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(see Fig. 6), except that the broad onset occurs around
3.5 ev.
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Results of Sauter are expressed in the form of a transition matrix which determines the photoelectric
effect cross section for arbitrary x-ray polarization and arbitrary initial and final orientations of the electron
spin. The structure of the matrix elements accounts for curious properties of the cross section in terms of
interference between orbital and spin currents. Expansion of the wave functions into powers of Z/137
simplifies the calculation of the transition matrix, reduces it to a special case of the bremsstrahlung theory
in Born approximation, and explains discrepancies between results of earlier calculations. Analytical and
graphical data are given on the photoemission of polarized electrons by circularly polarized x-rays.

1. INTRODUCTION

~' 'NCERTAINTIES regarding the significance of
theoretical results on the photoelectric eGect and

discrepancies between experimental results have stimu-
lated an e6ort to clarify the content of the theory and
to develop further its application. In the course of this
work it has emerged that the theories of the photo-
electric e8ect and of bremsstrahlung coincide, in essence,
to lowest order in Z/137. This paper reports the results
of analysis and calculations on the photoelectric eGect.
Separate papers deal with the mathematical justi6cation
of the expansion which establishes the connection with
bremsstrahlung, ' with applications of this connection' 4

and with a detailed analysis of spin effects in the absorp-
tion or emission of radiation. '

An important relativistic calculation of the cross
section for the photoelectric eGect in the E shell of
atoms was carried out by Sauter in 1931."The calcu-
lation involved an expansion into powers of the atomic
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number Z and has accordingly often been classed as a
Born approximation, although this term is properly
applied in a more restricted sense. Because Sauter did
not follow the usual rather simple method of Born
approximation calculations, his results are not physic-
ally transparent. ' Sauter himself felt unable to "read
out" of his calculation results on the probability of
electron spin reorientation which were implicity con-
tained in it (reference 7, p. 485). Spin orientation and
its relation to circular polarization of the x-rays have
attracted increasing attention in recent years, ' and
will be considered in some detail in this paper.

It may be noted that the integral cross sections for
the photoelectric effect calculated by Sauter for high-Z

materials exceed by a factor 2 those obtained nu-

merically by Hulme et a/. , with exact Coulomb-6eld

wave functions"" and those obtained experimentally
at relativistic energies. (The discrepancy is much larger
still at lower energies, e.g. , at 50 kev. ) On the other
hand, the Hulme procedure has never been applied
extensively or to verify whether any of the more

8 An independent derivation of Sauter's results by A. Sommer-
feld, Atombatt agd SpektratHrtiert (F. Vieweg und Sohn, Braun-
schweig, 1939), second edition, Vol. 2, p. 482 ff., proved of little
advantage in this respect.' See in particular, K. W. McVoy, Phys. Rev. 108, 365 (1957).

"Hulme, McDougall, Buckingham, and Fowler, Proc. Roy.
Soc. (London) 149, 454 (1935).

» See in particular, W. Heitler, Quantum Theory of Radiation
(Oxford University Press, Oxford, 1954), third edition, p. 209 ff.
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detailed results of Sauter should be attributed to in-
adequate approximation.

Two qualitative features of the Sauter results are
somewhat surprising. One is that the differential cross
section for ejection of photoelectrons in the direction
of the incident x-rays vanishes. This result would
follow for a spinless K-shell electron from the trans-
verse character of x-rays and the conservation of
angular momentum, but the possibility of a spin Qip
makes forward emission consistent with the conserva-
tion requirements. Forward emission has in fact
been observed" and Sauter himself verified that his
formulas do yield forward emission when evaluated
numerically prior to an approximate expansion. "

The other surprising resu'lt concerns the preferential
direction of photoelectric emission under the inhuence
of linearly polarized x-rays. Maximum emission might
be expected in the plane containing the electric vector
and the direction of propagation of the x-rays. However,
according to Sauter this occurs only at low energies,
whereas at energies of the order of 1 Mev and at large
angles with respect to the x-ray direction ejection occurs
with maximum probability in the plane of the magnetic
vector. Direct experimental evidence on this point has
thus far been contradictory. ""

Still another remarkable phenomenon, contained
implicitly in the Sauter theory and emphasized in
reference 9, is a strong correlation between any circular
polarization of high-energy x-rays and the helicity
(longitudinal spin polarization) of the photoelectrons.
This eGect has an analog in the bremsstrahlung pro-
cess.""It is explained only in part by the conservation
of angular momentum in spin-Qip. processes and it will

be shown to be closely related to the other effects of
x-ray polarization.

In order to facilitate the interpretation and extension
of Sauter's result, two steps were taken. Sauter's results
were expressed in the form of a transition matrix"
rather than of a cross section averaged over spin
orientations; each element of the transition matrix is
the probability amplitude that a photon of specified
polarization be absorbed by a E-shell electron of given
spin orientation in a transition to a state of given final

momentum and spin orientation. Alternative forms of
the transition matrix, corresponding to different choices
of x-ray polarization and spin orientation, are given
and discussed in Secs. 2 and 3. The spin and polariza-
tion effects discussed above can be identified in the

'2A. Hedgran and S: Holtberg, Phys. Rev. 94, 498 (1954);
Arkiv Fysik 9, 245 (1955).

'3 F. Sauter and H. O. Wuster, Z. Physik 141, 83 (1955).
'4 W. McMaster and F. Hereford, Phys. Rev. 95, 723 (1954).
'~ D. Srini et al. , Nuovo cimento 6, 98 (1957)."K.W. McVoy, Phys. Rev. 106, 828 (1957); 111,1333 (1958).
'7 K. W. McVoy and F. J. Dyson, Phys. Rev. 106, 1360 (1957).
"We thank Dr. H. Mendlowitz for suggesting this procedure

and for numerous discussions.

structure of the matrix elements and traced, in part, to
interference between contributions from the action of
x-rays upon orbital and spin currents.

A second step of simplification of Sauter's theory is
carried out in Sec. 4 by expanding the initial and final
wave functions of the electron into powers of Z/137
before the calculation of matrix elements, instead of
calculating the matrix elements first and then expand-
ing them to lowest order in Z/137. The expansion of
the E-shell wave function [exp( r/—az) 1 r/—az$ has
only a restricted, ad hoc, mathematical significance; it
may be regarded as a symbolic procedure whose signifi-
cance and justification are given in reference 1. The
erst two terms of the expansion represent a E-shell
state as a zero-energy free-particle state perturbed to
first order by the nuclear attraction; the binding energy
due to this attraction is disregarded because it is of
order (Z/137)'. The calculation of the transition matrix
for the photoeffect becomes thereby equivalent to the
corresponding calculation, in Born approximation, for
a bremsstrahlung process in which the electron is left
with zero kinetic energy. The calculation shows then
that the forward emission of photoelectrons vanishes
in the Sauter approximation because of cancellation
between the contributions of two Feynman diagrams.
It also shows that the results of reference 9 differ from
Sauter's because reference 9 disregarded the Feynman
diagram corresponding to nuclear perturbation of the
final-state wave function. " One can also analyze,
simultaneously for the photoelectric effect and brems-
strahlung, the calculation of matrix elements to see
how the dependence of the process on x-ray polarization
and spin orientation derives from the mechanics of the
Dirac electron; this is done in reference 5.

Because a significant contribution to the matrix
element for the photoelectric effect has been disre-
garded in reference 9, the data on the cross section given
in that reference must be rectified. This has been done
independently by Olsen, "but some data are neverthe-
less presented analytically and graphically in Sec. 5.

No eGort has been made in this paper to proceed
beyond the Sauter approximation, even though it
yields absolute cross sections of very low accuracy for
heavy atoms. The next higher order of approximation
has recently been calculated. "

2. TRANSITION MATRIX DERIVED FROM
SAUTER'S CALCULATION

The state of a E-shell electron perturbed by x-rays is
described in the Sauter theory' by means of a 4-com-

"The perturbation vanishes in the nonrelativistic limit. It was
also disregarded in an unpublished calculation which was men-
tioned in references 9, 14, and 15.

"H. Olsen, Festskrift til Egal IIylleraas (Bruns, Trondheim,
1958). We thank Dr. Olsen for an advance copy of his paper.' M. Gavrila, Phys. Rev. 113) 514 (1959).
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ponent Dirac wave function. This wave function in-
cludes an outgoing spherical wave which represents the
current of ejected photoelectrons. Polar coordinates
(r,8, po) are utilized with the direction of the incident
x-ray beam as polar axis. Spin orientation states with
magnetic quantum numbers a—,

' are referred to this
polar axis.

As emphasized by I enard, "it is sufficient to consider
a single state which, in the absence of x-ray perturba-
tion, has a spin orientation represented by a specific
value of the magnetic quantum number mo, other states
are related to it by symmetry transformations. The
quantum number mo of the initial state of the photo-
electron is observable because it coincides with the
quantum number of the "hole" left in the E shell after
photoelectric emission and thereby influences the polari-
zation of the characteristic x-rays or Auger electrons
which are emitted subsequently.

It is also sufficient to consider incident x-rays
polarized linearly in a single plane, provided one
considers the emission of photoelectrons as a function
of the azimuth difference between the meridian planes
containing the directions of the photoelectron and of the
linear polarization. Sauter considers x-rays with the
electric field at the azimuth q =. —,'x.

If we call QKmp the wave function of unperturbed
E-shell electrons with spin orientations ma= ~—'„
Sauter's wave functions may be indicated respectively
by inc;+i' and inc;+imp, where pr and ps indicate the
outgoing spherical waves resulting from the perturba-
tion by the x-rays. Sauter represents pr and ip& in

the form

i(F9e '"+Gse'")
—(Fi+Gie"")

—(F4e '"+G4e'")
s(Fp+Gpe" &)

i(Fi+Gie—'" )
Fse'"+Gpe '"
—(F,+G,e '"~)—
i (F e'~+G4e —'~)

where each F and G is a function of the polar coordinates
r and 9 and the dependence one characterizes the photo-
electron's orbital angular momentum about the polar
axis.

Complicated analytical expressions of P and G are ob-
tained in reference 7 and are then evaluated asymptoti-
cally for r ~ ~ and by expansion into powers of Z/137
and Z/137P, to lowest order in these parameters. As usual,

P indicates here the velocity of the ejected electron, in
units of c; units such that k= c= 1 will be used through-
out this paper. Notice that Z/137P(&1 only if the photon
energy greatly exceeds the E absorption edge. The
result to first order in 1/r, reference 7, Eq. (28), is

"A. Lenard, Phys. Rev. 107, 1712 (1957).

E—m
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( E—2m
F =f()&(8)l-
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'
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G4= f(r)&(8) (—cos8),

f(r) =e*"Ir

( m ) ' p'sin8
&(8)=«

2V2137' 4F. m) (1—p—cos8)'

(3)

F-, p, and m are the energy, momentum, and mass of the
photoelectron, Z the atomic number, and rp ——e'/mc'
the "electron radius. " The factor 8 is normalized so
that the outgoing wave represents the effect of perturba-
tion by an incident x-ray Aux of 1 photon cm sec

If the electron had been treated by the Schrodinger
method and its wave function for large r were of the
form Pr f(r)g (8,y), w——ith the conventions adopted
above, the differential cross section for photoelectric
emission of E-shell electrons per unit solid angle in the
direction (8, pp) would be simply

do (8 q')IdQ, = 2p
I g (8 ~) I

'. (5)

The Dirac wave functions given by (1)—(4) may also be
expressed in the form f(r)g(8, y), where g(8, 1o) indicates
a spinor with components g, (8,y). The cross section
obtained by Sauter has accordingly the form

d (8o, q)/d0=2P Q;lg;(8, p) l', (6)

considering that the P, l g; l

' has the same value for the
two initial E-electron states with mo ——~—,'.

The summation over squared spinor components in
(6) makes no use of the information which is contained
in f& regarding the spin orientation of the ejected
electron and which could be represented by other
expressions bilinear in g, and g,*.One method of analyz-
ing this information consists of expanding the spinor
g(8, po) into a superposition of two spinors I (8, 1o) with
m= a-,', corresponding to outgoing electrons whose
spin —in the rest frame of reference —is directed either
way along the s axis. These spinors are determined as
solutions of the Dirac equation for free electrons of
momentum p= (P,8, pp), because the spherical wave iPi
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approximates a plane wave with h'

r e a ion o iracmatricesadopted
er e p ane wave spinors are

We then set

(8+m) *

I;(8,v)=I ( 2Z & [p/(8+m) j cos8

i[p/—(8+m) j sin8e' &.

4~(r 8, p) =f(r)t,'(8, ~)
=f(~) 2-=+-:~-(8,~)&--.(8,p), (8)

where h, =g, u,*g;, since the s in
li d o1 do, an where the subscri t —' ha

asareminder th t h

'p —, as been added
a t ewavefunction an

pertain to th e initia X-shell state w
ian t espinorg

number mo=-'.
e with spin quantum

i wo= —2, one 6nds

t'8+m) &

I ) 8, q)=i~ &2Z~) i[p/(8+m) j sin8e-'&

. —[p/(8+m)] cos8

(7)
"-p(8,p)=~(8)( I

T.. (,t
2E

i~.) -'""
where the subscript y of the matrix Tmm

l
'

fi ldd'i e irection of the incident -, hn x-rays, where

(9)

Tmmpp(8, y) =

mgmp

e'"—[1—a(8)]e '~

1
2

b(8)

—e '"+[1—a(8)je'"
(10)

and where the functions

are shown in Fig. 1.

IOO
l I

o(&) = SOLID LINE
b(8)"-DASHEO LINE

IO Mgv

a(8) =
E m( p c—os8) ()=

E mp sin8—
(11)

m 8+m

Equations (9) and (10) include all the in f
in e auter theory for Z/137P&(1. The

transition matrix TMMoP for aror arbitrary polarization I'
o t e incident x-rays and for
3f M ref

y an or spin quantum numbers

o referred to arbitrary axes of ref
from (10) b

y axes o reference, is obtained

polar axis, as above, we have

~ I.O
o

a

O.I

IO Me'I

W~p
~~I Mev«2

I Mev .5

.25

~.l Mpv

ll t
p

Fxo. 1. The functions
a(0) and b (0), for various
values of the incident
photon energy in Mev.

Tm px(8, q)

—eim~sm—e * mmpy(8, pp+-'m)e ' p-*'

e'"+[1—a (8)ge
—'&

—b(8)

b(8)

e-' +[1—a(8)]e'
' (12

(1/v2) T pp(8, q)

,'Z[Tmmpz(8, p)—+—z6Tmmpy(8, q)j

where the rowows and columns are labelled as in 10 . For

I I
.o, l &I JI

Oo

.I Mev

/

&I]
45' 90' I 55' I 80'

b(8)

0 [1—a(8)je'

[1—a(8)]e—*& 0

for 6=1

"The 4-c- omponent wave functionn v'1 can be resolved into a
~ ~

y wo asic spinors bec
ive energy eigenvalue E.

b(8)
for 8 = —1. (13)

To o tain the transition matrix fa rix or circular polarization
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and for spins referred to the direction (8,y) of photo-
emission (electron helicity eigenstates, M= e, Mo= co),
one transforms (13) with the unitary matrix

cos-', 0 e'&~ —sin-,'8 e "~

i sin~g e'&& i cos-,'0 e "" (14)

)In this matrix the phases are adjusted in accordance with those of the Sauter spinors (7).$ One 6nds

(1/~2Teeob(8&p) = (1/v2) gmmp Uemjmmps(8&p)U mono

1——,'a (8) (1—cos8) ——,'b(8) sin8

', i/ —a(8)sin8 —b(8) (1—cos8)]

', i/a(8) sin8+b(8) (1+cos8)]
for 5= j.

1—i2a(8) (1+cos8)+-',b(8) sin8

1—~a(8) (1+cos8)+i~b(8) sin8 ~iLa(8) sin8 —b(8) (1—cos8))

—~iLa(8) sin8+b(8) (1+cos8)$ 1—i~a(8) (1—cos8) —2b(8) sin8
for 8= —1. (15)

The total cross section (6) is given in terms of T by

do(8, y) 2E
=PB'(8) P ~

TsrmoJ (8, p) ~'; (16)
dQ g—m MMp

the partial cross section for photoemission of an electron
with spin M is

dais~(81) q) 2E
=pB (8) p ~

T3fMOP(8 p) ~'. (17)
dQ E—m~0

3. DISCUSSION OF THE TRANSITION MATRIX

The matrices T are unnormalized transition matrices.
Their elements are proportional to probability ampli-
tudes of electron transitions from a E-shell state with

spin orientation Mo to an unbound state in which the
electron travels away in the direction (8,p) with spin
orientation M, the transition being produced by the
absorption of a photon with polarization I'. The de-
pendence on p of the matrix elements in (13) has the
simple form

ei(b+mp —m) y

The difference of the initial and final state quantum
numbers 8+mo and m in the exponent represents the
quantum number that identifies the photoelectron's
orbital angular momentum about the s axis, as antici-
pated at the beginning of this section. Accordingly, the
terms with exp(aiq) in the diagonal elements of the
linear polarization matrices (10) and (12) represent
the separate contributions of the circularly polarized
components into which the linear polarization can be
resolved, '4

All probability amplitudes for the emission of a
photoelectron in the forward direction (8=0) vanish
owing to the factor sin8 in the coefficient B(8), Eq. (4),
which multiplies all the matrices T. As noted in the in-
troduction, photoemission must vanish at 8=0 when-

ever the orbital motion of the photoelectron receives

24It can be veri6ed that the terms with exp(&i@) originate
respectively from the terms G and E in (1) and that these terms
stem, in turn, in reference 6, from the circularly polarized com-
ponents of the x-rays.

a nonzero angular momentum about the polar axis.
In the scheme of Kq. (13), this angular momentum is

(8+mp —sl)lt:. Therefore the matrix elements corre-
sponding to spin flip (nz/mo) need not vanish at 8=0
for transitions with 8+mo —tN=O. In fact, these matrix
elements vanish quadratically at 8=0 owing to the
additional factor sin8 in the expression (11) of b(8). A
further analysis of this result is achieved by a recalcula-
tion of the matrix elements in Sec. 4 and reference 5.

Another remarkable feature of the Sauter results is

the fact that photoelectrons with kinetic energies 2m

are less likely to be directed along the electric than
along the magnetic Geld of the x-rays, for 0 —,'x. This
result is observed by comparing the transition matrices

Tmmoz(8, 0) = z
2 —a(8) b(8)

b(8) 2——a(8)

—a(8) ib(8)
o*(8,~~) =

—a(8) a(8)

In these two matrices all spin-fhp elements (mWmo)

have the same magnitude, b(8), as one would expect.
On the other hand, the nonQip elements have magni-
tudes (2—a(8)

~
and a(8), respectively. Consider now

the behavior of a(8) in Fig. 1. This function is always

positive, it increases with increasing 8, and it increases

rapidly with increasing photon energy E—m. Therefore
the ratio of matrix elements

(2—a(8) j/a(8) (20)

whose square is the probability ratio of nonQip photo-
emission at the azimuths of the electric and magnetic
fields, is very large at low energies and small 0 and there-
after it decreases as 0 or E—m increases. In particular
this ratio is less than 1 at 8= ~x provided E—m&m; it
passes through zero at 8=-', m and E—m=2m and
eventually approaches —1 for very high energies.
Therefore the photoemission at any given 0 is largest
at the electric field azimuth at low energies, at the mag-
netic field azimuth at higher energies, and eventually
becomes uniform in the high-energy limit.

This variation of the ratio (20) may be called an
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effect of destructive interference between the contribu-
tions 2 and —a(8) to the nonfiip transition matrix
elements Ti,*,(9,0) and T=,=;,(9,0). This interference
effect will presumably remain signihcant in a theory
more accurate than Sauter's, because the corresponding
effect in bremsstrahlung has been clearly observed ex-
perimantally. ' Because both a(8) and b(8) vanish in the
limit of low photon energy, at which limit the transition
matrices take the form to be expected for the photo-
emission of a spinless particle, one may surmise that
the contributions a(8) and b(8) to (19) and the resulting
behavior of the ratio (20) stem from the electron spin.
This surmise is conhrmed by the recalculation of the
transition matrix in reference 5.

In summary, a detector capable of observing only
nonAip photoemission would yield zero response for that
combination of electron energy and direction in the xs
plane which makes 2—a(8) =0. A detector insensitive to
spin orientation observes only a minimum in the
xs plane.

The correlation between the circular polarization of
the x-rays and the spin orientation of the photoelectron,
which was mentioned in the introduction, is displayed
in the transition matrix (13), where the elements
whose 6 and ns have equal signs are larger than those
with opposite sign (except 0) ~m at very high energy).
We have indeed two separate effects: (1) The spin-flip
elements vanish when 6 and m have opposite sign.
(Since in this case 5+no —m=2, the matrix elements
could differ from zero provided two units of angular
momentum were absorbed by the orbital motion of
the photoelectron. ) (2) The non-spin-flip elements
with 8 and m of opposite sign are reduced by destructive
interference between the contributions proportional to
1 and to —a(8). This effect is thereby related to the
reduction of the ratio (20) for linearly polarized x-rays.

Whenever 1—a(8)=0, one whole row of each 2X2
matrix in (13) vanishes. No electron is then ejected
with spin opposite to that of a circularly polarized
photon; the degree of spin polarization of the photo-
electrons equals the degree of circular polarization of
the x-rays (see Fig. 3 in Sec. 5). This condition is ful-
6lled for one angle 0&0&x whenever the photon energy
exceeds -', mc'. In particular, circularly polarized x-rays
of energy mc' yield 100% transverse spin polarizatio of
the photoelectrons ejected at 90', according to the
present (Sauter) approximation. It seems plausible tha, t
the matrix elements indicated by 1—a(9) in (13) would
in fact vanish, in an exact theory, at some value of 0

whenever the photon energy is sufficiently high. On the
other hand the matrix elements equal to zero in (13)
would probably not vanish in an exact theory; an
experimental determination of the maximum attainable
degree of spin polarization would provide an estimate
of the actual departure from the Sauter approximation.

Notice finally that the elements of the matrices T are
related to one another by a relationship equivalent to

where the polarization P' is obtained from P by reQec-
tion of the polarization vectors on the xs plane. This
reRection leaves the polarization x unchanged, changes

y into y'= —y and thereby reverses the sign of the
matrix (10), and changes 6 into 6'= —8. Equation (21)
expresses the fact that the transition probability ampli-
tudes are invariant under the following combination of
operations: (a) reflection of all polar vectors on the xs
plane, which changes q into —

q and P into P', and
(b) rotation of all spins by 180' about the y axis, which
changes (m, neo) into (—m, —mo) and multiples T by
(—1)" 0. This invariance derives from the well known
invariance under the following separate operations,
whose combination is equivalent to the combination
of (a) and (b), namely: (A) inversion of all polar
vectors, but not of spins, at the origin of coordinates,
(8) simultaneous rotation of all polar and spin vectors
by 180' about the y axis."
4. EXPANSION OF THE K-SHELL WAVE FUNCTION.

CONNECTION BETWEEN PHOTOEFFECT
AND BREMSSTRAHLUNG

The interaction of an electron with radiation of wave
vector k and polarization vector e may be represented
by the Dirac operator

e e e'"' (22)

The probability amplitude for the photoeffect in the E
shell is proportional to the matrix element of (22)
between a E-shell and a free-electron state. In the
calculation of this matrix element a E-shell state with
spin quantum number ma=-', is usually represen. ted
by the Coulomb-6eld Dirac wave function

(2Znz) ~+l
+K-.', (» 0, q ) = L8'rI (2'r+ 1)]

E 137 )

where

—Z mr /187 (23)
z(1—r)' cos8

.i(1—y) i single'&

y = (1—Z'/137') '*. (24)

The calculations we are considering in this paper are
approximate ones, in which the matrix elements are
expanded into powers of Z and only the lowest signifi-
cant power is retained. To simplify the calculation and
make it more transparent we shall expand the wave
function (23) prior to calculation of the matrix element.

25 The theorem in reference 22 is restricted to Born approxi-
mation matrix elements because only in this approximation and
with appropriate phase conventions the sign reversal of y can
be expressed as a complex conjugation and sign reversal of the
matrix element.

I.enard's, ' namely,

(—1)~ oT —m —mop'(g& p) = Tmmpp(0, q)) (21)
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Interchanging the order of the operations of matrix
calculation and expansion should be regarded as an
illustrative device, in that the expansion of the wave
function has very limited validity per se but must be
judged in connection with its intended application.

A detailed analysis of the expansion, of its signifi-
cance, and of its mathematical justification has re-
quired considerable effort and is given in reference 1; it
leads specifically to the following results. The factor
r& ' in (23) can be disregarded in calculations to first
order in Z/137 because y —1=0(Z'/137'). After this
factor is dropped, only the values of the wave function
and of its first derivative at r=0 are relevant, to first
order in Z/137, because the photoelectric process takes
place near the nucleus. "That is, the approximate form
of the wave function to be utilized must be realistic
only near the nucleus. This form is found to be

Comparison of (27) with (26) shows that

-1]Zmq' -'

+:-(r)= -I I +.—:(r),
~ &137)

to 6rst order in Z/137. (28)

10'
I I I I

IO

I I I I I I I

m a--III

a

It follows from this relation among wave functions that
the calculation of the matrix element of the interaction
(22) in the Sauter theory of the photoelectric effect
coincides with the corresponding calculation in the
Born approximation theory of bremsstrahlung. More
specifically, the photoelectric effect corresponds to the
high-energy limit of bremsstrahlung at which the in-

p1 )Zmq 'y -*' 0

(~ &137) ) 0

Z 0

137 —,'z cos8

Z
+x-;(r,o, q) =+x-;"'+ +-;-"'+

137

(25)

IO
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LLJI-
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.-0. .2i sinI9e'&. -

Z
+y„(r)- e'i"—

137 27r2

A final state in which, following a photon absorption,
the electron travels away with momentum y and spin
quantum number m may now be represented, in analogy
with (25), by the usual Born approximation wave
function

'Q IO

e
K n

& o~
JH

IO

IO

10
0 10' 30 120' 150' 180

E(p)+e.p'+ pm
dp' e'i'" u„(p), (26)

(p'- p")
I
p- p'I'-

where u (p) is given by (7) in the Sauter representation.
The relationship of the expansions (25) a,nd (26) is

brought out by noticing that

4'x*, io'(r) =or 1(Zm/137)'u;(0)

and by expanding 4x;"&(r) into momentum eigen-
states. This expansion is part of the procedure discussed
in reference 1. One 6nds

1)Zmy' I- Z 1
+xi(r)= -I

~ &137) 137 2''
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"The minimum nuclear recoil momentum q, under the
limitation Z/137P«1 of the Sauter approximation obeys the
condition nz&g ))mZ/137. That is, the corresponding de Broglie
wavelength is much smaller than the E-shell radius.

FIG. 2. Differential cross sections for photoemission, by circu-
larly polarized x-rays, of electrons with spin parallel or opposite
to the direction of incidence.
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cident electron radiates all of its kinetic energy and is
left with zero momentum.

The relation between the Sauter calculation of the
photoelectric effect and that of reference 9 may be
indicated at this point. The matrix element of the
interaction (22) calculated with the wave functions
(27) and (26) separate out into terms of different order
in Z/137. The combination of the lowest order term of
(27) with the lowest order term of (26) yields a zero
contribution to the matrix element, because the
momenta ir and y of the photon and electron cannot be
equal consistently with energy conservation. The com-
bination of the second term of (27) with the lowest
order term of (26) yields a contribution to the matrix
element arising from the component y"=y —ir of the
Fourier integral of (27). This contribution is of order

10

10

10

1.0
e

40 r
F w

b
N

10

= —3I
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IO Mev
I.O '
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10 .05 .2 .5 I 2
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k =O.I

k=.6IS

FIG. 4. Integral cross sections for photoemission, by circularly
polarized x-rays, of electrons with spin parallel or opposite to the
direction of incidence.

matrix elements of reference 5, in which the contribu-
tion of different effects in the mechanics of the Dirac
electron are kept separate. This calculation identifies
the terms containing a(8) and b(8) in the transition
matrices of Sec. 2 as contributed by the action of
x-rays upon the spin current of the electron. It also
shows that the combinations of the first term of (26)
with the second term of (27) and of the second term of
(26) with the first one of (27) contribute separately
finite amounts to B(i))b(8) at 8=0, but that the two
contributions cancel out.

5. CROSS SECTIONS
-I.O

0 45' 90'
8

I35' 180'

FIG. 3. Degree of electron spin polarization parallel to the
circular polarization of the incident x-rays, as a function of the
angle of emission.

Olsen" has given an explicit formula for the cross
section (17), do-sri (8,p)/dQ, for ejection of an electron in

1.0

Z/137 and was considered in reference 9. However, this
reference disregarded the second term of (26) and
thereby the contribution it yields in combination with
the lowest order term of (27). This contribution arises
from the component y'=ir in the Fourier integral of
(26) and is again of first order in Z/137. The combina-
tion of the second term of (26) with the second term
of (27) is of order (Z/137)' and is accordingly disre-
garded in the Sauter approximation.

As indicated in the introduction, the approximate
connection between the photoelectric effect and brems-
strahlung established by (28) has applications de-
scribed in references 2, 3, and 4. It also makes applicable
to the photoeGect the calculation of the bremsstrahlung

A

v ~

0.05 0.1 0.25 0.5 I

P HOTON ENERGY, M ev
2.5 10

FIG. 5. Average degree of electron spin polarization in the direc-
tion of incidence ((Pq)) and in the direction of emission ((P&)).
27 Reference 20, Eq. {16);the factor e should be deleted in this

equation.
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the direction (8,p) and with spin quantum number
3f=-', referred to an arbitrary axis 8 by a photon with
any given polarization I'. Here we give data for the
special case of helicity eigenstates (M= e= a'p) and of
circular polarization (I'=b= a1) to replace the data
of reference 9. We also give data for the case of spin
orientation in the direction of the incident x-rays
(M=m= +2r), and for circular polarization, because
the results of Sec. 2 indicate that analytical expressions
are simpler in this case and, therefore, possibly more
fundamental.

Equations (17) and (13) yield

do p(8, po) =C(8)[1+b'(8)jdQ, for m= —2b, (29a)

dorp(8, lo) =C(8)$1—a(8) j2dQ, for m= —r28, (29a)

where
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IO
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~ 2

C(8) =4 PB'(8)
E—m

(m ) 'k+2m p' sin'8
r2 (30)

2 137 E k ) k+m (1—P cos8)

and a(8), b(8) are given by (11).Figure (2a) and (2b)
show do p/dQ as a function of 8 for various values of
k= E—m. Figure 3 shows the degree of spin polarization
in the direction of the photon momentum k.

I 1+b'(8)j—L1—a(8)2
Pt, (8) = (31)

L1+b'(8)3+L1- (8)3'

Notice that I'~ attains 1 at one value of 8 provided
3m, as discussed in Sec. 3.The corresponding integral

IO

IO
.05 .IO .25 .5 IA) 2.5 5

PHOTON ENERGY, Mev

FIG. 7. integral cross section for photoemission, by circularly
polarized x-rays, of electrons with helicity equal or opposite to
that of the x-rays.

cross sections are given by

Z' )mq»']k+2mq & 4k+m ]k q'
o „jj——4m. rp'f —

I +I —
I

1374 &k) & m i 3 m &m&

2k ) 1 1+Pp
~

1——ln ~, for m= pb, (32a)
k+2m ( 2P 1—PJ

Z' ~my '"
t k+2m' ' 5 4m

I
--+

1374 & k) & m ~ 3 k+2m

2km 1 1+P
t1— —ln

(k+m)(k+2m) 2P 1—P l

for m= —-', 8, (32b)

with P=k'(k+m)'*/(k+m). They are plotted as func-
tions of the photon energy k in Fig. 4. Figure 5 shows
the "average" spin polarization

~2 O'S S
—|T—~~ S

(~t)=
&-', p, p+ o —-,'e, e

(33)
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-&.o
0 45 90 I35 l80
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Fro. 6. Degree of electron spin polarization with helicity equal to
that of the incident x-rays, as a function of the angle of emission.

The diBerential cross sections pertaining to eigen-
states of helicity of the outgoing electron are obtained
from (17) and (15); they are"

"Note addediN proof We are very gratefu. —l to Dr. H. Banerjee
for pointing out to us that the sign of the last term of (34) in the
manuscript of this paper was originally incorrect, being at variance
with results published by him in Nuovo cimento, 10, 863 (1958)
and 11, 220 (1959).The error arose from an inconsistency in the
phases of (7) and (14). Equations (14), (15), (34), (35), (36),
Figs. 5, 6, and 7, and the relevant discussion have now been
corrected.
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d' =C(8){lL1+b'(8)+(1— (8))'3 eigenstates are given by
+ (—1)' &s-', $1+b'(8) —(1—a(8))' l cos8 Z' Jr m~

' )k+2mq —:

—(—1)' "b(8)[1—a(8)g»n8}a'fl (34) o, s=. 2m rs'i —
~ ~

137' kk j ( k )
The corresponding degree of polarization (helicity) is

P, (8)

{1+b'(8)—$1—a(8)]') cos8—2b(8)L1 —a(8)] sin8

1+b'(8)+L1—a(8)j'
k ~ l1+ st (k+ m) (k' —2ms) (1—P cos8)

(35)
(k+2m) 1+—'k(k' —m') (1—P cos8)

and is plotted in Fig. 6. As expected, Pv(8) and Pq(8)
are nearly equal at small 0, where the cross section is
largest at relativistic energies, and have opposite sign
at 8 180'. It is remarkable that Ps(8) approaches 1

for all values of 8 in the high-energy limit.
The integral cross sections pertaining to helicity

4 k' —m' ( m' 1 1+p~
x -+ —ln

3 m(k+2m) E (k+m)' 2P 1—Pj
k y

-'* 4 k+m k' —2m'
+(—1)' "( i

-+
(k+2m) . 3 k m(k+2m)

m' 1 1+pl
)&

/
1—— —ln f, (36')

(k+m)'- 2P 1—P)

and are shown in Fig. 7. The corresponding "average"
degree of polarization (Ps) is shown in Fig. 5.
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High-Frequency Limit of Bremsstrahlung in the Sauter Approximation
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The expansion in powers of Z/137 utilized in the Sauter theory of the photoelectric effect yields a nonzero
cross section proportional to Z' at the high-frequency limit of the bremsstrahlung spectrum, and also at the
low electron energy limit of the pair production spectrum. These cross sections are related to the Sauter
photoelectric cross section by detailed balancing. The results apply equally when the effects of spin orienta-
tions and x-ray polarization are considered.

"HE x-ray emission by electrons is calculated most
simply in the Born approximation. However this

approximation breaks down completely at the upper end
of the x.-ray frequency spectrum, because it involves an
expansion in powers of Z/137Po and of Z/137P, where Ps
and P are the electron velocities (in units of c) before and
after a radiative collision with a nucleus of atomic
number Z. The high-frequency end of the spectrum
arises from collisions in which the electron emerges with
P=O, so that Z/137P= ~ instead of being &&1 as re-
quired by the approximation method. Procedures have
been proposed to compensate this failure of the simple
theory through corrections derived by comparing the
exact and the Born approximation results in the non-
relativistic limit. ' 2

' See, e.g. , W. Heitler, Quantum Theory of Radiation (Oxford
University Press, Oxford, 1954), third edition, pp. 242—247.' G. Elwert, Ann. Physik 34, 178 (1939);E. Guth, Phys. Rev.
59, 329 (1941);P. Kirkpatrick and L. Wiedemann, Phys. Rev. 67,
321 (1945). In addition, F. Nagasaka, thesis, University of Notre
Dame, 1955 (unpublished), and M. V. Mihailovic, Nuovo cimento

This paper presents a modified Born approximation,
which applies at p 0 and involves an expansion in
powers of Z/137Pe and Z/137 instead of Z/137P. The
modified ("Sauter'") approximation yields, like the
earlier corrections, a simple renormalization of the Born
approximation results. Whereas the earlier corrections
were tentative extrapolations and were intended to
apply throughout the range 0&P(1, the correction
introduced here has a more definite foundation and
applies only for P&Z/137. The result obtained in this
paper for the high-energy limit of the bremsstrahlung is
directly applicable to the low electron energy limit of
pair production and is related by detailed balancing to
the cross section for the photoelectric emission of atomic
electrons calculated in the same approximation. No
attempt is made here to take into account the terms of

9, 331 (1958), have carried out calculations at the high-frequency
limit using Sommerfeld-Maue wave functions; however, they do
not discuss the significance of these wave functions at p=0.' F.. Sauter, Ann. Physik 9, 217 (1931) and 11, 454 (1931).


