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An investigation of the form factors in E„g and E,& decay amplitudes, on the assumption of local produc-
tion of the fermion pair, is carried out by means of dispersion relation techniques. The approximation is
made of taking explicit account of E-x scattering in the unitarity condition and incorporating all the other
contributions into a single arbitrary parameter. The validity of this approximation is discussed. The results
are expressed in terms of 8 and P phase shifts for Z-~ scattering.

1. INTRODUCTION

SYSTEMATIC investigation of decay processes
has been lately carried out within the framework

of a universal Fermi interaction with V-A coupling.
However, with regard to E» and E,3 one has not yet
come to a definite conclusion. The theoretical analysis
predicts that for each given type of coupling the de-
pendence on the lepton energy is well determined,
whereas the eGects of strong interactions appear as form
factors which depend only on the pion energy. ' There
have been some arguments to the eGect that these form
factors are rather slowly varying functions of the pion
energy over the physical region for the decay processes.
It is the purpose of this work to investigate this question
in some more detail making use of dispersion theory.

2. DETERMINATION OF THE FORM FACTORS
FROM DISPERSION RELATIONS

We consider the processes

Ess ~ 7I +p+ pq

E,s —+ s+e+r,
in which the E meson has momentum Px, the outgoing
particles have momenta p, p, and q, respectively. The
matrix element for this decay process on the assumption
of local production of the fermion pair may be written
in the form:

(4p.opxopoqo) *(~~~
l
& ..~ l

E&
= (2 )'5(p-+P+ P)(4P.oP o)'—

x (~ I
z.(o) lE&~(P)~.(1—~,)o(q).

We have, in addition, restricted to V or A the type
of coupling and used the two-component theory of the
neutrino. Taking the A parity, by convention, to be the
same as that of the nucleons, it follows from conserva-
tion of parity in strong interactions that the vector or
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(o= —p. Prr/mxm. . (3)

We assume that each covariant amplitude has a
representation of the form

r" u(~')
f(ro) =- d(o', (4)

7r J1 CO' —Qr

where

'(Px+P-)--p+( )+l (Px P-)-~-( —)
= (2pxo)' Z- 5(p-+P- Px)—

x«l~. (0) l~&(~l j.(0) lu&. (5)

The lower limit co'=1 in (4) comes from the threshold
energy of the least massive state

l I)=
l
Eor &.

As in similar problems, ' it is practically impossible to
take into account the contributions from intermediate
states with more than two particles. Therefore we shall
neglect in the sum all but the terms which come from

l
rs) =

l
Err) and

l
rs)=

l EY),'in the hope that the contri-
bution from other states is relatively small. On the other
hand, the matrix elements involved in (5) vanish except
for those intermediate states with total angular mo-
mentum j=o, 1. The equations for f(a) become de-
coupled when expressed in terms of transition ampli-
tudes in states of given angular momentum, in the
center of mass of the (Ep)system. The con. nection
between f~ and f; is

no~' —m '
fo=f +f+ -fr=f+S"'

'M. I.. Goldber er and S. B. Treiman, Phys. Rev. 110, 1178
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pseudovector character of the baryon current is asso-
ciated with negative or positive parity of E-mesons.

The strong interaction eAects are contained in the
factor (s.lJ (0) lE) which, in the E-meson rest system,
depends only on the pion energy.

From Lorentz invariance it follows that

(4P-oP o)'( l~-'(0) IE&
= s (Px+P-)-f+'+ s (Px P-)-f ',—(2)-

where the index I= sr, ss indicates that J r(0) transforms
like an isospinor of the respective rank, and the f's are
functions of
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k'
G, Lk's(MY&M)A+k( —2k"z'

k8'~ g

p (2)—
(/)f f-o f18"

+ '(W'-MY—' M2—)&MYM)8]22rd», (14)

and the upper (lower) signs stand for pseudoscalar
(scalar) E-mesons. Since, in perturbation theory, for
fixed s, A and 8 behave like 1/W' for W' —& m, it
follows that pp 1/W2 and pi const. It then follows
that at least one subtraction is necessary in the spectral
representation of fi but fp may still have none.

On the other hand, for small values of k' one has the
following behavior of po(2) and p~(2'.

In the two-particle approximation the weight func-
tions are given by

po(~) =kfo(~)4o(~)*//LW' (~x+—221-)']

+k'Fp(oo)fp(o&)*|&LWO —(MY+M)2], (9) For pseudoscalar E-mesons,

We obtain likewise for fp and fi a representation of
the form (4) except that fp has a pole at W'=0 (o&=«)
with residue (2&2x' —2&2~') fi(o&p). The relation between
TV2 and co is

W2= 2&2x2+ 222~2+ 22&px2&z, o&. (8)

Pt(IO) = Aft(o&)yi(o&)*|tl W2 —(2&2x+2&2.)2]
+k'Fi(oo)fi(o&)*OLWO —(MY+M)'], (10)

where 0 is the step function; k and k' are the momenta
in the center of mass of the systems (E,Or) and (X,Y),
respectively, related to the total energy 8' by

k'=
I

W2 —
(2&2 +nz )2]LW2—(m —

2&2 )2]/4W2

k &2 [W2 (MY+M) 2]LW2 —(MY 3II)2]/4W2 . —

iftp 1 and Ipp 1 are the (S,F) amplitudes for the transitions

E+2r ~ E+2r,
X+I' —+ E+2r,

respectively; Fp(oo) is the scalar part of (0l J (0) IXF),
and Fi(o&) is the projection of its vector part in the
direction of k.

Within the framework of a primary Fermi interaction
the last term in (9, 10) is the source of the decay process
while the erst term gives an induced contribution to the
decay amplitudes due to E-x interaction. In order to
get some insight of the details of the decay mechanism,
let us investigate the general structure of the term with
two-baryon intermediate state.

We can write

I «II-«) I»)
& M3IIY )

=21(—pY)p. (GY—poG~)2O(p~), (11)
and

I (»lf-(0) IE)
MMY

=u(p~)O(A+QB) e(—py), (12)

where 0=1 for pseudoscalar E-mesons and 0=ps for
scalar E-mesons, ' Q=22(Px+P ), and Q=Q„Q„y„.
Therefore

2k,f
po G $(pNQMY~pYoM)AW'~g

kk's(p~o pro)8]22—rds, (13)—
~We are assuming that A and Z have the same parity. If they

have opposite parities, then for F'=Z one should take O=yq for
pseudoscalar and 0=1 for scalar E-mesons.

1 " W2 p o&(o&')

ft(o&) ft(«)+
Or "1 W'2 o&' —o&

(16)

These equations are of the Omnes type, ' since p&'& (o&)

is given by the product of f(Io) by the amplitude for
E-m scattering and kinematical factors. Therefore one
can write down explicit solutions for fp and fi in terms
of the S and I' wave phase shifts for E-m scattering,
de6ned by

k Rept
tanbo= tang=

1—k Imp 1—k Imply

The solutions are

OGD =
y GOO8"

1 t." W' Bp(o&')
&(exp

l

—— — do&' I, (18)
W

o R. Omnbs, Nuovo cimento 8, 316 (1958).

PI&i & k (MY—3II)/(MY+M) '
P I & k'MMY.

For scalar E-mesons,

p, ()-k'mm; p, ()-u'3.

Therefore, on kinematic grounds only, one might expect
a small contribution to fp from Pp&2& as compared to the
colltl'lbutlo11 of P&I & to fi, wlllle tile opposite holds fol'

scalar E-mesons.
Assuming that E-mesons are indeed pseudoscalar, we

are then justified in neglecting the contribution from
po( ). Moreover we can cast the contribution from p&"'

into the arbitrary constant which appears as the result
of one subtraction in the spectral representation for fi.
This arbitrary constant represents the global result of
all dynamical eGects which cannot be taken into account
individually.

We thus arrive at the following representations for

fp and fi
1Ã+ 8$g 1 t "ppo&(o&')

fp(o&) = fi(o&p)+ ', do&' (1~)
t/V' 7I' ~ 1 P& O&
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1 t" W' 8g((o')
f~(~) =f~(«) expl--

W" ~'—~

which substituted into (7) gives
=f+(~), (19)

(1) e)0 (repulsive S wave):

f (&o) (mrs' —m ')a 1

f~(~0) 1+a(mx+m. ) W'

&&(L(mx+m )'—W']&—mx —m ) (0. (24)
mx' —m.'

l ( 1 " W' &o(~')
f (~)-f1(~o) exp

IW' l ( ~" W" o' ~ )
1 r" W' 5g((o')—exp I

—— Cko'
l (20)

m ~g W" or' —(y

3. EVALUATION OF THE FORM FACTORS

The physical range of values of co in the decay process
(I) is from ~q ———1 at the lower end of the pion spec-
trum to cu2

———(mx'+m ' m„') /2
—mxm at the upper

end.
We shall now estimate the variation of f+(~) in this

range. We find

1 de bg((o) 1

lM Ã 1 co

(21)

where ~)1 depends on co. The variation of f+(co)
between the two ends of the spectrum is then approxi-
mately given by

Af~ 8y(M) Eco

f~(—1) ~ 2

5g(co) (mx-m )'-m„' Sg(o))=0.44 . (22)

If there is a P-wave resonance at low enough energy an
appreciable variation of f+(co) is expected. If however
the P-wave is small, the variation is negligible.

We turn now to the analysis of the behavior of f (co).
In order to simplify the discussion we assume 5~(or)

negligible and 8&(&o) given by

tanbo ——u(W' —(mx+m )')&. (23)

The integrations can then be performed yielding the
following results:

The physical content of the approximations made is
that the direct contributi. on from the primary weak
interaction is taken into account in the determination
of f+(a&) but f (cu) is obtained with the neglect of those
direct eGects and therefore entirely induced by the
E-m interaction. It is this circumstance that led us to a
result which depends only on one arbitrary parameter
f~(coo) and is such that the ratio of the two amplitudes

f /f+ is independent of this parameter. If, however,
the experiments do not confirm this remarkable feature
of our results, one concludes that a subtraction is indeed
necessary in (15) and that the direct contributions to
f are not negligible.

The ratio

f ((a2) 1 ( 2mxm. ) i
=-1+l

I
=o.gs

f (co~) 2 (mx'+m, ') (25)

is independent of the scattering length.

(2) a(0 (attractive S wave):

f (o)) (mx' —m.')a 1

f+((do) 1—GL(mx+m )'—W']& W'

X($(mx+m, )'—W']&—mx —m ))0. (26)

As a varies from 0 to —~ the ratio f ( «)/f (&u~) de-
creases from 0.85 to 0.6.

So far we have discussed the behavior of the indi-
vidual amplitudes ignoring isotopic spin dependence.
In general f+ and f are linear combinations of ampli-
tudes with isospin indices I=—,

' and I=—,
' which in turn

depend on the E-m scattering amplitudes in the corre-
sponding isostates. If, however, we adhere to the selec-
tion rule I= , (which, for-instance, arises from a Fermi
interaction involving AI' as the baryon pair), then there
will be only one amplitude, namely that with I=—,'.

4. FINAL REMARKS

The analysis we have made is also valid if the weak
interaction proceeds via an intermediate vector field of
mass m. The only difference is that the transition ampli-
tude (1) must then be multiplied by the boson propa-
gator (W' —m') 'Lg p

—p pp/m'].
The E.3 decay is naturally more appropriate for an

investigation of the form factor f+(&v) since f (~) will

not contribute in this case. On the other hand, informa-
tion concerning f (&o) can only be obtained from data
on J» decay. From (24) and (26) one can see that
f (&o~)/f+(coo) increases as lal —+ ~ to a maximum
absolute value 0.3 and 0.25, respectively. In addition,

f appears multiplied by m„/mx in the matrix element
for the decay process. Therefore, from this analysis, one
can conclude that the effect of f on the spectrum is
practically negligible.

The results we have obtained and the assumptions
underlying them can then be checked when these data
become available.
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