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The matrix element for bremsstrahlung and pair production is
written in a particularly simple form which reduces to the well-
known matrix element for nonrelativistic energies, in terms of a
vector which is closely related to the nonrelativistic current
density vector.

The cross section for high-energy bremsstrahlung and pair
production involving arbitrarily polarized photons and electrons
has been calculated. The Coulomb and screening effects are taken
into account exactly. It is found that the screening and Coulomb
corrections to the polarization-dependent part of the cross section
are analytically of the same form and numerically of the same
magnitude as the corrections to the polarization-independent
part of the cross section found earlier. We also give the cross
section for bremsstrahlung summed over spin and polarization
directions and integrated over the direction of motion of the
final particle, i.e., the angular distribution of the radiation, which
has a very simple form.

Formulas are given for the linear and circular polarization of
bremsstrahlung from arbitrarily polarized electrons and for the
spin polarization of pairs from arbitrarily polarized photons.
The circular polarization of bremsstrahlung from longitudinally
polarized electrons is complete at the upper end of the spectrum

and is much larger than from transversely polarized electrons
throughout the spectrum. In the same way, circularly polarized
photons produce longitudinally polarized electron-positron pairs,
the probability of producing transversely polarized pair particles
being, in general, much smaller. The faster one of the pair particles
is always polarized in the same sense as the photon. On the other
hand, the linear polarization of bremsstrahlung is smallest at the
upper end of the spectrum and increases with decreasing photon
energy. It is independent of the spin of the initial electron if one
sums over the spin of the final particle. The circular polarization
of the emitted photons is to a high degree independent of screening
and Coulomb corrections, at the high energies considered here.
The linear polarization is, however, significantly dependent on
these corrections. Similar conclusions hold for pair production
from circularly and linearly polarized photons, respectively.

Finally, the electron spin-photon polarization correlation for
bremsstrahlung and pair production is discussed. The depolari-
zation, because of bremsstrahlung, of polarized electrons passing
through matter is calculated and is appreciable over a radiation
length. It is greater for a transversely polarized electron than for
a longitudinally polarized electron.

1. INTRODUCTION

HE linear polarization of bremsstrahlung was
studied first by Sommerfeld! for low electron
energy and by May and Wick? for relativistic energies.
It was found that for low photon energies the electric
vector of the radiation is in the plane of emission, which
is what would be expected from classical considerations.
The photons of high energy, on the other hand, are
emitted in the plane of the magnetic vector. Thus at
high energies the radiation is always polarized in a
direction perpendicular to the plane of emission. In
addition to the work of May and Wick there have been
calculations by Gluckstern et al.* and by Gluckstern
and Hull.* These calculations have always been per-
formed in the Born approximation and with exponential
screening. The present work supplements these papers
at high energies in that it takes into account the
Coulomb correction and the screening exactly.
It was apparently noticed first by Zel’dovich® that
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the bremsstrahlung emitted from polarized electrons
may be circularly polarized. Since the discovery that
the particles emitted in weak processes are polarized,
a number of papers on circular polarization of brems-
strahlung have appeared.®° In all these articles the
Born approximation has been applied, and the screening
has been taken into account by an exponential screening
factor. As for the case of linear polarization we extend
these results at high energies by taking into account the
Coulomb correction and screening exactly. We also
give the cross section for definite spins of the final
electron; this then allows us to calculate the depolari-
zation of polarized electrons because of emission of
bremsstrahlung. A preliminary note of some of these
results has already been given.!!1?
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Eq. (7.1) in the present paper.
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In Sec. 2 we discuss a simple method for obtaining
the cross section directly in terms of the initial and
final spins of the electron. The differential cross section
for bremsstrahlung with specified initial and final spins
of the electron and specified polarization of the emitted
spectrum is then derived in Secs. 3 and 4. In Secs. 5
and 6 we integrate over the direction of motion of the
final electron, for the cases of no screening, intermediate
screening, and complete screening. Formulas for linear
and circular polarization of bremsstrahlung are given
in Sec. 7, and in Sec. 8 we discuss the correlations
between the spins of the initial and final electron and
the photon polarization vector. In particular the cir-
cular polarization of the photon beam is considered.
The discussion covers all cases of screening. The de-
polarization of the polarized electrons in the radiation
process is derived in Sec. 9. Finally, in Sec. 10 we write
down the corresponding quantities for pair production.

2. SPIN FORMALISM

We use a method by which the absolute square of the
matrix element appears directly in terms of the spin
vectors s; and s of the initial and final states, respec-
tively.® The procedure is simplified by the fact that
the spin part of the wave function at high energies
involves a plane-wave spinor #. It has in fact been
shown! that for processes such as high-energy brems-
strahlung and pair production in which the momentum
transfer ¢ is always much smaller than the momentum
p of the electron, i.e., processes in which significant
angular momenta are />>1, the Sommerfeld-Maue type

wave function,
-V
ulF,,

pamor(1-— 2.1)

is a good approximation. p is the momentum of the
electron in units of mc, e= (p*>+1)# its energy in units
of mc?, « the Dirac operator, and r the electron’s.coor-
dinate in units of %/mc. u is the free-particle spinor.
F is the solution of

(V?4-2ip-V—2¢V)F=0, (2.2)
normalized so that F(r) —1 as r — . The subscript
+ (=) refers to wave functions with the asymptotic
form of a plane wave plus outgoing (ingoing) spherical
waves. For an unscreened Coulomb potential V= —a/7,
a=Ze%/hc, the solution F was given by Sommerfeld and
Maue,'® and for an arbitrarily screened potential by
Olsen, Maximon, and Wergeland.!®

18 The present method differs from that which is usually applied
in polarization calculations. See, e.g., F. W. Lipps and H. A.
Tolhoek, Physica 20, 85, 395 (1954) H. A. Tolhoek, Revs.
Modern Phys 28, 277 (19 6).

14 H, A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954);
in the following referred to as BM.

15 A, Sommerfeld and A. W. Maue, Ann. Physik 22, 629 (1935).

16 Olsen, Maximon, and Wergeland, Phys. Rev. 106 27 (1957);
in the following referred to as OMW.
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The free-particle spinor # satisfies
(e p+B—eu=0.

We want to write # in such a way that the two-com-
ponent Pauli spinor » appears explicitly. To this end,
we use the representation

0 o 1 0
:( )=p10, ﬁ: ):p3)
¢ O 0 -1
v
()
w

where ¢ is the Pauli spin matrix vector and g the cor-
responding Dirac matrix vector” in “charge space.”
v and w are two-component spinors (the “large” and
“small” components, respectively), and N a nor-
malization factor. Introducing these expressions into
the four-component wave equation (2.3), this equation
splits into two two-component equations:

(2.3)

o pwt (1—€)v=0, o pv—(1+ew=0. (2.5)
The desired solution is thus
? 1
Arans) )
Lo-p/(et+1) o o-p/(et1)
(2.6)

N=[(e+1)/2¢],

where v has been assumed to be normalized. For appli-
cations it should be noted that the separation of the
spin space from the charge space is complete in the
sense that in (2.6) the matrices p; operate only on the
charge space part of #, viz.,

(c-p/:e+1))'

v is clearly the Pauli spin state referred to the system
in which the electron is at rest. Let s/s={ (s=1) be
the spin direction in this system. Then

(2.7)

The well-known explicit solution of this equation is

{-ov=1.

B 1 1+4¢,
L2046 (§x+z‘§y) ’ e
or in terms of the angles x, ¢,, where
= {sinx coses, sinx sing,, cosx},
we can write
e /% cos(x/2)
. ( is/2 5in (x/2) ) 2:9)

"P. A. M. Dirac, The Principles of Quantum M eclzamcs
(Clarendon Press, Oxford 1947), third edition, pp. 255, 2
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We shall not, however, need these explicit forms. In
fact, only (2.10) and (2.11) below are needed for the
following calculation.
Multiplying the equation adjoint to (2.7) by » from
the left, we have
w ({-o—1)=

For normalized v the solution is clearly
w'=3(14+¢-0).

w' is the projection operator for the spin state v. We
shall also need the well-known diagonal matrix elements

(v,00)=C. (2.11)

This also follows from (2.7) by multiplication from the
left by o' and noting that { is the only vector in the
rest system.

The high-energy wave function which we shall use
for an electron may thus be written (since in this limit
N=1/V2)

1 . ia~v)( 1 . (2.12
ol £ = ip-r _ . .
Vs \/26 ( 2¢ U-p/(e+1))v * )

In the matrix element for pair production there appears
the charge conjugate of the positron wave function
having the asymptotic form of a plane wave plus ingoing
spherical waves, viz., Cipos,—*(€,p,{), where C=10ay.
Cipos,—* can also be considered as the wave function (not
conjugate) of a negatively charged electron with energy
—e¢, momentum —p, —p, spin —¢ with the same
asymptotic form of a plane wave plus ingoing spherical
waves:

C¢p05, —* (e)p’P7<) =

(2.10)

‘/’el,—-(_ei P, — 9, '—()' (213)

The spinor factor in the wave function Cifypes, —* is there-
fore, from (2.6) and (2.7),

z\ 1

) , (2.19)

u=N(c-p/ze—-1))v(_O, V= (ez—e1
(2.15)

where (— ) is a normalized solution of
{-ov=—1,

Alternatively to (2.13), the spatial part of the positron
wave function may be obtained directly from that of
an electron by reversing the sign of the Coulomb inter-
action, so that we may also write

Xo(—=QF_*(—-Z2), (2.16)

ie.,

F—*(G)pip} —Z):F—(_e: —p, — 9, Z)
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3. MATRIX ELEMENTS FOR BREMSSTRAHLUNG

We calculate the amplitude A- e* for bremsstrahlung!s
for specified spins of the initial and final electrons using
the representation (2.12) of the wave function, in which
the two-component spinor v is separated out. e is a
vector with complex components @, and ¢, in the x and
y directions, respectively:

e=aie,}azey, (3.1)
and is normalized so that
le]?=]a1|%+ |az|2=1. (3.2)

By choosing a¢; and as appropriately, one obtains the
amplitude for any desired polarization. Thus the am-
plitude for radiation plane polarized in the x direction
is found by choosing ¢;=1 and @¢,=0; in the y direction
by choosing @¢:=0, a;=1. The amplitude for circularly
polarized radiation is obtained by setting a1=1/v2 and
a;= +1/V2, the upper and lower sign referring to right
and left circular polarization, respectively. (We use
the same convention as in Blatt and Weisskopf.?)
The amplitude® is given by

A-e¥= (Yo, a-e¥e 1Yy ) 3.3)
with ¥, and ¢, _ as given in (2.12). Neglecting terms
of relative order 1/¢, we have

A‘ e*= (’I,tz, {(X' C*Il+d' e*a- 12+(¥ . 13(! . e*}ul), (34)
where I, I, I;, defined before,? are given by
I,= sz,_*efq "F1,+d37,
i Iy
L= —2—- F,,_*eiryFy .d%, (Brems.) (3.5)
€

;
L= f (VFy_ e -<Fy  dr.
262

These integrals have been evaluated for an unscreened
Coulomb potential (BM),* and also for the case of
arbitrary screening (OMW).16

For the following calculation it will be useful to
note that the three integrals (3.5) are related. By a

18 W. Heitler, The Quantum Theory of Radiation (Oxford Uni-
versity Press, New York, 1954), third edition, p. 143. It should
be noted that in Eq. (21b) of this reference @-e* should appear in
place of «-e, as is apparent from Eq. (19).

19 ¥ M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics
(John Wiley & Sons, Inc., New York, 1952); note p. 807, Eq.

2“ Reference 18. In order to simplify the following equations,
numerical factors are omitted in this definition of the amplitude.
These are finally included in the expression for the matrix element
for bremsstrahlung, Eq. (4.1) in the present paper.

21 Reference 16, Eq. (4.2).
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partial integration on I one finds

7
L=—— Fg,_*v(eiq"F1,+)d3r
2e2

i . q
=— Fg,_*e’q"VF1,+d3r+——-
2¢es €

Fz, _*eu 'rFl, +d37'.
Therefore, comparing with the definitions (3.5), we have

q
13=312+—I1.

€2 262

(3.6)

The amplitude A-e* may thus be expressed in terms of
only two of the integrals (3.5). Noting that at high
energies only the components of I, and I; perpendicular
to k contribute to the matrix element [see Egs. (3.4),
(3.13)-(3.15)], it will prove convenient to introduce
the vector J given by

1
J;= - Il,
2e1€2
(Brems.) (3.7)
u 1 v 1
J. Ii+—I.= Ii+—1s..
€169 €2 2e1€0 €1

The latter equality results because of (3.6), noting
that q;=u—v. u and v are the components of p; and
p: perpendicular to k, respectively. Using Eqs. (4.2)
and (7b.10) of OMW, the vector J is given by
J=B{ut—vn+k(s—n)}, (Brems.) (3.8)

with

E= 1+, 9=01+*)7,

u=pi01, v=7b,,

B= (4na/kP)A, k=k/E,

(3.8a)

where 4 is given for arbitrary screening by Eq. (7b.10)
of OMW. For the special case of no screening, one has
[Eq. (7b.11) of OMW and Eq. (8.20) of BM ],
| B|*= (4ma/kg®)*R(y),
R(y)=[V*(x)+a*yW*(x) ]/ V*(1),
y=1—x=8/(f1¢"), 5=gmn=F/(2e1cs).

V and W are the hypergeometric functions

(3.9)

V(x)=F(ia, —ia;1;x),
W(x)=F(1+4+ia, 1— (3.92)
V(1)=F(ia, —ia; 1;1)=|T'(14+ia)|2=sinhwa/ma.

1a;2; %),

We now turn to the amplitude A-e* given in (3.4).
Written in terms of the spin amplitudes v; ands,, the

OLSEN AND L. C. MAXIMON

first term becomes

(ug, o e*ul)Il

T2 ( ( 0+p1)” (o‘ pl/<el+1>) ) '

1 o:p1 o P2
=—(7)2, lo--e* + 0"6* 1)1)[1.
2 €1+1 €2+1

Separating the components of p; and p. in the direction
of k and perpendicular to k, we have

o'p1 O-P2 og-u oV
*

o€ o-e*=g-e* + o-e*
€1+1 et1 61+1 €2+1
b1z j28
to-eto, - ) (3.10)
atl e+l

Neglecting terms of relative order 1/¢, we may therefore
write

(%2, a'e*ul)h: (7)2, [

ek

(0"11—0'2)11

o-e*

lm). (3.11)
262
We shall use this form later in Eq. (3.15) for the am-

plitude.
The second term in A-e* is

)0 ‘ 0'12(a-p1/2e1+1))v1)
lm). (3.12)

261

+(0"V'—G'Z)I1

(142, o e*a . 12%1)

Rae
(

1
=- '02,[0’60'12|
2

P2 o P1
u'e*(T'I‘

2
+1 e+1

Now
o:p: o°P1
e+l 41

=g,+0(1/¢).

Therefore the part of the last term in (3.12) containing
o.l». exactly cancels the part from the first term con-
taining o./,;, while the part containing e,-I,; adds to
the first term, giving 2¢-e*e-I;;. The amplitude A-e*
thus depends only on the perpendicular components
Ig 1 and Is L.

(%, @- €¥a- Lot)) = (v2, 0- €¥a-I5111),  (3.13)
and in exactly the same way we find
(ug, o Igot . e*Zh) = ('02, g 1310' . e*'ul) . (314)
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For the amplitude we may then write, recalling (3.7),

c-u o,
A-e*=('v2, {0-6*[—Il+0'121— Il]
2¢; 2¢

oV [
+[——Il+0"131——11:|0"e* ]'Ul) (3.15)

262 262

= (vq, {€20-€*0-J+ €10 Jo-€*}v;).

The matrix element thus depends on the integrals (3.5)
only through the vector J of Eq. (3.7). Using the rule

o-Jo-e*=J e*4io- I X e¥, (3.16)

we have the simple expression for the amplitude, for
arbitrarily polarized bremsstrahlung,

A-e*=(15,{ (1} €2) J-e* ik X J-e*}uy).
(Brems.) (3.17)

The corresponding expression for pair production is
obtained from (3.15) and (3.17) by making the sub-
stitutions e, k, €¥— —e1;, —k, e and by replacing the
bremsstrahlung expressions J, and J, by those for
pair production. This substitution is justified by the
discussion at the beginning of Sec. 5, where it is noted
that the outgoing or ingoing nature of the wavefunction
is contained only in F [Eq. (2.1)7, and not in the free-
particle spinor #, with which the substitution e; — —€;
is concerned. For pair production, the J, and J,
analogous to (3.7) are

1
Jzz Il,
2e1€9
(P.P.) (3.18)
u 1 v 1
R A A e (s 1}
2e1€9 € 2e1€2 €1

where now the integrals (3.5) are replaced by

[1= ng,_*ei‘l"Fl,_dgr,

i

Iz=—sz,_*efq"vF1,~d3r, (P.P.) (3.19)

i
I;;:_ f(VFg,N*)eiq "Fl,_d3r.
262

For pair production, for large values of the momentum
transfer ¢, screening is unimportant and J is given by
BM Eq. (6.23) or OMW Egq. 6b.5) and the equations
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following OMW Eq. (6b.5):

1 llE vn V(x —Haén llE— vn W(x y
kV (1) q2

J.= dra (1 vV 1 Ow
e LR (x)].

In (3.20) the quantities u, v, £ and 5 are the same as
in (3.8a). However, x and y are given by

y=1l—-x=ng, (P.P.) (3.20a)

rather than as in (3.9). V and W in (3.20) are the
functions defined in (3.9a), but have as argument x as
defined in (3.20a). For small g, where the screening is
effective, the Coulomb correction is negligible. Thus in
this case J is given by the Born-approximation value
including screening, wiz., from OMW Eqgs. (7a.5)-
(72.10) and the equations immediately following
(7b.11),

4ra . {1-F(g)}
JBornz";{ (u£+ Vﬂ)‘i'k(f"’)) }‘____2—'—)
q
(P.P) (3.21)
F(q) being the atom form factor.?
It may be noted that with
Y=giriF, (3.22)
we may write J, and J, in the form
1 3
J.= f]le““"’d%', (3.23)
26162
1
J=— fpe‘“”d“r, (3.24)
2€1€9

with

1
1=— WV — V), o=V, (3.25)

21

as may be verified by comparison with (3.7) after per-
forming a partial integration. Now in the nonrelativistic
limit (in which £— 0), the amplitude (3.17) [apart
from the trivial spin factor (vs,9:)] approaches

A-e*=2J1~e*=fjl-e*e‘“‘"d%. (3.26)

[That A-e* as given in (3.17) approaches the nonrela-
tivistic amplitude 2J,-e* is of course accidental, since

22 Reference 16, equation preceding (7b.12).
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in the derivation of (3.17) we have made the high-
energy approximation throughout. It may be noted,
however, that this same limit is obtained for A-e* as
defined in (3.4), using (3.6) and observing that in (2.6),
in the low-energy limit, N=1."] Thus, since ¥ is, in the
nonrelativistic limit, the exact solution to the Schro-
dinger equation, the amplitude given in (3.17) for
relativistically high-energy bremsstrahlung is also
correct in the nonrelativistic limit. The spin-dependent
term in (3.17) is, apart from the energy factors, that
which would be expected from a radiating magnetic
dipole of moment ¢ with J= fje~ik-d%». However,
since S pe~ & -*dr= [ j.e~* -*d%, the vector J occurring
in (3.7) and (3.17) has the opposite sign on its z com-
ponent to that which would make such an explanation
of this term plausible.

4. DIFFERENTIAL CROSS SECTION

In terms of the amplitude A-e* given in (3.3), the
matrix element Hy,’ for bremsstrahlung is!820

Hi'=—ehc(2w/k)}(h/mc)*A- e*. (4.1)
The transition probability per unit time is
w= (2r/M)ps| H1o'|?, (4.2)
in which the density of final states py is
pr= (mc?)*(2mhc)~Sk2dkd Q1 preds. (4.3)

The differential cross section, do, is equal to the
transition probability normalized to unit current of the
incident particle. We therefore divide w by the velocity
of the incident electron, cpi/e;, and obtain (after
making the high-energy approximation e=p) the dif-
ferential cross section for polarized bremsstrahlung:

1 82 h 622
o )4—2~——k~[A-e*|2k2dkd91dﬂg, (Brems.) (4.4)
)4 mc? mc

do=

where A-e* is given by (3.3) and (3.17). Correspond-
ingly, for pair production

1 & h e?
_— l A € l Zplzdﬁldﬂldﬁg,
Qm)tmetme k

do=

(P.P.) (4.5)

where A-e is obtained from the bremsstrahlung am-
plitude in the manner discussed following (3.17).

The evaluation of the absolute square of the ampli-
tude is greatly simplified by applying (2.10), thereby
eliminating two of the spinors, viz.,

[ (v, Mv1) |2= (01, M 1v,) (vo, Mvy)
=3(vy, M1(14 8- 0) Mv)), (4.6)

where M = (e;+e2)J- e¥+-1kaX J-€* and & is the unit
spin vector of the final electron. We then write

AND L.
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Mt(14-0)M as a linear function of ¢ by repeated
use of

c-Aoc-B=A-B+ioc-AXB, (4.7)

and finally use (2.11) to obtain |A-e*|? directly in
terms of the unit spin vectors for the initial and final
states, ¢1 and &, (This procedure is clearly to be pre-
ferred to that which would perhaps appear more
straightforward, namely multiplying out the matrix
element (vs,Mv;) explicitly using (2.8) and then taking
the absolute square.) In this way one finds for brems-
strahlung

|A-e*[?=3R2| T " 2ere2(1+81- o) [ T - €2
382 Re{ | J*01- £— 23 - 4uJ*- &)
+he: Re{[|J[2¢1-e—2-eJ*- {1]o- %)
—ker Re{[[|J]?¢z-e—2J-eJ*- {, 081 - e*)
+3k| T} el tels) - (reX e*)
+3k Re{|J|*(elitaly) - (ieXe¥)
—2J- (eelitelo)J*- (ieXe*)}
+3k[E(1+ 8- &) (leX e™)
+(ate) (LX &)X (ieX e*)
+(ate) (Gt)
—2Re{e*(e1{1+€22) - €} ]- (GIXT*).

(Brems.) (4.8)

For bremsstrahlung it is found, both in the case of no
screening [BM Eq. (8.15) and ff.] and for arbitrary
screening [OMW Egs. (7b.5)-(7b.10)], that the
integrals (3.5) are given by their Born-approximation
values times a common factor. Thus, in the case of
bremsstrahlung, J is real apart from a trivial phase
factor, and (4.8) simplifies to

[A-e*|2=1k T2 2e1e0(1+ C- o) | T - e |2
+3R[T0 =21 4 - 8]
+ke: Re{[J2¢-e—2]-eJ- ]l €%}
—kes Re{[J?Lz-e—2]-eJ- {8 )
+ikSA (@it els) - (feXe¥)
F3R[ T (e21F-€10s) - (TeXe*)

—27). (62{1+61€2)J' (te)(e*)]
(Brems.) (4.9)

For pair production the square of the amplitude is found
from (4.8) by making the substitutions e;— —e¢j,
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{L— — G and efF— e

|A-e|* =3k TP —2a16(1— L1 o) [T - €[
— 3k Re{|J |21 {— 23 - L*- §}
+kes Re{[[|J|28:-e*—2]-€*J*- {1 ]2 €}
+ker Re{[[| J |28 €*— 2T - e*J*- £, ] - €}
+3k| T |2 (e1lit+els) - (ieX e¥)
— 3k Re{|J |*(elite1l2) - (e X e¥)
—2)- (elitelo)J*- (ieX e*)}
—3k[k(1— 81 8o) (feX e¥)
— (a—e) (11X &) X (TeX e¥)
+(a—e) (Li— &)
—2Re{e*(e1litels) -} ] (1IXT¥).

(P.P.) (4.10)

It should be noted that the cross section is symmetric
with respect to the positron and electron, as it should be.

Equations (4.9) and (4.10) give the cross sections for
bremsstrahlung and pair production for specified mo-
menta of incoming and outgoing particles and for
assigned directions of the initial and final spins and
polarization. In the next section the cross section is
integrated over the direction of motion of the final
particle, giving the correlations between i, {s, e, k
and pi1. The spins and polarization are then successively
averaged over, giving the various correlation functions.

5. CROSS SECTIONS INTEGRATED OVER
DIRECTION OF MOTION OF THE
FINAL PARTICLE

We shall integrate the bremsstrahlung and pair-
production cross sections for an arbitrarily screened
Coulomb potential over the direction of motion of the
final particle, but without summing over spins. Now it
has been shown? that if we sum over the spin of the
final particle as well as integrate over its direction of
motion, then the pair-production cross section may be
inferred from that for bremsstrahlung by changing the
sign of e; and making the appropriate change in the
final-state density factor. However, since we are using
Sommerfeld-Maue type wave functions (2.1), this
inference may be made even if we do not sum over the
the spin of the final particle. This may be seen by
noting that the difference between pair production and
bremsstrahlung (apart from changes of sign in energy
and momentum) results essentially from the choice of
final-state wave function (i.e., whether it is of ingoing
or outgoing type), which choice affects only F in (2.1).
Moreover, F satisfies the spin-independent equation
(2.2) and thus forms a complete set of states with the

2 Haakon Olsen, Phys. Rev. 99, 1335 (1955).
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same energy but different propagation directions for
either the outgoing or the ingoing type solution. There-
for, even if we do not sum over the spin but only
integrate over the direction of motion of the final
particle, the choice of final-state wave function is
immaterial, i.e., the pair-production cross section may
be inferred from that for bremsstrahlung.

Consider, then, pair production. As previously shown,
the Coulomb and screening corrections occur for dif-
ferent values of the momentum transfer ¢, vz., for large
g one has only Coulomb correction, for small ¢ only
screening correction. Thus to include the effect of
screening we add to the exact unscreened cross
section the integrated Born-approximation screening
correction, which is, apart from factors,

f{ ‘ A-e I %Born, screened — [ A-e ] %Born, unscreened} dQs. (5 1)

It should be noted that in this formulation the screening
appears as a correction to the exact cross section for a
pure Coulomb potential. Having used this property of
the pair-production cross section to see that we need
only (1) the exact integrated cross section without
screening, and (2) the Born approximation screening
correction, we now use the fact that these two parts of
the pair-production cross section may be inferred from
the corresponding bremsstrahlung cross section. This is
the procedure we follow since the latter is in fact easier
to evaluate.

The integrated cross section is calculated from (4.9)
and (3.8), from which it may be seen that all the
integrals required are of the form

f 3V, J-Vade, (5.2)

with V; and V, arbitrary vectors, not depending on 6,
or ;. In the next section we show that the relevant
integrals are given by

f T 2dQ0=X+Vu2,
f T 2d9=X+Vu,
f T 2d9= X+ (1—1/28),
(5.3)
f J Ty dQs=Yu,u,,

f]z;]zdﬂ2= Yu:c(l_' 1/2£)$

f T T 0= Vuy(1—1/29),
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where, from (6.22),
X = (4na/psk)rE (14T,
V= — (4ra/ pk)*4r£'T.
The quantity I' is given by (6.23) for no screening, by
(6.28) and (6.29) for arbitrary screening, and by (6.34)
for complete screening. Thus in the integrated ex-

pression (5.2) the terms with the factor ¥ will have the
same form as the integrand, with the vector

Y{ut(1-1/28)k}

replacing J, whereas the three terms having the factor
X can be written as V;-V,. Thus we can write

(5.3a)

fJVl JV2d92=YUV1 UV2+XV1V2, (54)

where

=u+(1—1/2¢)k.

Noting the form of the terms in (4.9) it will be con-
venient to observe in particular, from (5.4) and (5.3a),
and noting that U?= (48)7,

(5.5)

f J2d92—( )7r£2(3+2I‘), (5.62) -
f [V, Va— 23V J-V;]dg
— (4ma/ pokyr LV, -Vo b 82TU-V, U-V,]. (5.6b)

The integrated cross section for bremsstrahlung may
now be written down from (4.4) and (4.9) using (5.4)
or (5.6a, b), and V; and V; equal successively to ¢, {s,
e, etc. In this way we find

d”(p1)§1’c2)k e)
&2 2dkdtdor
=7 —-—) ———{3(e?+ &) 3+2I) —ee
he\mct/ k e? 2w

—8ea1ex8T |u-e|2(1+ i &)

File’tel+2ee(1420) 8- &

+4R2ET - ULe- U— k2 Re{ 8- €Lo- €}

+3£Q3420) (alitelz) - (leXe)

+ik(eliteals) [(GeXe*)+82TU(U- (ieXe*))]

—8k£T Re{u-e*[e1ls- Ul e
—eli-Ul-e})}.

Equation (5.7) is the basis for our further discussion.

(Brems.) (5.7)

6. THE INTEGRALS

For the evaluation of the integrals (5.3) we choose
coordinates x, ¥, z with the z axis in the direction of k,

H. OLSEN AND L.
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and x and y such that
V{uzyu:'!} = {M CoSpi, U Sinwl}r

{vz,0y} = {v OS2, ¥ sing,}, (6.1)

so that the integrands in (5.3) may be written in terms
of ¢1 and ¢, from (3.8). We note first that B in (3.8)
depends on ¢ only through ¢.2=u?4v*—2uv cose,
where o= ¢1— ¢2. Thus it follows that

27
f B?sin(e1— ¢2)d o2
0
2
=f B? sin2(<p1—— ¢2)d(p2=0. (62)
0

Therefore we express the integrands in (5.3) in terms
of 1 and ¢, and, using (6.2), find indeed, directly from
(3.8), that S'J.2dQs, ST ,2dQs, and ST, J,dQ, are of the
form given in (3.3), with

X= f B2 sin® pdQs,

e

Furthermore, also from (6.2) and (3.8),

f T 24— f B2 (£—n)d0s,

f T oT Q= 1.t f B?(g—n)( 1—% cos<p)d§22, (6.4)
u

f]y]zdm:uyEfB?(é—n)(l—%cosw)dﬂg.
u

a. No Screening

(6.3)

7)22

2~ cos <p+—~ cos2 (p) Q.
u’g?

Before proceeding further with the evaluation of the
four integrals occurring in (6.3) and (6.4), we note that
to include the effect of screening we have to add the
Born-approximation screening correction (5.1) to the
exact cross section, as discussed at the beginning of
Sec. 5. We thus first calculate the integrals (6.3), (6.4)
for a pure Coulomb potential, in which case [BM Eq.
(8.30) and OMW Eq. (7b.11)]

Bi= (4ra/ kR (3), (6.5)
where
l—x=y=8/ng,
R(y)=[V*(x)+a*W?(x)]/V*(1), (6.6)

the variables appropriate to the integration being £,
7, and y. With these new variables, we have

1 ¢ dydn
A= — . (6.7)
2ps* ¥ [— (E—n)*+2N(E+n—2&n) — N2}
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where we have used the abbreviation

=&L(1—y)/y] (6.8)
Thus from (6.6) and (6.7),
B0 1 /4ma )2 -
2—5(%; £R(y)
dydn
(6.9)

X .
[— (=) 2N (E+n—28n) — N ]

It should be noted that we may write, neglecting terms
of relative order 1/,

0= @/ gL (1—9)/y], (6.10)
which may be seen as follows: If ¢g=O0(1) then
y=0(8)<K1, so that ¢,2=8/&ny=¢% as it should since
q:>>¢.. For g=0(1/¢) we have q.*= (8%/fny)— (8*/£n)

—&/%y, which is also correct since for g=0(1/e),
neglecting terms of relative order 1/¢, ¢.2=8%/&n.
In (6.3) and (6.4) we shall need cose and cos2¢ in
terms of £ 7, v, and to this end note that

2uvén cosp=E+n—2E—\. (6.11)

Substituting (6.9) and (6.11) in (6.3) and (6.4), we
perform the 5 integrals first. These are

dn 3
[— (E—n)*+2A(E-+n—26n)—NTH

f ndn
[— (E=n)* 2N (E+n—28n) —N ]
=n[£+(1—29N],

(6.12)

/ &
[— (=) +2A(E+n—280) — N
=7{26(1—-HONA=N+[E+ 129N TF}.

The limits in each integral are given by the zeros of the
square root in the denominator of the integrand. From
(6.9), (6.11), and (6.12) the % integrals in (6.3) and
(6.4) are then

v sin?pdn ™
f __\(1-n),
[— (E=n)* 2\ (E+n—28)—N]F 2

.02.'72
f(l 2— cos<p-|-— cos2 <p)
wE

dn
X
[— (E—n)* 2N (E+n—280) — N2
=—2x\(1-3)),
] dn (6.13)
f(‘é » [— (=) +2N(E+n—28n) — N
=mA\[2£(1—§)+N(1—6&4-68) ],
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f(l—i—ﬂgcosw) (§—mn)

dn
X
[— (E=n)* 2N (E+n—28n) — N2 ]
=7(1—-25A(1—3N),

from which it follows that J'J2dQs, S J.J.dQs, and
ST, J A9, are also of the form given in (5.3) with X
and ¥ as given in (6.3). To evaluate X and ¥ we note,
from (6.9) and (6.13), that the y integrals which occur
are

f AR(y)dy, (6.14a)

and

f NeR(3)dy. (6.14b)

The limits on the y integral are determined by b*—4ac
=0 when the square root in the denominator of the 7
integrand is written as (an*+bn+c)}, ie., by A(1—X\)=0.
Thus the upper limit on v is given by A=0, y=1 and
the lower limit by A=1, or, neglecting terms of relative
order 1/¢, y=8. Moreover, it should be noted that
since the entire range of vy is covered by letting ¢ go
from 0 to 7, we must double the y integral in order to
obtain the integral over the entire space Qa.

Thus with A as given in (6.8) and R(y) as given in
(6.6), the integrand in (6.14a) is, apart from a factor 6?,

X
—R(y)=

V2
[( + a2xW2) — (V2+a2x2W2)].
1—x 1—x

V*(1)

Now from the differential equation for V, viz.

(1 )d( dV) 2V (6.15)
—x)—\ »— })=aV, .
dx\ dx
and from
aV/dx=a*W, (6.16)
it follows that
d 2
— (VW)= +a2cW?, (6.17)
dx 1—x
and
d
;I:sz—a?(l —x)a@W¥]=V2+-a22W?,  (6.18)
x

% Davies, Bethe; and Maximon, Phys. Rev. 93, 788 (1954); in
the following referred to as DBM. Note DBM, Eqs (30)- (32) ,
and reference 14, Eqs. (8.12)-(8.14).
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from which

1-62 X
f ~ Ry)dx
0

1—x
1—
= [xVW —xV2422(1—x)a®W?]
72(1) 0
= —Ins*—1—2(Z)+0(6 Ind),
where we have used, from DBM Eq. (34),
W(1—y)=—V(1)[ny+2/(2) ]4+0(y Iny)
for y«<1,

(6.19)

(6.20)

Z 2 -
f( ) a ;1n(n2+a2)

In (6.14b) the contribution to the integral coming from
y=0(1) will, because of the extra factor 6% in A, be of
0(6% relative to the entire integral. Hence the only
nonnegligible contribution to (6.14b) comes from
y=0(8%), in which case we can write R(y)=1, A=8%/y,
and

1
f MR (y)dy=58+0(5*Ind). (6.21)
52

Thus, substituting (6.9) in (6.3), using the 7 integra-
tions (6.13) and the y integrations (6.19) and (6.21)
[which must be doubled according to the remark fol-
lowing (6.14b)7], we have

X= (4ma/pok)'n & (1+T),

Y= — (4a/ pok)*4n T, (622)

where

=In(1/8)—2— f(2). (6.23)

b. Screening

As we have noted, the effect of screening is included
by adding to the exact unscreened cross section the
Born-approximation screening correction, (5.1). As in
the case of the exact cross section, the Born-approxi-
mation differential cross section is given by (4.9), with
J as given in (3.8). However, the factor B in (3.8) is,
in the Born approximation including screening, given by

_4ra[1-F(g)]

6.24
o (6.24)
rather than by (6.5). F(g) is the atom form factor.22
Since F(q) is only given numerically, the variables
appropriate to the integration are now &, 5, and ¢ rather
than &, 5, and y. However, we are here concerned only
with the screening correction, which is significant for
q<Z%/137<K1. This permits us to use the variables &,
n, v of the unscreened case since [£—7| <¢ and hence

AND L.
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for these small ¢ we may replace 9 by £ in the argument
g=0/(&ny)* of F(g), which then becomes F(§/&/y),
independent of 5. The 5 integrals are then as before and
are given in (6.13). Therefore, since it follows that
merely after integrating over n (but not over y) the
integrals shown in (5.3) have the form given there, the
Born-approximation screening correction to these in-
tegrals, with

4ra
B2dQ,= (
2\ p:0k

{{1—-F©/&v/y) T—1}dndy

[—— (E—n)> 2\ (EFn—280) — N
(6.25)

will also be of the form (5.3) with X and ¥ given by
(6.3) and B%Q, as in (6.25). In (6.3) the integral over
n is given in (6.13), but these expressions are, in the
present region ¢<<1, much simpler since A <8%/y < ¢*<1,
and hence we need only retain the terms of first order
in \. The y integral occurring in both X and ¥V is,
therefore,

f ([1—F6/t7/y) F—1)dy.

As in (6.14a, b), the upper limit, which corresponds to
small ¢, is y=1. The lower limit may be taken to be
y=20% rather than y=8/¢¢ (. <Kg<K1, where 7y, is
the screening radius), since for y <%/, the integrand
is zero. Changing now to the variable ¢=§/e\/y, we
have

{[1—F(6/&/y) P—1}Ndy

(=88
—262f (C—r@r-n L7,
9

8/%

(6.26)

The upper limit in the ¢ integral in (6.26) is taken to be
infinite but may be chosen to be any value of ¢ go.
The X and Y to be substituted in (5.3) to obtain the
Born-approximation screening correction to the inte-
grals in (5.3) are therefore, from (6.3), (6.13), (6.25),
and (6.26),

Xe. corr= (47"0'/P2k) wEF(5/8),
Y. cor=— (470/?2]3>247"E43:(8/£)7 (627)
where (- 2/52)
5(6/9= f (1 FQ P~ dg. (6.28)

Therefore the X and Y for arbitrary screening are again
given by (6.22), but where now

I'=In(1/8)—2— f(Z)+5(5/%).

This, then, is the general expression for I' to be used
in (5.7). T is always positive for the high energies
considered here.

We have calculated F(6/¢) for the Thomas-Fermi

(6.29)
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Tasie 1. §(8/£) for the Thomas-Fermi model of screening as used by Moliere.

Z368/1216—F (5/£) 0.5 1.0 2.0 0 8.0 15.0 20.0
0.0144 0.0492 0.1400 3312 0.6758 1.127 1.367
Z¥6£/1216—F (3/¢) 25.0 30.0 40.0 0 60.0 70.0 80.0 90.0 100.0
1.564 1.731 2.001 216 2.393 2.545 2.676 2.793 2.897
model as used by Moliére, viz.,2 electron is not observed, the cross section is
1—F(q) 3 o5 d”(ph(lak;e)
¢ - =10 ,2+q2’ (6.30) ey e \2dkdtdoy
. ¢ =72— —) — — —{(es>+€?) (3+21)
with he\mc*) k e 2w
a1=0.10, @»=0.55, «a3=0.35,

B,=(Z%/121)b“ b1=60, 622120, b3=030

The result is rather simple:
3

F(6/8=—% 2 a?In(1+B)

i=1

K 7

3 3 1+B]
i=i1;£j=1 B

We use the abbreviation
B;=(B:£/5)

In the special case of complete screening, 8.:£/6>>1, we
get, from (6.31),

F(8/8)=In(1112-%/%),

(6.32)

(6.33)
giving

I'=In(111Z-3/8)—2— f(Z). (Compl. Sc.) (6.34)

For the Thomas-Fermi model of screening as used by
Moliere, (6.30), F(8/£) is given in Table I.

7. THE POLARIZATION OF BREMSSTRAHLUNG

From (5.7) we may write down the polarization of
the emitted radiation and the depolarization of the
electron. In Secs. 7 and 8 we consider the polarization
of the radiation, leaving the depolarization to Sec. 9.

To avoid complicated expressions we shall consider
only correlations between the sets of wvariables
(p1,¢,k,€) and (p1,{1,{s ). The first set gives the angular
dependence of the polarization of the emitted radiation
and is discussed in this section. The latter contains the
correlation between the three polarization variables &,
¢, and e; this cross section, discussed in Sec. 8, is
considered only after the angular dependence of the
radiation has been integrated out. When the final

25 G. Moliere, Z. Naturforsch. 2a, 133 (1947).

—2e162(1+4u28T) — 8ereau®8T (2| - €]2—1)
+[(e— &) (3+2T) — 2kes(14+4287) [ - o
X (ieX e*) - b— ket (1—2¢)

XT¢-u(iexe®) k). (7.1)

This result was given in a previous note.*? The radiation
is seen to be elliptically polarized, the major axis of the
ellipse being perpendicular to the plane of emission,
since the coefficient of (2]4-e|2—1) is always negative.
The linear polarization of the radiation is independent
of the polarization of the initial electron when the final
electron spin is not observed. The cross section summed
over polarization directions, i.e., the angular distribu-
tion of the radiation, is

do(p1,k) 22232( ¢ )2dk i
i he\mct)  k e?
X{<612+622)(3+2P)*2€162(1+4M2£2P)}. (7.2)

As the distribution is independent of ¢i, we have
integrated over this variable.
The linear polarization is given by

dO’l—dO'“
P=—
lel‘i‘dO'n

where do, and doy; are the cross sections for brems-
strahlung polarized perpendicular and parallel to the
emission plane, respectively.

8ere2028°T
(e’ +e?) (3+zr)—2ele2(1+4uzg2r)'(7 ;

P(pl,k;elincnr) =
)

This expression is an extension of the results of May?
and Gluckstern et @l.? in that it takes into account the
screening exactly and includes the Coulomb correction.
The radiation is linearly polarized perpendicular to the
plane of emission. The maximum polarization for any
element in the case of no screening occurs for {=%, or
u=pi01=1. Screening will increase this value of
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L ! J
7.8 10
",

F1c. 1. Bremsstrahlung spectrum, do(pi,k)/dkdt, of 50-Mev
electrons in lead at a photon emission angle §;=¢ =102 rad.
d=2%(e*/%ic) (e/mc®)? Curve a and b as explained in Fig. 2.

slightly. The polarization is always maximum at the
lower end of the spectrum, while it is smallest at the
upper end.

The circular polarization, P=do,—do;/do,+do,
where do, and do; are the cross sections for right and
left circularly polarized bremsstrahlung!® respectively,
behaves in exactly the opposite way, increasing with
increasing k. In general, the circular polarization from
longitudinally polarized electrons is considerably greater
than from transversely polarized electrons. Note that
because of the small angle between p;, p;, and k,
{i-k={-p1 when one neglects terms of relative
order 1/e.

The circular polarization from completely longi-
tudinally polarized electrons, {1-p1= =1, is given by

P(P1,{1 1°ng)k7ecirc)
Lk[(fﬁ‘éz) (342I") — 2€5(14+422£2T) ]

. . (74
(46 (3+2T) — 2e1e2(1+40%°T) )

W77 T TT T

P

ke, 10

F16. 2. Linear polarization of bremsstrahlung, P (p1,k,€iiaear),
perpendicular to the plane of emission, of 50-Mev electrons in
lead at a photon emission angle 6;=¢e1=10"2 rad. Curve a:
Exact calculation involving Coulomb correction and screening.
Curve b: Born-approximation calculation with only screening
taken into account. Curve ¢: Born-approximation calculation
neglecting screening.
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It is remarkable that at the upper end of the spectrum,
k~e, the polarization of the radiation is complete
for any element.

The circular polarization of bremsstrahlung from
completely transversely polarized electrons, ¢;-$:1=0, is

P(pli(l trans,k,ecirc)
(G- u)dket (1261

= — . (7‘5)
(€24 €2) (3+421) — 2€r5(14-402£°T)

This contribution is zero for just those values for which
(7.4) is maximum, viz., £=3% and k= ¢. Only for values
far from these is (7.5) comparable to (7.4). It should
also be noted that P(p1,{1 trans,K,€cire), Eq. (7.5), is
maximum when {; is in the plane of emission, while it
is zero when the photon is emitted in a plane per-
pendicular to {;.

In Figs. 1-3 we give curves for the cross section and
the linear and circular polarizations for =% and ¢, = 100.
In this case the circular polarization from transversely
polarized electrons, P(p1,{1 trans,K,€circ), 1S zero. This
quantity is exhibited in Fig. 4 for ¢;=100 for the case
when it is close to its maximum value, namely for
#=0.414. P(p1,{1 trans,K,€cire) is much smaller than
P(p1,&1 1ong,K,€cire). As shown by the curves, the
screening and Coulomb corrections are quite important
for the spectrum and for the linear polarization. How-
ever, these corrections do not have any significant
influence on the circular polarization.

8. THE POLARIZATION CORRELATION

In Secs. 8 and 9 we consider the dependence of the
cross section on the polarization variables i, &», and e.
Since at the high energies considered here the momenta
P1, P2, and k are all inside a very narrow cone of opening
angle of order 1/¢, we may still give a meaning to the
polarization of the photon and electron beams (Secs. 8
and 9, respectively), determined from the cross section
integrated over the direction of motion of the photon
as well as that of the final electron.

a. No Screening

The cross section for final spin {; and polarization of
radiation e, when the initial electron has spin ¢,
obtained by integrating (5.7) over the direction of
motion of k (¢; and £), is particularly simple for the
case of no screening:

do'(ph(l:(?;e)

et s et \? dk
=32"— —) — (@42 {e? e’ —Seren
ﬁ m02 €12k

3 (et€2)?l La— 3k Re{ly- e {o-€*}

FE (e 5e) it (eatFe) o] (e Xe®)}.  (8.1)
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Since 3+-2I" appears as a common factor, the various
polarizations are in this case independent of I' and
therefore independent of the Coulomb correction f(Z).
Thus the Born-approximation values for the polariza-
tions of the beam are exact in the present case. The
linear part of the polarization of the radiation is per-
pendicular to the line dividing the angle between {1,
and ., into two equal parts. It should be noted that
this linear polarization is proportional to £%; thus it is
zero at the lower end of the spectrum. The linear
polarization is

P(plycbc?yelinear)
B Zaul | Lo

B (612+€22) (3+§'1z§’2z)—26162(1"2(11' (21—§'1z§'2z)

. (8.2)

It is maximum when the spins are both completely
transverse, {1,={1,=0, and antiparallel, {;,=—{s,. At
this maximum, P is the same all over the spectrum:

P(Dl,(l;{?yelinenr) = %

The circular polarization of the photon beam is

P(p1;<13<2;eeirc)

_ 3k (e1t3e2)f 1+ (ot 3er) (o]
(62 €2) (3+¢12822) — 2€e1ea(1— 2801 Lox—C1af22)

. (8.3)

The elliptic photon polarization is given by

P(pl,(ly(%ecll) = [Pz(elinem‘)—l—P2 (ecirc)]%- (84)

b. Arbitrary Screening

When integrating (5.7) for arbitrary screening over
¢1 and ¢ we get, instead of (8.1),

100 T T T T T T
P 4

sof- a -

- -

1 1 1 1 1 1 1
0 12 3 4 5 6 7

1 1
8 hf, 0

Fi6. 3. Circular polarization of bremsstrahlung of 50-Mev
electrons in lead, polarized in the direction of motion,
P(p1,&1 10ng,K,€circ), at a photon emission angle §;=¢,1=10"2
rad. Curves ¢ and ¢ as in Fig. 2.
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F1c. 4. Linear polarization of bremsstrahlung,
Pyin=P(p1,k,e1incar),

circular polarization of bremsstrahlung from longitudinally
polarized electrons, Peirc 1ong=P (P1,{1 1ong,K,€circ), and from
transversely polarized electrons,

Pcirc trans=P(p1,§l transyk,ecirc)/({l‘ﬁ'),
of 50-Mev electrons in lead at a photon emission angle

6:=0.41¢,1=0.41X10"2 rad.
Coulomb and screening effects are included.
d”(ply(la(%e)
2 7 2 \2 dk

2 R 2 2 —2
g ke mcz) elzk{ (et edh—taed:
+ (e’ + &) (Y1—3a)1at2e
2616 (W1—3¥2) Ly GoutHE¥ataatas ]
+382(Cu Lou—2 Re{ly-e & e*})

FhY1(e1litels) - (e X e*)

'

FEWr1— ) (e2lital) - (eXe*)}. (8.5)
Y1 and ¢ are given by?6
1
Y1=6+4 | T(§di,
ot f o
(8.6)

1
Yo=6-4-24 f E(1—HT(D)dt.
0

26 The integrals (8.6) for the case of arbitrary screening are
most easily evaluated by substituting I'(£) as given by (6.29)
and {6.28) [choosing the upper limit in (6.28) to be 1 rather than
], omitting the region 0<£<34 in (8.6) (the lower limit then
being §), changing to the variable ¥=§/¢, and integrating succes-
sively by parts. One then obtains

v=4[ [ @-9:0-F@reii+1-12)]

va=d[ [ (@— 65 n(g/0)+38%—45) (1= F (@)*
Xqtdg+3—f(2) §.
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Fic. 5. Circular polarization of bremsstrahlung beam from
longitudinally polarized electrons,

Py=P(p1,&1 10n,€ciro),
and depolarization of longitudinally polarized electrons,
Dn= D(Dl,Cl Tong)

and of transversely polarized electrons, Dy=D(p1,{1 trans)-
Coulomb and screening effects are included. The curves for Py
and D, are valid for all elements and for any incident electron
energy above =~20 Mev. Dy depends slightly on the electron
energy; curves are shown for incident electron energies 20 Mev
and 10 Bev.

From the Bethe-Heitler spectrum for arbitrary screen-
ing, it follows that 26.27

Vi=¢1— 5 InZ—4f(Z2),
Ye=¢:— 5§ InZ—4f(Z).

¢1 and ¢, are the functions given?” and tabulated?® by
Bethe and Heitler. It is remarkable that also in the
polarization-dependent parts of the cross section only
these functions appear.

The expressions for the polarizations for arbitrary
screening analogous to Eqs. (8.2) and (8.3) are given
below.

The linear polarization of the photon beam is

P(p1,81,82,€tincar) = 2| {11| | Lon| /U

8.7)

(8.8)
where

N= (e2+ e[ 31+ (31— 202) 1.8 22 |
—2erea[Yo— (31— W02) Lan Lor— Yol 1822 ).

At the lower end of the spectrum, because of the factor
k?, the polarization is very small and hence the screening
correction does not visibly affect the polarization
curve. At the upper end of the spectrum, on the other
hand, there is no screening correction at all, since §>go
[F(g)=0 for ¢=qo] for large k. Thus in general the
screening correction to the polarization curve will not
be very important. This is also true for the other quan-
tities in this section.
27 H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934).

28 H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London)
A146, 83 (1934).
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The circular polarization is given by
P(p1,81,80,€0ire) = 3k[ (x5 14 €xf2: )¢
+ (e 12 €8 22) Y1— 392) 1/,

where 9 is given in (8.8).
Of greatest interest is perhaps the circular polariza-
tion of the photon beam irrespective of the spin of the

final electron:
ksl et e(i—3Y.) ]
P(pl){he(ﬂrc) = .
(el e)P1—Eerene

The quantity P(pi1,&1,€cire) is shown in Fig. 5. Screening
has no influence on the curve; thus an excellent ap-
proximation to (8.10) for all energies is the expression

for no screening,
k(€1+%€2)f1z

P(pl,(l,ecirc) = o
612+ 622—56162

(8.9)

(8.10)

(8.11)

As this quantity depends only upon the ratio k/e;, the
curve in Fig. 5 is valid for any value of €.

In order to check the Moliére representation for the
Thomas-Fermi model, Eq. (6.30), we have calculated
¢1 and ¢, from the integrated expressions (8.6) and
from (8.7):

1

bi=6+4 [ T(@det nz+41(2),
0
or, introducing the expression (6.29) for I'(¢),

1
=19.25—4 Iny+4 f 5(6/0de.  (8.12)
0

v is the quantity defined in Eq. (61) of reference 27:
v=100kZ"%/ ;6. (8.13)

In the same way we find

1
$2=19.25—4 Iny+24 f F1—D)F(6/HdE. (8.14)
0

Using the expression (6.31) for §(5/£), we find

f 506/9dt=—} T asd (5.9

3 3 2

+3 % aa——A(B/5)
i=i‘¢fj=1 Bi—B2

62

,852—[3,-23 (B:/6)

3 3
+2 X
i=_1j.=1
1577
(8.15)
Here i

A(8:/6)=1In[1+(8:/6)*]+2(3/8:) tan~(8./8) 2,
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TasLE II. Comparison of values of ¢; computed from Eqs. (8.12)-
(8.16) with values taken from curve of Bethe and Heitler.»

% 0 0.4 0.826 1.22 1.65 2.00
o1 (Eq. (8.9) 20.84 19.28 18.01 17.08 16.23 15.68
¢ (Bethe-Heitler) 20.84 19.28 18.00 17.08 16.22 15.64
a See reference 28.
and
B(B:/6)=—1In[1+4(8:/6)*]+2(8:/6) tan™(8:/8) — 2(
8.16)

In terms of Bethe’s variable v, 8:/6=1.653b./.

We have computed ¢; from Egs. (8.12)-(8.16). The
result is compared in Table IT with the values taken
from the curve of Bethe and Heitler.?® The excellent
agreement shows that the Moliére representation (6.30)
is satisfactory.

9. DEPOLARIZATION

It will be useful to denote by do(p1,¢1,¢2) the cross
section integrated over the direction of motion of the
final electron and the photon, and summed over the
polarizations of the photon. Further, we denote by
dos1ip and domo 113p the value of do (p1,81,¢2) with Le=—4
and {>= s, respectively, and let do=donip+dono 11ip be
do (p1,¢1,¢2) summed over final spins.

The depolarization of the electron because of brems-
strahlung is then

do'no ihp—d‘ffhp
D(ppl)=1—|—"
da’no flip+d0'ﬂip
= Zdo'ﬂip/da'. (91)
For the case of no screening we have, from (8.1),

e? / e* \?kdk
dU'f]ip=Z2_' e —*(3-{—21‘)(1—%?12),
he\mct/  e?
(Nosc.) (9.2)

and
B (1—3815)

2 2 2
e’ tel—3eren

D(p:gy)= (Nosc.) (9.3)

From (9.3) the depolarization is only important for the
harder quanta, the upper part of the spectrum. The
depolarization of a transversely polarized electron,
¢1.=0, is § times the depolarization of a longitudinally
polarized electron $r=1.

We may also derive the mean depolarization per
centimeter path length, 74e,, when the electron passes
through a material with density of atoms V:

do
Tdcpzfo(phcl)“dk
dk (9.4)

= 2;V(7f];p, )
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where o113, is the total cross section for spin flip:

1 dot1ip
O flip= f dk
0 dk

Thus for no screening we have, from (8.1) and (6.23),

(9.5)

Tdep= 2NZ2—-( ) (1—3H

X[n(2e))—3—f(2)].

Analogously to the radiation length L,.4, defined by
Lrad: 7'rad._1 where

(No sc.)  (9.6)

9.7

is the mean energy loss per centimeter path length, we
define the depolarization length Lgep,=74ep~!. For no
screening we have, from (8.1),

Lrad 1—‘7'1‘3,11"4Z\TZ2 ( ) [ln(zel)_"_f(z)]
(No sc.) (9.8)

Thus there is a close relationship between these two
lengths, viz., for the case of no screening,

Lip_ 2[n(e)—3—/(2)]
Lua (1=3:2[InQe)—§— f(2)]

In general, for arbitrary screening, the spin-flip part
of the cross section is, from (8.5),

e? 2 kdk
(LY
hc\mc?/ €

the depolarization of the electron spin is

B — 12— 3) ]
D(I’hﬁ) )
(et eX)P1—3ereads

and the mean depolarization per centimeter path length
is

(No sc.) (9.9)

%‘p?)})
(Arb. sc.) (9.10)

§‘122 (‘//1~

do flip

(Arb. sc.) (9.11)

Tdep ™

2 1 €
2\722— ——2) f a2 ) Jik,
mc
(Arb. sc.) (9.12)

At extremely high energies, in which case the
screening is complete, we find, using (6.34) and (8.6),

Yi=4In(111Z-)42—41(Z) =4[In(1832- Y — £(Z)],

Yo=4[In (1832 — f(2)]—2. (Compl. sc.) (9.13)

Thus for complete screening the spin-flip part of the
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cross section is

2 kdk

et s e
dam,,=zz2—(——
he\mc?/ &2

X{[In(183274) — f(Z) (1 — 5512 ]—%
(Compl. sc.) (9.14)

and the cross section summed over final spins is
et e* \? dk
d0=422——(—“) —‘{(612+€22"*§‘61£2)
he\mcet) ek
X[In(183Z~%) — f(Z) ]+ $erez}.
(Compl. sc.) (9.15)

Substituting (9.14) and (9.15) in (9.7) and (9.4), we
have

Liw  2[In(1832-)— f(2)+1/18]
La [In(1832-9— f(2)1— 40214
(Compl. sc.) (9.16)

If in (9.16) we neglect the small quantities 1/9 and
1/18, we obtain the very simple relation

2

Lraa. (9.17)

Ldep=
1- %.( 1
For the case of no screening, if we neglect the numbers
% and £, we find the same expression, (9.17), for Laep.
Therefore this simple relation between the depolariza-
tion and radiation lengths is always approximately
valid.

10. PAIR PRODUCTION

From the formulas in Secs. 7 and 8 we may obtain
the corresponding formulas for pair production by the

20 T L T T T T T 1
ol
u's,lg -

1 1 | 1 1 i 1
4] Bl 2 3 4 5 £ 7

ul J -
& &4 10

Fi16. 6. Energy distribution of electrons do(k,p)/deidé pro-
duced by 500-Mev photons in lead at an angle 8; =4"1=1073 rad.
Curves ¢ and b as in Fig. 2.
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substitutions ez, {s— —es, —{» while all the other
variables, e;, p;, ¢&1 and k, k, e remain unchanged. In
connection with the change from outgoing to ingoing
waves one should consult Sec. 5 where this question
is discussed in some detail. In the cross section the
statistical factor must be changed, k%dk — p.%dp, as is
well known.

It should be noted that the alternative substitutions
€, P, &1—= —e, —p1, — & and k; k) €e— —k) —k’ e*)
while leaving e, {» unchanged, leads to the same result
as the one used above. This follows since the processes
described by these matrix elements are inverse proc-
esses. The change in statistical factor is the same as
above.

Also in this way we obtain from (5.7) the cross section
for pair production by a quantum k with polarization
e when the direction of motion of one of the particles
is integrated out:

do'(k>e’p1)(17(2)
e s e \*der doy

222_(_) —dg- {3 (e ) (3+21)
hc\mc®/ kR 2rn

+eet-8aet’T |u-e|2(1—11-8y)

—5le?+e?—2eae(14+2I) ]l &

—4k28T 8- ULy U4-£2 Re{ Ly - ey €%}

+3k (342D (ai+e:d2) - (i€ X e*)

—sk(eliteals) - [(leXe*)+-8£TU(U- (ieX e*))]

+8%£T Re{u-e*[e:ls Uli-e+exls- Ulo-e]}}.
(10.1)

(10.2)

Here .

which is the same as in (5.5). T is given by the same
expressions as in the case of bremsstrahlung, Egs.
(6.23), (6.28)-(6.29), and (6.34) for the cases of no
screening, arbitrary screening, and complete screening,
respectively.

Equation (10.1) may also be derived directly from
(4.10) and (3.20), performing the integrals as was
done in Secs. 5 and 6 in the case of bremsstrahlung.
The required integrals are similar to (5.2), of the form
S J-VJ*.VydQ,. For the case of no screening, with J
as given in (3.20), the 5 integrals which occur are given
in (6.12) and the integrands in the y integrals are the
exact differentials which appear on the right-hand side
of Egs. (6.16) and (6.17). ¥ and «x are given by (3.20a)
and A= fng,2=y—462. The result of these integrations
(although considerably more tedious to perform than
in the case of bremsstrahlung) is identical to (5.4) given
for bremsstrahlung, viz.: S°J-VJ*-VodQy=YU-V,U-V,
+XV;-V; where X and ¥ are given in (5.3a), with the
obvious modification for pair production, £=e;+€. In
particular it follows that /" JXJ*dQ,=0, and hence that
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FiG. 7. Asymmetry ratio, R(k, €lincar,P1), Of electrons produced
by linearly polarized 500-Mev photons in lead at an electron-
photon angle 6;=k1=10"2% rad, and longitudinal polarization
of electron produced in lead by a circularly polarized photon of
the same energy and at the same angle. Curves ¢, b and ¢ as
explained in Fig. 2.

the integral of the last four terms in (4.10) over Q, is
zero.

As is the case of bremsstrahlung, we now alternatively
sum over {s and integrate over the directions of p;. In
the former case we obtain the cross section for the
production of an electron (or positron) with momentum
p1 and spin &;; in the latter case the spin correlation
and other polarization properties of the electron-
positron beam as a whole are obtained.

The cross section for production of an electron with
momentum p; and spin ¢ is, from (7.1),

do’(kae;ph(l)
2 dé1
) —dz~{ (ei+e2) (3-+27)
mc?

+2&162(1+4u2£2I‘)+86162u2£21‘(2l'il-e|2—

+[(e?— &) (3+20)+2kex(1+40£T) ]

X(l-I}(ieXe*) N
+4ket(1—26)T¢ - u(ieXe*)- k). (10.3)

The cross section for pair production by unpolarized
photons when the spin is not observed is

do(k,p) = 2Z2—( ) ————dé{ (e2+e2?) (3+2T)

+26162(14+40%8T) ).

The energy distribution of electrons, do(k,p1)/dedt,
produced by 500-Mev photons in lead at an angle
0,=Fk1=1072 rad, is shown in Fig. 6.

When the photon is linearly polarized, the electron is
most likely to be emitted 4% the plane of polarization,

(10.4)
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the asymmetry ratio then being
do(di=e)—do(ii-e=0)
" do(d=€)+-do (4-e=0)
8ereau?E T
(10.5)

T (a2 ) 3+ 20)+ 2erea(1-+402ET)

R is greatest when the electron and positron are equally
fast, and is minimum when either one of them is very
slow. Even at the maximum it is never very large, at
most of the order of 209,

A circularly polarized photon will produce a polarized
electron-positron pair. From (10.3) we find the longi-
tudinal polarization

P(k;ecirc,pl,(l Iong)
£k (61— ) (3+2T)+2e(14-4u2£°T) ]
(612+ 622) (3+2I‘) +2€1€2(1 +4M2f21‘)

(10.6)

+ and — stand for right- and left-handed polarized
photon??, respectively. The faster one of the pair particles
is always polarized to a high degree in the same sense
as the circularly polarized photon; at the upper end of
the energy distribution, ¢; =k, e2=1, the polarization
is 1009, for any element. The slower one of the par-
ticles is polarized in the opposite sense to that of the
photon at the lower end of the energy spectrum. This
is also shown in Figs. 7 and 8 for the case of 2=1000.
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Fi1c. 8. Asymmetry ratio, R(k, €linear,P1), Of electrons produced
by linearly polarized 500-Mev photons in lead at an electron-
photon angle 6:=041%7!, and longitudinal polarization,
Pire 1ong=P (k,€cire,p1,{1 10.,8), and transversal polarization,

Pire trans"‘P(kyeuuc,Pl,cl trans),

of electrons produced by circulatly polarized photons in lead at
the same angle and energy, Coulomb and screening effects are
included.
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The screening and Coulomb corrections are seen to be
relatively unimportant for the polarizations.

The amount of transverse polarization of the spin is
in general smaller than the amount of longitudinal
polarization. From (10.3) we find the transverse
polarization

P(k,ecirc,pl,cl trans)
+4keut(1—-28)T

B (e+€?) (3+2T) + 2ereo(1+-402£2T)

Only when the longitudinal polarization passes through
zero (Fig. 8) is the transverse polarization of impor-
tance; thus only in a limited range of energies is one of
the pair particles transversely polarized.

When the cross section (10.1) is integrated over d€;
but not summed over (s, then the spin polarization
correlation of the electron-positron beam is obtained:

do'(k?ey(hc2)

(10.7)

e f et \lde
= iZ2_(—) —{ (612+ 622)11/1+§€162l//2
ke k3

mc*
— (e’ ) r— ) 1alee
+2eae (f1—32) G Lout39al1a822 ]
—3k%2(Lii Lu—2 Re{ly-elz-€*})
+rp1(aliteds) - (leX e)

— k(1= 32 (eliteals) - (eXe®)}.

Here ¢; and ¢, are the same functions as occur in the
case of bremsstrahlung; they are given in (8.6). After
averaging over polarization and summing over spins, we
are left with the Bethe-Heitler terms including Coulomb
correction:

e? / e
da(k,p1)=Z2—(—

fic \mc?

(10.8)

2 dEl
3
X{ (e +eY1t+3erends).

The spin correlation of the electron positron pair
produced by an unpolarized photon is

_—dtf(‘:1= &) —do(Li=—102)
do({=)+do(Li=—02)
_Zae (Wr—32) — (Y1 — 2){ 1
- (e’ +eYr1tiaey: .

(10.9)

(10.10)
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Fic. 9. Longitudinal polarization of the electron beam,
Py=P(k,ecirc,{1), the spin correlation of longitudinal spins,
Cii=C(k,{1 10ng,{2 10mg), and of transverse spins,

CJ,= C (k,(l tmnsycﬂ trans),

of electron-positron pairs. Coulomb and screening effects are
included. The dependence on the photon energy % is very small.
Curves are shown for incident photon energies 20 Mev and 1 Bev.

The longitudinal polarization of the electron beam
produced by a circularly polarized photon is

Lk e1—e2(Y1—3Y2) ]

P(kyecircyc ):
' (e FeX)Y1+3erens

(10.11)

The transverse polarization of the electron beam is
zero, as it should be.

The quantities P and C depend only slightly on the
photon energy. This is shown in Fig. 9 where curves
for incident photon energies 20 Mev and 1 Bev are
given.
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