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terms of the physical polarization parameters can be~by the use of Clebsch-Gordan coefficients. But the

obtained only when the transformation matrix V is
known.

5. CONCLUDING REMARKS

The explicit considerations of the previous sections
thus show that it is indeed possible to extend the usual
methods of polarization parameters to the study of the
dynamics of higher spin ensembles. In the present paper
we have deliberately restricted ourselves to the case
of spin 1, since the algebraic methods developed here
become quite tedious for higher spins, though no diffi-
culty of principle remains. Some economy is achieved

most powerful approach to the problem of constructing
invariants is in terms of group characters and the general
case will be so treated elsewhere. Needless to say, such
a discussion of the polarization dynamics is of appli-
cation in scattering problems also.
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It isproven that in any leptonic decay experiment in which the lepton massesand charges may be neglected,
and in which no pseudoscalar correlations are measured, all V-4 interference terms will be antisymmetric
under exchange of the two leptons, while the pure V and A terms will be symmetric. If the experiment
measures a pseudoscalar correlation, these conclusions are reversed. Even if the lepton masses cannot be
ignored (e.g., for A — u~+7-+p, or low-energy B decay) it is still true that no V- 4 interference may appear
when scalars are measured, and only V-4 interference may contribute when pseudoscalars are measured,
providing that the lepton spins and momenta are not directly observed. Thus experiments can be devised
that involve no interference effects, or only interference effects. This theorem holds independently of the
strangeness change, spin change, energy transfer, or of any particular assumptions about the form of the
V and A4 currents. It proves most useful when it is difficult or tedious to calculate transition rates directly.
Applications are discussed, including possible tests of the Feynman—Gell-Mann theory in nonunique for-
bidden B decay, of the nature of the leptonic A° and K° decay interaction, and of the charge symmetry
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properties of weak interactions.

I. INTRODUCTION

T is generally supposed that leptonic decay processes
proceed through vector and axial vector interaction
forms, so that the rate for any given process will, in
general, involve positive terms from V alone and A4
alone, plus an interference between V and 4. It is the
purpose of this note to point out that the interference
terms are always different qualitatively in their de-
pendence on lepton variables from the “pure” terms,
and that experiments can always be devised to measure
the pure terms only, with interference terms vanishing,
or to measure the interference terms only. Our results
are independent of any multipole expansion, and prove
most useful when such expansions cannot easily be used
to calculate the transition probability directly.

II. THE INTERFERENCE THEOREM

Let us consider a process @ — 4147, where « and 8
are states of the strongly interacting particles, and
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I=v, or ¢-, or y~. We make no assumption about the
spin or strangeness change in the transition « — 8. We
will consistently neglect the charge of /, but may include
other electromagnetic effects. The various correlations
that may be measured among the momenta and polari-
zations of @, B8, I, #, may be closed as either scalar (if
the experiment is arranged to be space-inversion
invariant) or pseudoscalar (e.g., a ¢-p correlation). The
total decay rate is of course a scalar.

The interaction Hamiltonian for such decays is
given by
JC=J)\(V)‘/-/I'Yx‘pvjt’])\(VI)‘/;l'Y)\'VS‘//v_*’])\(A)‘;l('i'Y-’ﬁ)\)‘pv

F AW (tysyNys+H.c.

= (NN =i 4,

+ (D4 Y NWiysyN+He (1)
The operators JxV>4) and J)\(V":4" are “currents” in-
volving strongly interacting fields. They are defined to
be vectors (Jx, (V") and axial vectors (J,J,“")
but we will not need to make any assumptions about

their form. Our theorem has two parts:
(A) Suppose that the mass of I may be neglected, so
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that the energy transfer must be >m;. If a scalar
correlation is measured, then the interference terms
between vector and axial vector currents will be anti-
symmietric under interchange of / and neutrino, while
the “pure” terms will be symmetric. Thus, it we
measure any quantity symmetric under /<> 7 [such as
the total transition rate, or average I— v angular correla-
tion, or ((E;— E,)?)] there will appear no interference
between V and 4 or V' and A’, while if we measure
antisymmetric quantities (such as (E;—E,)) we get
contributions only from the interference terms. On the
other hand, if a pseudoscalar correlation is measured,
then it is the vector-axial vector interference terms that
are symmetric functions of lepton spins and momenta,
and the “pure” terms that are antisymmetric. As a
trivial corollary, if we sum over all lepton polarizations
and momenta, scalar (pseudoscalar) correlations will
involve no (only) vector-axial vector interference, since
only terms symmetric under / <> # will contribute.

(B) If we do not neglect m; (we cannot if 7 is a
p meson, or if the energy transfer is small and / is an
electron), then these rules don’t apply. However, in
experiments in which no lepton spins or momenta are
directly observed, the above corollary is still correct; scalar
correlations involve no vector-axial vector interference,
while pseudoscalar correlations involve interference
terms only. Part (B) is applicable in a measurement of
the total decay rate, or of any correlations between the
spins and momenta of a and 8.

Proof

(4) If we neglect the mass and charge of [, the
free Hamiltonian is invariant under the canonical
transformation

V=S, b (2
Under this transformation, we have

] Y, — :—\Zl“rx’#v, 3
Viysms = Yrvsyags.

Thus we can make the entire Hamiltonian invariant by
extending (2) formally, to include

IV — — J, 00,

NGy NS

VI 77
IO — T,

I — — a0, )
Therefore the pure terms (V%V'2,42,4’%) and the
V-A’, V'-4 interference must be symmetric under
! <> », while the V-V, A-A’, and V’- 4’ terms must be
antisymmetric. If a scalar is measured, the V-V, V- 4/,
A-V’, A’ A terms drop out; if a pseudoscalar correla-
tion is measured these are the only terms that don’t
drop out.

(B) For a transition o — 8 (where we may measure
the momenta and polarizations of e, 8, but must sum
over the momenta and polarization of / and 7) the decay
rate will contain terms quadratic in J,)—4J,4") and
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in J, @447, plus an interference term given b
» P g y

. d*pud®p,
Wang M4 =4ﬂ‘f ?5“(?14—%—!‘?;‘3—%)6“’”

Ly
X (22 o(p2) e Re{(B] TNV —iJx 4" | )
XBIT O +iT, T}, (3)
P::: I:px; Ex= (mz:2+ I le 2) %]-

Now let us make a nonlinear change of variables,
given by

where

2= 1+ p+0py,
/= (1= pi— by, (6)
§=—m?/(prtp.)2

[In the limit m;=0, (6) is the same as (2).] This
transformation leaves / and » on their respective mass
shells, i.e., p.'2=—m, $,/2=0, and has the properties

pi+p/=pitps, (7
éxwv(Pll)p(?v/)v= '”EMW(PZ);)(PV)U; (8)
@Epld’p’  dpid®p,
Y ’ ©)
E/E, E\E,

Therefore, making the substitution p— p’ in (5), we
get the same integral, with a minus sign from (8) ; thus
Wasp™)=0, Therefore we can have no interference
between Jy(V)—iJ\4") and J,“44J,7) in such an
experiment. If a scalar correlation is measured, the
only terms that can enter are V2, V2, A2 A’2 while
for a pseudoscalar correlation the only terms are
V-A', V- A.

As an example, let us consider the second forbidden
corrections to allowed 8 decay.! One of the V-type
matrix elements S/ eXR, may interfere with the main
A-type matrix element, /. This interference makes a
contribution to the electron energy spectrum propor-
tional to

w(V-A)(Ee)dEe
Wo m}
~peEe(Wo-E8)2(E6~————)dEe, (10)
2 2E,

where E,= (p.4m.?).} (We neglect Coulomb correc-
tions.) Part (A) is obviously correct here, since if we
neglect m, we have p,=E,, and

w VA (E)IE~E2(Wo—E)2(E,~Wo/2)dE,, (11)

and this is an antisymmetric function of E, and
Wo— E.=E,. Part (B) is also correct; we may show by
direct calculation that even if m,0,

Wo
f VA (E)dE,=0.

me

* See, e.g., M. Gell-Mann, Phys. Rev, 111, 362 (1958).

(12)
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This is not at all obvious upon inspection of (10). Similar
examples may be found in published formulas for first
forbidden transitions.?

It is easy to extend this theorem to a general
S, V, T, A, P mixture; the results are given in Table I.
(Part B holds even if m,520.)

III. APPLICATION—THE FEYNMAN-GELL-
MANN THEORY

Let us consider a “nonunique” forbidden 8 decay, in
which either ATl=(—)27 (ie., [AJ|=1 yes, |AT|=2
no, etc.), or AJ=0, yes (not 0 — 0). We assume the
2-component neutrino theory, so that Ja(M=J,"]
I =J,4 The dominant matrix elements will be,
from the vector interaction,?

Em’,LM(a)=<{3 f 4R J(R)
Yo, 1M (R)RE a>, (13)
EmLM(l)=<ﬁ f AR T4 (R)Y LM (R)R™ a>, (14)

and from the axial vector interaction
My, M (0) = <B f &R I (R)

Yo M(R)R a>, (15)

M, (o) =] [ERIO®R)

Yri1 o M(R)RE a>, (16)

where the order of forbiddenness is L= |AJ|. (If AT=0,

TaBLE I. Summary of the interference theorem in the general
case: Here S, V, T, A, P and S, V', T’, A’, P’ refer to parity-
conserving and parity-nonconserving currents respectively. Cross
terms marked “S” or “4” or “0” are respectively symmetric or
antisymmetric under lepton exchange, or zero, providing lepton
masses may be neglected. Even if lepton masses are not neglected,
cross terms marked “A” cannot contribute if no lepton properties
are observed directly. If only scalars are measured, there can be no
interference between primed and unprimed coupling; if only
pseudoscalars are measured, such terms are the only ones present.

s, P V,A" T, T A,V PS
.S S 0 A 0 S
AV 0 A 0 S
.7 A 0 S
v, 4" 0 S
s P S

( 2 See, e.g., M. Morita and R. S. Morita, Phys. Rev. 109, 2048
1958).

3 For the definition of the vector spherical harmonics Yz,/# (R),
see J. M. Blatt and V. F. Weisskopf, Tkeoretical Nuclear Physcis
(John Wiley and Sons, New York, 1952), Appendix A.

LEPTONIC DECAYS

Fic. 1. Proposal
for a test of the
Feynman—Gell-Mann
theory in forbidden I

B decay. A strict ylEL
lower limit (19) may  Lth FORBIDDEN

be placed on the

ratio of the §- and L 10

y-decay rates.

take L=1; there are then additional A-type matrix
elements.) For example, if L=1 these are respectively
proportional to f'e, S'1, SoXR, and S (¢:R;+0;R;
—25,0-R). The last term, (16), does not appear if
JatTs<L+1.

The theory of the vector interaction suggested by
Feynman and Gell-Mann* states that the vector current
is divergenceless, i.e., V-J"=J,0), and equal, up to
an isospin rotation and a constant Cy/e, to the isovector
part of the electric current. If /3" is divergenceless, a
relation is implied between 9M:M(e) and M M(1),
namely

Wy
mLM(l))

oL (o) =
[LQL+1)]}

17

where Wo=mqo—mg. If, furthermore, J)(") is related to
the electric current, M ¥ (1) is analogously related to
the electric 2Z-pole moment for the analogous v tran-
sition. The + transition is parity favored, and therefore
pure electric, so that the magnitude of the EL moment,
and thus of MM (1) and MM (e), is given by the decay
rate for the 4 transition. For example, if the nuclear
level scheme is as shown in Fig. 1, then the y-decay rate
is given by

8wt [41 1 1
T(EL)=
QL+D12 L 137|V2Cv |2 2T +1
X X M), (18)
M, Ma, Mg

where w is the photon energy.

So far, we have said nothing about the A-type matrix
elements (15) and (16). However, by part (B) of our
theorem, the total 8-decay rate is given by a positive
term involving 9. (1) and MM (e), plus a positive
term involving MMz, M (o) and Mry1,2.¥(e), with no
cross term. Thus if we measure the y-decay rate T(EL),
and use (18) and (17), we obtain a strict lower bound on
the B-decay rate T'(8), independent of any nuclear
model. Neglecting Coulomb effects, we obtain for the
decay scheme of Fig. 1,

137 In2
48021 (ff) o1

LX \ (X—1)?
X(W02_——L+l)—_—X2 (2X+1)dX.

4R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193
(1958).

T®)/T(EL)2

Wo2
f (W—X)ib
1

(19)
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Nuclei for which this prediction might be tested include
CB38, K2 (AJ=0 yes), and Na** and CI(|AJ|=2 no).
The greatest experimental difficulty comes in measuring
the v lifetime. (It may be possible in the case |AJ|=0
or 1, yes, to measure T(E1) by an (n,y) or (p,y)
resonance width measurement. It should be fairly easy
to pick out the 7'=1 resonance, since all 7=0— 7'=0
E1 widths are smaller by several orders of magnitude
than a T=1— T=0 E1 width.)

If relation (19) is violated in experiment, the Feyn-
man-Gell-Mann theory will be disproven. On the other
hand, if it is verified, this will be only weak evidence
for their theory. This is not only because we don’t
known the axial-vector matrix elements, but also
because it is not clear whether we would expect relation
(18) to hold approximately in any case. Indeed, if we
neglect meson effects in B decay and v decay, it is
possible to derive identical formulas for the electric
multipole operators® and 9 M (1). Also, the relation
(17) was suggested® before there was any suspicion that
I\ was rigorously divergenceless. Thus our suggested
experiment probably falls in the same class, as a test of
the Feynman-Gell-Mann theory, with measurements of
the ff values of 0t — 0% superallowed transitions, or of
the Fermi term in J-—J mno transitions between
different isospin multiplets.

IV. OTHER APPLICATIONS

(a) The decay process A’ — p+e -5 seems anoma-
lously slow. Of course one may try to explain this as an
“accident,” a damping due to strong interactions.
According to part (B), however, this damping must take
place for both V and A interactions separately, since
no V-A interference term appears in the decay rate.

Actually, we have as yet no evidence that both V" and
A are present; the existence of K3 decay proves that
either V or A strangeness violating interactions occur,
but since K., decay has not been observed, we cannot
be sure that both are present. A clear test would be to
measure the average value of (E,— E,) for the A° decay.
Part (A) tells us that ((E.— E,)***!) is proportional to
the V- A interference, and therefore vanishes unless V
and A4 are both present. If not zero, the magnitude of
(E.— E,) would give information on the relative strength
of V and 4.

5A. J. F. Siegert, Phys. Rev. 52, 787 (1937).
6 M. Yamada, Progr. Theoret. Phys. (Kyoto) 9, 268 (1958).
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(b) If we make the simplest assumptions about the
charge-symmetry properties of the strangeness-con-
serving parts of the currents J,, then the transition
rates for a process a— B-+I"+75 and the charge-
symmetric process @ — B+It+» (e.g., =+, 2~ — A9 or
B2, N2— C2 or Li% BZ%-— Be®) should be equal,
except for a change of sign in the V- 4 interference term.
Since there is never any V-4 interference in the fotal
transition rates, these should be entirely equal. This
might serve as one test of the charge-symmetry
properties of weak interactions.”

(c) The K. decay mode proceeds through a V
interaction or an A4 interaction (the difference being one
of convention) but not through both. Therefore, by
part (A), the differential transition probability (with
no pseudoscalar correlations measured) must be totally
symmetric under interchange of electron and neutrino
spins and momenta. In particular, we must have
(E.—E,)=0. It would be very surprising if this predic-
tion were not fulfilled ; the only reasonable explanation
that could then be offered would be the simultaneous
presence of .S and T, or of P and T, interaction forms.

(d) We can apply our results to u-meson decay,
taking a=u, B=e¢, I=v, and considering the electro-
magnetic interaction between u and ¢ as “strong.” In
fact this is the only case where the conditions for part
(A) are met exactly. The most important experimental
parameters® are those giving the decay rate (1/7) the
spectrum shape (p) and the e,-p, correlation (a,{),
none of which involve observation of the neutrinos.
Since 1/7 and p are “‘scalars,” they can involve no V-4
interference, while @ and {, which describe a pseudo-
scalar correlation, involve only V-4 interference. This
result holds to all orders in the electron charge and
mass, and may be checked against the lowest order
calculations.

ACKNOWLEDGMENTS

I wish to thank Dr. M. Morita and Professor C. S. Wu
for an illuminating discussion in connection with the
work of Sec. III, and Dr. G. Feinberg, Dr. J. Franklin,
and Professor T. D. Lee for several valuable comments.

7S. Weinberg, Phys. Rev. 112, 1375 (1958). Part (A) of the
theorem is mentioned in this reference, but of course it is part (B)
that is less obvious, and is needed for application to 8 decay.
(13 SS7e)e, e.g., Larsen, Lubkin, and Tausner, Phys. Rev. 107, 856
957).



