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The Hamiltonian of a Bloch electron in a static magnetic field is H=4P2+V (r), where V (r) is the periodic
potential, P=p-+A/c, and A is the vector potential giving rise to the magnetic field €. We consider the
case of a nondegenerate band . It is then shown that, with an error vanishing with JC like JCN*! (I arbi-
trary), the eigenstates of H can be calculated from an equivalent Hamiltonian H,,(P) with the following
properties: (1) It is a one-band Hamiltonian, obtained by transforming away all relevant interband matrix
elements. (2) It depends only on the gauge-covariant operators P. (3) It has the periodicity property
H,,(P4+K)=H,(P), where K is an arbitrary reciprocal lattice vector. (4) It can be written as a series
H,(P)=2;_¥sH,.;(P) where s=3C/c and the functions H,.;(P) are completely symmetrized in the
noncommuting operators P=. Properties (3) and (4) can also be summarized in the equations Hp (P) =2ia®
Xexp[tR®-P], where the R® are lattice vectors and the a® can be expanded as a®=2Z;_¢"sia;®. An
algorithm is given for the construction of the H,;; and carried through for =0, 1, 2. The formalism is not
restricted to the neighborhood of the bottom and top of the band. We believe that the equivalent Hamil-
tonian H,,(P) provides a sound basis for a discussion of wave functions and energy levels of Bloch electrons

in a magnetic field.

1. Introduction

HE study of the physical properties of metals and
semiconductors in external magnetic fields has
been among the most fruitful methods for obtaining
insight into their electronic structure. In many cases the
experiments give us information about the electronic
energy levels in a magnetic field. Examples are the dia-
magnetic susceptibility, De Haas-Van Alphen effect,
cyclotron resonance, and magneto-optic effects.

It is therefore not surprising that the theory of the
motion of Bloch electrons in a uniform magnetic field
has received a good deal of attention. Following the
classic work of Landau! on the quantum theory of free
electrons in a magnetic field, the first analysis of Bloch
electrons in a magnetic field was carried through by
Peierls.? This latter work was based on the tight-
binding approximation and therefore its results have
only qualitative validity. Since then a great many con-
tributions to this problem have been made, some of
them dealing with the individual energy levels3—1
others emphasizing the free energy of the entire sys-
tem.*~* However, because of the great mathematical
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complexity of the problem, many authors have found
it necessary to use one or the other uncontrolled
approximation, so that the reliability of their results
remains often in doubt. Thus much work is based on the
so-called single-band Hamiltonian

H=¢,(P), (1.1)
where e, (k) is the energy band in question,!®
P=p+A/c, (1.2)

and A is the vector potential giving rise to the uniform
magnetic field. At least some interband matrix elements
are left out of account in such theories and in certain
cases it has been shown that this may lead to very
serious errors.

Two relatively recent developments have been of
particular interest. One is an expression due to Onsager,*
which relates the levels in a magnetic field to simple
geometrical properties of the energy bands and applies
to bands of arbitrary shape. This expression has been
extremely helpful in analyzing De Haas-Van Alphen
experiments. However it is derived by means of a semi-
classical argument whose range of validity is, as the
author points out, not entirely clear.

The other question which has been recently discussed
by several authors®®® concerns the extent to which
magnetic levels, highly degenerate in the absence of a
periodic potential, are spread into bands. That such
banding occurs is beyond any doubt, and may be
demonstrated in some simple examples. But the width
of the bands is a matter which is not settled at present
and there is substantial disagreement between different
authors.

The present work was undertaken in the hope of
clarifying some of the existing uncertainties. It is in a
sense an outgrowth of some earlier work,>7 but unlike
it is not restricted to the vicinity of the bottom or top

152 Atomic units are used in this paper.
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of an energy band. In this paper we derive an effective
single-band Hamiltonian as well as the corresponding
basis functions. The diagonalization of this Hamil-
tonian and the resulting energy levels, wave functions,
and free energies will be discussed in a second paper.

Following is a summary of the results obtained in
this paper. We are concerned with the solution of the
Schrodinger equation

my=GP+Vy=Ey,

where P is defined in Eq. (1.2) and V is a periodic
potential. For A=0, the eigenfunctions of H are the
Bloch waves

(1.3)

(1.4)

Onk="1Uni (7)€",

and the corresponding eigenvalues are the energy bands
e.(k). We fix our attention on solutions of (1.3) which
in the limit of vanishing A go over into Bloch waves be-
longing to a nondegenerate band denoted by .

In the presence of a magnetic field, the Hamiltonian
H in (1.3) has nonvanishing matrix elements between
Bloch waves associated with the band m and those be-
longing to other bands. We shall explicitly construct a
new set of functions @,x such that, iz a ceriain sense,
H @nx can be expressed as a linear combination of the
&mx With the same m. In fact we shall show that

H ¢mksz’ ¢mk'(k,lgm(P) ! k)7

where H,,(P) is an explicitly constructed function of
the operator P, and the notation (k’| |k) denotes a
matrix element between plane-wave states k' and k1%
The meaning of the phrase “in a certain sense” and
of the = sign in (1.5) is the following. We construct
&nx and H,,(P) by a step-by-step process, which can be
carried to arbitrary order N in the magnetic field 3C.
If we stop at the Nth order, the equation (1.5) is cor-

(1.5)

rect apart from terms which vanish with 3¢ like eV+L, -

We do not yet know if for small enough 3C our process
converges strictly or only in an asymptotic sense. To
simplify our langugage, we shall assume the former, but
if in fact the convergence is only asymptotic our results
may have errors which vanish however more rapidly
than 3¢V, where NV is arbitrary.1®

The new basis functions @.x have a “periodicity”
property similar to that of ordinary Bloch waves. That
is, if K is a reciprocal lattice vector,
(1.6)

Okt K= = Pmk.

The sign here depends on the details of V' (r) as well as
on K. It is extremely convenient not to restrict k to a
single Brillouin zone but to allow it to run over a very
large volume in k space. Because of (1.6) the @mk are
then of course not linearly independent, but the diffi-

18 For earlier discussions of an effective Hamiltonian, see
especially references 3 and 4.

16 This possibility is of importance in the question of the
“banding” of the magnetic levels.
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culties associated with this redundancy are more than
balanced by its advantages.

The effective one-band Hamiltonian, H,,(P) includes
all interband effects. If we define

s=3c/c, 1.7
it can be expanded in the form
ﬁm(P)=I_{m;O(P)‘l'SHm;I(P)+32FIM;2<P)+ ey (L8)

where each H.,,; is a completely symmetrized function
of the noncommuting operators P¢. Furthermore, if we
denote the lattice vectors of the crystal by R®, each
H,,; has a Fourier series expansion of the form

Hy;i(P)=31a:® exp(GR® - P). (1.9)
Explicit constructions for the functions
Hopi(k)=31a;® expGR® - k) (1.10)

(and hence for the a) are given. For :=0, we find of
course

gm;ﬂ(k)zfm(k)a (1.11)

which gives rise to the simple one-band Hamiltonian
(1.1). _

In view of (1.8) and (1.9), H,.(P) can also be ex-
pressed as a Fourler series,

H,(P)=31a® exp((R®.P), (1.12)
where

a® =qg®O45a; O+ 520, O+ - - (1.13)

From this form the important periodicity property

H,.(P+K)=H,(P) (1.14)
is apparent. _

The Hamiltonian H,(P) of Eq. (1.8) is far from
unique. Any unitary transformation U(P) with the
appropriate periodicity properties will lead to an equiva-
lent but different Hamiltonian. The leading term
H..o(P) is of course common to all these forms.

When the crystal in question has a center of inversion,
only even powers of s occur in our expansion (1.8). In
this paper the expansion is explicitly carried out up to
order s2. When a center of inversion is absent, also odd
powers of s occur. For this case the expansion is ex-
plicitly carried through up to order s.

This is the point where the present paper stops. It
remains to find the solutions of Eq. (1.3) corresponding
to the band m. These can be written in the form

and by (1.5) will satisfy the Schrodinger equation, if
A (k) satisfies the equation

T (k| Hn(P) | K)Au(K)=EAn(k).  (1.16)

The solution of this equation and related questions will
be discussed in a subsequent paper.

The results derived in this paper have a very simple
structure. It is therefore a pity that the methods by
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which they are derived here are shockingly compli-
cated. Also the particular expressions we obtain for the
higher-order Hamiltonians in Eq. (1.8) are very in-
volved and depend rather surprisingly on such unex-
pected quantities as the values of the normalized
Bloch waves at the arbitrarily chosen origin of co-
ordinates. We have already mentioned the lack of
uniqueness of the Hamiltonian. Perhaps much simpler
expressions exist and much simpler derivations. If so,
we hope that they will in time be found.

PART 1
2. Formulation of the Mathematical Problem

Our problem is the solution of the Schrodinger

equation
Hy= 3P+ V)y—Ey, 2.1)

where V is a periodic potential, P is the velocity

operator
P=p+A/c, 22

and A is the vector potential giving rise to a uniform
magnetic field ¥C:

J¢=curlA. (2.3)

The boundary conditions are the usual periodicity con-
ditions on the surface of a large box of volume £.

We shall be interested in the solutions of (2.1) which
correspond to a simple band whose band index we de-
note by . By ‘“‘correspond” we mean that in the limit
of vanishing A the solutions go over into Bloch waves
with the band index m; and by a ‘“‘simple” band we
mean a band which has only one wave function for a
given k and which does not touch or intersect another
band.

Of course, except in some very special cases, such as
V=0, an exact solution of (2.1) is not possible. We shall
seek approximate solutions which are valid if the mag-
netic field is sufficiently weak. However, what consti-
tutes a weak field for one part of the spectrum may not
for another. Loosely speaking, we may say that a weak
field is one in which the magnetic energy of the electron
is small compared to some characteristic energy when
the magnetic field is switched off. In atomic units, if
we call

s=3/c, (2.4)
this means that

<KLy, (2.5)

where v is a pure number of the general order of magni-
tude 1. However in some cases, for example when deal-
ing with very small effective masses, v may be as small
as 10~ or 10—2. We shall by a sequence of unitary trans-
formations construct new Hamiltonian, equivalent to
H, in the form of a series whose nth term contains a
factor s». The validity of the expansion caun then in
each case be checked by inspection of successive terms.
In most practical cases a few terms are sufficient.

It is perhaps worth mentioning that the validity of

WALTER KOHN

our procedure is quite independent of the temperature.
For example, the observation of the De Haas-Van
Alphen effect requires a “strong” field, but in the sense

s> ET. (2.6)

Since kT at 1°K equals 105 in atomic units, the condi-
tion (2.5) need by no means rule out the inequality (2.6).

3. Initial Basis Functions

Returning now to Eq. (2.1), it is of course well
known that it cannot be solved by simple Schrédinger
perturbation theory in powers of s. The effect of even
a very weak magnetic field on the eigenfunctions is too
profound. Nevertheless it seems natural to begin by
writing Eq. (2.1) in the representation of the unper-
turbed eigenfunctions of H, the Bloch waves, and carry
on from there. However, this approach led to technical
difficulties which we could not overcome.

The procedure which we could carry through begins
with the following basis, introduced in reference 5:

X k= Unoe*T, (3.1)
Here #, is the periodic part of the Bloch wave
Onx=Unre’EF, (3.2)

for k=0. The normalization is fixed by the equation

(2m)?
f unk*un’kdrz ann’;
Q cell

(3.3)

where Q is the volume of the unit crystal cell. Finally it
follows from time reversal symmetry that we may fix
the phase of #,0(r) such that

(3.4)

When k is restricted to the fundamental Brillouin
zone, the set X,x forms a complete orthogonal basis.
This was the set used in the papers by Luttinger and
Kohn® and Kjeldaas and Kohn’ that were concerned
with levels near the bottom or top of a band, which
involved only small values of k.'” In the present paper
we shall not limit ourselves to levels near the band
edges. In particular we want to be able to describe
levels which, in a semiclassical description, correspond
to Bloch wave packets circulating under the influence
of the magnetic field through several Brillouin zones.
Two courses of action suggest themselves: One is to
hold fast to the basis of Luttinger and Kohn and con-
sider very carefully what happens when k is on the
Brillouin zone boundary. This procedure we found not
tractable. The other course, which we adopt, is to ex-
tend the basis (3.1) by letting k run over a very large
volume 7 in k space. Now since the X,x form a complete
set when k runs over any one Brillouin zone, of volume
r, this extended basis has a redundancy of (7/7). The

Im 2,(r)=0.

17 The results of the present work are in agreement with the
conclusions of these earlier papers.
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magnitude of 7 will of course drop out of our final re-
sults just as does the coordinate volume & of the
crystal.

When we come to count states, the finiteness of both
7 and & will be made use of. But during most of the
following developments it is convenient to regard them
first as infinite. Then both r and k become continuous
variables ranging over their entire respective spaces.

4. Schrodinger Equation in the Initial
Representation

Since the functions X,x of our extended basis are
more than complete, the solutions ¢ of the Schrédinger
equation can certainly be expanded in terms of them:

¢=Z An(k)xnk; (4'1)

where the symbol 3 includes both summation over »
and integration over k. However, it is obvious that the
coefficients 4 ,(k) are not unique.

When we substitute (4.1) into the Schrodinger equa-
tion (2.3), we are led to consider the effect of (H—E)
operating of X,x. The resulting function has of course
again a highly ambiguous expansion in terms of the
Xnax, but we are entirely at liberty to choose one which
is particularly simple.

We follow in this largely the procedure of Kjeldaas
and Kohn.” We wish first to compute the result of
$(p+A/c)? acting on X,x. We make the following pre-
liminary definitions. If Q is an operator which is a
function of #* and p¢, we define

1
K'|Qlk)= fe"'k"’ ek 1dr, (4.2
wiol=_ e )
Further we call
(2m)
- f s 6Pt nadE. 4.3)

cell
With these notations we may write

paxnk=Paun06ik~r
=3 Xurio[urra (K —K)+ pora=5 (K"~ )]
=2 Xurw [Onrrn (K[ p%| K)+ prrr w3 (K’ — k) ],
(4.4)
and
XX = X %Un o T
= (1/1) (8/0k*)thnoe ™"
=3 Xprrrbnrn(1/3)(0/0k%)8 (k" — k)
=3 Xorie Db (K 25 K],

Now in a uniform magnetic field we can write

4.5)
Pa=pod-saaigs (4.6)
(summation over repeated indices implied), where

3C1=c(s2—sB), etc.

4.7)
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Hence by (4.4) and (4.5) we can write
P”‘X,,k——-—z X”llkll
X[Onrn (K| Po|K)+ prirnod(k""—k)]. (4.8)

A second application of P results in
$PePX
=2 Xww[Ona (K | 3PP K)+ purn(K'| P*| k)

+% Zn"?n’n"apn”naa(k/— k):l (4:9)
To this must be added
V()= EPXnx=2 Xwir(Vara—Edn)o(k'—Kk), (4.10)

giving
(H—E)Xnx
=2 Xww[ 0w (K [3PP4| K)+ pun(K'| P=| k)
+ (% Zn”?n'n”apn"na+ Vn’n“"Ean’n)a(k’_ k):].
(4.11)
This may be further simplified by noting that the spe-
cial case A=0, k=0 gives
% Zn"?n’n"upn"na‘l' Vn’n= Gnan'n, (412)

where e, is the energy of the #nth band at k=0. With
this relation (4.11) now becomes

(H=E)Xnx=2 Xuw(#'k'| H— E|nk), (4.13)
where
(WK | H | nk)=8,n[ €,0 (K — k)43 (K'| P2P=| k)]
+pun(k| Pe|K), (4.14)
and
(WK | E|nk)= Eb,,0(k'—k). (4.15)

It should be noted that the matrix (#'kK'|H|»k) is
Hermitian.

When we substitute ¢, in the form of Eq. (4.1), into
the Schrédinger equation (2.1) we obtain with the help
of (4.13) the following necessary and sufficient condition
on the coefficients 4 ,(k):

Y Y X (WK | H— E| nk) 4,,(k) =0.

n'k/ nk

(4.16)

Now in the customary representation theory one infers
from the orthogonality of the basis functions that
(4.16) is equivalent to

S (WK |H—E|lnk)An(k)=0.  (4.17)

In the present case, since the X, are not linearly
independent, the situation is different:

(a) Any set of coefficients 4,(k), satisfying (4.17)
will also satisfy (4.16) and hence the corresponding

wave function,
y=2 Au(k)Xux,

will satisfy the Schrodinger equation (2.1). However
the possibility exists (and is in fact realized) that a

(4.1)
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nonvanishing solution 4,(k) of (4.17) may give rise to
an identically vanishing wave function y. Equivalently,
two different solutions of (4.17) can give rise to the
same . ,

(b) The totality of solutions of (4.17) give rise—
via (4.1)—to the totality of solutions of the original
Schrodinger equation (2.1). This result is demon-
strated in Appendix A. It is not entirely trivial, since
solutions of (4.16) may (and do) exist which are not
solutions of (4.17). However, these solutions are equiva-
lent (in the sense of giving rise to the same ¢) to other
solutions of (4.17).

In view of this situation, the problem of finding all
solutions of (2.1) can be divided into two parts: We
first determine all solutions of (4.17). Then we con-
struct the corresponding ¢’s by means of (4.1) (some of
which may vanish identically) and select from these a
linearly independent set in terms of which they all can
be expanded.

5. Elimination of Interband Matrix Elements

We now turn to the problem of solving Eq. (4.17),
which on interchange of the primed and unprimed
variables becomes

2 (nk|H|[n'K)Au (K)=EA.(k);

'k’

(5.1)

here the matrix (nk|H|n'k’) is given by Eq. (4.14).
This equation is an integral equation in k space and a
matrix equation in the band index. Our first aim is to
eliminate by a series of canonical transformations the
interband matrix elements in (5.1) which connect the
band in question, #, with other bands and thus to
transform (5.1) into an equation of the form

T (k| Hu| K) A (K) = EAn(K). (5.2)

First some preliminaries. As we have chosen the
functions #,0(r) to be entirely real [see Eq. (3.4)] it
follows that all matrix elements p..%, Eq. (4.3), are
purely imaginary and that

?nn’uz '—pn'n‘)t:Pn’na*; (53)
in particular,

Pan®=0. (54)
Further, it will be convenient to define the matrix

operator H (P) whose elements with respect to the band
indices # are given by the operators

How (P)=6,n[ent 228 P2PE ]+ (1—5,0) prm P (5.5)
By comparison with (4.14) we have
(nk|H|#'K)= (k| Hnn (P)| K'). (5.6)

Now we see from (5.5) that H(P) consists of a part
diagonal in #, of zeroth and second order in the opera-
tors P2, and an off-diagonal part linear in P% Our
next program is to regard P as formally small and, by
successive unitary transformations, to remove, to

WALTER KOHN

higher and higher order in P, the off-diagonal elements
of H(P) which involve the band .
As a first step we write

H®(P)=exp[—S®(P)JH(P) exp[S®(P)], (5.7)

where S®(P) is an anti-Hermitian matrix operator,
which is taken to be linear in P:

S ® (P)=DpP. (5.8)

Expanding the right-hand side of (5.7) in powers of
SO (P) gives

HOP)=HP)+[H(P),SV(P)]
+3[[H(P),SD(P)L,SOP)]+---. (5.9)

In this expansion the terms linear in P* have the matrix
elements

(Pnn’a‘i_wnn’pnn’a)Pa; (510)
where - .
(5.11)

Wapn'= € €Ep’.

In order that H® (P) have no linear interband matrix
elements involving the band 7 we must choose the
coefficients D, -« so that

pmna'}'wmnpmna: 0, nFE m, (512)

and, because of the anti-Hermitian property of S®,
D= — (Dma®)*. (5.13)

Obviously these requirements still leave us considerable
freedom in the choice of the constants D, The
simplest choice would be Dua®= — (Dum®*=— pmn®/
Wmny, for n=£m, and all other D,,*=0. However for
reasons which will become apparent later on we make a
slightly more general choice, namely

Diin®=0mniCm®— (1= 8pn) prun®/mn;  (5.14)
D= — (Dn®)*; (5.15)

and o
D,2=0, nzm and n'#Zm. (5.16)

Here the C,,® are real numbers, for the time being quite
arbitrary, so that iC,*P« is properly anti-Hermitian.

The matrix elements of H®(P) involving the band
m are now, by Eq. (5.9),

’

— Pmn’apn’mﬂ
. (P) =am{ et %—saﬂ+z———*~]P«Pﬂ+- .
7 Wmn
. pmn'apn'nﬁ
+ (1 -an) { [_icmapmnﬂ—,—'Zm:IPaPﬁ_}_ M };
n’ Wmn
: (5.17)

A ®(P)=[Hm®(P)T". (5.18)

Thus by our construction H,,,® (P) contains, for ns<m,
only terms of second order in P* To emphasize this
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feature we write H,,,® (P) in the form
Hpin® (P)=8,,,H, 0 (P)
+ (1—_6mn){anaBPaPﬂ+ e }

We now make a second unitary transformation and
define

H®(P)=exp[—S®(P)JH® (P) exp[S®(P)],

(5.19)

(5.20)

where S® is of second order in P and so chosen that
H . ® has, for ns£m, no terms of lower order than the
third in P=. Proceeding as before, this may be achieved
by taking

Srm’&)(P):Dnn'aﬂPaPﬂ; (5'21>

where
Dmnaﬂ—_: amnicmaﬁ_ (1 _amn)anaﬁ/wmn 5 (522)
Dnmaﬂ= - (Dmnuﬁ)*; (523)
D=0, ns=m and n'=m. (5.24)

Here the constants C,*® are for the time being largely
arbitrary, except that in view of the anti-Hermitian
nature of S®, C,,*P2P# must be Hermitian:

(Cnf®)*PapPB=C, 2P P2P". (5.25)

Clearly, this procedure may be continued so that
after the sth transformation we have

H o (P)= 8,0, (P)

+ (1= 8mn)[Qmat - att1Per. .. Pattip ... 7] (5.26)
The subsequent transformation is then given by
S D (P) =D, o1 a1 Pel. .. P‘““, (5.27)
where
Dmnm st — 5mnicm°‘1 ERY-7251
- (1—6mn)ana1. ""‘““/wmn; (528)
Dnmzun'utﬁ-l: .__.Dmna1~--at+l; (5.29)
Dypoveen=0, nz“m and n'#m; (5.30)

and the numbers C,*  *¢t are arbitrary, apart from .

the requirement that

Cpot--atiPal. .. Pattli=C, awl---a1pai. .. Parl (5_31)

From the power series of exp(—S®DH ® exp(SHHD)
we see that

i, (P)=H,,® (P)+0(PH?). (5.32)

Thus all H,® for ¢> ¢, are identical up to order (P#)tt
inclusive. We now define H,,(P) as the formal limit of
H,® as t— . It can be written in the form

H,,(P)= eu+ E,x122Per Pez

+E,me2asPaiPazPasL_ . .. , (533)

where in view of (5.32) E,*-«t can be obtained by
calculating H,,(0,
We shall not discuss here the question of convergence
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of this procedure. However, in Sec. 10 we shall estimate
the error of the solutions obtained.

6. Commutation Expansion of H,,(P)

We now wish to write H,,(P) in a series of terms each
of which is “effectively’’ smaller by a factor s(=3C/c)
than the preceding one. Since, by (4.6),

Pa= pa_l_saa’xa"

one’s first inclination might be to order the series (5.33)
in powers of s. However, in such a series successive
terms are not effectively smaller by a factor of s. The
reason for this can be most easily seen in the free elec-
trou case. Here
H(P) —_ %P"‘P“: %papa_l_saa’ (Paxa’_i_xapa')

- sad saa! gl ol

(6.1)

If we now consider solutions of (approximately) fixed
energy, then as s — 0, the dimensions over which the
orbits extend behave as s, so that terms of the type sx
occurring in (6.1) are in fact independent of s.

A more appropriate procedure is to make what we
call a commutator expansion of Eq. (5.33). Let us
begin with some preliminaries. First we define

(Par. .. paty,, (6.2)

as the average of P*- .. P2t over all possible permuta-
tions of the factors. Since for s=0 the P*’s commute,
it is clear that the difference between P<!. - - Pt and its
average must be at least linear in s. For example,

Perpes <Po¢1Pa2>Av =1 (Puape2— Ptszall)

= %l (sdlﬂt2_ sazm)

1S [/ s¥1az— gazal
ST, 6
2 s

where the factor in parentheses is independent of the

magnitude of s. In general, we can write
Par.. . Pat— <Pa1. . 'P‘”)AH—SAl, (6.4)

where A; is a linear combination of products of P¢, each
of order (P%)*2 Now we define A, by the equation

$Ar1=A,—{A . (6.5)

Then clearly we can develop P« -.P%t in a series of
the form

Pot... Pat— <Pa1. . ‘P‘”)Av

+s(Aat- - s Aan,  (6.6)
where
[¢/2]=t/2 for ¢ even, 67)
=(t—1)/2 for ¢odd.

Such an expansion we call a commutator expansion.
We now develop each term of the power series (5.33)
of Hu(P) in a commutator expansion and then collect
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all terms corresponding to a given power of s. This
results in the commutator expansion of H,(P) which
has the form

H,(P)=H u;0(P)+sH w1, (P)+5H ;2(P)+---.  (6.8)

Each term A, ;(P) in this expansion is a linear combina-
tion of completely symmetrized products of the P<.
We shall see later that in general all H,.;(P) are of
similar magnitude so that (6.8) is a suitable expansion
for sufficiently weak fields.

Let us now recall that any completely symmetrized
operator M (P) is completely defined by the function
M (k) to which it reduces when the operators P* are
replaced by the c-numbers %<.!® Hence each of the
Hamiltonians M, ;(P) is completely characterized by
the corresponding function H,,;(k). The procedure
which we have followed gives us power series expansions
for these functions. For example, from (5.17) and (6.8)
we see that!®

— Pmn’apn’mﬁ
By () = ent [%aafurz S

Wmn’

]kakﬂ+ s (69)

1 s

()= [—~z

pmn’ apn'mﬂ - Pmn'ﬂpn'ma}

Wmn’

+---. (6.10)

The deficiency of this formalism, as developed so far,
is then that it is restricted to sufficiently small k-
vectors for which these series converge adequately.
One of the main objectives of Part IT of this paper is to
obtain expressions for the functions (k) without
recourse to power series expansions.

PART II

To obtain explicit expressions for the functions
H,.:(k) we shall be following a rather complicated
procedure. It may therefore be helpful if we give here
a brief outline. B

In Sec. 7 we show very easily that H.;o(k) is just the
energy band function e,(k). This has the well-known
periodicity property

€m<k+ K) = em(k):

where K is a reciprocal lattice vector.

This suggests that also the functions H,.;(k) for
>0 might have this property. However, these func-
tions depend on the as yet largely arbitrary coefficients
Cp®-@t occurring in the canonical transformations
S [see Egs. (5.28), (5.31)7]. In Secs. 8-14 it is shown
how these constants can be chosen so that (a) the
H,.:(k) can be evaluated in terms of the Bloch waves
oxx and without recourse to power series expansions in

18 The function k.-
(Pax. -+ Patyy,,

19 Tt so happens that the leading term of order £°, which is here
given, vanishes.

-k*t defines uniquely the operator

WALTER KOHN

k2, (b) they have the periodicity property
A i(k+K) =Ho;i(K).

This is accomplished in several steps. In Sec. 8 it is
shown that, when s=0, the C,*" "%t can be so chosen
that the new basis functions generated by the unitary
transformations .59,

omie=2 X (WK’ exp(S©) (expS®)- - - | mk),

have the property of being real at the arbitrarily chosen
origin r=0. This fixes the phase of these functions—
which are just Bloch waves—so as to assure their
periodicity in the sense that

Omk+K= = Omk.

In Secs. 9, 10, and 11 the same results are obtained
when s#0. The new basis functions,

=2 Xnw(n'k’| exp(SD) exp(S®)- - - |mk),

are constructed so as to be real at r=0, and they are
periodic in the same sense as ¢uk. Furthermore the
unitary transformation matrix connecting @mx with
X, is constructed without recourse to a power series
expansion in &<

In Sec. 12 the algorithm for constructing the functions
H,.:(k), having the properties (a) and (b) above is
developed; and in Secs. 13 and 14 it is applied to con-
struct the first few Hy,:(k) (=0, 1, ---) for crystals
with and without a center of inversion, respectively.

7. Discussion of the Leading Term H,,,(P)

In this section we shall derive very easily an explicit
expression for Ho(P) which makes evident the im-
portant periodicity property

H,o(P+HK)=H,,o(P), (7.1)

where K is any reciprocal lattice vector. In subsequent
sections, we shall discuss the higher order Hamil-
tonians, H,,;(P) with i>0.

When the magnetic field is switched off, clearly

EM<P) _’Hm;ﬂ(p)- (7.2)

Now the eigenfunctions of H,.o(p)—as those of p
itself—are plane waves exp(ik- r) and the corresponding
elgenvalues are H,0(k). But these must be just the
energies of the Bloch waves ¢m;x so that

H,0(k)=en(k). (7.3)

We recall again that a completely symmetrized
operator M (P) is uniquely determined by the function
M (k) to which it reduces when P is replaced by k. In

particular, if
M) =2 AR)e™ ¥, (7.4)
R

then

MP)=3 AR)eRP. (7.5)
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This fact may be applied in the present situation.
For e, (k) is a periodic function of k and hence may be
written as a Fourier series of the form

en(k)=22100" exp(iR™ - k), (7.6)

where the R® are the lattice vectors of the crystal.
Therefore we have

Huo(P)=5 100D exp(R®-P).  (1.7)

From this form we see at once that H,,,(P) has the
important periodicity property (7.1), analogous to the
periodicity of en(k).

It is sometimes a convenient notation to write

Hono(P)=(en(P) )y (7.8)

where e,(P) is any function of the operator P which
reduces to e, (k) when P is replaced by k.

We wish next to draw attention to the unigueness of
H,.o(P), in spite of the fact that the sequence of
unitary transformations S leading to H.(P) con-
tained a great deal of arbitrariness [see comments after
Egs. (5.13) and (5.30)]. How this uniqueness comes
about may be understood as follows. Suppose we con-
sider a different sequence of canonical transformations
S’ which also uncouple the band 7 from the rest.
The resulting effective Hamiltonian H,'(P) must then
be related to H,(P) by a unitary transformation,
expTn(P). Thus

8, (B)=exp[— T (P) Wn(P) exp[Tn(P)]
—An(B)+Ha(B)Ta(®) ] (19)

When we now make a commutator expansion of a,'(P)
only H,(P) in (7.9) can contribute to the leading term
H,..o/ (P). For all the following terms, because of their
form as commutators, contain one or more factors of s.
The identity of H,.o'(P) and H,o(P) is now obvious.
On the other hand, the higher order terms in the com-
mutator expansion (6.8) do depend on the particular
choice of the transformations S,

8. Periodicity in % of Bloch Waves

_We have just seen that for >0, the functions
H .. (k) depend on the choice of the coefficients Cp2t* "¢,
- We shall find it extremely useful that they may be
chosen in such a way that, in a certain gauge, the new
basis functions are real at r=0. These functions can
then be shown to be “periodic” in the variable k. We
begin by demonstrating this in the absence of a mag-
netic field.

For A=0 we have of course P=p, and therefore the
Hamiltonian (4.14) is diagonal in k:

(k| H|w'K)=5(k— k') H s (K). (8.1)

Consequently the solutions of the Schrédinger equation
(5.1) are of the form

A (k) = B (k95 (k— ), (8.2)
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and the corresponding eigenfunctions of H are just the
Bloch waves ¢,x¢ associated with the vector k?:

Pnk'= Zn’ Aq () (k)xnk
=exp(ik® 1) 3 n B ™ (K% wnro(x).

In this case, where the Hamiltonian is already initially
diagonal in k, the removal of the interband matrix
elements leads to a complete diagonalization. Therefore

omi={exp[S© (p) ] exp[.SD(p)]- -  } X, (8:4)

where ¢nx is a Bloch wave associated with quantum
numbers 7 and k. We say @ Bloch wave, because its
phase will depend on the disposition of the arbitrary
constants in the transformations S,

We shall now show how the C,*'*#¢ can be chosen
to make

(8.3)

Im[ﬂomk (O)JE 0.

The procedure will be to assure the property (8.5) up
to any power of k2, from which the reality for all k
follows by analytic continuation in the variables &™),
k®, and k® 2

We have previously chosen the functions #,¢(r) as
real. Let us now further assume that #,,0(0)> 0.2 Next
we write

Qamk(‘)'—':-'z X!

X (n&' | {exp[S© (p)] exp[S® (p)]- - - } ¢|mk),
where the notation { }, implies a power series expan-
sion of exp[S™]exp[S®7]--- in powers of $* up to
order (p®)¢ inclusive. Clearly @mi(® has the form
Om D (1) = "5 [ ttyno (1) + k*Un® (1)

4okt Ry e(r) )
where the functions ., ***¢ are periodic in r. We must

now show that ¢nx(¥(0) can be made real for all 2.
To lowest order we have

@@ (0) = [tmo(1)e ™ ]y,

and this is clearly real.
To first order we obtain, with the help of Egs. (5.8),
(5.14), and (5.15),

emx®(0)

= {2 w0 (D) [Brm+Sam® (p) Je™*} 10
= ' eik"[umo(r)-’rka (iC,,.“umo— > unopma )] | »

nEm Wnm

(8.5)

(8.6)

(8.7)

(8.8)

Drm®

Wnm

= (0) -k (iC,,,"u,,,o 0)— gmu,.o(O) (8.9)

20 This assumes of course, without proof, the analyticity of omk
as a function of k. For one-dimensional Bloch waves this analytic-
ity has been established under mild restrictions by W. Kohn,
Proc. Phys. Soc. (London) 72, 301 (1958), and to be published.

21 If 240(0) should accidentally vanish, we choose another origin.
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As %,,0(0) and #,0(0) are real, and the p,.* are imagi-
nary, this can be made real by choosing

1 pmna
Cuo==3 (8.10)
’1: nFEmM Wam
where
7nEun0(O)/um0(O)- (811)

It will be seen that C,?, defined by (8.10), is real as
required. [ See comment after Eq. (5.16).]

Proceeding in this manner it is easily seen that
onx?(0) can be made real by an appropriate choice of
real coefficients Cn,*--*, which may be taken as in-
variant under permutation of the indices a;- - -a;.

It may be mentioned in passing that if the crystal
has a center of inversion at r=0, the C,*"*%t can be
taken as zero.

This procedure defines ¢ui(r) in terms of a power
series in k% of the form (8.7). By analytic continuation
this function is then defined for all k. It clearly satisfies
the following conditions: It satisfies the wave equation;
it is normalized ; it is real at r=0; and it has the quasi-
periodicity property

¢ (1-+RO) = exp[ik- RO Jgmu(1).

These conditions define ¢nx uniquely, apart from sign.
Consequently it must have the following “periodicity”
property, as a function of k:

(8.12)

miix (1) =00mk(1), (8.13)

where for a given crystal and band index m, 6=--1 de-
pending on the vector K. Examples show that both
signs do in fact occur. However for simplicity of writing
we shall assume in the following that =1, so that

ik (1) = @mxc(1). (8.14)

Where the case §=—1 leads to significant differences,
they will be explicitly mentioned.

9. Expansion of the New Basis Functions
in Powers of P

The canonical transformations S®,S® ... dis-
cussed in Sec. 5 define a new set of basis functions which
we shall denote by @nx:

Bne=2_ Xnrir
X ('K’ |exp[S®(P)] exp[S®(P)]- - - | k).

For A=0 these were just the Bloch waves ¢,x discussed
in the preceding section. In this section we begin a
study of the @,k in the presence of a magnetic field.
We shall first show that if we define

Puk V=" Xy
X (n'k’| {exp[.S® (P)] exp[S® (P)]- - -} | mk),

where the symbol { }; denotes the truncated power
series of the argument up to (P¢)? the constants

9.1)

(9.2)

WALTER KOHN

Cn® 2’ can be so chosen as to make
Im[ n?(0)]=0,

for all values of ¢. Since the phases of the @,x depend
on the gauge of the vector potential, we must settle on
a particular choice. It is convenient to take

(9.3)

A=1}(@3eXr); 9.4)
in this gauge we write s**’=¢%®', so that
Po= pat-gac/ge’ (9.5)
and
o= —¢B=3/c, etc., 9.6)
l=¢2=7g%=0. 9.7

Our final results will, however, be gauge invariant.

The procedure of removing off-diagonal elements to
higher and higher order in P¢, which was described in
Sec. 5, gives us @,x(¥ in the form of a series

12
Par @ =3 wa ¥,
/=0

(9.8)

where w, (¥ is of order (P%)¥. Let us begin by study-
ing the first two of these, for n=m.
Clearly for /=0 we have
Winke @ (1) = Xonxe (1) = Upmo (1) €% 1, (9.9)

and since all #,0(0) are real, so is k@ (0). The next
term is, in view of Egs. (5.8), (5.14), and (5.15),

Wik D (1) =22 tno (1)

X ['I:Cmaanm’“ (1 - 6nm)pmna/wnm:lpaeik-r, (9.10)
whose imaginary part at r=0 is
. Dum®
Im 10, @ (0) =240 (0) [ 7C®— 2_ 7 ke; (9.11)
nFEM Wy

where 7, is defined by Eq. (8.11). This may be made to
vanish by the same choice of C,%, as in the absence of
the magnetic field [see Eq. (8.10)7.

So far there has been no significant difference between
the cases of nonvanishing and vanishing magnetic fields.
But in higher orders (#'22), the noncommutativity of
the components of P does introduce such differences.
We shall now show that nevertheless there exists a set
of constants Cp,®, - - - Cp® 2t which will make ¢, (¥ (0)
real for arbitrary f that these constants satisfy the
requirement that the quantity

Z Cmal-naz])al. .. Pae
1o

t

(9.12)

«

is Hermitian [see Eq. (5.31)7, and are real for odd ¢ and
imaginary for even i.

We give a proof by induction. Suppose we have
chosen appropriate constants Cp®, -« - Cp2***t71, Then
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wni? has the form

Z (iﬁnmcmax. . 'M+Qnmal' . '“t)

wmk(t) =Z un(}
n ap---ot

X Pei. .. Patgikr,  (9.13)

where the constants Qn»***¢ are real if ¢ is even and
imaginary if ¢ is odd. Let us take the case of even
From (9.13) we have, at r=0,

Wk @ (0)=thno(0) T (iCn1 - Ryea-+-0)

X[Pe1- .. Patgis-r], o (9.14)
where
R/mm”.a‘EZn anmnal'“a‘ (915)
is real. We want to choose the C,*t -2t to make
Im (Wi ) =0. (9.16)

Now the product P#-..-P<t may be divided, in a
gauge-invariant manner, into a Hermitian and anti-
Hermitian operator. One way of effecting this division
is by a commutator expansion. For example,

Parpaz— (P“lP‘”z)Av-l-% (PoaPntz_ Pazpal)
= (Pu1Pa2>Av+ (i/Z)o"“‘”
= (Papa) g (PePes) (9.17)
since

gerea=}(serea—geant) = (1/§)[ Ps,Per],  (9.18)

and is gauge invariant; the subscripts H and 4 denote,
respectively, the Hermitian and anti-Hermitian parts.
Similarly
P"“P’”P‘“P‘“

— <Pa1Pa2PaaPa4>m

_|_¢ (Ual “2<P°‘3P°“‘)Av+ 0”‘1"‘3<P"‘2P‘“>M+ galat (PazPu3>M

+0“2“3(P“1P“4>A\,+0‘”“4(P°‘1P“3>Av+0'“3"‘4<P"“P°‘Z>Av)

—_ (o-alaza.asoq_l_aa1aaaa2a4+aa1a40a2a3)

= (PapaPaspes) - (PapezpPespes) (9.19)
where the Hermitian part contains all terms even in o,
and the anti-Hermitian part all terms which are odd
in o. The general product P« .- P2t can be similarly
decomposed.

We can therefore write R,* "2t as the sum of two
terms,

‘ Rmal...a,=Hm¢1...a¢+Ama1...a;’ (920)
where
Z H,1-atpai. .. Pai
a1 -at
= 3 Rpa--a(Pa...Pay (9.21)
. [5RRRY-77
and
Z Aot cretPal. .. Pat
ape--ag

Ry -at(Par... pat) o+ (9.22)

-

ceeag

both H,2t"**«t and A,,*" "¢ are real.
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We now choose
Cm"‘l"'“‘=iA,n“1"'“‘-
By (9.22) we have
Z Cpot-atpat. .. Pat
@1---ar

(9.23)

=2. Z Rmal .. .a;(PDtl e .‘P‘O‘l)A’ (9.24)
T .

and this is properly Hermitian. Furthermore this
choice gives, by (9.14),

Wanie D (0) =um0(()) Z R, et
Qgee-a

X[(P- - 'PM)Heikfr]rzo.

It remains to verify that, in the gauge (9.4), the
imaginary part of (9.25) vanishes. Since the R«
are real, inspection of (9.17) and (9.19) shows that this
will be so provided that for arbitrary ¢

Im[<Pa1 e Pat>Ave'Lk-r]r=0= 0.

(9.25)

(9.26)

To establish this fact substitutein the product Po. - - P
the expression (9.5) and pull all factors x to the right of
all factors p. This results in

[(Pa], . .Pa:)eik-r]r=0

=pa. .. gt jgurespas. . pert ... (9.27)

When we now perform the operation { )a on (9.27),
all terms containing one or more factors ¢ vanish be-
cause of the antisymmetry of o*f. Hence we have

[(Par. - Pat)peier], o= . - ko, (9.28)

which proves (9.26).

When ¢ is odd an analogous demonstration can be
given.

We have therefore succeeded in constructing func-
tions of the form (9.2), or equivalently of the form

Sank(t):Z %ﬂ’Ol:an’n"l“Z Gn’nalPal-i_ D
n’ a1

4+ T GupacatPer. .. Pad]gikes

a1t

:Z xn’k'(kllan’n‘l'z Gn/nalPa‘f}— e
a1

+ Z Gn’nal'"atPal' ¢ ,Pa;lk)’ (9.29)
1eeea

« t
which for #=m have the property (9.3).
10. Commutator Expansion of the New Basis
Functions; Degree of Decoupling

The expansion (9.29) has the drawback of converging
only for small values of 2. Our previous experience sug-
gests rearranging the terms in (9.29) in a commutator
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expansion. We therefore write formally

bwnt L GunPot 3 G yicsPerPor ..
aj

aiag

= Un'n;O(P)+5Un’n;l(P)+52Un"n;2(P)+ ttty (10-1)
.where the operators U, (P) are completely sym-
metrized in the P<. Because of this property they can
be completely characterized by the functions Uy s,:(k)
of the ¢-numbers k*. For example, we see from (10.1)
that

Un'n;O(k) =6n'n+z Gn’nalkal‘*— Z Gn,nmlazkalka2+ MY
al

alaz

Uwmi(k)= X (i021%2/25)G 122+ - -,

alaz

(10.2)

etc. The functions U, ,;:(k) are defined by their power-
series in £« where these converge, and by analytic con-
tinuation® elsewhere.

Combining (9.29) and (10.1) gives the following
formal expansion for @uy:

¢nk(r)=z un'O[Un’n;O(P)+5Un'n;I(P)
+ 52U pr 2 (P) - - - Jeir (10.3)
=Z xn’k'(k,l Un’n;O(P)+SUn’n;1(P)+ e l k)

For some purposes it is convenient to define
Foyi(t; P)=3"0 o (1) Ui (P).

They are functions of r and completely symmetrized
functions of the operators P=. As the definition (10.4)
shows, the P« are to be thought of as on the right of
the r, i.e., not acting on it. With the help of these ob-
jects, we can rewrite (10.3) also in the compact form

Pk (1) =[Fn;o(r; P)+5Fp1(r; P)
+S2Fn;2(r; P)+ .o .]e‘ikd'_

So far our entire development has been purely formal.
We are now in a position to examine to what extent the
functions @mx have in fact been “decoupled” from the
Pnx With ns£m.

Let us first note that the transformation functions
S®(P) have been so constructed that the equation

H o (P) (' | exp[S© (P) ] exp[S@ (P)]- - - | m)

— (1] exp[S® (P)] exp[S® (P)]- - - |m)
XHa(P)=0 (10.6)

(10.4)

(10.5)

is a formal identity when both terms are formally ex-
panded in powers of P« If now these power series are
regrouped in a commutator expansion, (10.6) is also
clearly a formal identity to all orders of s of this ex-
pansion. Let us now denote by [Q(P)]; the commutator
expansion of any function Q of the operators P# up to

2 Again the analyticity is assumed without proof; see reference
20.
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order si. Then clearly we must have

H i (P) (' | exp[S® (P)] exp[S® (P)]- - - Js|m)
— (n|[exp[S®(P)] exp[.S®(P)]- - - s m)
X[Hn(P)J:=0(s").

Now let us denote by @ax;s: the series (10.5) truncated
after the power s¢:

@nii=[Fnyo(r; P)+-- “§'Fp,i(r; P)Jeir

=3 ttno(n’| [exp[S® (P)] exp[S®(P)]- - - 1s| n)
Xekr,  (10.8)

(10.7)

Then (10.7) can be rewritten as
H@mk;i=z ¢mk’;i(k, |FIm,0(P)+ M +Si _m;’i(P) I k)
k/
+0(s**).  (10.9)

This answers our question concerning the degree of
decoupling: @mi;s is decoupled up to order s* inclusive.
Consequently, if we solve the one-band equation

%(k[ﬁm(P)]i[k’)A,,,(k’)=EA,,,(k), (10.10)

where

[FIm(P)]i=I_{m;O(P)+SHM;I(P) _
tosill(P),

the energy E and the corresponding wave function

(10.11)

¥=2 An(k) G (10.12)
will have errors which vanish with s like s+
It may be remarked that if we define
Fu(0)=Y An(k)eir, (10.13)
then (10.10) is equivalent to the equation
[H . (P))iFm(t)=EF,(). (10.14)

11. Analytic Continuation of New Basis Functions

In the preceding section we have seen that the new
basis functions @.x(r) can be developed in a commuta-
tor expansion of the form (10.5). As the operators
F,,i(r; P) are completely symmetrized in the com-
ponents of P2, they are uniquely determined by the
functions F,(r; k). The procedure of the previous
section gave us a series development of these functions
in powers of k% In the present section we shall show
how they can be obtained for arbitrary k without re-
course to a power series.

To determine F,o(r; k) we first consider the case
s=0 which has already been treated in Sec. 8. Here
one finds

Bmk= Omk= Fm;0(r; k)eik'r’ (11.1)

Fom;o(1; K) =t (1),

where, by our construction, Im[ #,x(0)]=0.

so that
(11.2)
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This gives us at once the result that in the presence
of a magnetic field

Pmi(1) =unp(r)e* *+0(s), (11.3)

where P does not act on the argument r of #,,p, and the
operator #,p is considered completely symmetrized in
the components P= Now since

Un P (0)€E T=1p ki (1704 (1) (De**+0(s), (11.4)
we can also write
Pk (1) =Um, k1 (1/0) A(r) ()€ T+ O(s)
= @m,k+(1/0)Am (1) exp[—i(1/c)A(r) - 1]
F0(s). (11.5)

We now turn to the higher-order terms in the com-
mutator expansion of @nx. As we are interested in the
case of small s but arbitrary values of k, it is natural to
try and discuss the whole problem in a new representa-
tion based on the Bloch waves at an arbitrary point g
in k space, rather than the X,x representation which
was based on the Bloch waves %, at k=0. In analogy
with (3.1) we therefore define the following new basis
functions:

Xan(r; 8)= @ne(r) exp(th-1), (11.6)
where the phases of the ¢, are so chosen that
Ime,.(0)=0, (11.7)

and the sign of Regmg(0) is that which one obtains by
analytic continuation of gmx from k=0, under the con-
dition (11.7). For n#m the sign of ¢,, may be arbi-
trarily chosen. In complete analogy with Egs. (5.5) and
(5.6), we find that in this representation the Hamil-
tonian matrix is

(nh|H|w'W)=(h|H.. (P; §)|W),  (1L8)
where
Hpn (P 8)=bnn[en(8)+ pnn®(8) Po+35°6P2PF]
+(1_37m')ﬁnn’a(g)Pa; (119)

here €,(g) is the energy of band # at wave vector g

while
(2m)?

Pan (8= f Ong P ongdr.  (11.10)
cell

As before, we shall now eliminate the interband matrix
elements of (11.9) and in this way be led to new basis
functions @.n(r; g§). For m=n it will be shown that
these are related as follows to the functions @m«(r) of
Sec. 10:

Pmn(r; 8= ¢mg+h(r)- (11.11)

This connection will enable us to construct the function
Fyi(1; k) of Eq. (10.5) as well as the functions H;;(k)
of Eq. (6.8) without recourse to power series expansions
in k=

We begin by eliminating the first-order off-diagonal
matrix elements of H,, (P; g) by means of the unitary
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transformation exp[S®(P; g)]:

H®(P; g)=exp[—S®(P; §)JH(P; g) exp[SV(P; 8)]
=H(P; §)+[H(P; ¢),SV(P; 8)]

+ (11.12)
We take S® of the form
Spn O (P; @) =Dyn(8) P, (11.13)
where the D,,*(g) must satisfy the condition
Pﬂma(g)'*'wmn(g)Dmna(g):O n#m, (1114)
and
Dﬂn'a(g)=—[Dn’na(g)]*; (1115)
here
Wnn (8)=€n(8) — €n (8). (11.16)
We choose
Dmna(g) = 6mn7:cma(g)
- (1_6m")1>mna(g)/wmn(g); (11.17)
D'nma= - (D'mnu)*, (11.18)
Dypn®=0, nzm and #'#=m (11.19)

[see Eq. (5.14) ff]. As before, we choose the real con-
stants C,%(g) so as to make the new basis functions

e (53 8) = - Xuar (1 )

X (nh'|14+SO(P; ) |mh), (11.20)
real at r=0, to first order in P=. This requires
: prm®(8)
iCn(8) = Im 2 ¢ng(0) . (11.21)
Pmeg nym Wam

Continuing in this manner we construct, in analogy
with Eq. (9.29), the functions

{bnh(t)(r; g)=Z ¢n'g[5n’n+z Gn'nal(g)Pa'
n’ al

+. 4+ X Gn,nap--at(g)Pal...Pat]

Xexp(th-r). (11.22)

These series may be rearranged in a commutator series
leading to an expansion analogous to Eq. (10.3)

anh(r; g) ZZn"Pn’g[Un'n;O(P; g)
+3Un’n;l(P; g)+ v ] exp(lh l'),
where the functions Upnn;:(P; 8) are completely sym-

metrized in the Pe.
Now let us set

(11.23)

h=k—g, (11.24)

and use the following identity, valid for any function

Z(P):

Z(P) exp[i(k—g)-r]

=exp[—ig-r]Z(P—g) exp[ik-r]. (11.25)
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This allows us to re-write (11.23) as

Pri—g(T; &)= 0 @ure exp(—1g- 1) Unn;o(P—8; 8)
F5Unma(P; 84+ - - Jeir. (11.26)

Next we observe that the functions ¢, exp(—ig-r)
=u,¢(r) are completely periodic in r, so that we can
write

On'g exp(—'Lg' l') =Z‘n" un”()(r)cn"n’(g)y

(2m) (11.27
Cn"n’(g) = f Mn"O*Mn’gdr; )
cell

where Cp//p is a unitary matrix. If we now define
ﬁn”n;i(P; 8)=2.Corw(&Uwn:(P—g;8), (11.28)
Eq. (11.26) assumes the form

Pux—g(1; 8) _ _

= un'O[Un’n;(l(P; g)""sUn’n;l(P; g+ ':]eik.r

=2 XK [ Unrn;o(P; 8)

+5Un’n;1(P; g)+ T lk)

These expressions have the same form as those occurring
in Eq. (10.3). We shall now show that, for n=m,
Zmi—g(r; 8) and &k (r) are in fact identical.

We begin by inverting the power series expansion
(9.29) and rearranging the inverted series in a commuta-
tor expansion of the following form?3:

X =2, @nrrir
X(k”[Xn"n’;D(P)+SXn"n’;I(P)+ e l k) (1130)

Substituting X, from (11.30) into (11.29) and re-
grouping in a commutator expansion gives an equation
of the form

Par—g(r; 8)=2_ Bnw
X (k'[ W”"”HO(P)_,_SWn'n;l(P)—i— .o l k).

Now for s=0, and n=m, we have by construction
(11.32)

(11.29)

(11.31)

‘pmk—g(r; g): ¢Mk(r)= ‘Pmk(r)a

where the phase of the Bloch wave is in accordance
with (11.7) fi. Hence

W rm; o(P)=8rm. (11.33)
Furthermore the transformation matrix ‘
Wan (P) =W anr;o(P)4-sWanra(P)+- - -

is formally unitary, i.e.,
St Wt (YW aorasr (B =8,

where T denotes the Hermitian conjugate.

(11.34)
(11.35)

28 This is of course again a formal expansion which has the
following property : If &n//1+ is expressed as a formal commutator
expansion, according to (10.3), substituted into (11.30) and the
resulting terms regrouped in a commutator expansion, (11.30) is
an identity to all orders in s.
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-~ Finally, since the original Hamiltonian H has no
interband matrix elements connecting @,x(r)” with
@ni(r), n7m, or connecting Fui_g(r; 8 with @nr_g
X (r; 8), nm, it follows that @ur_g(r; g) must be a
linear combination of @,k (r) with the same m. Thus

Wn'm;i(P)zan'mWi(P), (11.36)
and we have
Foics(15 9= G
X (K [ 14sW(P)+sWo(P)+- - - | k). (11.37)

Now let us turn to W1(P). From the unitary property
(11.35), it follows that

W(P)+wW*(P)=0. (11.38)
Setting s=0 gives
Wi(k)+W.*(k)=0, (11.39)

so that Wi (k) is purely imaginary. Next let us use the
reality of omk_g(r; ) and @mx(r) at r=0. This gives

Im[3 @i (O)(K'[W1(P)[k)]=0.  (11.40)
Now letting s — 0 gives
Tm[ W, (k) ]=0, (11.41)
so that W(k) is purely real. Hence
W1(k)=0. (11.42)

In the same way one shows next that W (k) vanishes,
etc. This gives finally the required result

Pmi—ge(1; €)= Bmr(1), (11.43)

which is equivalent to (11.11).
One important consequence of this result is the fol-
lowing. Since by construction

Znn(1; K)=0@nn(r) (11.44)
[see Eq. (8.13)7], it follows from (11.43) that
Pnk1k (1) =0 G (1). (11.45)

Thus, also in the presence of a magnetic field, the new
basis functions have the quasi-periodic property (11.45).

It is obvious how (11.43) can be used to obtain the
analytic continuation of &,x(r) for arbitrary k. Setting
g=k, (11.43) gives

Zmic(1)= Emo(r; K).
Now by Eq. (11.29) we have

mo(T; k)=3" xn’k’(kll [_jvn’m;()(P; k)
+5Un'm;1(P; k)+ e Ik), (11.47)

(11.46)

while by (10.3)

¢mk(r)=Z Xn'k’(k/l Un'm:O(P)



BLOCH ELECTRONS IN MAGNETIC FIELD

On subtracting and using (11.46), we get

0= Xn'k’(kll [Un’m;o(_P)_Un’m:O(P§ k)]
F5[U prm;1(P)= U1 (P K) 4 - - - | K). (11.49)
As the X, are not orthonormal, we cannot immedi-
ately conclude that the coefficients of X, vanish.
However, this fact may be established as follows.
Set s=0 in (11.49), which then reads
0=3" 0 Xt Unrm;0(K) = Unrmso(k;; k)], (11.50)

Hence

Un’m;O(k)zUn’m:O(k; k); (11‘51)

and
Un’m;O(P)z ﬁn’m;O(P; k) (1152)
Now, by using (11.52) in (11.49) and dividing the
latter equation by s, we get
0=Z Xn’k’(kll [Un’M;l(?)—' Un'm;l(P§ k)]
+3[Un’m;2(P)"' Un’n;Z(P; k)]+ e [k)

Now set s=0 and obtain

Un'm;l(P) = Un'm;l(P; k))

(11.53)

(11.54)
etc. Thus we see that for all 7,
U s i(K) = U o i (k5 K).
Finally, by (11.28), we have
Ui i(k; W) =2 Cora () Ui s(0; K).

But at h=0, each coefficient Unrm;i(h;k) can be
evaluated explicitly in terms of a finite number of the
coefficients of the power series (11.22). Thus

(11.55)

(11.56)

U wrom;0(0; K) =8my (11.57)

igeses

Un”m;l(o; k) = Z

ataz 2§

Grm@o2(k), (11.58)

etc. We see then that for example to obtain U, m;1(k)
we require a knowledge of Gnm®®2(k) which may be
obtained by two canonical transformations, This should
be compared to Eq. (10.2) which required the summa-
tion of an infinite power series in k¢, i.e., the perform-
ance of an infinite sequence of canonical transformations.

12. Explicit Construction of the
Effective Hamiltonian

In Sec. 6 we saw that the effective Hamiltonian A,,(P)
could be expanded in a series of the form

Hm(P):'Hm;o(P)+sﬁm;1(P)+s2I—{m;2(P)_|_ cie,

We have already remarked that since the Flm;i(P’)' are
completely symmetrized functions of the P<, they are

(12.1)
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determined by the functions H,,;:(k). In fact, if

H,.:(k)=3 B(R)e®E (12.2)
R
then

H,;i(P)=% B(R)e™ ™. (12.3)
R

However at the stage of Sec. 6, we had only expansions
of Hy;i(k) in powers of k2. We are now in a position to
calculate these functions explicitly for arbitrary k.

Let us begin by writing Eq. (10.3) for z=m in the

form . .

Pmi (1) =2 Xpiw ('R |U(P)[mk),  (12.4)
where
Un’n(P)= Un’n;O(P)+SUn'n;1(P)+ e

= (' |exp[S® (P)Jexp[S® (P)]- - - [#). (12.5)
Similarly, (11.23) can for n=m be written as
Bon(1; 8)=2w Xww (r; (W |U(P; g)|mh),
where

Una(P; 8) :
=Upn;o(P; ) +5Unn1(P; )+
= (n'|exp[S® (P; ) Jexp[.S®(P; 8)]- - - [n). (12.7)

By (11.5) and (11.28), U(P) and U(P; g) are con-
nected by the relation

Unin(P)=2 Corrw (&) Unn(P—8; 8).
We shall now prove the following identity. Let
Hn(P)=Upi™ (P)H o (P)Unrm(P),
where U, (P) is defined in (12.5) and

Houn (P)=bpn[ent 3PP ]+ punP; (12.10)
and let

Hp(P; 8)=Uni*(P; §)How (P; Unm(P; 8), (12.11)
where U, (P; ¢) is defined by (12.7) and

How (P; 8)=buwlea(8)+3PP ]+ paw (8P (12.12)
Then

(12.6)

(12.8)

(12.9)

,(P)=H,(P—-8; g). (12.13)
We first transform (12.9) with the help of (12.8):
HM(P)z Um‘n—.l<P~ g; g)cnn”_l(g)

XHn’;n"'(P)Cn”’n'<g) Un’m(P— g; g) (1214)
Next we note the identity
6n”n”’€n” = (1,{"//0, (?2/2m+ V)unlflg). (12.15)

This allows us to write

Cnn”~1(g)sn"n”’fn"cn”’n'(g)
= (Ungythn'0) (Unrr0, (P2 2V )thnr110) (st 0,8 )
= (¢ne eXP(“ig r), (Pz/zm'l' V)ongexp(—ig- r))
= (€ngt38")0nn — P *(€)g* (12.16)
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Similarly
Cnn”_l(g)?n"n"'acn’”n’(g)=Pnn'“(g)_gaann’- (1217)
Therefore (12.14) gives
Ho(P)=Uni'(P—8; 8)

X{bnn[en(8)+5(P2—g%) (P2—g)

+Pnn’a(g) (Pa—ga)]} Uiﬁm(P— g; g)

as was to be shown.

This relation allows one to calculate explicitly the
functions A, :(k) which determine the successive terms
of the commutator expansion of H,(P). We make a
commutator expansion of both sides of (12.18),

Hoso(P)+sHpa(B)+- -+
=Hno(P—g; §)+sHm1(P—g; &)+

We equate corresponding terms, setting P=k and g=k.
This gives

(12.19)
H,.:k)=H,..(0; k). (12.20)

Now suppose that H,,(P; k) has the following power
series expansion in P«

[—{m(P; k)= em(k)+Ema1(k)Pa1+Ema1a2(k)PauPas_*_ N
—|-Em"‘1""“(k)P"“' o Patd.., (1221)

This may be rearranged in a commutator expansion

(P K)=Hoso(P; K)tsHna (P W)+ -+, (12.22)
where
I-I’"?O(P; k)=5m(k)+Emal(k)<Pal>Av
+Epoer(k) (PPt -, (12.23)
Apa(P5 W=i & —— By (K)+0(P), (12.24)
ala2 S

a.oqago,aaa4+a.alaaa.aza4+a.a1a4o.a2aa
Hpx(P;K)=— X

ajazagay 52

XEmalagaa'tu(k)-'—O(P“), (12.25)

Hence by (12.20)
Hm;O(k)=5m(k)a

_ a,cuaz
Hm;l(k =1 Z Emalaz(k)’
ajaz §
ga1ezgasas ] puazgaras | yeiasgazes
Hm; Z(k) = Z
ajagazoeq 52
Enoaves(k),  (12.26)

etc. These functions can all be explicitly calculated.
Now by construction of H,(P; k) the coefficients
E,=2(k) have the periodicity of the reciprocal
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lattice, so that we may write
Hyi(k)=3 a;® exp((R® . P), (12.27)

where the R® are the lattice vectors of the crystal.
Hence the effective Hamiltonian can be written in the
form

Ha(P)=3:a"(s) exp(iR®-P),  (12.28)
where

a®(s)=agV+ 58, O+ 52, O+ - -

Denoting by 7 the volume of the fundamental Brillouin
zone, we have

(12.29)

1
ao‘”=—f en(k) exp(—ik-R®)dk, (12.30)
T zone
aW=—| (isae/s)E,x(k)
7V 20ne Xexp(—ik-R®)dk, (12.31)
etc.

Equation (12.28) has as a consequence the important
periodicity property

where K is an arbitrary reciprocal lattice vector.

13. Application to Crystals with a
Center of Inversion

Using the methods of the preceding sections, we shall
now work out the first few terms of the commutator
expansion of the effective Hamiltonian H,(P) for
crystals with a center of inversion.

For such crystals it is easily shown (Appendix B)
that with our convention of

Im[ ¢4(0)]=0,

one has the result?*

Im[i’n’n"a(g)]= 0.

This results in the vanishing of the terms of odd degree
in s in the commutator expansion of H,,(P).

Working in the representation of the X,u(r; g), we
begin with the Hamiltonian

(13.1)

(13.2)

H(P; §)=Hot+H+H,, (13.3)

where
(Ho)nn'=6nn’€n(g), (134)
(Hl)rm'=P'nn’a(g)Pa, (13.5)
(Hs) nnr= 18, PP, (13.6)

To this H we apply a sequence of unitary transforma-
tions exp[S® (P; )] to eliminate off-diagonal elements
to higher and higher order in P=. We take S to be of

% For isolated values of g, for which ¢,4(0)=0, (13.1) does not
fix the phase of ¢ug. In such cases we define gng=limg,zeng:.
With this understanding, (13.2) holds also at such points.
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order (P=)i. Then, up to order (P*)* we have

H(P;g)
= -exp(—S®) exp(—SW)H exp(SD) exp(S®)- - -
=H,
+{H+[Ho,SV]}
H{HoA[Hy,SO 143 Ho,SD],SOT+H[Ho, S®}
+ { [31,5(2)]_{_ [H2,S(1)]+ [[HO,S“)],S<2)]
+3[[H1,SO ]SO I+5[[[Ho,S V]SV ],S®]
+[Ho,SO T+ {[H2,S®1+3[[Ho,S®],S?]
+[[HI’S(1)],5(2):|+%[[H%S(l)ls(l)]
+A[[[Ho, SV ],SO ]SO THA[[[H,SV],SD],S®]
+(1/29)[[[[HoS V]S, SO, 5D
+[[HoySD],SOTH[H1, SO H[Ho, SO}
4+ 13.7)

The first-order off-diagonal elements are eliminated
by the choice

Smi(l) == (S(l))imT= - (Pmia/wmi)Pa, 7:7ém
S =0,
Here we write pn.® and wnas short for p...2(g) and
wnn(g). Because of (13.1) and (13.2) we see that the
corresponding new basis functions,
¢mg+h= exp(S(l)) exp(S(2)) . .th= (1+S<1)+ oo )th
= Omg €Xp(th-1)~3"; @ig(pim®/wim) P exp(th-1)
+-- ) (13‘9)

have to first order in P« the required property
Im[ @ n(0)]=0. (13.10)

The second transformation matrix S® must be
chosen to eliminate the second-order off-diagonal ele-
ments from H (P; g). By (13.7), this requires that

{Ho+[Hy,SO+3{[Ho,SOTSO I+ [HoS® Jymi=0,

all other #/, #”’. (13.8)

im, (13.11)
or
{ prm®(— Pmi®/ Omi) + (Pmi®/ woms) piif} P PP
A omiSmi® (P)=0, izm. (13.12)

Here the band index j runs over all values except .
This equation can now be solved for S,,;®. Recalling
the anti-Hermitian property of S®, we find

Si® = — (Sim®)t=Dyse®PaP8,  (13.13)
where
Dpnief= (1/wmi){ (1/mi) prm®bmi® — (1/omi) pmi*P3i}5
im. (13.14)

All other off-diagonal matrix elements of S® can be
taken as zero. S.»® is chosen so as to satisfy the con-
dition (13.10) up to second order in Pe. This requires
evidently that

Im{[3(SD)P+S® Wpnn}eo=0.  (13.15)
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Now,

L2 (S®)Xmn oo

(@ = P L papi (i) oy

Em wmz wzm

pmia Pimﬁ
=3eme(0) 2

M Wmi Wim

pmia Pi’mﬂ
= % Pmg (0) Z

i7#m Wmi Wim

[(P<P#)u exp(ih- )]

hehy, (13.16)

and this is clearly real. The second term in (13.15) gives

LS®Xmb Jem0= ¢@me(0)[Smm® (P) exp(th-1) Jrmo

+ Z ¢¢g(0)— '—(Pu P'Lmﬁ Ptmaﬁmmﬁ)'l_—“szapkm
Wim L Wim Wim
X[PPf exp(th-1r)Jmo. (13.17)
But
[PaP8 exp(ith-r) Jimo=hRP+is*8.  (13.18)
Therefore, if we call
7ig= ¢ig(0)/ ¢me(0), (13.19)

then condition (13.15) requires that we choose

11
Sum®(P)=— 3 7:4(0)— _[ (pss®PimP — Pim® Pmn®)

im Wim Wim
1
—i——p;k“pkmﬂ}%[:P“,Pﬂ]. (13.20)
Wim
Similarly we construct S®. The result is

Sin® =D m*fYP2PEP", (13.21)

where

1
D;pbr=—o
Wim

ol
me,

[—__ (P i1
Wim?

Pim’ Dim®

Wim

+ ( +—"" sz
WimWjim w;m

BPJmY_ ijﬁ mm'y) +

ijﬂﬁkmy]

WimWkm

m:.B - Pimapmmﬂ) + Pz kaPkmﬁ ]Pmm'y

WimWkm

_;_3049 587

i 7}, i=m  (13.22)
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while

Som @ (P)

1 ima.—‘ m, ﬁ:P 'm‘y im7
=[ > fz‘a(“ P—— = 'J——‘Dim“’s7) +Dmiaﬂp ]

i7m 6 wim Wmj Wim Wim

X (A[P8,PY]Po~+L[ P, PY]PS+L[ P, PEIPY). (13.23)

The transformation S® is not required for computing
the m-m block of H(P; g) up to fourth order in P
[see Eq. (13.7)].

Substituting our results for S®, S® and S® in
Eq. (13.7) gives the following result:

Em(P} g)=Hm;O(P; g)+5ﬁm;1(P; g)

+5Hpo(P; )+ -+, (13.24)

where
H.;0(0; 8) = eme
H,.1(0; 8 =0,

10:0 (13.25)
_ gaﬂ0-76+ga70-ﬁ6+aa6057
Hpp2(058)=— 2 E.875(g),

aByd s?
and
1 (1 1
Emaﬂ'yB(g) ='_{ —P’mmapmjﬁ__Pmiapimﬁ }
Wing L Wmj Wi

1 1
X [ —_ij’ypm'm(s —%pj/c’ypkma }

Wmj Wk
11
—— ——{Pni® P07 = 2Pmi®FPi® + 8P i pim®}
4 C\’miz
1 1 1
.
2\ wnm Ok

1 im® mﬁ im Y
-2 [ng(“'P—P e "Dm“ﬂ"’)
#m

6 Wim Wmj Wim

) ﬁmiapimﬂpmky?kma

pim7
+Dmiaﬂ__j|Pmm6- (13.26)
Wim

The coefficients D;,%® and D;»*7 are defined in Eqgs.
(13.14) and (13.22).

Finally, using (13.25) and (13.26) in (12.26), we
have now explicit expressions for Hy;:(k) for i=0, 1,
and 2.

The absence of a term linear in s will be noted. It is
easy to see in general that for the case of a crystal with
a center of inversion, our construction leads to an ex-
pansion in even powers of s.

14. Application to Crystals without a
Center of Inversion

In this section we construct the effective Hamiltonian
for a crystal without a center of inversion. We again
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choose the phases of the ¢,, in accordance with the
reality condition (13.1). But now, in contrast to the
case of an inversion center, we have

Pnn"x(g): an’a(g)_i'itnn’a(g)’

where ¢ and ¢ are real and in general neither vanishes.
We make the transformation (13.7) and find, as
before, that

S = — (SOt = — (pri/comi) P2, i7<m. (14.2)

(14.1)

However Sy, does not now vanish. Instead, since

- Z Pig (O)

i#Em

Pima
(0 g>=¢mg<o>+[ pe

Wim

+ona05.0(B)) explihen)| F+ee, (149
. r=0
the reality requirement leads to
Spum® (P)= Dy P2, (14.4)
where
tima
Dun®=—13 144 (14.5)
i#Em Wim

This is enough to determine H,,(P; g) up to second
order in P% which is as far as we shall go. By (14.7)
we find

Hu(P; 8)=en()+ prmP*
+ {%6’13_"' pmia?img/wmi
_i(DmmaPmmﬂ_PmmaDmmﬂ)}P apB
H oo (k) =H,,,0(0; k) = e (K),

_ _ aB( 1
Hm;l(k)=Hm;1(0; k)z—‘
S

(14.6)

(pmiapimﬁ - ?miBPima)

Wi

It will be noted that H,.; does now #nof vanish. In
general it cannot be removed by any unitary trans-
formation. This fact is of importance for the location
of the energy levels in the presence of a magnetic field.
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BLOCH ELECTRONS

APPENDIX A. DEMONSTRATION THAT NO
SOLUTIONS ARE OMITTED

In Sec. 4 it was stated that the solutions of Eq.
(4.17) give rise, through Eq. (4.1), to all solutions of
the original Schrédinger equation Hy=Ey. As k was
taken to be a continuous variable, the dimensionality
of the Hilbert space spanned by the X, is nondenumer-
able. To avoid the associated mathematical difficulties,
we shall here prove the corresponding result for a
vector space of finite dimensionality and assume that
it can be generalized to a Hilbert space of the above
type.

Consider then a vector space of dimensionality D,

spanned by the orthonormal basis vectors
€q, a=1,2,---D (A1)
(A.2)

e fey =040, a,a’=1,---D.

Let H be a Hermitian Hamiltonian operator in this
space, with matrix elements (o/|H |a) defined by

D
He.,=3Y ey |H|a), a=1,2,---D. (A3)
a’=l1

This operator has D orthonormal eigenvectors (9 :
(A4
(A.5)

HY®O=EOg@ =1 ...D

YOO =8, 4 =1, ---D.
Now consider a redundant set of normalized vectors
(A.6)

the first D of which are identical with the basis (A.1).
Let the effect of operating on these e, with H be de-
scribed by a matrix (o’ | H|a), such that

€, a=1,2 ---ND

ND
He,=> ey (d|H|a), a=1,---ND. (AT)

a’=1
Because of the redundancy of the e, the matrix
(o'|H|a) is not completely defined by (A.7). But, in
view of the completeness of the e, some matrix
(o’ | H|e) certainly exists for which (A.7) holds. Finally

assume that the matrix (o | H|e) is Hermitian:
(@ |H|a)*=(a|H|d). (A8)

This corresponds exactly to the situation of Sec. 4.
Now consider N D solutions of the eigenvalue problem

ND
Y (@|H|)Aw®=EOA,®, a=1,---ND. (A.9)

a’=1

These may be taken as orthonormal in the sense

ND
> A WA =8y L I=1,---ND. (A.10)

a=1
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In view of (A.7), the corresponding vectors
ND
e®W=3 ApWVey,, I=1,---ND  (A.11)
a’=1
satisfy the equation
HeW=FEe® [=1 .---ND. (A12)

Clearly, because of (A.1), at most D of these can be
linearly independent.

We next show that also af least D of these ¢ are
linearly independent. For, from (A.10) follow the re-
ciprocal relationships

ND
Z Aa(l)*Aa’(l)zaﬂta’; a) a,=1) o 'N‘D' (A’ls)

=1

Now multiplying (A.11) by 4,®* and summing over }
from 1 to ND gives, by (A.13),

ND
ea=Y A®*o® q=1, ..
=1

ND.  (A.14)

In particular therefore the D independent vectors
ey, -+, ep can be expressed linearly in terms of the
¢®. Hence the latter must contain a linearly inde-
pendent subset of D independent vectors, say

P, . (D), (A.15)

Since the ¢ are D independent solutions of the
same eigenvalue problem (A.12) as the {4, each {®
must be a linear combination of the @), (If there is
no degeneracy there must in fact be a one-to-one cor-
respondence.) It follows @ fortiori that each ¢ is a
linear combination of all the ¢ (I=1, ---ND) ob-
tained from the solutions 4, of Eq. (A.9). Thus by
solving (A.9) no solutions of the original eigenvalue
problem (A.4) are lost.

APPENDIX B. REALITY OF MOMENTUM
MATRIX ELEMENTS

Consider a crystal with a center of symmetry at r=0.
Let g be a general point in k space and choose the
phases of the Bloch waves ¢, such that

Im[ ¢ne(0)]=0.

We shall then show that the momentum matrix ele-
ments are all real:

Im[pnn*(8) 1=0.

Let us first assume that at g none of the set of Bloch
energies e,(g) coincide and that none of the ¢,4(0)
vanish. Then if the function

(B.1)

(B.2)

@ne(r) =ung(r) exp(ig-r) (B.3)
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satisfies the Schrodinger equation and periodicity con-
dition described by g, so does

Png(—1)*=1ng"(—1) exp(ig-1). (B.4)

From the assumed nondegeneracy of the e,(g) we
conclude that

tng*(— 1) =Ctng (1), (B.S)

where C is a numerical constant. Setting r=0, we see

that C=1, so that
Ung(— 1) =Ung™(1). (B.6)

Now let us divide #,, into a real and imaginary part:

Ung (1) =Vng (1) F1Wwng(1). B.7)

Then, by (B.6) we have
Vng(— 1) =ng (1), (B.8)
Wag(—1) = —wng(I). (B.9)

WALTER KOHN

But as the operator
pa=(1/1)(3/9x4)

is odd under inversion we have

ban*(8)
(2m)?

= o fﬁong*?a‘Pn’gdt

(B.10)

(2m)3

Q

(2m)? ) .
; f(vngp“zwnrg—zwngp"‘v,,rg)dr, (B.11)

=08pn g+ f Ung POy 0T

=8nn'ga+

and in view of (B.10) this is clearly real.

At special points g, where either of the conditions
mentioned after Eq. (B.2) fails, the property (B.2)
will still hold if one chooses ¢, as the limit of g
where g’ — 8.
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Direct spin-echo measurements of diffusion coefficient (D) and spin relaxation time (7 and T';) have
been performed on He3, with an accuracy ~29%, in the range 0.5°K to 4.2°K and at pressures to 67 atmos in
the liquid, the solid, and in dilute solutions of He? in He*. Unactivated diffusion is observed to the lowest
temperatures in the liquid, but not in the solid. By measurement of D at 19 atmos we find an activation
energy of 13.7°K for the production of scatterers in He II. There is an extended discussion of experimental

details.

I. INTRODUCTION

N order to resolve some questions raised by thermo-
dynamic measurements,! we began some time ago
an experiment to measure by the spin-echo technique
the nuclear susceptibility of pure liquid He® and so to
exhibit the expected Fermi degeneracy. By the use of
spin echoes? it is possible to obtain, in addition to the
‘nuclear spin susceptibility, accurate values of the spin
relaxation times, transverse 7T'» and longitudinal 7, and
also of the diffusion coefficient?? of a He® atom among
other identical He® atoms or in He?. It is on this last
that we concentrated after the cw resonance measure-
ments of the spin susceptibility appeared.*
In addition to studying the diffusion of a purely

1 Weinstock, Abraham, and Osborne, Phys. Rev. 89, 787 (1953).

2 E. L. Hahn, Phys. Rev. 80, 580 (1950).

3H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954);
hereafter referred to as CP.

4 Fairbank, Ard, and Walters, Phys. Rev. 95, 567 (1954).

quantum particle among its identical neighbors, we
expected to find for dilute solutions of He?® in He* that
the He? diffusion coefficient (under isothermal condi-
tions with uniform concentrations) would increase
rapidly with decreasing temperature below the X point,?
and we wanted to exhibit the absence of scattering of
He® by He* at low temperatures.

Since both the actual diffusion coefficient and the
spin relaxation time (both in liquid and in solid) are
measured accurately (~29%) and independently in this
experiment, we have also some information of interest
in the general mechanisms of nuclear spin relaxation.®

Some examples of qualitative (and hence interesting)
questions we hoped to answer are:

5 Garwin, Kan, and Reich, Proceedings of the National Science
Foundation Conference on Low-Temperature Physics and Chem-
istry, Baton Rouge, Louisiana, 1955 (unpublished).

¢ Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948);
hereafter referred to as BPP.



