~V)l'
+i[,'(E+rn) (s-+y) (Es nsy)]l)—

,' (Ir y)+i nrn—/p—, —if p«ns, (24)

a form well suited for considering the limit p ~ 0.
The radial functions g(r) and f(r) of the "large" and

"small" components, respectively, of the continuum
function have power series expansions in r of the form

g(r) =r& 'P a.(P,n)r"—,
n=o

(25)

f(r) =r' ' & b-(P,~)r"
nM

It can readily be verified that u„(0,n) and b„(0,n) have
power series expansions in n, with leading term n,
where m is linearly related to e. In other words, if we
take the limit p~0 term-by-term, the series in r
becomes a series in (nr), of which we need keep only
the first few terms for our purposes. In this way we
obtain the results shown in Table I, correct only
through first order in ot, for the bound (B) and threshold

(T) states. All higher partial waves are proportional
to at least the second power of o.

I
because of the factor

n'r 1 of Eq. (23)j and so are of no interest to us. The
proportionality between the corresponding first-order
bound and threshold functions is clear, the constant

'3 Batemun j/Ianuscri pt Project, edited by H. Erdelyi (McGraw-
Hill Book Company, New York, 1953), Vol. I, p. 47.

Dirac quantum number; for the principal quantum
number in the bound-state case they use e, with
n= Ilail, IxI+1, etc. Their bound-state functions are
norxnalized to unity, and the continuum functions
"per unit energy. "

We need the limit of the continuum function as

p —+ 0, which we shall call the "threshold function. "
The limit is facilitated by a form of Stirling's
approximation, "
lim II'(y+inE/P) Ie ~"~"'~ IPI & l=(27r)l(rsns)& l. (23)

l ul~o
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of proportionality being just the ratio of normalization
constants.

These "wave functions" have meaning in exactly
the sense which the "approximate function" lit of
Eq. (22) has meaning —i.e., not as point functions, but
only in terms of integrals over them. " For the bound
states, we have already shown that the power series
in r, of which these functions are truncations, can
formally be substituted for ll t in the integral of Eq. (2)
and the integral done term by term to give an expansion
of the photoeffect matrix element in powers of n. If
we can establish the same for the threshold function
series, which enters the tip-bremsstrahlung matrix
element, we can compare the two matrix elements
directly from the entries in Table I.

It is inconvenient to establish this directly, by the
method used for the photoeffect matrix element. The
investigation of the region of regularity of Mz(cr) and
Mii(cr) for the photoeffect employed integral representa-
tions extensively; the threshold functions are less
amenable to this treatment, for they are Bessel functions
of argument (r)*'—and this leads to integral representa-
tions which are unmanageable by the techniques em-

ployed above. An alternative approach is to calculate
the matrix element M»(ri) LEq. (2)] for "inverse brems-
strahlung, "using for ll r (r) the exact continuum function
of momentum piWO. In this case the radial functions
have the form g(r) r'r 'e'pr'F(y+1+irrE/pr, 2y+1,
2iprr) Lwhere F(a,b,s) is the confluent hypergeometric
function], and f(r) is similar. These functions do have
simple integral representations, and by using them we
have shown in Theorems (A-2) and (B-2) of the Appen-
dixes that M~(n, pr) and Mii(a, p,) are analytic in p,
for

( Pi
~
& ( Ps —k

~

and can formally be calculated by a
term-by-term integration of the series representation,
Eq. (25) of the continuum function fi. This result may
be of considerable interest in itself, ' but we will use it
only as a means of obtaining Mz(rr, 0) and Mii(a, O).
For piWO, Mg and Mii contain pr only in the functions

a„(pi,rr) and b„(pr,cr), which appear in the series
resulting from the term-by-term integration of (25).
But we obtained the p&~0 limits of Table I by
taking the limit of the series (25) term by term;
clearly if we do the same for the present expansion of
Mrs(cr), again only the first two terms at most will be
of less than second order in n, and the result, through
6rst order in n, will be exactly what one would obtain
by the use of the "functions" of Table I. In other
words, we can calculate tip-bremsstrahlung from the
threshold states of Table I exactly as we calculated
the photoeffect from the ~= —1 bound state of Table I,
and the proportionality between the bound and
threshold states implies exactly the same proportional-
ity between the Sauter-approximation matrix elements,

in the same angular momentum states, for the photo-
effect and tip-bremsstrahlung.

For Pi/0, the continuum function fr of bremsstrah-
lung must asymptotically be a momentum eigenstate,
and thus contain all angular momentum substates.
These partial waves are all present even in the pi —e 0
limit, and our sole remaining task is to show that only
the Ic= —1 state contributes terms to Mrs(n) which are
less than second order in q. This, however, is trivial,
if we use the results of Appendix A to do the integrals
arising from the a=+1, —2 functions of Table I.
(They all contain a factor cr, and so at worst can
contribute to 3f~, whose integrals are considered in
Appendix A.) The ~=+1 (p;) state integral has a
factor Sr (3) from the large component and a factor Ss(2)
from the small component, where Si(p) is defined in
Eq. (A-5). But as is discussed there, Si (p) =0 if
p= l (mod 2), so both these integrals are zero. Similarly,
the integral from the upper component of the
s= —2 (p,*.) state has the factor Si(3), which again
is zero.

In summary, only the h= —1 (s;) state contributes
to the tip-bremsstrahlung matrix element in the Sauter
approximation. The matrix element can be calculated
from the threshold functions of Table I exactly as the
photoeGect matrix element was calculated from the
bound state of Table I, and from the proportionality
factor between the two wave functions we obtain our
final result:

MT—brems. (&) (1/rim*)Mphoso. (cr)q (26)

in the Sauter approximation. It is in this exact sense
that the two processes are inverse to each other, and,
by detailed balancing, have identical angular distribu-
tions and polarization properties in this approximation.

APPENDIX A. FOURIER-BESSEL TRANSFORMS'5

We shall define the Fourier-8essel transform of
order l,LFBT(l)], of the function f(x) as

f2/ *

g&(P) =
~

—
I

' f(xj)&(Px)x'dx,
i~) &s

(A-1)

provided the integral exists. If it does not, we use the
definition

(2)
g (p) = lim

~

—
~

e '*f(x)j (px)x'dx, (A-2)
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provided it exists. In either case, j&(x) is the spherical
Bessel function of (integral) order l.

This transform is of interest here because it is the
"radial part" of the 3-dimensional Fourier transform
of a function F(r) which has the special form F(r)
=f&(r) I'&~(r). This is easily seen by using the standard
partial-wave expansion of a plane wave,

e'z"=4zr Q i'ji(pr) I'i (r) Vi„*(p),
l, m

from which the Fourier transform of fi(r) I'i (r) is

with

t
2 ~

~ F(X+i+3)FL—(X+i+2)/2j
St(X+2) =

i
—

i(~) 2'+'FL(l —X)/2j

XsinL-,'zr(lI, +l)j. (A-5)

Note that if P is integral, and X&l—2, then Sq+2'=0
if (X+l) is even; in this case there is a gamma-function
pole in both numerator and denominator, which cancel,
and the zero of the sine makes the whole expression zero.

For this proof, as well as all that follow, we shall
employ an integral representation of the spherical
Bessel function":

(2~) *' fi(r) I'i-(r)e "'d'r=z 'gi(P) I'i (P) p1

jt (s) =— e'"Pi (s)ds,
2z

(A-6)

where gi(p) is just the FBT(l) of fi(r).
We are concerned in this Appendix with functions

f of the special form f(cx), c being a constant parameter,
and wish to know under what conditions f(cx) can be
expanded as a power series in (cx) and integrated
term-by-term, to get gi(c,p) in the form of a power series
ln c.

Problems of a similar nature, but without the
complications of infinite series, have been considered
recently in a very lucid fashion by Lighthill, "following
the distribution-theory approach of L. Schwartz.
Although Lighthill's work is exceedingly attractive, it
unfortunately cannot be used directly here because it
does not take advantage of the complex-variable
techniques which are essential to the solution of our
problem. However, the method of defining the trans-
form of x", as well as several other devices we use, will
be recognized as inspired by Lighthill's book.

Since the direct justification of term-by-term inte-
gration of such a series, as well as a determination of
the radius of convergence of the resulting expansion in
c, is very dificult, we shall use a diferent strategy.
We first define the FBT(l) of f(cx) as

t'2)
gt(c, P) = lim

~

—
~

' e ' f(cx)j i(Px)x'dx. (A-3)'~ (~i

For the function f in which we are interested, it will be
possible by direct inspection to establish the analyticity
(in c) of gi(c,p) in a region of the complex c-plane about
c=0. Thus we know that a Taylor's series in c exists,
and can find it by the usual methods. It is then possible
to verify a posteriori that this series is exactly the one
we would have obtained by a term-by-term trans-
formation of the series for f(cx).

In order to be able to recognize this fact, we must
know the transform of a power of x, which we shall
formulate as a lemma:

Lemma A-l.—The FBT(l) of x" (X)—1) is

t 2q ~ r" 5,(X+2)
lim~ —

~
e '*

jx&(P ) xdx=x, PWO, (A-4)
~~a ~~) J pi+a

—1
ji(s) = ~ e'"Pi(s)ds,

2i' Jr
(A-7)

where I' is the upper half of the unit circle in the
positive sense, from +1 to —1.

Using this representation and interchanging the
orders of integration, we have for the integral of (A-4),

1 t2)~
Pi(s)ds ~ dx e &' 'i"i*x"+'.

2i'(zr) &r Jo

Note that for s on F and p)0, Re(—ips)&~0, so
Re (e ips) )0—But from. the definition of the F-function
we know that

F (tz+1)
provided Re(a)) 0,

al'+'

and p, & —1, so the above integral is

F(X+3) t'2y *'

t
P (s)ds

+
2i' Ezr& ~ r (e—ips)"+'

F (X+3)

2z(i—x—zi px+z

Pi(s)s i 'ds, ——

16 P. M. Morse and H. Feshbach, M'ethods of Theoretical Physics
(McGraw-Hill Book Company, New York, 1953), p. 1575.

and valid for all s; Pi(s) is the I.egendre polynomial
of order /. This representation, in which s appears
only as e'", is particularly convenient, for in an integral
like (A-2) the convergence factor e '* enables us to
perform the x (or s) integration fzrst, thus finding the
Fourier transform (with respect to s) of x'e '*f(x),
which is then to be multiplied by Pi(s) and integrated
over s. By this device, many of the tricks commonly
used for Fourier transforms can be carried over to
Fourier-Bessel transforms, provided the subsequent
s-integration can be carried out.

Since the integrand of (A-6) is analytic in s for all s,
we can deform the contour of integration from thereal
axis in any way we like. In particular, we shall use
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FIG. 2. Contour employed in the
evaluation of the integral in
Eq. (A-8).

F(lb, +3) t

2z(l—x—3)
Et(s)s '—'ds

This was established for Re(n))0, but by analytic
continuation clearly holds for any a not a negative
integer. Then using i'"+' '&= (—1)'e~"~'"+" we finally
obtain

as e —+0. Thus we need only evaluate the indicated
s integral. A convenient way of doing this is as follows.

By Rodrigues' formula,

(-1)')d&'
~i(s) =

I

—
I (1—s')'.

2'l! ( ds)

Ke can insert this in our integral and integrate by
parts l times, noting that the integrand vanishes at the
end points each time, and obtaining

(—1)' r(X+i+3)
Ei(s) s-"—'ds =

2'l! F (X+3)

(—1)' r(x+i+3)
2'+'l! I'(X+3)

F (X+I+ 1)F[—(li+l+ 2)/2]

2'+'F [(l—X)/2]

Xsin[-', w(X+ l+ 2)]. (A-8)

This is valid for X nonintegral; however, the numerator
contains a pole only if (X+i+2) is an even integer, and
in this case the zero from the sine cancels the pole, so
by analytic continuation, it holds for all ), and thus
establishes Lemma A-1. As we noted earlier, if p)0
and e) l—2, the FBT(l) of x" is zero if as=i (mod 2).
As can readily be checked, if l=0 (A-4) agrees with
Lighthill's result" for the sine transform of x~+', as it
should.

The simplest function of the form f(cx) which we
wish to consider is x"e ".Its FBT(l) can be written as
follows:

Lemma A-Z.—Let Re(c) &~0. Then FBT(l) of x"e—'
is analytic in c for 0&

I
c

I
&p, and in this circle has the

Taylor's expansion

l
&

—lim ! e—( +c)z&)i+2~
6~0 ( )

the latter integral, completely around the unit circle,
coming from the change of variable s'=m.

Now consider the integral

~ Si(li+rt+2) (—c)"

0 pX+n+8
(A-9)

(1—s)'s~ 'ds=O,

around the closed contour C of Fig. 2, under the
assumption Re(n)) 0, l&~0 and integral. The contribu-
tion of the small circle vanishes as its radius —+ 0; s" is
multiple-valued, and if we take it as real for s real and
increasing from zero to 1, and recognize the integral
over this interval as a beta function, we get

r (l+1)r (n)
(1—s) 's 'ds = -(c2~'~ —1)

F(l+1+n)

FIG. 3. Region of ana-
lyticity of Tz+2'(c, p) in the
c plane.

which is clearly what would be obtained by transforming
the series for x~+2e "term by term.

Using the same integral representation as before,
the x integration gives again

r(x+3) (2q '
Ti+.2'(c,p) = —lim

I
—

I
Pi(s)

&~) &r

X (0+c—ips)
—' 'ds.

Now for s on F, the upper half of the unit circle, and
p) 0, (ips) is a point on the left half of the circle about
the origin with radius p. Thenfor Re(c) &~0,Re(p+c)) 0,
and so the integrand can have no singularities for c in
the right half-plane, so Ti+2 (c,p) is analytic in c in
this region. In fact since (ips) is on the left half of the
circle of radius p, the region of analyticity in c also
includes the region Icl &

I
psl = Ipl». e., a pocket of

radius p about the origin in the c-plane, as shown in
Fig. 3. Thus T(c,p) has a Taylor's series in c about
c=O, with radius of convergence

I cl =p.

"See reference 13, p. 43.
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We can find its coefficients by diR'erentiating the
above integral under the integral sign (which is justi6ed
since the integral is uniformly convergent in c inside
the circle of radius p), giving

(»" (2l '
I
--

( T~+3'(c,p) = —lim r(~+~+3)
I

—
I(aci ' ~ 2z'

X P 1 (s) (3+ c iPs) —~ "+"+3)ds
Jr

Letting c and e —+ 0, we find as before,

(8 )" Sz(X+zz+2)
I
—

I T~+3'(c,p) I.=o= (—1)"
c) p)+tt+3

which establishes the Taylor's expansion given by
(A-9). The radius of convergence E=p of this series is
determined, of course, by the end points s= +1 of the
contour F.

With the help of these two lemmas, we can readily
obtain our desired result, the transform of the radial
Coulomb wave function.

Theorem A-I.—Let Re(b))Re(a))0, Re(c) &~0,
Re(d) (~Re(c), p)0. Then

G),+3'(c,d; P,a,b) =

(2) *

lim
~

—
~

e i'+')*x"F(a,b, dx)j t(px)x'dx
o ( i

This result may be obtained by the use of the
standard integral representation for the conQuent
hypergeometric function,

r(b) 1

F(a,b, dx) = ed tata 1(] —
t) 3—a—ldt

r(a)r(b —a) "p

r(b) 1 (2~ '*

G),+3'(c,d; p,a,b) = —lim-o r(a)r(b —a) 2zt (~i
t'

X
J

Pi(s)ds
r

t.—'(1-t)'-.—'dt

.3+3e
—( c+c td tttc) adX——

XJ x

r(b)r(x+3) 1 (2i '*

= —lim
-o r(a)r(b —a) 2zt &~i

valid for all x and for Re(b))Re(a))0. This repre-
sentation is particularly convenient, for the x depend-
ence of the integrand is exponential. Consequently, by
doing the t integration last, the other manipulations
become very similar to those used in the proof of
Lemma (A-2). Using the same integral representation
as before for the spherical Bessel function, and recalling
that the assumptions made guarantee that Re(e+c dt-
—ips)) 0, we again do the x integration first:

r(a+~)r (b)
T~+-+3'(c,p)d"

=o r (a)r (b+rz) rz!
(A-11)

X Pi(s)ds
Jr ~o

ta—1(1 t)3 a 1——

X (e+c—td —ips) "—'dt. (A-13)

r(a+n)r(b) $,(X+m+zz+2) (—1)-
ZE c~drt
a om~ r( =)a r(b +z)zrz! ns!p) +m+a+3

(A-12)

r (a+rz) r (b)
F(a,b,dx) =P (dx) ",

=t) r (a)r (b+zz) rz!

and the definition of T,', that the form (A-11) is
exactly what one would obtain by expanding the
confluent hypergeometric function (but not e '*) and
doing the integral term by term. The final form (A-12)
is thus exactly the double series which would result
from expanding both e '* and F(a,b,dx) in powers of x
and integrating the resulting double series term by
term.

where T,' is defined in Lemma (A-2) and 51(p) in
Lemma (A-1). The region of convergence of the series
is at least ~c~ &p/2, ~d~ &p/2 for c and d unrelated,
but in the special case c=d, it is

~
c~ (p. It converges

to the given integral if Re(c) &&0 and Re(c) &~ Re(d).
It is clear from the expansion

Since Re(e+c—td))0 and Re(ips)(0, the integrand,
and by uniform convergence the resulting integral, are
analytic functions of d for Re(d)&Re(c), provided
Re(c)&~0. Recalling that (ips) is a point on the left
half of the circle about the origin of radius p, it is clear
that, as in Lemma (A-2), we can use (A-13) as a
means of analytically continuing this function of d
into a pocket about the origin in the d-plane. All that
is necessary is to be sure that no zeros of (c td ips)— —
are encountered, which will be the case if we require,
e.g. , that

~

c td! (p. The simp—lest and most symmetric
way of assuring this is to require that

[c~ &p/2 and ~d~ &p/2,

although this is clearly not the only set of regions
which will do. If on the other hand we consider the
special case c=d, then if we wish to guarantee that
~c tc~ = ~c~ (1—t) &p,—we must clearly have [c~ &p;
it is this special case with which we shall be most
concerned in our applications.

In either case, the function at hand is thus seen to
have a Taylor's expansion in d about d=o, so again
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we wish its derivatives at d=0. Differentiating e times
under the integral sign, we obtain as before.

Letting d —+ 0, the t integration conveniently becomes
independent of the s integration. Recognizing it as a
beta function,

40

I'(a+e)1'(b —a)
~n+n —1(1 ~)

b-a—ld~ (A-14)
1(b+~)

(~l"
G&+2'(c, d; p, a,b) =

&adi

I'(b)I'(X+n+3) (2) ' r—llm F)(s)ds'~ F(a)I'(b —a)22 (mi

~1
[n+n —1(1 ])5—n—1(e+c g ~ps) o+—n+3)d]

J0

fr+2(c; a,b)
—= hm

0+ +0
e '*x"e '*F(a,b, cx)F(x)x'dx, (B-1)

where F(a,b, s) is the conRuent hypergeometric function,
X)—2, Re(c)&~0, and F(x) is such as to assure the
convergence of the integral. In order that the Taylor's
expansion exist and can be found explicitly, we shall
need to impose further restrictions on F(x) and its
Fourier-Sessel transforms. Provided these conditions
are satisfied, the Taylor's expansion will be found to
have exactly the form one would get by inserting the
expansions

APPENDIX B. INTEGRALS OVER FOURIER-
BESSEL TRANSFORMS

The purpose of this Appendix is to consider the
Taylor's expansion, in the parameter c, of a radial
integral which commonly occurs in matrix-elements
involving Coulomb wave functions,

we have

f~ l"
I
—

I G,+,&( oc; p,a,b)
(adi

g
—CS— (—cx)"

r (a+~)r (b)
F(a,b,cx) = P— —(cx)",

n=o I'(a) I'(b+ n) e!
(B-2)

I'(a+I)1'(b) 1 (2 ) i r

(—1) lim —
I

—
I F((s)

I'(a)1 (b+~) ™2~' 4~3 ~,
&((e+c ips) &"+n+'—&ds,

which by (A-10) gives just the stated Taylor's series,
(A-11). Either setting a=O, or a=b and c=O, repro-
duces Lemma (A-2), and a=O, c=0 reproduces Lemma
(A-1), as it must.

Finally, the connection between Fourier-Bessel
transforms and three-dimensional Fourier transforms
enables us to state this theorem in terms of a three-
dimensional Fourier transform, for the case c=d in
which we are most interested:

Theorem (A-Z).—Let Re(b)) Re(a) &&0, Re(c) &~0,
and p) 0. Then the following expansion of the Fourier
transform of r"e "F(a,b, cr)Y~ (r) holds:

lim(2s) ** e "r"e '"F(a,b, cr)Y~ (r)e '&'d'r
4

m=0

and integrating the resulting double series term by
term.

The functions F(x) of interest here are bounded as
x —+ ~, but do not necessarily vanish there, so that in
general we can take the limit c —+ 0 only after perform-
ing the integration. Although we cannot actually do
the integration without knowing the exact form of
F(x), it is possible to transform it into an integral over
the FBT(l)'s of the functions involved, and we shall
then find, as in Appendix A, that we can let e —&0
before performing this integration. The net result is
that the coefficients in the desired Taylor's expansion
in c are obtained in terms of integrals over the FBT(l)
of F(x)—a form which is particularly convenient in
the problem at hand.

We first need certain properties of these transforms.
Let xf(x) be absolutely integrable on the interval
(0,~); then we take as the FBT(l) of f(x) the function

I'(a+ e)I"(b)
=~-'Y~-(p) 2 Z

=0 r (a)I'(5+e)e!
(»

p) =
I I

f(x)2'(px)x'dx,
(~)

(B-3)

Sg(X+m+v+2) ( 1)m and under this assumption the inversion theorem
X c +". (A-15) holds "

p) +m+n+3 mI

The series converges for IcI (p, a,nd converges to the
integral if Re(c) ~&0. This is exactly the expansion
which would be obtained by expanding both e '" and
F(a,b,cr) in powers of (cr), and integrating the resulting
double series term by term.

(2) '
'(

(m) &0

This is a special case of Hankel's inversion theorem. See,
e.g., Bateman Manuscript Project, edited by H. Erdelyi (McGraw-
Hill Book Company, New York, 1953), Vol. II, p. 73.
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Then by evaluating the double integral

(2 ) ~ geo geo

*'dxp'dpf'(x)g'(p)
&n) &o "o

in two diferent ways, we immediately have the very
useful Parseval's theorem,

r 00 00

f'(x)f'(*)x'dx '—g('(P)gi (P)P dP, (8-5)

where (a) X)—2, (b) Jo"xjF(x)~dx exists, and (c)
Gi(p), the FBT(/) of F(x), possesses all its derivatives
everywhere on the real p-axis, and Gi("'(p) =0(p ') as

~
p~~ ~, for all io and /. If in addition m is the next

integer larger than X+2, so that m —1&X+2&~m, the
integral (8-9) can be transformed into the integral

r P.+3—m)
A(X+2)—=A((X+2; m) =Si(X+2)

r (X+3)

valid for all /, where gii(P) and gio(P) are the FBT(/),
respectively, of f'(x) and f'(x).

It will actually be more convenient for us to use a
slightly different form of this theorem. The integral
(8-3) is ordinarily thought of as de6ning gi(p) only for
p)0. However, we may take the same integral as
defining its analytic continuation for p&0. and from
the fact that ji(—x)=(—1)'j((x), gi(P) then has a
de6nite parity,

gi( P) = (——1)'gi(P).

Consequently the integrand of the second integral of
(8-5) is always even [independently of the properties
of f'(x) and f'(x)], so we may rewrite Parseval's
theorem as

f'(x)f'(x)x'dx= l g'(P) g'(P) P'dP, (8-6)

a form which will be convenient later, when we shall
wish to deform the contour of integration to something
other than the real p axis.

Finally, if f'(x) and f'(x) are too divergent as x ~ ~
to have transforms, but e "f'(x) and e '*f'(x) are not,
we define

(2) $ oo

g, (P;.) =
I

—
I

e f( )jx, (P ) xdx-x, (8-7)

and use Parseval's theorem in the form

lim lim
~

e '&+"'*f'(x)f'(x)x'dx
g1—~ q2—+0/

0

f
=lim lim o gi'(p; ei)gi'(p; eo)p dp. (8-8)

e1-+0 &2~0 J

r"
A (X+2)—= lim e '*x~+oF(x)dx,

g-+Q+ J
(8-9)

With these preliminaries established, we shall
proceed, as in Appendix A, by considering the simplest
examples of our desired theorem 6rst. As in Appendix A,
the essential difhculties occur even in the case c=o,
i.e., when the confluent hypergeometric function of
(8-1) is replaced by unity. We state the result for this
case as a somewhat lengthy lemma:

I.emery 8-1.—Consider the integral

)(1 ) G (m) (p)[e(p)]l+mpm —x—odp (8 10)

valid for all /, where Si(X+2) is the function given by
Eq. (A-5), Gi(p) —=p'Gi(p), and e(p) is the usual step-
function, +1 for p) 0 and —1 for p&0.

The interpretation of the integral in (8-10) is
straightforward for X not integral, for the singularity
is then integrable; if we impose the additional restriction
that X)/ —2, we may take the limit X ~ m —2 (m)/)
and find

z(i+-&r(/+m+ 1)r[——,'(/+m)]
Ai(m; m)=

(2~) l2'+'P (m+1)P[-', (/ —m+2)]

vrGi(™(0), (/+m) even

r (e (8-11)
[Gi™(p)/P]dp (/+m) odd,

4 —~

where the last integral is to be interpreted as a principal-
value integral. Finally, if F(x) does not possess the
requisite properties but e "F(x) does, the lemma holds
with Gi(p) replaced by Gi(p; 8), as in Eq. (8-7).

This lemma by itself would appear to be rather
uninteresting, especially as the integrals (8-10) and
(8-11) are considerably more complicated than the
original one, (8-9). Its purpose, however, just as in
Appendix A, is to establish a theorem for the special
case in which the integrand is simply x"F(x); then
when we prove a similar theorem for a more complicated
integrand, say W(x)F(x), where W(x) has a Taylor's
expansion valid for all x, we will be able to decide
easily whether or not the same result would have been
obtained by inserting this Taylor's expansion and
integrating term by term.

The lemma is proved by the use of Parseval's theorem
in the extended form (8-8); we shall assume for
simplicity that F(x) is convergent enough not to
require a convergence factor, but x~+' clearly does. To
find the FBT(/) of x", we shall, as in Appendix A, use
an integral representation for ji(x), but in this case it

. will be more convenient to choose the straight-line
contour of (A-6) rather than the semicircle of (A-7).
Then just as in the proof of Lemma (A-1), the FBT(/)
of x~e "is
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(2q& ~"
e- *x"jl(px) x'dx

(2' '* I'(l(+3)
Pl (x) (e—iPs)-"-'ds.

2i'

If we now note that, if m is any positive integer,

Consequently the integral is

Il-"(p)=lpl=' ' Pl(s)lsl " '

X(Le(s)) costs(m —X—3)—ie(P)I e(s)$™+1

Xsin —',m. (m —l( —3)}ds.

I ("+3) I (l(+3 m) ( d l . . Using the fact that Pl( —s) = (—1)'Pl(s), we have
I (e—ips)~ "—', (8-12)

(e $PS)—"+' ($$)" (dP) I, x(P) 2IPIm —x-8 cos1~(m y 3)

we can write the FBT(l) of e—'*x" as

p2q & I'(l(+3—m) ] d i
Pl(s)s

2i('+ ) (dp)

X Pl(s)s " 'ds, (m+l) even
0

= —2iI pI"—"-'e(p) sin-', vr(m —l( —3)
(8-18)

X(e ips—)" " 'ds, (8-13)

a form which will be useful later. In applying Parseval's
theorem, (8-8), the assumption that Gl(P) has all its
derivatives allows us to do the p-integration by parts,
thus transferring the derivatives to Gl(P). The choice
of m is of course important; we take it to be the next
integer larger than X+2, so that —1&~m—l( —3(0.
Then the assumed behavior of Gl(")(P) as P~ ~
assures that we get no integrated terms from the
integration by parts. Because of the factor p' which

appears in the Parseval theorem integral, it is con-
venient in doing the integration by parts to de6ne

Gl(p) =P'Gl(P)—
Then we 6nd, using (8-13),

(8-14)

A(X+2) =—hm e "x"F(x)x'dx=Al(X+2; m)—
0

I'(X+3—m)= lim (—1)" dp ds
2 (2~) '*i (l+

P ($)s~(e iPs)" ), 'G—(")(P)
—(8-15).

Taking the limit under the integral sign, the singularity
in the p integral is integrable, and the s integral becomes

Pl(s)s ( iPs) ' 'ds, — ——(8-16)

(ix)n
I xI nei(n/2)ae(s) (8-1/)

where e(x)=+1 for x)0 and —1 for x(0, so that,
since p and s are real,

(—ips) =
I psI Leos-,'em —ie(p)e(s) sin-', mn].

the evaluation of which is the core of our proof. It
appears at first sight to be divergent, but we shall find

by explicit evaluation that it is not.
Note first that for x real,

(—1)l I (X+ 1+3)1I
——,'(Z+t+ 2))

(8-19)
2l+l I'(X+ 3)rP(t —X))

valid for all nonintegral X.
If we now note that

cos-,'m (m X 3—)=i—+' sin-,'vrP, +l), (m+l) even

and

sin2~s (m —l(—3)= —iXi +' sin-,'m (l(+l), (m+l) odd,

we 6nd, comparing with Eq. (A-5),

(2~) ~~&(m+l) ( 1)l

Il "(P)=
r(X+3)

( )
(8-20)—e(p), (l+m) odd.

1 l+m even
xg p,+2)I PIm

—) —s

Inserting this in (8-15) gives the stated result (8-10).
Finally, in order to take the limit X —+m —2, an

integer, we must impose the further restriction that
m)/; for as ) approaches a positive integer, one of the
I' functions in the numerator of Sl(X+2) can have a
pole, and only if ) & l—2 does another pole occur in the
denominator to cancel it. Fortunately, in Coulomb
functions it is true that X)l—2.

If (l+m) is odd, the limiting process is simple, for

G(p)e(p)lpl' 'dP= ~ G(P)P 'dP,
s-e J

where the result is a principal-value integral.

1

X ~ Pl(s)s ~ 'ds, (m+l) odd.
0

An argument entirely analogous to that used in
establishing Eq. (A-8) gives the result,
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lim G(p) dp=lim -',
,

I G(p) dp
[p[I-~ ~ '

& ]p/I-»

Provided G(p) is differentiable for all real p, the
evaluation of the second limit by integrating by parts
gives just sG(0). Inserting these limits and using the
definition (A-5) of SI(X+2), as well as

sin-,'s.(ni+l) = —iI"+I+I&

for (m+l) odd, we obtain the limiting form (8-11) for
A I(ni; rn), provided ni) l

With these results established, the rest is easy, The
next most complicated function to consider is @ate

Lemma B-Z.—Let the conditions of Lemma B-1 hold.
Then if in addition GI (p) is analytic in a region ) p ~

&RI,
for some RI)0, and Re(c) ~& 0, the expansion

Bi+2(c)=liiii e- sx e—oeP(g)g2d
c-+0

00 ( c)n
=Q A (X+n+2) (8-21)

n=O s f.

holds, for any l, in that part of the region ~c( &Ri for
which Re(c)~&0. By comparison with Lemma (8-1),
this is just the expansion one would obtain by expanding
e in powers of (—cx) and integrating term by term.

Proof. Since the FBT—(l) of e I'+'&*@", for Re(c) &~0,

is, as in (8-12) and (8-13),

(2i & F(X+3)

(s) 2z'
PI(s) (e+c iPs) " 'ds— ——

)2y &P(X+3—m) ) d q

Ls.j 2i'+" (dp)

y (e+c—ips)m —x—3ds

Parseval's theorem allows us to write the integral of
(8-21) in either of the two forms

I'(l&,g3) t'"
8&,+~(c)= lim ~' dP ~l dsPI(s)'~ 2(2m) &iI „'

)& (e+c iPs) " 'P'G—I(P) (8-22a)

I'(X+3—m)= lim (—1)",' dp'-' 2 (2') '*i"+"&

&(PI(s)s~(e+c—iPs)& " 'GI&"&(P). (8-22b)

If (l+m) is even, the factor sin-,'~(l+X) in SI()+2)
tends to zero as X ~ m —2; in this case it can be re-
written as

sin-', n (X+l)=i'+" sin-,'s. (ni —X—2),

and we note that

We wish to establish the analyticity (in c) of
B&,+2(c) in a region about c=0, in order to prove that it
has a Taylor's expansion about the origin. Under the
assumed conditions of F(x), the integral of (8-21) is
not necessarily convergent for Re(c)(0, so it cannot
serve as a means of analytically continuing B(c) into
the left half-plane. The definition (8-22a), on the
other hand, can provide the continuation.

To see this, we must first know something about the
singularities of the integrand,

1

f(P,c)= t' P—I(s) (e+c iPs) —" 'ds, ——

which results from doing the s integration. Since PI(s)
is a polynomial, the singularities of f(p, c) are simplest
to locate by considering the terms of the Legendre
polynomial separately. We can do the integral

st

8 S +

by integrating by parts m times, the final integral
having the form

p1

(G+ps) "-"-'ds

e—X—2
L(g+p)a—&'—2 (g p)n-&' —2g

n+1

Since n &~l, this has a pole at p =0 of order at most
(l+1), and possibly also poles at p=&a. It is clear
that the integrated terms resulting from the integrations
by parts are of a similar form, so that f(p,c) has
singularities at only these three points. Further, it is
not difficult to see that any FBT(l) has a sero of order
l at p=O; consequently p'GI(p) has a zero of order
(l+2) there, which cancels the poles of all the terms of

f(p c) at p=o.
Af ter the s integration is perf ormed, then, the

integrand of the p integral, considered as a function of
c, has singularities only at e+c= Hip, and these occur
in separate (additive) terms. Consider first that part
whose singularity occurs at e+c=+ip Since Re.(e+c)
)0 if Re(c) ~&0, this part of the integrand. is analytic
in c for any p such that Re(ip) = —Im(p) &~0, i.e., for
any p not in the lower half of the p plane —in particular,
for p real. But it is also analytic in p in this region,

' provided Gi(p) is analytic there. If in particular Gi(p)
is analytic for

~ p ~
(RI, then this part of the integrand

is analytic in p in the shaded portion of the p plane
shown in Fig. 4, of radius p~ &E~, and we are then free
to deform the contour of integration from the real p
axis to the contour of Fig 4. But ~p. ( &&pI everywhere
on this contour, so this part of the integrand can have
no singularity whenever ~c( &pI&RI (for e ~ 0), and
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double series expansion:

FlG. 4. Contour employed,
in the p plane, in the evaluation
of Bq+2(c).

we thus have the analytic continuation of this part of
the integral into the left half of the c plane, in the
pocket ~c~ &pi&Xi, i.e., the region similar to the
shaded part of Fig. 3, of Appendix A. Similarly, the
part of the integral whose integrand is singular at
e+c= ip can b—e analytically continued into the same
region by deforming the p contour into the lower half
of the p plane, and in this way we have established the
fact that Bz+o(c) has a continuation which is analytic
in a region

~

c
~
&Ei about the origin. Thus it must have

a Taylor's series, which we can find most conveniently
by differentiating (8-22b) under the integral sign.

Using the fact that

—1 d
(E+—c zps)—= (6+c zps))

dc zs dp

we may transform c derivatives into p derivatives,
and then transfer them to Gi(p) by integrating by parts,
so the result of differentiating (8-22b) n times is

r(X+ 3—m)
Bg+zt"&(c)= lim (—1)"

2 (2~))z (tm+")

Dg+z(c, d; a,b)
—= lim

g—+p
0

e '*x—"e '*F(a b dx)F(x)x'dx

r (a+n) I' (b)
Bi~„+o(c)d"

=o r (a)I'(b+ n) n!

I'(a+n)1" (b)=RE
a=o m=o I'(a) I'(b+ n) n!

( 1)m
XA (II,+m+n+2) c d", (8-25)

ma1

where F(a,b, s) is the confluent hypergeometric function.
The region of convergence is at least c &E/2,
~d~ &E/2, for c and d unrelated, and is c &R if
c=d; R is defined as the smallest distance from the
origin of a singularity of Gi(p). The series converges
to the integral wherever the integral exists, i.e., at
least for Re(c) &~0, Re(d) &~ Re(c).

The single series (8-24) is seen, by the definition
(8-21) of Bq(c) and the expansion (8-2) of the con-
Quent hypergeometric function, to be the result one
would obtain by inserting this expansion and inte-
grating term by term. The form (8-25) then follows
from Lemma (8-2), and as in Appendix A is the result
which would be obtained by expanding bo/h F(a,b,dx)
and e " in powers of x and integrating this double
series term by term.

By employing the integral representation

p I dsP (s)s m a——
—00 —l

F(a,b,dx) = 1(b) pl
e"'ata '(1—t)Ma —idt

r(a)r(b —a)

X (e+c ips)" —" 'G t"+i"'(p) (8-23. )

But, setting c=o, we see by comparison with Eq.
(8-15) that

Bg+zt" & (0)= (—1)"A i(I~+n+2; m+n)
—= (—1)"A (X+n+2),

so that the Taylor's expansion of Bq+o(c) is

00 ( c)a
Bi+z(c)=P A(X+n+2)

n=O s!
the radius of convergence, R&, being determined by the
position of the singularity of Gi(p) nearest p =0.
(Since the Taylor's expansion is actually independent
of I, we may conclude that 2i is the same for all /. )

In terms of these Lemmas, the last generalization is
straightforward:

Theorem (B-l).—Let the condition of Lemma (8-2)
hold, and in addition suppose Re (b))Re (a))0,
Re(c) ~& 0, Re(d) &~Re(c). Then we have the following

in which the x dependence is exponential, the proof of
this theorem becomes very similar to the proof of
Lemma (8-2). Since by assumption Re(o+c—dt —ips)
)0, we can use a slight generalization of (8-12) and
(8-13) to find the FBT(t) of the first factor in the
integrand. Using Parseval's theorem and differentiating
under the integral sign e times with respect to d, we
find, as in (8-23),

I

—
I D&+z(c,d; a, b)

(ad)

(—1)"+"I'(b)I'(X+3—m)= lim
' ' 2(2n-)lii'+"+ il'(a)1'(b —a)

~ao i
pi

dP ds dt P(s)sJ, J,
X (eye dt zPs)m

—x—3G (m+ i (P)

Xta+a—i(1 t)b—a—i (8 26)
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For v=0, this can be written in a form analogous to
Eq. (8-22a). By again distorting the contour of the p
integration to that of Fig. 4, with a semicircle of
radius R, we can use this form to analytically continue
(8-26) as a function of d from the region Re(d) &~Re(c),
for Re(c)&~0, to include a pocket about d=0. As in
the proof of theorem (8-1), singularities in d are
avoided if we require ~c dt! &—R, since ~p( &~R on
the new contour, and this can be accomplished (for
0&&t&~1) by requiring, e.g. , that [c~ &R/2, ]d[ &R/2 if
c and d are unrelated, or

~

c
~

&R if c=d.
By this means we see that Di+2(c,d; a,b) is analytic

in d in a region about the origin and thus has a Taylor's
expansion in d. The coeKcients may be found from
(8-26), which is valid for Re(c) &&0, Re(d) &~Re(c), by
setting d=0. The t-integration then separates from the
other two, and by comparison with (8-22b) we see that

f((r) Yi (r) e'~'F(r)d'r

' ~ g(P)G-(k, P)P'dp, (8-»)

where gi(p) is the FBT(l) of fi(r), G(p) is the three-
dimensional Fourier transform of F(r), and

G(„(k,p) = dQy Y(„(p)G(k—p). (8-32)

where g&(p) is exactly the FBT(l) of f~(r), as defined
above. Consequently, in this special case, Parseval's
theorem takes the form

i
—

I Di+2(c,O; a,b)
&ad)

r(b)=»+.+~(c) ta+n i(1 —t)s-a—idt
r(a)r(b —a) "o

I"(a+re) r (b)=»~~~2 (c)r (a)r (b+~)

G(p) =(2m.) *' ~F(r)e 'i"d3r. (8-27)

using Eq. (A-15), and this establishes the expansion
(8-24).

Finally, the form of the matrix element for the
emission or absorption of a photon, to which we wish
to apply this theorem, requires that we state it in a
slightly more general form. We need 6rst the de6nition
of G(p), the three-dimensional Fourier transform of
F(r):

Thus we have reduced the right-hand side of (8-31) to
a one-dimensional integral; using this as a basis, we
can readily prove the following generalization of
Theorem (8-1), for the case c=d in which we are most
interested.

Theorem (B-Z).—Let the following conditions hold:
(a) X)I—2; (b) F(r) is absolutely integrable over all
space and has the Fourier transform G(p); (c) G~ (k,p)=J'G(k —p)Y~ (p)dQ~; (d) G~ (k,p) possesses all its
derivatives with respect to p everywhere on the real p
axis, for k)0, and d"G~„,/dp"—=G~ &"~(k p) =O(p ') as

~ p ~

—+ ~, for all e, I, and m, and. for k) 0; (e) Gi (k,p)
is analytic in p, for 0~& ~p~ &R(k) for all I, and for
k) 0; (f) Re(b)) Re(a) &~0; Re(c) &~0. Then

lim e '"r"e "F(a,b, cr) Yi (r)'e'"'F(r)d'r.-o J

r(a+I)r(b)=(—I)'Z Z-
=-o =-o r(a)r(b+n)n!

The inverse theorem is then
( 1)m

&&A (X+m+m+2) c"+; (8-33)
nsI

F(r) = (2'):) G(y)e'&'d'p

and the form of Parseval's theorem which we need is

Fi(r)e'"' ~F(r) rd= Gi(y) G2(k —p) d'p.

Furthermore, if F(r) has the "partial wave" form,

F(r) =fi(r) Yi-(t'),

its Fourier transform is

G(p)=~ 'gi(p) Yi (P)

where F(a,b,s) is the confluent hypergeometric function,
and A(X+m+n+2) is defined just as in (8-10), but
with G~ (k,p) substituted for G~(p). The series con-
verges for ~c~ &R(k), and converges to the stated
integral wherever the integral exists, i.e., at least for

(8-29) Re(c)&~0. If we set c=O, the series reduces to the
single term m=m=0, and from the result for this
case we see that (8-33) is just the series which would
be obtained by expanding both e '" and. F(a,b, cr) in
powers of (cr) and integrating the resulting double
series term by term.

To prove this, we note that by (8-31) the integral of
(8-30) (8-33) can be transformed to
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(—1)"F(b)F ()~+3—srt)

(—i)'lim dp ds dt~ 2(2sr)&i&'~iF(a)F(b —a) "
)&Pt(s)s~(e+c —ct—sps)" " 'Gt '"'(& P)

by the same manipulations as were used to obtain
Eq. (B-26). But except for the factor (—i)', this is
identical with the integral of (B-26), with st=0, e=d,
and Gi(p) replaced by Gi (t't, p). Consequently the
remainder of the proof follows identically the proof of
Theorem (B-1).
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Scattering of 18-Mev Alpha Particles by C", 0" and S"f
J. C. CORELLI, * E. BLEULER, AND D. J. TENDAI

Departraelt of Physsos, Pgrdtte UNeserssty, Lafayette, Irsdiarsa

(Received July 15, 1959)

The scattering of 18-Mev alpha particles by gaseous C3Hg, 02, and H2S targets was studied with a
multiplate scattering chamber. The elastic angular distributions exhibit the diffraction-like pattern typical
of light elements. Carbon and oxygen show a sharp rise above the Rutherford cross sections at the backward
angles, with values o/ oonf 660 for carbon and 350 for oxygen near 173'. A good fit to the angular distri-
bution for inelastic scattering leading to the first excited state of C" (4.43 Mev, 2+) is obtained using a
fjs(qR)$3 dependence with R=S.SX10 " cm. No direct-interaction analysis is possible for the alpha-
particle groups corresponding to the 7.65-Mev and 9.61-Mev levels in C' and to the excited states of 0'6
up to the 8.87-Mev level. All these distributions show strong forward peaking. In the case of inelastic
scattering by S33 (Q = —2.44 Mev), an interaction radius of 6.5X10 "cm can be deduced from the angular
distribution, though the agreement with Lj&(qR)g is rather poor. A summary of elastic scattering results
for elements in the range from Z=6 to Z= 47 is presented. Expressions for the second-order geometry and
the multiple-scattering corrections are given.

I. INTRODUCTION

HIS investigation is part of a program to study
the scattering of 18- to 19-Mev alpha particles

by light and medium-heavy nuclei. The scattering
cross sections of Ne, Al, A, Cu, and Ag have been
discussed in earlier reports. ' ' In the present study, C,
0, and S were investigated. The carbon and oxygen
targets were chosen because the elastic cross section
for neon had shown a significant rise at large angles
and it seemed desirable to check this trend at lower Z.
Sulfur was included as one of the heavier nx-type nuclei
and because it was hoped that eventually an accurate
theory might allow the determination of the nuclear
deformation from the angular distribution of the
inelastically scattered alpha particles leaving S" in its
first excited state. 4

With the present measurements, a fairly complete
survey of the elastic alpha-particle scattering at 18 to

t Work supported in part by the U. S. Atomic Energy Com-
mission. This article is based on a doctoral thesis submitted by
J. C. Corelli to the faculty of Purdue University. Preliminary
reports have been given in Bull. Am. Phys. Soc. Ser. II, 2, 34
(1957), and Ser. II, 3, 199, 200 (1958).*Now at Knolls Atomic Power Laboratory, Schenectady, New
York.' E. Bleuler and D. J. Tendam, Phys. Rev. 99, 1605 (1955).

2 Seidlitz, Bleuler, and Tendam, Phys. Rev. 110, 682 (1958);
(references to earlier work are cited therein).' Gailar, Bleuler, and Tendam, Phys. Rev. 112, 1989 (1958).

4 S. Hayakawa and S. Yoshida, Proc. Phys. Soc. (London) A68,
656 (1955). S. Hayakawa and S. Yoshida, Progr. Theoret. Phys.
(Kyoto) 14, 1 (1955).

19 Mev is now available in the range of elements from
Z=6 to Z=4/.

~%. A. Higinbotham and
688 (1951).' Gailar, Seid]itz, Bleuler,
126 (1953).

7 Corelli, Livingston, and
(1957).

S. Rankowitz, Rev. Sci. Instr. 22,

and Tendam, Rev. Sci. Instr. 24,

Seidlitz, Rev. Sci. Instr. 28, 471

II. EXPERIMENTAL PROCEDURE

The experimental methods used were essentially
those described by Seidlitz et ul. ' The external alpha-
particle beam of the 37-inch cyclotron was focused by
means of a magnetic quadrupole lens into a 19-inch
diameter scattering chamber and collimated within a
cone of 0.56' half-angle before passing through the
target. The beam was collected by a Faraday cup and
measured with an integrator of the type designed by
Higinbotham and Rankowitz. ' The maximum error in
the number of incident alpha particles is 1.5%. The
average incident alpha-partcle energy was obtained,
with an estimated maximum error of 1'%%uri, by measuring
the mean range in aluminum. '

The target materials used were reagent grade propane
(C3H3), oxygen (03) and hydrogen sulfide (H3S), and,
for one auxiliary run, a polyethylene foil. The gases
were contained in a brass target cell with a —,-mil thick
Mylar window, described in detail by Corelli et ul. The
metal parts of the target cell did not obstruct the paths
of particles scattered in the range of angles from 10'


