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It is shown that the pseudopotential method can be extended to yield further terms in the low-density
expansion of the ground-state energy of a system of Boltzmann or Bose particles with hard-sphere inter-
action. Two terms beyond the known result are found, and the expansion is no longer a power series in
(ap)?. Other related properties of the system are discussed.

1. INTRODUCTION

LTHOUGH it is an old problem to investigate
the properties of a system of a large number of
particles interacting pairwise, there exists only a few
explicit answers for the quantum mechanical case. In
the case of a system of identical bosons interacting
through the two-body hard-sphere potential, virtually
none of its properties were known until the recent work
of Yang, Lee, and Huang.'™7 In the investigation of
these authors, two independent methods have been
used. One is the method of binary collision,?%7 where
the evaluation of the grand partition function is reduced
to the solution of the two-body problem. In the other
method,!3~% use is made of the pseudopotential of
Fermi. In both methods, the particle density is assumed
to be low.

It is the aim of this paper to study the possibility of
getting higher order terms by the method of the
pseudopotential. One difficulty of the extension of this
method is the inclusion of triple collision.? To the lowest
order, this difficulty is resolved in Sec. 2. Another
complication of the method of the pseudopotential,
already apparent in reference 3, is the removal of the
divergence in the expression for the ground-state energy
per particle. This involves a comparision of the per-
turbation series with and without the operator (8/dr)r.
This task becomes impossibly complicated in higher-
order terms. In Sec. 3, a slight modification of the
pseudopotential is proposed so that to the lowest order
this removal of divergence is automatic. This is done
at the expense of dealing with a non-Hermitian Hamil-
tonian at all times. In Sec. 4, this modified form of the
pseudopotential is used to determine the next two terms
in the expression for the ground-state energy per
particle. However, in order to interpret the final
formula, it is necessary to make a more detailed study
of the three-body problem. This is done in Sec. 5, and
the result is used in Sec. 6 to express the ground-state
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energy per particle for the many-particle system in a
definitive form. In Sec. 7, some of the simple properties
of the ground state are calculated. And finally Sec. 8
consists of some qualitative discussions of the present
problem. This entire paper deals with the ground state
only.

2. THREE-BODY PSEUDOPOTENTIAL

A system of hard spheres is a collection of pairwise
interacting particles with the Hamiltonian (A=2m=1)

H=T+V, (2.1)
with
N
T=2 p3 V=2 Vilry), (2.2)
i=1 i<j
where
rii= ]ri_ril ’ (2.3)
and
0, r>a
Vot = | (2.4
o, r<la.

’

These particles are, as usual, assumed to be confined
to a cubical box of volume Q=13 with periodic
boundary conditions on its surface.

When N=2, the interaction potential may be re-
placed exactly by the pseudopotential®

8 tanka
Vy=————08(r;—rs)—r12}terms corresponding
0712

to partial waves with />1, (2.5)

where the meaning of 2 has been discussed in reference
1. When applied to the case N>2, the replacement of
Vo by V, is accurate only when the interacting pair of
particles are far away from all the other particles.
Therefore, if Vo is to be correctly represented by a
pseudopotential, it is necessary to include a three-body
pseudopotential in addition to V,. To find this three-
body pseudopotential, consider the case N=3. The
problem is to find V3 such that the eigenfunctions of

Hi=p24p24p+Vio(res)+Vo(rs) +Vo(rz)  (2.6)
and
Y = pi+ p2+ 2+ Va(ras)+ Val(rs)
+ V2,(7’12) + V3 (r],rg,rg) (2.7)

coincide in the region 73, 731, 712> a.
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The pseudopotential V¥, as given by (2.5) is ex-
ceedingly complicated, but when

ka1, (2.8)
the leading term is simply
i)
V2~81ra6(r1—r2)———r12. (29)

712

In almost all applications of the pseudopotential, this
approximation is used. In the same sense, the leading
term of Vj is, by dimensional arguments,’

V 3(x1,r2,r3) ~ constant a* (r;—1r9)8(ra—13)0;, (2.10)

where O; is some generalization of (9/0712)712 to three
bodies. It is the purpose of this section to find the
constant in (2.10).

The meaning of the assumption (2.8) is that momenta
comparable to or larger than ¢! are not important. In
coordinate space, this means that distances comparable
to or smaller than ¢ are neglected. Therefore for the
present purpose, the comparison of the two Hamil-
tonians in (2.6) and (2.7) may be carried out in the
following manner. Instead of the eigenfunction problem
originally posed, consider the scattering problem with
the same Hamiltonian. In accordance with (2.8), the
energy of the incident field is chosen to be small com-
pared with ¢2. And the constant in (2.10) is to be so
determined that the scattered fields for the two Hamil-
tonians coincide as well as possible for points far away
from the region r;=r,=r; If the first Born approxi-
mation is used with respect to V3, then the O; of (2.10)
may be replaced by 1.

In order to carry out this program, the formalism of
binary collision is used. Write (2.6) in the form

H;=Ho+V&B+ Vo4V, (2.11)
and consider the Schrédinger equation
(Hs—E)0=0 (2.12).

for a scattering problem. Let y" be the incident field
satisfying (Ho—E)y*°=0 and define the following
operators:

Go=—(Hy—E)7, (2.13)
and
SoB=— (Ho+V®— E)7V %, etc. (2.14)
Note that the solution of
(Ho+VB—E}=0, (2.15)
is
Y= (14+SZ)ypire. (2.16)

Equation (2.12) is equivalent to the integral equation

Yo=¢in+Go(Vo®+ V¥ + V). (2.17)

G0V023= (1+S023)—15023.
Thus the first two iterations of (2.17) give

But
(2.18)
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¢0= (1+S()23+So3l+S012+SO315012+S012SO23+SO23SO31
+ 5028+ 8BS -SSP )ine.  (2.19)
It is required to compare ¥o with ¥, which is defined

by the right-hand side of (2.19) with the subscript 0
replaced everywhere by 2. Here, for example,

S2Z3= — (H0+ V223__E)—1V223.

From the way the pseudopotential V, is defined, it
follows that

(2.20)

(SOZB_ 5223>¢inc= 0

for 7e5>a. Thus for the present purpose it is only
necessary to study the quantity

D= D1+ D,

(2.21)

(2.22)

where
D1=S¢2(S B —S,B)inc,
and (2.23)

D2 — (5'012_ 5212) S223¢inc.

In the determination of D;, some properties of the
following Green’s function are needed:

(HO—E)G= —5(1'1'—1'2)6(1'2—1'3),
PG=kG,
where P is the total momentum and k2<3E. Let

(2.24)

R3= I'1+1’2— 21'3, (2.25)
and
R2=7232+7312+7122=%(37122+R32), (2-26)
then a solution of (2.24) is
EN3
G=—1 2R*2H2“) (RE}/V3)
8
Xexp[3ik- (ri4ro+15)], (2.27)
where
E,=E—3r. (2.28)
The behavior of G for small R is
V3
G= "ZL;B‘R_‘i exp[%tk (r1+r2+r3):]. (229)

The equality r1s=a defines a hypersurface in the six-
dimensional space of relative coordinates (r;—rs, Rj).
It follows from (2.29) that

V3
f o f,_sofon(-2)
rig=a r12=a 478

X4(31’122+R32)_2 exp[%'pk (l'1+1'2+1‘3):|

= —4q exp[32k- (r1+rot13)].  (2.30)
For the purpose of obtaining D,, assume
¢i“°=exp[i(kl'r1+k2~r2+k3-r3)], (231)
with
ki?+k2+EP=E. (2.32)
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To first order, it follows from the definition of the
pseudopotential that

a
(5023_5223)¢inc= (____ l)h(a_r23)
723
Xexp{'L[kl . l'1+%(k2+k3) . (l'z‘,“l';g)]}, (2.33)
where % is the Heaviside function defined by
h(x)=1 for x>0
=0 for x<0. (2.34)
Therefore, for r12>¢a, D1 is a solution of
(Ho—E)D;=0 (2.35)

with the boundary condition that, for ris=a, —D; is
equal to the right-hand side of (2.33). With

k=k1+k2+k3, (2.36)

the right-hand side of (2.33) is approximately, for
r12=4a,

(—a——-l)h(a—r%) expliik- (ritrat1) . (2.37)
723

In particular, for fixed ri—r,

fd3R3(ri2s—1)h(a—r23)

® a
=321rf fggzdfzs(—-l)h(a—fzg)z (167/3)a?, (2.38)
T3

which is independent of r;—r,. A comparison of (2.38)
with (2.30) gives the result that

Di=— (16/3)7%/G. (2.39)

The quantity D, may be calculated as follows. First
it follows from (2.20) that

Sy ine=8raGod (t,—1s). (2.40)

For a point source in 712> a, S¢!?—S,'? gives 0. For a
point source in r1,<a, So'? may be replaced by —1,
while S22 may be replaced by —a/r12. Therefore

Dg/G=%fd3(r1—r2)d3R387ra5 (I'z—l';;)

X (— 1+i)h(a—r12) = (1672/3)at. (2.41)
712

Finally, the substitution of (2.39) and (2.41) into
(2.22) yields

D=0. (2.42)

This means that for the purpose of the present calcu-

lation, there is no difference between ¢y and ¢,. Since
this result is independent of E.

V3(r1,x2,r3)=0. (2.43)

TAI TSUN WU

This means that the constant of (2.10) is zero, and
consequently it is irrelevant what Oj is.

In particular, there is no correction to the ground-
state energy due to the three-body pseudopotential, to
the order p%*N, where p=N/Q is the particle density.

3. TWO-BODY PSEUDOPOTENTIAL

Even in the case N=2, the pseudopotential
8mad(r1—13) (8/0r12)r12 of (2.9) cannot be replaced by
8rad (r1—1s). However, in the treatment of the N-body
system with large NV, this replacement is made?* and
leads to a divergence in, for example, the expression for
the ground-state energy per particle. The removal of
this divergence is a rather complicated process. This
difficulty stems from the fact that the operator

d d
0=5(r)——r=8(r)[—r] (3.1)
a7 7 dr—
does not commute with the infinite Fourier series; for
example:

m sinmr m sinmr

0% #30
m#En m2—n2 m=En

— (3.2)
This inequality causes trouble because a typical ¥ for
O to operate on is a solution of

(V2R = drrkad (). (3.3)

It is the purpose of this section to see how the operator
O can be slightly modified so that this particular di-
vergence does not occur. The modified form of the
pseudopotential is then used to get the phonon spectrum
near the ground state and the ground-state energy.
Imagine that the §(x) in (3.1) is replaced by, for
example,
8o (r)= (8we’®)te e, (3.4)

where ¢'<<a. To be consistant, the §(r) in (3.3) has to -
be so replaced also. In this case, ¢ is distorted up to a
distance several times ¢’. In order that the pseudo-
potential can serve its purpose, the part (8/97)r of
(3.1) should be evaluated at a distance ¢, where
¢’KeKa. Since only an .S wave is under consideration,
the result is more precisely

1 a
0“1 =6e’ (r) [*—- fdﬂ'_f] .
47 7 Joee

Since ¢ is much smaller than any other length in the
problem, it may be set to zero. Then (3.5) becomes

1 ]
0.=4(r) [—— f dﬂ—r] .
4w or d,—.

For a ¢ with no singularity at r=e¢, O. commutes with
the Fourier decomposition; for example, in contrast to

3.2),

(3.5)

(3.6)

m sinmr m sinmyr
0. > =3 O«

mEn mE—n?  mEn

(3.7)

mi—n
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It is proposed here to use the O, of (3.6) in the two-
body pseudopotential instead of O. Only after the
desired answers are obtained will the limit ¢ — 0+ be
taken. More precisely, the order of the limits are
lime,op limg,,, where the right-hand limit means
N — « so that p=N/Q is fixed.

It may be noted that

02=0. (3.8)

With the result of Sec. 2 and this interpretation of
the pseudopotential (2.9), the Hamiltonian of a Bose
system of hard spheres may be approximated by

H=T+V". (3.9)
with
1=~ [, (3.10)
and
VI = af d3r1d3r2\//* (l'l)kb* (1'2)5 (1'1 —_ l'z)
a
X[fdﬂm—‘—rlz)lll(rl)lll(rz)] (311)
712 712 =¢

Here the language of quantized fields is used, and ¢
satisfies the usual commutation rules for a boson field.
In (3.11), 8/0r12 is taken with fixed ri+4r.. If the
annihilation operators in the momentum space are

defined by )
Y()=013, a, exp(ik, 1), (3.12)
then
T=3.kla*a,, (3.13)
and
V'=QY4ra Y a.*as*a,0,0(k,+ks—k,—k,)
a,B,u,v
Xcos(3e|k,—k,|). (3.14)

This differs from the V'’ of Lee, Huang, and Yang® only
in the appearance of the cosine factor. When the
occupation of the k=0 state is almost complete, and
only pair excitation is included, an approximate formula
for V' is

V'=4rapN+4map Y [ax*ax(4 costek—2)
k0

+ax*a_*+axa_x cosek].  (3.13)
If the following notations are used,
ko®=8map, (3.16)
Vi=3%k[ B+ k?(2 costek—1) T, 3.17)
then
H'=4wapN+ 3 [k2+ke?(2 cosjek—1)]
X [a:’f;k-i—yk(ak*a_k*—l—aka_k cosek)]. (3.18)

The eigenvalues of this non-Hermitian Hamiltonian
give the energies of the low-lying states of the Bose
system.,

1393

In view of the form of the Hamiltonian of (3.18), let

Hy=a*axta_Fa_it+ 2y (ar*a_r*

+axa_y cosek), (3.19)

where ks£0. This Hamiltonian, being non-Hermitian,
cannot be diagonalized by a canonical transformation
of the form?

b= (1—a?) " *(axtara_i*),

(3.20)
£x=(1—a) Ha_xtara™).
However, if ay is chosen to be
ar=(2yr cosek)™I[1— (1—4y;? cosek)?], (3.21)
then
Hy=—[1—(1—4y? cosek)¥]
+ (1 —4y:2 cosek) (x*Ext Ew*E 1)
—2yi(1—cosek) éxé .  (3.22)
On the other hand, if the choice is
ar=(2yx)"[1— (1—4y,2 cosek)?], (3.23)
then
Hy=—[1—(1—4y,? cosek)?]
+ (1—4y,2 cosek)(Ex* Ext é—-ki*é-:k)
+2y,(1—cosek) E*E_*.  (3.24)

Since £ and £y separately satisfy the same commu-
tation rules as ax, it follows from either (3.22) or (3.24)
that the energy eigenvalues of Hy are
Ek (mk,m_k) =— [1 - (1 _4yk2 COSGk) %]

+ (mk—!-mﬁk) (1—-4yk2 COSek) 5 (325)

The substitution into (3.18) then yields the phonon
spectrum near the ground state

E(mk) = E0+Eph0non (mk), (326)
where
Ey=4wapN+% > [k*+ko?(2 cosiek—1)]
520
X[—14 (1—4y:? cosek)¥], (3.27)
and
Ephonon(mk) = Z mk[k2+k02(2 COS%ek— 1):'
k0
X (1—4y;2 cosek)t.  (3.28)
Equation (3.26) is wvalid when my=0(1), and

S iome=0(N). In the limit e— 04, (3.28) yields
the well-known formula®+*

Eponon(mi) = 3 myk(k*+16map)*. (3.29)
k0
In the same limit, (3.27) yields the ground-state energy
per particle

8 N. N. Bogoliubov, J. Phys. (U.S.S.R.) 11, 23 (1947).
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Ey/N=4mwap+ lim lim (202)~!
0+ Qo0

X 2 [k24-k*(2 costek—1)]
k0
X[—14(1—4y;2 cosek)?]
=4rap+ lim (4n%p)~!
e 0+

Xf dkE[k*+ko2(2 costek—1)]
0

X[—14+ (1—4y,2 cosek)t].  (3.30)

As k— oo, the integrand is asymptotically —2&.* cosek,
which yields zero when integrated from 0 to o« for any
e#0. If this asymptotic expression is subtracted from
the integrand, the limit e— O+ may be taken under
the integral sign to give the result

Eo/N=4map+ (4n%)! f AR{E*(R*-ko?)
0

X[=1+(1—4y2| em0) ¥ ]+350%.  (3.31)

This is identical with the result of Lee, Huang, and
Yang.23 After integration, the result is

t3.32)

IE A —471[1[3 1 I a .
0, \/ P,

The present procedure involves no removal of di-
vergence. Note also that in this calculation the com-
bination 2 cosjek—1 in (3.17) and (3.18) may be
replaced by 1 at the beginning.

Now consider the lowest state of Hy. Since it is
necessary to distinguish the right and left states, define
<Okl and |0k> by

£i| Oxy= £« | Ox)=0,

- _ 3.33
(O | E*=(0x| E_x*=0. (3.33)
In terms of ax, (3.33) is, with (3.20),
(extara—i*) | O)= (a_xtara*) |0)=0, (3.34)

<0k [ (ak*‘,‘&kd_k) = <Ok [ (d_k*+&kdk) =0.

From (3.34), except for normalizations, the states
[0x) and (Ox| may be expressed in terms of the states
| )y and ( | defined by

(lkl )20, < [ak*=0. (335)
The results are
}Ok>=Ifk exp(—arax*a_¥)| ), (3.36)
0| =Ki{ | exp(—arara_y).
The normalization
Ok | 0x)=1 (3.37)
then yields the condition
Kk,Kk= 1—ayéy. (3.38)

TSUN WU

The state of Hy with one phonon of momentum k is
related to the lowest state by

[ 1i)=K'&*| Ow),

_ _ 3.39
(1] =R 0] B (-39
Since
(Ox| @xa—x | Ox) = —ar (1 —ax@r) ",
<Ok I ak*d—k* [ 0k> = _&k(l _ak&k)_:l’ ’ (3.40)

(Ox] ax*ax | 0k)=(0x| a—i*a_x| O)
=apar(1— ak&k)‘l,

as consequences of (3.36) and (3.38), the normalization

(1| 1)=1 (3.41)
yields the condition

KJ/K/= (I1—ed)t(1—ad)t(1—azar). (3.42)

The states |#x,m_x) with both numbers different from
zero are somewhat more complicated, although explicit
formulas can be found for them. They do not appear
in the following discussion. It may be noted that, as a
consequence of the pair excitation, it is possible to
choose the normalization

(3.43)

(mk,m.k [ mk',m_k'> zamk,mk'ﬁm_k,m.qk'

even though Hy is not Hermitian.

4. GROUND-STATE ENERGY PER PARTICLE

It is the purpose of this section to improve the
calculation of the previous section for the ground-state
energy per particle by applying the second-order
perturbation theory after the canonical transformation.
For this purpose, attention is returned to (3.13) and
(3.14). A more accurate approximation of V’ than
(3.15) may be obtained as follows.

A. Let no={ao*as), where the expectation value is
taken in the ground state; then

ao*ac*acao~ (ao*a)*
= [no+ (do*do - ”e) ]2"’ no*~+2m0 (do*do - no)

=1’L0(2N—'no)—2no Z ax*ax. (41)
k=0

Here, use has been made of the relation N=3_y ax*ax.

B. In view of the remark following (3.32), ¢ may be
made equal to O in those terms of ¥’ that can be com-
bined directly with kinetic energy terms. Thus

4.2)

ao*ar*aoay costke~ao*ar*aoar~noar*ax

for k0.
C. The same approximation may also be used in the
numerical part of the Hamiltonian. Thus

> ad*ag*aqaas cos(3e|ka—kg|)~ 2 atfagtaqas
«, 70 a, 70

~ (]\7"— 00*00)2’\' (IV* %0)2. (43)
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D. For the off-diagonal terms, the approximation
(4.4)

do’\’(lo*’\/no%
may be used.
E. For the off-diagonal terms, those with four mo-
menta all different from zero are neglected.
These approximations are based on the fact that
1—mno/N is small; more precisely, Lee, Huang, and

Yang? have given the result

£=n0/N=1—

8
3 \/W(asp)%+0[(a3p) o (49)

This quantity is to be studied in more detail in Sec. 7.
It is convenient at this stage to modify (3.16) to
ko*=8mapt, (4.6)
and, according to (4.2), to simplify (3.17) to read
Vi=1%k?(R2+ko*) . 4.7

With these notations and the approximations 4 — E, the
Hamiltonian given by (3.9), (3.13), and (3.14) becomes

H'=4wapN[1+ (1—- "]+ X (B*+k0)
k=0

X [ax*ax+vi(ar*a_i*+axa_x coske) ]

+Q8ranet Y., [ax*ow*axiw cos(3|k+K |€)
k,k/, k+k’70

+arpw*araw cos(3 | k—k'|€)]

+QM4ra Y. ax*e_x*awa_x cosk’e.
k, k50

(4.8)

The first two terms of this Hamiltonian are identical
in form with the Hamiltonian of (3.18). Therefore, with
some trivial modifications, the canonical transforma-
tions of last section may also be applied to the present
case. The program is to treat these two terms as the
unperturbed Hamiltonian and then carry out a second-
order perturbation calculation to get the ground-state
energy per particle. For this purpose, certain matrix
elements have to be obtained.

With reference to (3.33), the right and left un-
perturbed ground states may be defined by

Ekl()):Oa
<0| §k=0,
for all k20, where & and £ are defined by (3.20),
(3.21), and (3.23) with the y; of (4.7) and (4.6). In

view of the form of (4.8), one matrix element to be
calculated is

AE=(0|Q4ma Y ax*a_x*awa_x cosk'e|0). (4.10)

k,k’70

(4.9)

This may be evaluated using [0x) and the identities
(3.40) as follows:

? See Eq. (400) of reference 3, There the « should be a,
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AEI = 9_141“1[ Z <0k [ dk*d_k* I 0k>]
k#0

X[ Z <Ok' [ g’ Q—x’ 0k’> COSk'e]
/50

=Q4mral go ap(1—axdi)™]
X[ X ar(1—aza)™ coske].

k70

(4.11)

This is easily evaluated in the limit @ — o and then
e— 04

AE;/N=4map(64a’p/). (4.12)

Accordingly, the diagonal matrix element of the H’ of
(4.8) is

<0|H'|0>=47rapN[1—]—(1_£)2

22 (2]

When (4.5) is substituted in (4.13), the result is more
explicitly

(0| H'|0)= 47rapN|:1+%(aa) 128(03 )] (4.14)

It is seen from (4.8) that the relevant intermediate
states for a second-order perturbation calculation are
the three-phonon states. In view of (3.39), they may
be defined by

i Ly L) = K Ko/ Koo £ Ex* £ %] 0),

o S 4.15
(ol =RIR R 0] bbb, )

where the three k’s are assumed to be distinct. With the
help of (3.20) and (3.40), it is not difficult to verify that
for k+k'+k'""=0

(i 1y, L | H'| 0y =2 16mane K/ KiK' (1— &)}
X (1 —_ 0-lk’2)%(1 “'511@“2)%(1 *Olk&k)_l (1 "‘aklézkr)wl
X (1—-ak~52k~)—1[—akn Cos (%k"e)
+aray cos(y|k—k’|e)+symm. ],

and (4.16)

O|H' | 1,1i0,1)=Q16mane* K’ K Ki' (1—as?)?
X (1—ap) (1 —ap?) (1 —andn) " (1 —apde) ™
X (1*&19"&/0/')—1[&1{&19' COS(%k"e)
— & cos(3 | k—k'| €)+symm.],

where “symm.” denotes additional terms obtained
from those explicitly written down by the cyclic
permutations of the three indices. So far as the energy
denominator is concerned, it is sufficient to use the
phonon spectrum (3.29). With (3.42), the ground-state
energy shift due to the three-phonon processes is found
to be

(4.17)
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AEy=— Y (EitEw+Ew)"1256r%%0"
E>E >E'>0
ke Gtk =0

X (1—ap@e) (1 —aprd) (1 —aprdige) ™t
X [arar cos(3k"e)—aw - cos(}|k—k'| €)+symm.]
X[ —aw cos(ik” e)+arar cos(i|k—k'| e
+symm.], (4.18)
Ep=k(k*+16map)*. (4.19)

In (4.18) the approximation £=1 may be used. Un-
fortunately, as it stands, the formula (4.18) is not
meaningful, because lim oy limg,,AE, does not exist.
This difficulty is to be resolved in the next two sections.

where

5. THE THREE-BODY PROBLEM

The difficulty with (4.18) is not peculiar to the
N-body problem for large N, in the sense that a very
similar trouble already appears in the three-body
problem. Rather, this difficulty may be ‘considered to
be a fundamental limitation of the method of the
pseudopotential. This section is devoted to a study of
the ground-state energy of a system of three particles
interacting pairwise through the hard-sphere potential
Vo and confined to a large periodic cubic box of volume
Q.

This limitation of the pseudopotential of (2.9) may
be seen from the perturbation calculation of the N-body
ground-state energy by Huang and Yang.! There, the
energy is calculated to the third order. If one attempts
to carry the procedure further to get the fourth-order
energy, the result is divergent for N> 2. The divergence
is unrelated to the one arising from the omission of the
operator (8/dr)r. Furthermore, the situation here is
not improved by the introduction of e: the fourth-order
energy is convergent for >0, but as e — 0, the limit
does not exist. Since this fourth-order energy is useful
in spite of this difficulty, this perturbation calculation
is repeated here with e. Only the case N=3 is treated
since further generalization does not seem to be
necessary.

Consider the three-body Hamiltonian

Hy'=p2+p2+p>+H, (5.1)

with

1 0
H1=81ral6(r2—r3)[— fd923—723]
41[‘ (9723 793 =€

~+symm. J>, (5.2)

where “symm.” again denotes the other two terms
obtained from the first one by the cyclic permutation
of the indices 1, 2, 3. The three particles are confined
in a cubical box of sizes LXLXL with periodic
boundary conditions. It is assumed that

eKa<KL.. (5.3)
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For the perturbation calculation of the ground-state
energy, the three particles may be assumed to be
distinguishable. Then the eigenstates of the kinetic
energy part of the Hamiltonian (5.1) are the momentum
states | ky,kq,ks) with the coordinate representation

<]'1,r2,r3 l klyk2)k3>
=0"% exp[ (ks ri+ke rotksors) .

In terms of these momentum states, the matrix elements
of Hy of (5.2) are

(ki ko kg | H| ke ko k)
=Q18ra dkik;’ cos (3| ka—k;| €)+symm. .

(5.4)

(5.5)

The first three orders of perturbation yield just the
following results by Huang and Yang,! in the limit
e—0:
E®=247q/Q,
E®=C(a/L)ED,
E®=(C+8) (a/ LB,
where C is a constant approximately equal to 2.37 and
£, with a> 2 is defined by

(5.6)

fa=m"" Xw:' (P4+m+n?)e,

1,m,n=—00

(5.7)

This perturbation calculation is now to be pushed
to fourth order. Let Go be the operator defined by
(2.13) with E=0:

Go=— (p’+p+p5) 7, (5.8)
and Q be the projection operator
Q=1- l07070><0’070‘ . (5.9)

Then E® consists of two parts, one of which can be
easily obtained in the limit ¢ — 04-:

E®=FE®O4F,®, (5.10)

where
Ey®=(—9Ct,4-15£) (a/ L)’E®

in the limit e — 0+, and
E2(4) = <0,0,0 [ H1G0QH1G()QH1G0QH1 [ 0,0,0) (5 12)

With (5.5) the right-hand side of (5.12) may be found
explicitly. It again consists of two parts, one of them
being in a form not dissimilar to E;®:

E,®=F;04F,®

(5.11)

(5.13)
where
E W+ E3®= (C*~Ckt+15¢5) (a/ L) E®

in the limit e — 04-, and
E®=—FEVUL(8raQ™1)?

(5.14)

Z/
k1tkotk3=0

X [ki2 cos(kie) cos(3 | ke—k;| €)+symm.]
X k2 cos(3k1€)+symm. .

(k12+k22+k32)_1

(5.15)
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In (5.15), each component of each k is of the form
2rL1X (integer), and the prime means the omission
of those ki, ks, ks that makes any one of the energy
denominators vanish.

There remains the rather complicated task of finding
the behavior of E4® when eXL. Only the leading term
will be calculated here. Consider first the sum

2= Z' (k12+k22+k32)~1k1_4
kit+-kotk3=0

X coskye costkie cos(3|ke—ksle). (5.16)

Let
k4=k2'—k3, (517)
then
Z/=2 Z’ (3k12+ k42)_1k1—4
ki+kot k=0
Xcoskie coszkie costkie.  (5.18) .

Since the terms with ky=0 do not contribute to the
leading term, they may be omitted. Furthermore, when
the decomposition

(k24 ER) 1=k — 3k (324 (5.19)

is used in (5.18), those terms coming from k42 again
do not contribute to the leading term. Therefore

21”\’ —6 Z, (3k12+k42)—1k1—2k4~2
ki1 +ko+k3 =0
k4540
X coskye costkie costkee.  (5.20)
This may next be replaced by the integral
21,"\/—'%92(27)—6fd3k1d3k4(3k12+k42)*1k1_2k4—2
X coskie cosgkie costkee, (5.21)

where the domain of integration is k> L7, ks> L7
Now it is straightforward to get the result that as
e/L—0

2= —Q(2r)8[27*V3 In(L/e)+0(1)].
The other part of the sum
Z’ (k12+k22+k32)—1k1-2k2—2

kit+katkz=0

X coskye coskkae cos(3|ke—ksle)  (5.23)

(5.22)

Ez’z

may be replaced immediately by the integral
22,’\“%92(27r)—6fd3k1d3k2
X (k2+k?—ky-ko) k12572, (5.24)

where the domain of integration is L7'<ki<e?,
L71<ky<el. The angular integral may be evaluated
to give

S/~ @)t | dbadk(Biks) !
- | Eeh b,

n——— . (5.25)
kR~ ik
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Introduction of the variable x=£,/k; yields the result

Vde Lx  14ax+a?
2o/~ 202 (2m) — In— In—  (5.26)
gL X € l1—axta?
Since the integral
L dx 14242
f — Inx In———
0 X 1—x+4a?

is convergent, a contour integration gives finally for
¢/L—0

2 =@Q2r)[In(L/e)x%/3+0(1)]. (5.27)
The substitution of (5.16), (5.22), (5.23), and (5.27)
in (5.15) yields
E®=—EW®(g/L)3
X[8(8r/3—2V3) In(L/e)+0(1)]. (5.28)
In this calculation € acts as a high-momentum
cutoff. Since, in the actual problem of hard spheres,
the only quantity of high momentum is ¢, the form
of the correct expression for the three-body ground-state
energy may be expected to be
24waQ{14-C(a/L)+ (C*+£2) (a/L)?
+ (/L) (C*—CEat15¢s
—8(87/3—2V3) In(L/a)+ 851+ (a/L)*]}, (5.29)
where (5.6) and (5.14) have been used. In (5.29), &; is
a number that cannot be determined by the method of

the pseudopotential. A comparison of (5.28) and (5.29)
gives the following interpretation of the sum in (5.15)

Z' (k12+k22+k32)—1

kit Hkg=0
X [k:% cos(k1e) cos(} | ke—k;| €)+symm.]
X [k12 cosikietsymm. ]
s 302(dr) [ (87/3— 2\3) In(L,/a)— &,/8].

This interpretation is to be used in the N-body problem.

(5.30)

6. GROUND-STATE ENERGY PER
PARTICLE—CONTINUED

The asymptotic forms of a; and Ey are, as k— o and
£=1,
ar~4mrapk™?, 6.1)
and

Ex~E2, (6.2)

as seen from (3.21), (4.6), (4.7), and (4.19). Further-
more
ar=ay, coske.

(6.3)

Therefore, when the three momenta are all large, the
summand of AE, as expressed in (4.18) behaves the
same as that of the left-hand side of (5.30), except for
a numerical factor. To make a more detailed compari-
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son, consider first the difference
A= 3 (ki +ko*~+ k)~ Lot — (dmap) *an* ]

kit+kot k=0
X coskie cosskie cos(3 | ke—ks|€). (6.4)

This quantity is studied in Appendix A. The result there
is .

A=3(27) [ —2V3 In(127ap)}L+C1]  (6.5)
in the limit e — 0+ and @ large. C; is a number defined
in Appendix A. Next consider the difference
Ap= ZI (k12+k22+k32)“1

kit kot k3=0
X[k1_2k2_2— (41rap)*2ak1ak2] COSk1€ COS%kgE

Xcos(3|ko—ksle). (6.6)

In view of (6.1), the limit e — 04 may be taken under
the summation sign. Thus

A= T (kth R

kit+kot+ka=0
X [k 2ks™2— (4map) *arictks ].

6.7)

As a consequence of (5.27), A, must be of the form, for
large Q,
Ao=2(27) 3 [Ex In(12map) L+C2], (6.8)
where C, is a number defined by (6.8). Equations (6.6),
(6.8), and (5.30) then give the interpretation
(4rap)= 3 (k4R kst
ki+ko+k3=0

X [@r cos(}|ka—ks| €)+symm.]
X[ak; costkietsymm.’]

— —302(47) [ (47 —V3) In(127a*p)+1 85-4C1+16Cy .
(6.9)

Note that InL does not appear in (6.9). With (6.9), it is
possible to write AE; in the limit 2 — c and e— 0+
explicitly as follows:

AEz = AE21+ AE22+AE23, (6 10)
where
AE2 — 321a*0* N[ ($7—V3) In(127a®p)
18;+Ci+16C:], (6.11)
2a*N
A=~ f f f ka5 (kK k")
T
X[ak+ak’+ak"]2[(Ek+Ek'+Ek")_1(1“‘ak2)_1
X (1—ap?) (1 —ap )= (B24E2+HE")1], (6.12)
and
2a*N
AFy= f f f FhdK @Ks (k+K 4k
3t
X (Ey+Ep—+Ep) ' (1—a?) (1 —ap?)™t
X (1—ap?)Wapar o ap+aw)
X(Zak+2ak:+2ak~—-ak'akn—*akuak-akak:). (613)
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In (6.12) and (6.13), e may be put to zero in ax. There
only remains a slight simplification of these formulas:

16a2N ] 0 ]
AEq=— f dkf dk’ f AR RE'RU (kK R
3?2 0 0
X (ax+op+ap ) [ (Ex+ Ep~+ Ep) " (1—ad) 1
X (1—apd) (1—ap D) 1— (B24E2HE")], (6.14)

and

16a2N 0 © 0
f dkf dk’f dr'’ RE'E'U (kK )
3t 0
X (ExtEv+Ew) (1—a) (1—apH)™?
X (1= D) (awraur +-our oo
X Qo+ 204208 Fapar —apror—arr),

AEza =

(6.15)

where U (k%' ,k'")=1 if the numbers &, £/, £’ can form
a triangle, and =0 otherwise. For dimensional reasons,
AE22+AE23 is of the form

AEs+AEy;=4ma'?NCs,
where C; is a dimensionless number. Finally, let
C=8C1+128Co+Cs+ (128/9m),
then it follows from (4.14) and (6.10) that
Ey=(0|H'|0)+AE,

128
= 47rapN[1+
15

(6.16)

(6.17)

(a’p)?

L

+-8(47—V3) (¢®p) In(127wa’p)+ (a®p) (é’g—i—(‘l)]. (6.18)

Note that the three-body energy &; of (3.72) has not
been explicitly found. On the other hand, € is known
in principle by (6.17) in terms of Ci, Cs, and Cj, which
in turn are defined in Appendix A, Eq. (6.8), and Egs.
(6.14-16), respectively.

7. PROPERTIES OF THE GROUND STATE

In this section, a few simple properties of the ground
state are to be studied.

A. The Depletion Factor £

First the formula (4.5) may be improved. From
(3.40), it follows that

(0]ag*ao|0y=N— 3= apdr(1—arar) !
k=0
8
KIVZ S

=N[1— <a3p>%s%] (.1)

as e— 04 and @ large. Next it is necessary to calculate
the further depletion due to the creation of phonons.
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The one-phonon states have the property
<OI tlu*do ‘ 0)““ <1k | GO*GO ( 1k>
=<1k l dk*dk‘ 1k>—<01 ak*ak l 0>
+<1k \ aﬁk*aﬁk l 1k>—<0 I a_‘k*a_k l 0). (72)

Since the one-phonon state is explicitly known, it is
tedious but straightforward to verify that

<1k I dk*dk| 1k>= (1-—-ak&k)_1(1+akak), (73)
and
<1k I (l_k*(l_k I 1k>= Zako'zk(l—ak&k)_l. (74)
Accordingly

(0100*(10 I 0>_<1k I ao*(lo| 1k>= (1—ak&k)_l(1+ak&k). (75)
A perturbation calculation with (4.18) then yields

NE—(0|as¥a0|0)

=— 3 256r%pQV(Ei+Ep+Ew)
kE>E'>E">0
K3k’ k=0

X (1—apar) (1 —aprar ) (1 —apr @prr) ™

X[ —arar) (1 +ar@r) +symm. ]

X[ @@y cos(3k”€)—ar cos(:|k—k'| e
+symm. ]

X[ —aw cos(3k”e)+aru cos(t | k—k'|€)
+symm.]. (7.6)

Because of the extra energy denominator, the limit
e— 0+ may be taken directly here. The result for
Q— o and e— 04 is

32 16a?

3p) i+ —a8p———
3\/1r(dp) 37ra 37

Xf dkf dk’f ar" RE'RU (R, R
0 0 0

X(Ext+Epw+Ew)2(1—a) (1—ap?)™!
X (1—ap ) ' [(1—a2)(14az?) +symm. ]

X (artap+ar —apap —apar—arr)?,

g=1-

(7.7

where U is defined after (6.15). Note that no logarithm
term appears in (7.7). As before, in the a; under the
integral sign, it is understood that e=0 and ¢=1.

B. Three-Particle Wave Function

In the work of Lee, Huang, and Yang,? the ground-
state wave function is expressed in terms of a two-
particle function

1
f(r)=——— | &Pk arei*".
83p

(7.8)

It is noted there that terms of the form

f(”m)f(”la)
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are missing in the wave function. In the present calcu-
lation, due to the admixing of the three-phonon states,
a certain three-particle function takes the place of the
combination f(r1s) f(r13)4symm. It is the purpose here
to make a partial study of this three-particle function.
A phonon does not differ very much from a free
particle if its momentum is much larger than (ap)%.
This approximation may be used if the three relative
distances are much less than (ap)~* In view of the
difficulties arising from the three-body problem, the
results are not expected to be valid when the relative
distances are of the order of a. Thus it is hereby

assumed that
a<Kry3,r31,r12K (ap) 3. (7.9)

Under this assumption, define the required function by

f3(x1,xs,13)

=—N-t 3
k+k’'+k' =0

X(lk,lk/,lkn [HI I 0>(Ek+Ekl+Ekn)—l. (710)

exp[i (k l'1+k/ . X‘2+k” . 1'3)]

Since only momenta larger than (ap)* are of concern,
(4.16) simplifies greatly with (6.1) and (6.3). With e
put to zero, the result is

(Li1ir, 1w | H'| O)

~ — 642N (B2 B2 R2). (7.11)
Therefore, as @ — o,
f3 (1‘1,1‘2,1‘3)
=1r_4a2fffd3k1d3k2d3k35 (k1+k2+k3)
X (k1_2+ k2“2+k3_2) (k12+k22+k32)"1
Xexp[:i(kl-rl—l—kg-rz-{-kg-ra)]. (712)

This integral is explicitly evaluated in Appendix B.
The result is

fa(rprers) =8r7 1372 r 7 (P — %)~
Xsin™(ry'/y)+symm.], (7.13)

where

r/=1,—3(t;+1:+13), (7.14)

and v is defined in (B.15). Under the assumption (7.9)
the “missing” terms are

f(ri) f(riz)+symm.=a’[ [r1—ra| 7|11 —12 |1

+symm.]. (7.15)

Thus it may be seen that f3(ry,rs,r3) is not quantitatively

close to f(r12) f(r13)+symm.
The conclusion is then reached that even at low
densitites, the ground-state wave function is not of the

form
II B(r:).

i<y

(7.16)

In particular, it seems unprofitable to push any further
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the procedure of Aviles,® who calculated the ground-
state energy per particle by a variational formula using
a trial wave function of the form (7.16).

C. Pair Distribution Function

The pair distribution function, normalized to be 1 at
infinite distance, is defined by

D(n)=pG¥*O*ay Oy ®|6)  (7.17)

for the ground state, where |G) is the ground-state wave
function. For the determination of D(r), the following
formulas are of use:

<1k[akd~kl 1k>=—2ak(1—ako7k)_1, (718)
and

(lk]ak*a_k*[ 1k>= —Z&k(l—akak)—l. (719)

As in the calculation of £, it is permissible for the present
purpose to set e=0 at the beginning; in particular,
ar=3az. Following Lee, Huang, and Yang,? define

F(r)————— f Pk e (Gl ax*ar|G),  (7.20)
and

1
G(r =——fd3ke“"’G axd_x|G
(» Py (Glaxa—x|G)

=—— | &k e {G|ax*a_i*|G). (7.21)
8ndp
It follows from (7.6) that
1
F(r)=— | &’k ¢ikr
8o
akz 16(1 1+ k
X[ + (k)] (7.22)
1—a;? r 1—a?
where

88 [ EKT Bt Bt By (1=

X (1=apd) (1 —ap D) (ertortor —apay:

—aprar—arar) Jermxiwr.  (7.23)
Similarly, it follows from (7.18) or (7.19) that
1
G(r)=— fdsk eikr
87
—a;? 16(12 — L0
X[ _¢<k)] (7.2
1—ai2 7 1—ai?

In addition to F(r) and G(r), the following function is
also needed:

07, B. Aviles, Jr., doctorate dissertation, Johns Hopkins
University, 1958 (unpublished).

TSUN WU

H(r)= Pk’ ¢ {G| axywFaxar |G)

(8 ; )2 ffd3kd3k’ ezk r
o

X(G|ax*aw*axiw |G). (7.25)

A calculation quite similar to the above gives
H()=——— f f f FRPK PR 5 (kK)o s

X(Ev+Epv+Ep ) (1—ad) (1 —ap?)™!
X (1—ap D)™ arr—agou) (arton oy

— QO QR Q).

(7.26)

In terms of the functions F(r), G(r) and H(r), the pair
distribution function of (7.17) may be written as

D(n)=1+2L F(n)+G(r) J+[F ()]
G PH4H(). (1.27)

However, note that except for the exponential factor,
H(r) is very similar to the AE, of (4.18). Therefore,
due to the complication arising from the three-body
problem, (7.26) for H(r) is inaccurate for r~a. Com-
pared with the result of Lee, Huang, and Yang, the
more complicated formula (7.27) gives no extra in-
formation for r~a, but is probably more accurate for
o<,

It remains to evaluate D(r) approximately for
(ap)~3<Kr. Since

1
F(n)+G(r)= ———3— &k ekt

8np
—Q 16d2p
o
1+ar 7 (14a)?
where ¢ (&) is that of (C.1), it follows from (3.13) that

as 7y — ®©

rovan )2 oo

where

qE(k)], (7.28)

ro= (8wap)~*. (7.30)
On the other hand, in terms of the ¢'(%) of (C.14),
H(r) of (7.26) is
a
—_— ik-r(1— —17/
H(r) s f @k e r(1—a) 71§/ (R). (7.31)

Application of (C.18) gives, as 7 — o,

20y — (a3 )128ro (ﬁ__)

(7.32)
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So far as the terms [F(r) ]? and [G(r) ? in (7.27) are
concerned, it is sufficient to use the result of Lee,
Huang, and Yang? that as »—

E(r) = (x%pror®) 7,

G (7.33)

2). (7.34)

™

(wpror®)1;
therefore

[F()T+[G() ] — 1024’—“4(

Finally the substitution of (7.29), (7.32), and (7. 34)
into (7.27) gives, asr — oo,

e
(D))} o

This is the desired answer.

D. Sound Speed

Although strictly not a property of the ground state,
the speed of propagation of a compressional wave in the
limit of infinite wavelength is related to the ground-
state energy per particle.® Thus it follows from (6.18)
that this speed is

(16map)t 1+\—/——(a3 ) -12(47—V3)adp In(127adp)

+(a*p)[3(85+0)+10(§7—V3) =32/ 1. (7.36)

8. DISCUSSIONS

Since the preceding calculation is concerned with an
improvement over the results of Lee, Huang, and Yang,?
it only remains to discuss a few miscellaneous topics
peculiar to these higher order terms.

A. Although this calculation has been carried out
only for the case of hard-sphere interaction, it also
applies to any repulsive interaction of short range. In
fact, the only modifications are: (a) &; is in general
different, and (b) the length @ appearing in the calcu-
lation is to be interpreted as scattering length of the
two-body potential. In particular, the logarithm term
of (6.18) appears in the more general case.

B. This logarithm term may be obtained by an
argument as follows. From (5.29) for the three-body
problem, the three-body ground-state energy has a term

— 1927 (8/3)r—2V3Ja* L8 In(L/a).

“In the logarithm, L~ plays the role of a low-momentum

cutoff. Since
()
== 6’
3
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for large NV, there should be a term of the following form
in Eo:

N3 8
- ;192# (—;r— 2\/3) aL=%In(L'/a),

where L'-! is some low-momentum cutoff. Since this
should be proportional to V, L' must be independent of
the size of the box. This leaves just one possible choice,
namely
L'=(ap)~3.
With this choice of L/, this energy becomes
167 (8/3)7— 2V3 Ja%o*N In(a),

which is identical to the logarithm term of (6.18). In
fact, this is the argument originally used to get this
term, before the present calculation was carried out.
However, it is much more satisfying to see the explicit
cancellation of L under the logarithm sign, as exhlblted
in (6.9).

C. It may also be noted that no logarithm appears
in the depletion factor £ of (7.7). Thus the logarithm
term of the ground-state energy does not come from the
depletion of the single-particle 2=0 state.

D. Contrary to ©, no formula has been found for the
number 8;. After repeated failure to find &3, the author
conjectures that &s cannot be expressed in terms of a
finite number of integrals involving only well-known
functions.

E. If an unknown number &; has to be introduced
for the ground-state energy per particle, why is & of
(7.7) well defined? The reason is as follows. The com-
plication due to the three-body problem implies that
the matrix elements of (4.16) and (4.17) are inaccurate
for any % of the order of ¢~ For large %, the energy
behaves like &2 but the depletion behaves like 1, from
(7.5). Thus the unknown region of large momenta
contributes much more to the ground-state energy per
particle than to the depletion factor £ To the order
calculated, it turns out that the contribution is of
importance for the former quantity but not for the
latter.

F. The existence of a sound speed (7.36) implies the
absence of an energy gap immediately above the ground
state. How can this be verified directly? Even though
the phonon spectrum is unstable due to the three-
phonon perturbation, for a given Q the one-phonon
state with a momentum of 2x/L is stable. It is possible
to modify the present calculation to find the energy of
this state. Here it is important to note that the ground-
state depletion factor for this state is different from &.
When this is taken into account, a very tedious calcu-
lation yields the result that there is no energy gap to
order ap(a’p)?.

G. So far as the asymptotic behavior of the pair
distribution function D(r) is concerned, although the
first two terms of the coefficient of (ro/7)* are given in
(7.35), there seem to exist no proof that it is indeed
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of the form 140[ (ro/7)*] as r— . In particular, a
term of the form (oa®)¥(ro/7)* In(r/7,) has not been
excluded.
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APPENDIX A

In this Appendix, the quantity A; defined by (6.4) is
studied. Since e — 04 eventually, two of the cosine
factors are ineffective; thus

2 (k2R k)™
ki+kotk3=0

X [k — (dmap) 2] cos (3| ka—ks]| €).

The first part of A; is identical with the 2" of (5.16).
According to (5.18) and (5.19), Ay may be broken up
into

A=
(A1)

A=21+2Z1+20 =2/, (A.2)
where
S = > (k2+k24FRs?) ks
k1+1§22:_1§3 =0
Xcos(3|ke—ksle), (A.3)
211/= 2 z’ k4_2k1'4 COS%k,ie, (A4)
ki+kot+ks=0
212,= —6 Zl (3k12+k42>71k1~2k4_2 COS%]&;G, (AS)
k1+kot+k3=0
and
21”= (41rap)‘2 Z’ (k12+k22+k32)~1(1k12
ki+ko+ka=0
Xcos (% k:—ks|e). (A.6)
Here ky is that of (5.17). Clearly with (5.7)
, 1 Q2 A7)
20 =———&s. .
Y2 e

For the evaluation of 211/, define the following variations
of the constants C and &:

0

B=r? Y [Ptm+ (3T (A-8)
l,m,n=—0
Bimwt S PR OHDT (A9)
B=m L [0 ondy
l,m,n=—00
+eH3), (A10)

TSUN WU

Cer1lim 3

-0+ 1 m,n=—w0

[P ()T

Xcos[e(B4+m*4n?)¥], (A.11)
Cr=rlim ¥ [P OntR DT
0+ I, m,n=—w0
Xcos[ e(P4+m>+n*)¥], (A.12)

and

C"=711lim Y

o0+ 1,m,n=—c0

[+ On D (3

X cos[e(P4+m?*+n?)t]. (A.13)
These constants are related by
&+ &+38 =58, (A.14)
and
C'4+C"+3C"=C. (A.15)

In terms of these constants, Zq;’ is, in the limit e — 0+,
1 @
Elllz__ —(Csz“}"3C/$2l+3CHE2//+C”/£2NI). (Alé)
256 (2m)?
In a similar manner, =, may be separated into

21”:211’/—1—212”, <A17)
where

2u"=2(4map)* 2

ki+kotka=0

k4_2ak12 COS%kz;E, (A 18)

and

212”= —6(47r(lp)_2 Z/ (3k12+k42)_1
ki+kot+ ks=0

Xk12k4_20£7c12 COS%k@. (Al())

In the limit @ — oo,

1 1 ® 32
5 Sra— — f aikidk= (4map)t. (A.20)
0

2 10572

Therefore 211 is of the order 258 as 2 — « and hence
may be omitted. Finally, as e — 0,

Z\/ (3k12+ k42)_1k1'2k4’2
ki1+ kot k3=0

X[1— (4map)2kair®].

1/ =Z1'=—6
(A.21)

In order to consider the two terms separately, it is
convenient to introduce a high-momentum cutoff for
ks As Q— oo,
Q% 3

ki+kot-k3=0

(k2 k2) k22 (Amap) 2ok’

6
——— | dkod?k;(3k 2+ k2 k 2k (dap) e
(2m)8

3 K
el
167!’4 0 0

V3 19
= w—a[ln (12wap)K — E—l—() (1)] (A.22)

327

00

dky ky* (3k2 k2 (dmap) e




GROUND STATE OF A BOSE

as K — . On the other hand, in view of (5.22), it is
possible to define

Ci/=lim {Z'[3(P+m>+n2)+ (">4+m">+n"2) ]
X [l2+m2+n2:|_1[l’2+m’2+n'2:]“1
—m33- 4 In(22N)}, (A.23)

where the 2’ extends over [, m, n, I/, m’, and #’ such
that I"24-m"?+n"2<N?, and I+, m+m', n+n' are all
even. With (A.22) and (A.23), (A.21) reduces to
21’ =21 = — Q2 (27) [ 2V37® In(12map)iL

+6C,/+ (19V3/6)n%]. (A.24)

Now (A.7), (A.16), and (A.24) may be substituted into
(A.2) to yield

1 @
=— —2V3 In(127ap):L+C,], (A.25)
g a2 In(12an) L+ C.]
where
1
C1=%53‘"5(C£2+3CI$2,+3C”£2N+C’NE2”,)
19v3
—67r‘3C1'——6—-. (A.26)

APPENDIX B

In this appendix, the following integral, which
appears in (7.12), is evaluated:

I= fffd3k1d3k2d3k3 6(k1+k2+k3) (k12+k22+k32)*1

Xki? exp[t(ky-ri+Kke- rot-ks-13) .
When the integral representations

8 (ki +-ko+ks)

(B.1)

— (2m) f &R exp[iR- (kitko+ks)] (B.2)

and

(itbi)i= [ d expl—g(hithi+bD)] (B.3)
0
are used in (B.1), I becomes

I=(2m)"3 f @R

X f 4T (R, K (Rbrs, K (Rb1s, ), (B.4)

where

JR,)= fd“’k k2 exp(tk-R—{k?), (B.5)
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and s
a¢
The function K may be integrated to give
K(R,)= (/) exp(—3R/$), (B.7)
and hence
TRO= [ /e ep(—1RYN". (B9)
¢

When (B.7) amd (B.8) are substituted into (B.4), the
¢ integral and the angular part of the R integral may
be carried out to give

I=2m331p f dR(R*+a2)~#(— R4-1y)

—00

X (R*+Rri+p5)71,  (B.9)
where
a2=%(712+722+1'32), (BIO)
and
B2=1(r24r3). (B.11)

In (B.9), it has been assumed that r;+re+1;=0
without loss of generality. The evaluation of the re-
maining integral is straightforward but tedious. The
relation
302—23*—r2=0 (B.12)
simplifies the calculation greatly. The result is
I=8m%3"1(2a®—72)~ ¥ sin 127 %1 /a). (B.13)

In order to remove the restriction r;+ry+r;=0, it is
sufficient to make the following substitution in (B.13):

1, — i+ (rdretrs). (B.14)
Under this substitution
202 — V2=2(r24r24r2)+ (7/27) (r1-+1o+135)2. (B.15)
APPENDIX C

Consider the integral

$®=(—ato(®)= [@k MK, (€1
where
M (k&) =[(ExtEp+Ep)2(1—ap?)™?
X (1= )™ owtar+ar —apop
—apop—oper) Jer—xpr.  (C.2)
Assume
k<KL (ap)?. (C3)
When £'<<(ap)t, the behavior of M (kk’) is
M (kk')= (16mapt) ' (4%’ |k+K'|)"1.  (CA4)
When k<XF', it is convenient to use
p=k+1k (©3)

and
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M (kk")=[2p(16mapt+p*)i+k(16mapt) ]2
X (=) [1—a—k(4rapt) 1 (1—2a,) P
k(16mapt)*
P (p*+-16mapk)?
_, KT ] (C.6)
(4rapd)*(1—ay?)

Take a momentum K such that

=[4p*(p*+ 167rap£)]_1[1—

kKKK (ap)}, (C.7)
and write (C.1) in the form
é(k)=¢1(k)+ 2 (k), (C.8)
where
= [ o), (C.9)
<K
and
Fall)= f k' M (kK. (C.10)
p>K
It is then found from (C.4) that
™
é1(k)= [K+O0(k*/K)]. (C.11)
16mapt
On the other hand, ¢»(%) is
éo(k) =7 (16wapk)—? dh sechf
sinh—1K (167apf) %
X[1—4k(16mapt)—#(14-¢720)71]
= —aK (16wapf) 4372 (16mwapg)—*
—4xk(16waps) 1 (ir+3). (C.12)

TAI TSUN WU

Therefore, for k<< (ap)?, the first two terms of ¢(%) are
& (k) =3m*(16mapt)~i—4nk(16mapt)~ Gr+3). (C.13)
In (7.26), a function similar to ¢(%) appears:

6’(k)=fd3k’ M' (k') (C.14)
where
M (kK =[ (ExtEp+Ep) (1—a?)?
X (1 "‘()l].-,”2)_1 (akn —akak/) (ozk—l-akr-}—aku
-——ozkraku—-a,wak—akakr)]k/f=k+k». (C].S)
Again assume (C.3). For &'<<(ap)?,
M (k)= (167ap8) (2K | k-+k'| )1
X (— |k+K|+E+E); (C.16)

and for A<k
M’ (k&) =[4p*(p*+16mapt) 1
k(16mapt)? k(1—2a,)
X [ 1-3 - ]
p(p*+16mwap)?  (dwapt)t(1—a,?)

d
x[<1k+k'| Kt (1—ap)
P

X (ap—i- (k’—p)‘—%ap)]. (C.17)

The situation here is very similar to the case of ¢(k).
Thus it is permissible to use (C.17) in (C.14). The
result is then

¢’ (k) =2m (1—ax)[5(16mapt)i—k(3r—1)]. (C.18)



