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Meson Corrections to the Hyperfine Structure in Hydrogen
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The authors have previously shown that the form factor of the proton, measured by Hofstadter, implies
an energy shift in the hyperfine structure of atomic hydrogen. Uncertainties in this method of applying the
Hofstadter data, due to the effects of virtual mesons, are investigated in an approximate way and found
to be small, on the order of one to two percent of the total correction. Under certain assumptions about the
form of the amplitudes for various photoproduction processes, we conclude that the value of the fine-
structure constant implied by the hyperfine structure (his) measurement oi Kusch disagrees with the
value obtained from the Lamb shift by 34&21 ppm.

' 'N a recent paper, ' we have shown that the inclusion
~ . of a Hofstadter form factor for the proton removes
a rather arbitrary cutoff present in previous calculations
and produces a small additional correction to the hfs
of atomic hydrogen. The effect is best discussed when
combined with the so-called "recoil corrections" of
Newcomb and Salpeter. ' The combined shif t was
found to be —35&3 ppm. However, the experimental
limits set on this correction (comparison of hfs measure-
ments and the Lamb shift)' are —1&18 ppm. Our
conclusion' was that meson effects might account for
this difference. VVe have estimated these corrections
and find that they are the order of 1 ppm.

The structure corrections to the hfs may be regarded
as due to two diagrams, Figs. 1(a) and 1(b) in reference
1. The energy shift [Eqs. (4) and (9) in reference 1$
is given in terms of Tr[M„„(k,k) (1+y~)iy,y„j. M„„ is,
within a constant multiplicative factor, the forward
Compton scattering amplitude for virtual photons inci-
dent on protons. In the language of dispersion theory,
our previous estimate included only the single-nucleon
intermediate state (Fig. 1) with a Hofstadter form factor
at the vertex. Although our previous work was based
upon perturbation theory, the same result may indeed
be derived by the use of a dispersion relation and a
single-nucleon intermediate state. Since the bare proton
and the single-meson, single-nucleon intermediate states
seem to characterize the Compton process up to a few
hundred iAIev (for real photons), ' we shall base our esti-

FIG. 1.Compton scat-
tering. Single nucleon
intermediate state.

mate of meson effects entirely on the process shown in
Fig. 2.

The application of unitarity to the photoproduction
amplitude yields the imaginary part of the Compton
amplitude,

where
Mf, +MI, t —Q M——f tM,8'(p —p,),

~~'= II.+Mr'I'(Ps P')—
For the case of real photons the values of N„; and M~„
are experimentally well determined by the photo-
production cross sections. For virtual photons there
are fewer experimental results, ' and of course the
square of the mass of the photon k„' is less than zero
(k„'=aP—k'). For real photons there are low-energy
theorems which permit the determination of the
number of subtractions and the values of these con-
stants for certain amplitudes.

We assume that the virtual photoproduction ampli-
tude for sr mesons is pure M1(ss, ss) in the center-of-mass
(c.m. ) system, although longitudinal quadrupole can
also lead to the (s„';) state. In addition, we shall take
the energy dependence of the cross section to be a
delta function at the well-determined c.m. resonance
energy, 8'0= 2.131. If only transverse photons of
polarization e and momentum k are considered, the
amplitude for M1(-', ) production of a meson of momen-
tum q is, in the c.m, system,

M„,=F4(le„').V(k„',W)[2kXe j+ie (kXe)Xjj, (2)

where F4(k„') is the Hofstadter form factor,
g4/(& '—A')' where A=0.91M. We take 1V pro-
portional to b(W —Wo) and by a comparison with the
resonance fit of Gell-Mann and Watson, ' the expression

FrG. 2. Compton scat-
tering. Single meson—
single nucleon inter-
mediate state.
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is normalized for zero-mass photons. Since

El
~-:= (2~)'—2 2 &'(Pi P~—) I

Mf* I'5' f Av s

and since'
2 2x r r

~h+P ~ ~'+P) =
3 k' (W—Wp)'+Ipr'

by taking
1I'
2

=m.8(W—Wp),
(W—Wp)'+-', F'

we find that
8"' 3 F~

i
Ei'= — B(W—Wp—),

'7'7pEtEp 8' k

mental results' for small k„', and a more careful
dispersion treatment7 indicate that our photoproduction
amplitude is at least qualitatively correct.

The application of dispersion relations in the
laboratory frame then results in a Compton amplitude
which behaves as if the usual Feynman diagram were

(4) replaced by one with an intermediate "isobar" of total
mass equal to the resonance energy of the (-', , s) state
(Fig. 3). (It is to achieve this behavior that the de-
pendence of cu on h„' in the argument of the ~-function
was retained. ) We have calculated the single-meson
correction to the Compton amplitude by the use of
dispersion relations with a single subtraction and for
the case of dispersion relations with no subtractions.
For one subtraction we have

3 rW&i P,
Imh,™=-I —

~

— ~(W—W.).
4 EEtk cv,

(8)

In order to apply a dispersion relation to (8), we must
transform to the laboratory system; this we do by a,

simple relativistic generalization of the 3f matrix and
evaluation in the laboratory frame:

~1&c.m.
Imh lab —h c.m. f(h 2 W)h c.m.

MM»b

Since h~ does not contribute to the hfs, we neglect it.
Again we neglect the dependence of f(h„s,&u) on h„'
because of the uncertain nature of the kinematical
quantities which give rise to it. A more sophisticated
treatment would, of course, include these effects. In
the laboratory system we do include the k„' dependence
of 8(or —ar„,), and we include (in one estimate) a
Hofstadter form factor at each vertex. Recent experi-
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IIG. 3. Isobar approximation to the process shown in I'ig. 2.

where Ej and E2 are the initial and final energies,
respectively, of the nucleon and qo is the energy of the
meson.

For a fixed cm. energy, the quantities E& and co

may be considered analytic functions of k„'; i.e.,
+1 (We+Ms h 2)/2W "—(W2 Ms+ h 2)/2W. For
values of k„'&0.1M', the quantities

~

k
~

and a& make no
physical sense. Thus a dependence of ~1V~' on k„' via
the kinematical quantities Et,

~

k ~, and
~
"~ has no

clear meaning. We neglect. this dependence.
AVe may write Mr,'. Lif we assume only M1(s,s)

intermediate states) as

r,™=ht' (h 'W)se e'+hs' (h 'W)e e')&e. (7)

The application of unitarity (1) to (2) gives

2cos t~ ™Lcu'hs(a)',k„')]
ReL~h, (co,h„') j=a)C+ d '. (10)

co'((o' —(u')

The arbitra, ry constant in the single-subtraction case
is put equal to zero, its value in the Born approximation.
We assume no meson effects at low energies. Thus the
correction to the Compton amplitude due to meson

TABLE I. Calculated energy shifts.

Subtractions

None
One

Hofstadter.
form factor

No Hofstadter
form factor

2

a The units are (am/Maps)hfs.

absorptive effects has no arbitrary constants in it. For
real photons the low-energy theorem guarantees this.
For k„'/0, we do not know this. We now use these
additional contributions to the Compton amplitude to
give corrections to the hfs according to the method
mentioned above. ' Since all the integrals are convergent,
a Hofstadter form factor is not required. In the case
of a single subtraction we have included a Hofstadter
form factor to ascertain its effect. In all cases the shift
is of the order of 1 to 2 ppm. Results are given in Table I.
These results are negligible compared to the energy
shift for a single-proton intermediate state' of —76&6
in these same units where the uncertainty comes from
the measurements of the Hofstadter form factor.
Although our treatment of photoproduction by virtual
photons is crude, we feel it should reveal the main
features of the process, especially insofar as it is
dominated by (ss, ss) resonance.

The following summarizes our conclusions on the
validity of the whole theoretical calculation. The
energy shift calculated in reference 1, formula (11), is
the most important term. The result obtained for the
energy shift, from this term, does not depend appreci-
ably on the approximate analytic form we have chosen

' I'ubini, Nambur ancj Wataghin, Phys. Rev, 111, 329 (1958),
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for the Hofstadter form factor LF4(k„')j, except in so
far as it is experimentally determined. We need assume
only that the singularities of the true structure factor
lie as shown in Fig. 4. For then, instead of evaluating
the integral for QE3, &„Eq. (11) in reference 1, by
integrating along the real co axis, we can rotate the
path of integration through 90 degrees in the complex
m plane so as to integrate along ice. VVhen this is done,
the resulting metric is positive definite; the structure
factor is needed now only for negative k„', and over
90%%uo of the contribution to the integral comes from
values of —k„' in the range zero to 0.63P where F4(k„')
is directly measured.

The other question which needs to be answered is
what to do about diagrams with higher-mass inter-
mediate states. There are two possibilities. If we
postulate that all the amplitudes for photoproduction
by a virtual photon contain a factor F4(k„'), then we
are justified in neglecting these higher-mass diagrams.
The same rotation will be possible, and the corrections
for these diagrams will come from low-mass, low-energy
photons. The contributions in this range are then
correctly given by the low-mass intermediate states.
Even the contribution from the (3,-,') resonance in the
photoproduction amplitude is small compared with
that of the bare proton. Higher states are expected to
be further damped. On the other hand, virtual photons
may not act through F4(k„') in all processes. In this
paper, we have calculated the case of a single-meson,
single-nucleon intermediate state, without using F4(k„)
and found that even so, these corrections change our
answer by only (approximately) one percent. We
cannot, however, rule out the Nelikely possibility that
higher-mass diagrams do contribute a significant
amount to the energy shift.

The structure and recoil corrections P,„,=L+1
—(1.4&18)X10 'j are obtained using the value of n

Pro. 4. Assumed loca-
tion of singularities in
true structure factor.

COMPLEX u PLAN&

determined from the measurements of fine structure in
deuterium. ' P„~„on the other hand, equals L1—(35&3)
X10 'j, where the &3 is due to the experimental
uncertainties in the Hofstadter form factor. There is
an apparent discrepancy of 34&21 ppm between the
two separate determinations. Some of this di6'erence

may be attributed to various small terms neglected in
the ca,lculation and in the theoretical formula for
deuterium splitting.

The possible sources of the difference might be the
following: (1) recoil corrections in deuterium; (2)
uncertainty in making corrections for the polarizability
of the oil sample (used in determining the proton
anomaly ratio), (3) meson effects, as estimated in this
paper; (4) higher-order corrections (u'inn). Because
all these eGects have been estimated only approximately
and because they may not all add in the same direction,
we feel that they could at the most account for about
10 ppm of the difference. Although the experiments
and calculations have been performed very carefully,
the apparent discrepancy is just at the limit of both,
and therefore we do not know how seriously to view it.
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