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1. INTRODUCTION

HE isotope shift of the S—P and D— P lines of

helium was measured by Andrew and Carter!
Bradley and Kuhn? Fred, Tomkins, Brody, and
Hamermesh,? and Brochard, Chantrel, and Jacquinot.*
A theoretical interpretation of the shift was given by
Hughes and Eckart,® but the calculated values based on
their theory were not in good agreement with ex-
periment.2:3
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The isotope shift of the deepest 3P and P levels of the helium atom is calculated by making use of the wave
functions which were reported by one of the authors. The theoretical values of the specific isotope shift of the
3P and 'P levels are —636.00X 1072 cm™ and 453.83)X107® cm™, respectively, which are in fairly good
agreement with the observed values (—64245)X 1078 cm™ (2 3P) and. (4615)X 1073 cm™ (21P).
where all functions are normalized as follows:
Wl =lw:ll=1, (#=0,1,2,3). (2.2)
The basic functions are given by
31/0:2_%(1:‘FP)F(K,[.L; rl)r2)Z6'17: (23)
Y1=2"(1F P)G (kp1; 79,71) Z s, (24)
Yo=2"2(1F P)F (k,u2; 71,72) Z o, (2.5)
¢3=2‘%(1:FP)G(K’M3; rl,TZ)Zpda (26)

The normal shift is simply proportional to the ob-
served wave number of the lines, while the specific shift
depends on the initial and final wave functions of the
transition. From the theoretical viewpoint we are there-
fore more interested in the specific shift. Stone® calcu-
lated the specific shift of He 2 13S by making use of
Huang’s and Hylleraas-Undheim’s wave functions. He
found agreement within 259, of theory with experiment.

The 2P levels are most suitable for comparison be-
tween theory and experiment because the specific iso-
tope shift of these levels is expected to be largest and
consequently can be calculated and measured most
easily. In the present paper this shift will be calculated
by making use of the wave functions which were re-
ported by one of the present authors.” We shall find that
the theoretical values are in fairly good agreement with
experiment.

2. WAVE FUNCTIONS

The method of selecting the variational wave function
of the excited states of the helium atom was discussed in
A7 and the wave functions for the deepest 3P and P
states were determined. They are given by the linear
combination of four functions,

v=72 awr, (2.1)
k=0

1 A. Andrew and W. W. Carter, Phys. Rev. 74, 838 (1948).
2L. C. Bradley and H. Kuhn, Nature 162, 412 (1948); Proc.
Roy. Soc. (London) A209, 325 (1951).
3 ?r)ed, Tomkins, Brody, and Hamermesh, Phys. Rev. 82, 406
(1951).
4 Brochard, Chantrel, and Jacquinot, J. phys. radium 19, 515
1958).
( 5D. J. Hughes and C. Eckart, Phys. Rev. 36, 694 (1930).
6 A. P. Stone, Nature 176, 130 (1955); Proc. Phys. Soc.
(London) 68, 1152 (1955).
7 G. Araki, Kgl. Norske Videnskab. Selskabs, Forh. 30, 158
(1957) ; Festskrift Til E. Hylleraas P4 Sekstidrsdagen 15de Mai
1958. This will be referred to as A.

where P is the exchange operator; 1— P corresponds to
the triplet and 14 P to the singlet. Z,, and Z,, are the
normalized angular functions of the P state correspond-
ing to the sp and pd configurations, respectively,

Zop=Yo0(w01) Vim(ws), (2.7

Zpa= 20y H{[2(2—m) (24m) J¥ 10(w01) Y om(w2)
—[@2=m) 3—m) ]V 11(w1) Y om1(w2)
—[L@2+m)(3+m) ¥ 1 1(wr) Yomt1(w2)}, (2.8)

where Vin(w) is the normalized spherical surface har-
monic corresponding to the azimuthal quantum number
! and the orbital magnetic quantum number m, and w
stands for spherical surface coordinates # and ¢. The
radial functions are defined by

F(KJ#; 71)72) =Np (Kylj')rze_("”-"“TZ): (29)
(2.10)

where 7. denotes the smaller one of r; and 7;, and
Np(xu) and Ng(k,u) are the normalization constants.
The values of the parameters are shown in Table I.

G (i 71,72) =N 6 (ku )7 <rog™ (7H872),

3. ENERGY LEVEL

The accuracy of the wave function can roughly be
estimated by comparing the expectation value of the
energy with experiment. If we neglect the kinetic energy
of the nucleus, the nonrelativistic Hamiltonian of the
He atom is given by

2 2 1
Hyp=—5(A1+A) ————+~,

Y1 T2 T2

3.1)

where all quantities are measured in atomic units.
The radial function G has a cusp at r1=r,. Strictly
speaking, such a function does not belong to the domain
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of the kinetic energy (operator). In order to avoid this
difficulty we modify the radial function in the immediate
vicinity of the cusp so that the derivative becomes
continuous. We can choose the vicinity as small as we
wish. This is practically equivalent to modifying the
definition of the matrix element of A in the following
way: If ¢ (a one-electron function) is continuous and ¢
has a cusp, we define the Hermitian inner product of ¢
and Ay by

(QD,AIP) = 1(1_1’)1’01 f ‘P*A'ptd(x7y)z>) (32)

where the argument of d indicates the integration vari-
able, ¥ is the modified function, and e is the length of
the vicinity in question. This modification guarantees
the Hermiticity of A and ¢V in the followlng sense:

(p,8¢9)=— (Vo, W)= (Ap¥). (3.3)

The detailed points on this consideration together with
related problems will be discussed elsewhere.

We denote the matrix element of the Hamiltonian
with respect to the basic functions given by (2.3)-(2.6)

TasLE I. Wave function parameters.

p 1P

K 1.991 185 792 2.003 024 271

M 0.544 574 887 8 0.482 362 881 4
M1 1.654 750 000 - 0.868 500 000

M2 1.975 000 000 1.437 000 000

M3 0.967 500 000 1.199 750 000

ao 0.991 608 392 0.999 952 404

ay 0.034 105 777 2 —0.007 405 727 30
as 0.003 003 987 56 0.000 963 922 308
as —0.017 361 829 1 —0.019 384 822 6

as follows:
ij= (¢j;Hw‘Pk)7 j7 k=07 1) 27 3. (3-4)

We can calculate H j; for k=0, 2 according to the ordi-
nary definition of the Hermitian inner product, while in
other cases we have, for example,

Hy= f x/q*Hwthd(xl,Xz)-l—f 7*[Gk,u1; 7,7) PPdr - (3.5)
0

The second term is a correction arising from the cusp at
r1=72. We shall refer to such a term as the cusp correc-
tion. The values of the matrix element H ;i are shown in
Table II. The expectation value of H, is given by

3 3
sz Z Z ajakij. (36)
7=0 k=0

The mass correction arising from the nuclear motion will
be calculated in the next section. Its values are shown in
Table III. If we add the mass correction to E, we have
the energy level of the He atom. This is denoted by E.
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TasLE II. Matrix elements of the Hamiltonian and energy values
in atomic units.

3P 1p
Hyo —2.130 691 33 —2.122 390 09
Hy, —0.157 797 040 —0.181 742 651
Hoy —1.302 246 83 —1.652 745 68
Hy; 0.532 788 159 1.013 382 362
Hy —0.455 520 839 —0.167 848 971
Hgy —0.827 816 805 —1.038 796 041
Hos 0.041 869 052 4 0.056 130 469 9
Hy —0.816 763 287 —0.412 138 016
Hys 0.048 215645 7 0.121 671 222
Hoy 0.070 346 734 6 0.178 005 342
E, —2.132 53248 —2.123 477 22
Mass corr. 0.000 283 462 0.000 297 401
He~ E —2.132 249 02 —2.123 179 82
Eops —2.132968 647X1077 —2.123 637 34=7X1077

The calculated values of E, and E together with the
observed value? Eg,s of the levels are shown in Table II,
where we adopt the energy relation 1 atomic unit
=219474.618 cm™'. We see that E and Eq are in
agreement to four places. This indicates a rough measure
for the accuracy of the wave function although accuracy
for the energy does not necessarily mean accuracy for
the isotope shift. The values of E,, are not in agreement
with the result in A because the cusp correction was not
taken into account in A. If we further vary the parame-
ters we can improve the theoretical values of energy in
the fifth place. The details of the calculation and the
result will be reported elsewhere as we are here only
concerned about the isotope shift.

4. MASS CORRECTION

We now consider the effect of the nuclear motion.
When the center of mass is at rest, the nonrelativistic

TaBLE III. Matrix elements of V;-V, and mass corrections in
atomic units.

p 1p
Moo 0.056 1255804  —0.037 010 763 6
My —0.070 280 054 1 0.015 6114649
Mo 0.983 082 492 —0.644 767 025
M 0.120 622 065 —0.177 305 738
Moy 0.311 714 701 —0.062 201 805 9
Mo 0.234 895 882 —0.154 477 571
Mos 0.368 409 361 0.248 126 915
M2 0.303 517 289 —0.108 987 520
My 0.217 492 077 —0.038 232128 5
Mo 1.131 109 47 1.154 744 10
(V1V2)air —0.0130610401  —0.009 673 465 6
(V1V2)ex 0.077 6967617  —0.036 448 593 0
(V1V2) 0.0646357216  —0.046 122 058 6
normal 0.000 292 321 0.000 291 079
Het mass corr.{specific —0.000 008 858 84 0.000 006 321 40
total 0.000 283 462 0.000 297 401

8 Eobs is derived from the observed value of He*+ 1s 25} [C. E.
Moore, Atomic Energy Levels, National Bureau of Standards
Clrcular No. 467 (U. S. Government Printing Office, Washington,

C., 1949), Vol. 1], and the observed values of 253—3P; and
S —1p, [G. Herzberg, Proc. Roy. Soc. (London) A248, 309
(1958)] by eliminating the fire structure.
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Hamiltonian of the internal energy of the He atom is
exactly given by

H=H,— (1+M)"H,—M(A+M)2V,- Vs, (4.1)

where the length is measured in (14+M)M~! times
atomic units, and other quantities are all measured in
atomic units. M is the mass of the nucleus, and H, is
given by (3.1). If the eigenfunction of H is denoted by
¥, the eigenvalue of H is given by

E=FE.,— (14 M) E,— M(1+M)XViVs), (4.2)

where E,, and (V,V,) are the expectation values of H,,
and V;-V,, respectively. The last two terms represent
the effect of the nuclear motion. The second term will be
referred to as the normal mass correction, the last term
as the specific mass correction, and the sum of them as
the total mass correction. The isotope shifts arising from
these mass corrections will be referred to as the normal,
specific, and total isotope shifts, respectively.

¢ and E,, are approximately given by (2.1) and (3.6),
respectively. The matrix elements of V;-V, with respect
to (2.3)-(2.6) are denoted by

M jx= (;,V1- Vi), (4.3)

The cusp correction should be taken into account for the
calculation of these elements too. The calculated values
of M ;i are shown in Table ITI. (V,Vs) is calculated in the
same way as (3.6). It consists of two parts, the direct
and exchange integrals which are, respectively, given by

§, k=0,1,2,3.

(V1Vo)air=2(aocM o3+ a1 M 135+ a:M 55) as, (4.4)
3
<V1V2>ex= Z akszk
k=0
+2(a0a1M o1+ aoaoM g2+ a10:M 12).  (4.5)

The origin of the former is the polarization of the s-
orbital, but to discriminate the polarization term from
the rest is not obvious.” The calculated values of these
expectation values together with those of the normal,
specific, and total mass corrections for He* are also
shown in Table III. The values of the isotope shift are
given in the next section. For these calculations the
following observed mass values (in atomic mass units)
are adopted®1:

Mass of electron=75.487 63X1074,
mass of He?* atom=4.003 875 0,
mass of He?® atom=23.016 983 5;.

The cusp correction to the mass correction is very small.
The direct integral of V;-V; is small as compared with
the exchange integral, as is usually expected.

9 Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys.
27, 363 (1955).

10 Mattauch, Waldmann, Bieri, and Everling, Annual Review of
Nuclear Science (Annual Reviews, Inc., Palo Alto, California,
1956), Vol. 6,5p. 179.
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5. ISOTOPE SHIFT

The theoretical values of the specific isotope shift of
levels amount to

5(2 %P),= —636.00%X 10~* cm! (theor.),

8(21P),=453.83X10-3 cm™! (theor.), G-1)

where 31P denotes the energy level (i.e., minus the
spectral term), and 8Q stands for Q(He?)—(Q(He?) for
any quantity Q.

The observed values>™ of the total isotope shift 6» of
S—P and D— P spectral lines are shown in the fourth
and seventh columns of Table IV. From these values we
can separate the observed values of the specific shift in
the following way. Corresponding to (4.2), the wave

TaBLE 1V. Observed isotope shifts in 1073 cm™ dy=yp(He?)
—v(He?) denotes the isotope shift of the lines. (6»), and (d»), are
the normal and specific isotope shifts of the lines, respectively.
(8E;), is the specific isotope shift of the initial level.

Fred et al.» Brochard et al.b
A (A) —(®v)n —dv (8v)s (BE3)s —&v  (8v)s (BEi),

33§—-23p 7065 635 —6 641 5 —22 657 21
4 4713 952 297 655 19 303 649 13
5 4120 1089 438 651 15

6 3867 1160 508 652 16

7 3732 1202 548 654 18

8 3652 1228 586 642 6

33D —-23P 5875 763 123 640 4 1285 635 —1
4 4471 1003 360 643 7 366 637 1
S 4026 1114 474 640 4

6 3819 1174 547 627 -9

7 3705 1210 592 618 —18

8 3634 1234 617 617 —19

Bradley-Kuhne

31§ —-21P 7281 616 1046 —430 24 1046 —430 24
4 5047 889 1333 —444 10 1319 —430 24
5 4437 1011 1461 —450 4 1440 —429 25
6 4168 1076 1529 —453 1 1535 —459 -5
8 3935 1140 1606 —466 —12

31D -21P 6678 672 1124 —452 2 1128 —456 =2
4 4921 911 1358 —447 7 1358 —447 7
5 4387 1022 1462 —440 14 1462 —440 14
6 4143 1082 1512 —430 24 1497 —415 39
7 4009 1119 1532 —413 41 1537 —418 36
8 3926 1142 1543 —401 53 1543 —401 53
23P =238 10 830 414 1151 =737

a See reference 3.
b See reference 4. . i
¢ See reference 2. The largest values of their measurement are cited.

number » of spectral lines is given by

v=vo— 1+ M) y— M A+ M),  (5.2)

where v, and v, are the wave number corresponding to
the difference of E, and (VVs), respectively. The
normal isotope shift of lines is defined by

0v)n=—v d0(1+M)L. (5.3)
From (5.2) and (5.3) we have
((9)u=—v(2+M)A+M)T6(A1+M)T  (54)

to good accuracy, where the omitted part is negligibly
small. The values of (§»), are shown in the third column
of Table IV.



ISOTOPE SHIFT OF He 2P

The observed values of the specific shift (§v), can be
obtained by subtracting the normal shift from the total
shift:

(6v)s=0v— (67) . (5.5)

The result is shown in the fifth and eighth columns of
Table IV. If we denote the specific isotope shifts of the
initial and final levels by (6E;), and (6E;)s, respectively,
the specific isotope shift of lines is given by

(6”)3:‘—‘ (6E1)s_ (6Ef)s- (56)

The contribution to the specific shift of S and D levels
only comes from the polarization term of the s orbital,
while the main part of the specific shift of P is the ex-
change integral. Therefore the former must be small as
compared with the latter. It may be considered as
evidence for this that (év), is nearly constant for a
definite final level.

If we subtract the theoretical values of — (6E;), given
by (5.1) from the observed values of (6v), in Table IV,
we obtain the specific shifts of .S and D levels which are
shown in the sixth and ninth columns of Table IV. The
observed values of év mostly contain errors of about
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5X107% cm™! (even 16X 1073 cm™ in the largest case).
Therefore their last figures are not definitely significant.
The values of (JE;), indicate only the order of mag-
nitude. ’

Bradley and Kuhn? graphically derived the total
shifts of the levels 2P and 23S from the plot of the
measured shift of lines by extrapolation. We obtain the
normal shift of levels from the observed spectral term
values in the same way as (5.4). The difference of these
two kinds of shift represents the specific shift of the
levels. Thus we have

8(21P)y=(4614£5)X10~% cm™! (obs.),  (5.7)
8(235),=(9545)X 1073 cm™! (obs.). (5.8)

Eliminating §(2 %S), from (év), of 23P—23S shown in
the last line of Table IV, we have

8(23P),= (—6425)X 1073 cm™ (obs.). (5.9)

Comparing (5.1) with (5.7) and (5.9), we see that the
agreement between theory and experiment is satis-
factory.
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Electron Affinity of O,

R. S. MULLIKEN i
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It is shown, using molecular orbital theory and experimental data, that 0.15 ev is much the more probable
of two alternative values for the electron affinity of O» which have been considered. Thermochemical evi-
dence favoring a value of 0.9 ev is rather uncertain and should be given less weight.

URCH, Smith, and Branscomb! have recently re-
ported an extrapolated experimental threshold
value of 0.154-0.05 ev for photodetachment of an
electron from O,, in agreement with conclusions of
others from experimental work with gas discharges.
However, in view of thermochemical evidence surveyed
by Pritchard? pointing to an electron affinity of about
0.9 ev for O,, they suggest that these data could be
made consistent by the assumption that the photo-
detachment which they observed occurs from meta-
stable “Z,~ ions with an excitation energy of 0.75 ev
(0.9-0.15 ev) above the %I, ground state of Os~. But
“if the interpretation of [ the thermochemical evidence ]
should be erroneous,” the observed 0.15 ev could be
the true electron affinity of Os,.
Strong theoretical reasons can be given against a
value as high as 0.9 ev for the electron affinity of O, and

! Burch, Smith, and Branscomb, Phys. Rev. 112, 171 (1958);
hereafter referred to as BSB.
2 H. O. Pritchard, Chem. Revs. 52, 529 (1953).

in favor of a value such as 0.15 ev. Further, it seems
unlikely that the proposed?® low-energy 2, state of Oy~
exists. There seems then to be little doubt that the
electron affinity of O, is near the value of about 0.15 ev
obtained by BSB, and by others from swarm experi-
ments. The justification of these statements follows.
The ground state of O.~, using MO’s (molecular
orbitals) should be of the structure - :-o,%r, mg®, 2IL,.
The “=,~ state suggested by BSB would be formed?
from a normal (2s?2p*, *P) oxygen atom and a (real or
virtual) excited state of the O~ ion (the lowest-energy
possibility would be 2s22p'3s, *P). The lowest-energy
4>,~ state obtainable from these would be of the
structure - - - o, %7, ry20,* with ¢,* a Rydberg MO of Oy~
of the type ¢,3s. But it seems rather unlikely that a
bound ¢,* (or, still less, any other) Rydberg MO exists

3 Proposed by Bates and Massey (see H. S. W. Massey, Negative
Ions (Cambridge - University Press, Cambridge, 1950), second
edition, and further discussed and utilized by Y. Inoue, Japan.
J. Geophys. (I), 4, 21 (1957).



