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Deuteron-Pickup Reaction in an Optical-Model Approximation
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A theory of the (p,d) pickup reaction is described in which the nuclear interactions of the incoming and
outgoing particles are considered. Two different formal expressions that give the transition amplitude are
derived, and the wave functions in this amplitude are approximated by an optical-model procedure in which
it is assumed that the initial- and final-state particles scatter elastically in the nucleus. Several closed forms
for these optical-model wave functions are derived on the basis of a WKB approximation for a complex
square-well scattering potential. The use of these wave functions, along with an approximation that gives
the form of the transition amplitude in terms of Gaussian functions, allows a closed-form solution for the
differential cross section.

It is found that the elastic-scattering processes are not negligible, since they affect considerably the
magnitude and the shape of the differential cross section. By comparing the theory with recent pickup
experiments on C" at 95 and 145 Mev, one obtains a nuclear-momentum distribution that, unlike the Born
approximation analysis, is in good agreement with the results of other determinations of momentum dis-
tributions. It is found that a neutron number of from 4 to 6 neutrons and a momentum distribution of
exp( L~'/14) are r—equired to lit the data.

I. INTRODUCTION

I 'HE theory of nuclear-rearrangement collisions
has been developed and reined to a considerable

degree over the past ten years due to both the "direct"-
interaction picture given by Serber' and the scattering
formalism introduced by I.ippmann and Schwinger. '
The two particular processes that have received perhaps
the greatest amount of attention during this period are
that of deuteron stripping, and its time reverse,
deuteron pickup. The theoretical treatments of both
these processes have enjoyed remarkable success with
the models of Serber, ' Butler, ' and Chew and Gold-
berger, ' and there have recently been several investi-
gations, ' ' based on scattering formalism, which obtain
more exact results than these earlier theories. Compre-
hensive reviews of the current status of stripping reac-
tions have been written by Huby" and by Sutler, "

In extending the earlier theories such as the Butler
theory for stripping or the Chew-Goldberger theory for
pickup, one might wonder whether the nucleus has any
appreciable effect on the incoming or the outgoing
particles. Certainly one would expect these particles to

*This work was performed under the auspices of the U. S.
Atomic Energy Commission. It is based on the dissertation
presented in partial fulfillment of the requirements for the degree
of Doctor of Philosophy in Physics in the Graduate Division of
the University of California at Berkeley.
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scatter from the nucleus and change the observed
angular distributions. The Butler and Chew-Goldberger
theories assume that the nucleus is completely trans-
parent both to incoming and to outgoing nucleons.
This presumably accounts for the fact that the Butler
cross sections are larger than the experimental results,
since the nucleon mean free path at Butler's energies is
small compared with nuclear dimensions, and absorp-
tion effects should not be negligible. At high energies,
where the nucleon mean free path is long, it would be
expected that the nucleon-nucleus scattering contribu-
tions would not only affect the magnitude of the cross
section, but also alter the angular distribution of the
observed stripped neutrons.

To include the aforementioned scattering contribu-
tions and give an exact treatment of the pickup reaction
is by no means easy. The 6.rst step, to derive an exact
formal expression that is believed to represent the
process, is made possible with the results of the
I.ippmann-Schwinger formalism. However, the exact
calculation of such an expression is usually impossible,
since the simple Born-approximation description is no
longer applicable, and one must either use higher orders
in Born approximation, or, better, describe the distorted
states by means of the results of multiple-scattering
theory. " In either case, there is the additional mathe-
matical problem of evaluating the matrix elements,
since the integrals that appear are usually quite
formidable. Thus it would be desirable to find a formal
description of the scattering of particles that is reason-
ably exact and at the same time not too dificult to
handle mathematically.

Among the various methods that aim for this goal,
the optical-model approach of Fernbach, Serber, and
Taylor" appears to be a good approximation to use in
rearrangement collisions. (It this method is used, one

"K.M. Watson, Phys, Rev. 105, 1388 (1957).
"Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949).
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must show that the inelastic processes comprise a small
part of the total scattering contributions to the matrix
element. ) This approach to the stripping problem has
been suggested by Francis and Watson' and calculations
for low-energy processes have been made by Cheston, "
who also considered polarization effects.

For the sake of clarity, the specific process under
consideration here is that in which a proton picks up a
bound neutron to form a deuteron, leaving the final
nucleus in the ground state or in a low excited state.
Then, following Chew and Goldberger, the differential
cross section depends on two factors: (a) the probability
that the neutron to be picked up has a momentum
lt,„ in the initial nucleus, and (b) the probability that
this momentum, k„, combined with the incident
proton momentum through the mutual interaction,
V„„, can be found in a deuteron. By describing the
nuclear scattering of the incident proton and outgoing
deuteron, the optical model referred to above adds
another factor to the Chew-Goldberger expression for
the differential cross section —the probability that the
incident proton (outgoing deuteron) has elastically
scattered into a different momentum state before (after)
the neutron is picked up. Implicit in this factor is the
probability that the particle may be absorbed by the
nuclear medium. It is assumed in the following discus-
sion that the energy of the incident proton is high, so
that the surface reRection and refraction, as well as the
effects of the nuclear Coulomb potential, can be
neglected.

Part II shows the development of the matrix element
that describes the pickup process. The optical-model
restriction that the incoming and outgoing particles
scatter coherently is imposed, and it will be shown that
the Chew-Goldberger expression can be obtained as a
special case of the more general matrix element
presented.

General forms for the wave functions that can be
used to describe the elastic scattering in a central
nuclear potential are developed in Part III. The
derivation is based on a WEB approximation to obtain
results that are as easy to handle mathematically as
the Born approximation's plane waves. Finally the
differential cross section is obtained in closed form by
using Gaussian expressions to approximate the functions
in the matrix element.

In Part IV, calculations are made to fit the theory
with recent pickup experiments on Ci' is, i6 It is shown

that by the inclusion of particle interactions with the
nucleus, a fit can be obtained without using the high
neutron momenta that are required in the Chew-

Goldberger analysis. Furthermore, since the optical
model accounts for particle absorption, Part IV shows

'4 W. B. Cheston, Phys. Rev. 96, 1590 (1954), and J. Sawicki,
Phys. Rev. 106, 172 (1957).

~ %. Selove, Phys. Rev. 101, 231 (1956).
~' P, F. Cooper, thesis, Harvard University, 1958 (unpublished}.

that a reasonable value is obtained for the magnitude of
the cross section.

An alternative expression for the matrix element that
describes the pickup process is given in the Appendix.
A form is obtained that duplicates Francis and Watson's
results, which were derived by applying time reversal to
the stripping process. This form is compared with that
of Part II.

II. FORMALISM

In order to obtain information on the cross section,
energy, spin, etc. of the deuterons produced from nuclei
bombarded with protons, it is most convenient to use
the scattering formalism introduced by I.ippmann and
Schwinger. ' This formalism provides a method for
obtaining the transition-matrix elements that contain
the desired information about the final-state deuterons
in terms of the initial conditions (momentum, spin, etc.)
on the incoming proton-nucleus system. It is necessary
erst to define explicitly the noninteracting initial and
final states in order to describe the operations that later
lead to the transition matrix.

Consider an initial state consisting of a proton, whose
momentum is 5kp in the center-of-mass system, in-
cident on a nucleus which is described by a wave
function xp(~~). Here ~~ represents the coordinates of
the A nuclear particles, and the subscript 0 designates
a nucleus in its ground state. For clarity of notation, all
spin indices have been suppressed for the present. The
wave function for the proton-nucleus system,

is the solution of the Schrodinger wave equation

(Hp+T„+T„+V )g, (~g,r,) =E,&;(~g,r„), (2)

where Ho is the total Hamiltonian for A —1 nucleons,
and T„and T„are the kinetic energy operators for the
neutron and proton respectively. The neutron to be
picked up is bound to the core of A —1 nucleons by the
potential V„.

The 6nal state, which consists of a free deuteron of
momentum AK, and A —1 nucleons in some nuclear
state e, is described by the wave function

which is the solution of

(Hp+T,„+T„+V „„)Pr(~g,r„)= Eggf (~g,r„), (4)

where C ~(r) is the wave function of the bound deuteron,
and V„„is the neutron-proton potential.

The total wave function, P, which describes the
complete interacting proton-nucleus system is the
solution of the wave equation involving the total
Hamiltonian, H:

HP= (Hp+T„+T„+V„+V„+V„„)/=ED. (5)
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The potential V~ of Eq. (5) describes the interaction of
the proton with the A —1 core nucleons.

Following Lippmann and Schwinger, we can write
the expression for the solution of Eq. (5) corresponding
to incoming plane waves and outgoing spherical waves:

1'(+& —Q(+&y.

(v.+v-u) & (6)
a&+) —V —V„—V„,

the integral equation

P&+& —&'&+&+ v „z&+& (10)
a(+' —V„—V„—V„

By substitution of Eq. (9) into Eq. (8), we obtain

T =(O' 'IV +v fx'+&)

1—
I

y&-& (v„„+v„) v, x'+& I. (11)
a'+& —V

1
=4.+——(V.+v-.)4'+&,

a(+) —V„

where the nota, tion has been condensed by setting

a&+&= E; Ho T„—T„—+i e.—

The transition amplitude is then

6a
Rearranging terms, we have

Tr = (O' 'I v Ix "&)

1
1—(v„„+v„)——

I a(+) —V„
V. x"' I. (12)

~,,= g'-&I v„+v„„ly,). Using Eq. (6a), we finally obta~~

We may use Eq. (8) and proceed to derive the same
form for the transition amplitude that was obtained
in a diGerent way by Francis and Watson. This deriva-
tion can be found in the Appendix. Although the result-
ant transition matrix can now be used to obtain the
desired information about the outgoing deuteron states,
there are two objections that may be raised concerning
its form:

(a) Within the limits of the optical-model approxi-
mations, Francis and Watson's result is still not an
exact expression, owing to the additional approximation
that neglects the last V„„interaction in the scattering
of the incoming proton from the A nucleons.

(b) The 6nal-state wave function defined in their
Eq. (27) and in Eq. (56) here (see Appendix) appears
rather unsymmetric in that it represents an outgoing
deuteron in which only the neutron interacts with the
residual nucleus. It wouM be desirable, then, to And a
new form for the transition matrix which requires no
approximations beyond the optical-model assumptions
and represents the outgoing-deuteron state so that both
the neutron and proton interact symmetrically with
the residual nucleus. "An expression that fulfills both
of these requirements has been partially developed by
( ell-Mann and Goldberger' and is derived below.

%e define a wave function y '+) representing an
incoming proton wave in which the proton interacts
with the core orlly through the potential V„:

~,= (1"-'Iv...lx )+(~, l v. lx'"),
which is equal to

Tr'= (O'' 'I V-. IX "&)+(x'-&I V.I4;). (13)

Equation (13) is the same as Eq. (4.4) of Gell-Mann and
Goldberger. ' The first term in Eq. (13) gives the transi-
tion amplitude for the pickup process occurring via
the V„„interaction. The incident proton interacts with
all nucleons except the neutron to be picked up, and
both the neutron and proton in the emerging deuteron
interact with the residual core nucleons. The second
term in Eq. (13) gives the amplitude for proton scatter-
ing from the nucleus via the interaction V„with just the
2 —1 nucleons of the core. This term, therefore, should
not lead to final-state deuterons, since the deuteron
binding potential, V„„,does not appear in the hnal-state
wave function, y( ). A formal proof that this term is
indeed zero has been given by Lippmann. "Thus, we
obtain

~ '= (4'-&
I
v..lx'+&). (14)

and

X(+&=~c(+&=y,.+ . ~c gc(+&
a(+) —V„

(15)

p(—&=pc(—& =yf+
a& ) —V —v

)V~e may now make our optica, l-model approximations;

&c(+& =y.+ V &c(+&

a(+) V
(9) &((~~,'+~~„t)y, , (16)

Here x&+& is related to the total wave function P&+& by which yield our desired symmetric exPression,

'~ The author would like to express his appreciation to Professor
Geoffrey Chew for bringing up this point, and to Dr. Leonard
Rodberg for his help and interest in the derivation.

&r'=8 ' 'Iv-. lx "').
'8 H. Lippmann, Phys. Rev. 102, 254 (1956).
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The optical model operators 'U~„and 'U~„are defined
to be diagonal with respect to the energy of the core.
They describe only elastic proton- and neutron-nucleus
interactions, respectively, and can be deduced from
multiple-scattering theory, or may be replaced by the
phenomenological optical potential of Fernbach, Serber,
and Taylor. "

There are several qualitative arguments that support
this approximation. First, the Pauli exclusion principle
forbids "hard" nucleon-nucleon scatterings in a nucleus
except for those that leave the particle in unoccupied
momentum states beyond the Fermi sphere. Conse-
quently, the inelastic collisions that do occur must be
associated with large momentum transfers at large
scattering angles, and can thus be experimentally
separated from elastic effects which describe the
scattering at small angles. Secondly, the experimental
fact that the pickup process usually leaves the final
nucleus in its ground state gives a strong argument for
neglecting inelastic scatterings. For a particle incident
on a nucleus in its ground state, there are many channels
open for inelastic scatterings to excited states where the
density of states is large, but there are few channels
back to the ground state. Thus it is improbable that an
inelastically scattered particle will find its way back to
a state of low or zero excitation. Finally, one may argue
that the inelastic scattering of the outgoing deuteron
will not contribute to the pickup cross section, since it
tends to break up the deuteron. This is because such
inelastic effects arise from "hard" scatterings of the
individual neutron and proton in the deuteron. Unless
these two particles scatter coherently in "hard" inter-
actions, the small deuteron binding energy should not
be expected to keep them together. An approximate
estimate" of the inelastic corrections to the cross section
gives a value on the order of 1/100 the magnitude of the
elastic terms. It will be assumed in the rest of this
paper that, for the purposes of describing the pickup
reaction, the elastic-scattering approximations give an
adequate and. reasonably accurate description of the
true scattering.

The differences between Eq. (56) [or Eq. (27) of
Francis and Watson] and Eq. (17) are now apparent.
The initial state of the former describes a wave of
incoming protons interacting with all A nucleons of the
initial nucleus, while the latter represents interactions
with only the A —1 nucleons of the core. But, to com-
pensate for this difference, the final-state wave function
of Eq. (56) has only neutron interactions, whereas the
corresponding wave function of Eq. (17) has both
neutron and proton interactions. Therefore some of the
proton interactions that seem to be missing in the initial
state of Eq. (17) are included in its final state. Thus it
is evident that, within the optical-model approxi-
mations, Eq. (17) is more exact and more aesthetically
appealing than Eq. (56).

' This was carried out following the method of reference 12.

On the other hand, for practical reasons, Eq. (56)
may in many cases offer a more suitable form for
numerical calculations. If we approximate the deuteron
as a single coherent particle, the optical parameter
'Uc„used in Eq. (56) is much better known than 'Uc~,
the deuteron optical potential, which would be required
in Eq. (17). One would then conclude that Eq. (17) is
formally a more desirable form for the transition
amplitude, but practical necessities may often favor the
use of Eq. (56).

k'
V.„'+'Uc„(r„) Epo ihip(r—„)=0,

2m
(18)

where we have

Euo= &'ko'/2no.

Solving Eq. (18) in a one-dimensional ~K& approxj
mation we obtain

Z

4'o(x) exp —
~

{2ni,[Eso 'Uc~(—x) 5}'dx . (19)
k~

We make the substitutions

kp ——(2onEpp) '/k,

where

n, (x)ko= [2'(E~o Vc„(x))]'/k, — (20)

n, '(x) = 1—V c„(x)/Z, o, (208,)

defines the index of refraction in the nuclear medium.
Equation (19) becomes

Po(x) exp iko ' ni(x)&x (21)

To find the three-dimensional form of P(r~), we need
to assume some distribution and shape for 'Uc„(r~). For
the case of a hard spherical nucleus, we may write for
r QRp '.

'Uc„(r) =Uo, and ni(r) =ni,

and for r&Ep.' (22)

'Uc„(r) =0, and ni(r) = 1,

which, for an incoming wave parallel to the x axis,

III. EVALUATION OF THE MATRIX ELEMENT
FOR CENTRAL POTENTIAL INTERACTIONS

It is now necessary to find manageable forms of the
optical-model wave functions of Part II so that the
required integrations may be performed without exces-
sive difficulty. In this section some explicit forms for the
wave functions xci+' and Pci ' are derived. Separating
the nuclear and proton coordinates in Eq. (2), we
obtain an equation for the proton wave function (with
l n=«.):



become, respectively,

for x(—(Ro r' sin'8)', n] (x) = 1,
and (22a)

for x& —(Ro' r—' sin'8) ', ni(x) =ni.

Substituting @=rcos8, we can evaluate Eq. (21) to
obt:ain a closed form solut:ion for $0(r):

$0(r) = exp{iniko r+i(ni 1)k—o(R0' —r' sin'8) i). (23)

We note that Eq. (23) obtains the classical result for a
particle following a trajectory through a spherical
region that is characterized by an index of refraction e.
The fact that the classical expression is obtained is not
surprising, since we have used the WEB solution of
zero order in A.

By approximating r' sin'0«RO', we arrive at an
easily integrable expression,

tion of Eq. (27) is no longer necessary. We may simplify
the notation then by letting 'Uct(R) stancl for either
'Uc„t(R) or 'Uc,it(R).

Following our method for the proton wave function,
we separate the nuclear and deuteron coordinates, and
subtract the equation for the bound state of the
deuteron. We are left with

which can be solved by the %KB method outlined
above, However, the form will not be quite the same as
the result in Eq. (23), since Qc' &Pi orat & is a solution
that is asymptotic to outgoing plane waves at infinity
and to incoming spherical waves. ' For a spherically
symmetric, square-well potential, we find

Po(r) exp{i(ni —1)koRO+inikp'r),

which has the same form as the scattering w

functions of Hart and MontrolP' if one neglects the
internal rejected wave. For v&0.10, one obtains results
from Eq. (24) that compare favorably to more exact
numerical calculations that use Eq. (23). For larger
values of n, Eq. (23) may be approximated by

where

(n~')'= 1—'U ct/A'd, (30)

Eg O'E'/4M. —— (31)

pot —'(R) =exp{in2'K R—i(n2' —1)E
ave X (R02—R' sin'8) l) (29)

leap(r) exp{iniko'i'+i(ni —1)ko

X LRp —r(1—
I
cos8

I )]), (25)

which is, however, a less manageable function than that
of Eq. (24).

In the outside region, r&EO, the wave function is
merely exp(iko r). The small contribution of the trans-
mitted wave has been neglected here.

Ke now turn to the problem of obtaining a form for
the final-state wave function of Eq. (17) or Eq. (56) of
the Appendix. If we use Eq. (56) we write the wave
equation for Qc„t 'P~, specifying the coordinates
explicitly:

I o( ~-4)+ ~( )+ '()+ -.()+'0c-'(.)—'v3
XQc ' 'ttq(r, R,~g i)=0, (26)

where E,r (O'E'/4M) Bd, and——Bd is the m—agnitude of
the deut. eron binding energy. In order to solve Eq. (26),
we assume R))r, so that we have

'(cr„)=wc t(R r/2) 'U—c„t(R)

do 3 I' EA(A —1)

dQ I 42m'A4 ko (A+1)'
(32)

The factor of 4 is due to spin statistics, and the sum is
over all final states. The sum can be written

The approximations of Eqs. (24) and (25) may then
applied to Eq. (29) in order to obtain an easily

integrable expression for the outgoing deuteron wave
function.

It should be pointed out that, for small e, wave func-
tions of the form of Eq. (24) can be handled with no
more difhculty than the plane waves of the Born
approximation. These wave functions may now be
substituted into Eq. (17) or (56), in order to find the
transition amplitude, Ty;, for the pickup process.

The differential cross section is

X I'-u(r)x'(~~-i, r-)A"'(ru) . (33)

This means that we approximate the deuteron as
behaving like a single coherent particle in the nucleus, or
or, more exactly, we assume that the average neutron-
proton separation in the deuteron is small compared
with the nuclear dimensions. If we use the transition g I

&y'I'=
J

d&a —i dr~&ri c'd*(r)4'ot i*(R)
matrix of Eq. (17), and assume that the deuteron
propagates as a single particle, then Eq. (26) is changed
by replacing 'Uc„t(r ) by *Ucdt(R), and the approxima, —

"R.Hart and E. Montroll, J. Appl. Phys. 22, 376 (1951), and
F., Montroll and J. M. Greenberg, Phys. Rev. 86, 889 (1952). Ke need next. to evaluate the integral, M, inside the
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V„„(r)rfd(r) =4 (r) = dk C (k)e'k', (34)
(2~)l ~

and we use the partial Fourier transform of the initial
state nuclear wave function:

«~—2
~
x, (~A i, r.) ~

'

2

dk„~, (k„)e'k" "*, (35)
(2~)l ~

where x, (k„) is assumed to be the square root of the
neutron momentum density distribution in the nucleus.

Using these expressions in Eq. (33), we have for M,

dk C (k) dk„x, (k„)

~ dR e
—r'isk —-'kni BiPsi

—i(R)

I dr ei( k—2k i rrg (+i(r ) (36)

It should be pointed out here that Eq. (36) reduces to
the Born-approximation expression of the Chew-Gold-
berger theory for m&

——n2 ——1. Since the incoming proton
is then represented by a plane wave, the integral over
r„gives a delta function, 8(2k —k„+ks), and the
integral over R gives b(2k —2k„+K), which permits
immediate evaluation of the integrals.

Since some effort has been spent to obtain integrable
wave functions for use in the matrix element, it would
obviously be desirable to continue further and use ana-
lytic expressions in Eq. (36) that allow its solution in
closed form. To accomplish this, we have assumed
Gaussian forms for the factors in the integrand,

x(k„)=C exp —
e~ k„+ ks (

p v i'—
)

(37)

where we have accounted for nuclear recoil by defining
the parameters

q= (A —1)/A; p= (A+1)/A. (38)

Assuming a Hulthen wave function for the deuteron,
we find

4m h' 1
4 (k) = A—(n2 —P2) X—

(22r)' 222 ks+ps
(39)

absolute value signs. By allowing V„„(r) to operate on
C~(r), we obtain [(It'/m)V' —B~jC~(r), in accordance
with the Schrodinger equation for the deuteron ground
state. Therefore we denote

TABLE 1. Optical-model parameters for the process C"(p,d)C".

+lab
(Mev)

'Ugp
(Mev)

—25 —15i—13 —18i

'Ugd Or 'Ugn Ro)(10» Fo NeutrOn
(Mev) cm (Mev) number

—20 —15i 3.4 14 4 to 6—20 —15i 3.4 14 4 to 6

where we can approximate

and we have chosen P= 6.2n.
Finally, the integrations over r„and R give spherical

Bessel functions, which also may be approximated by a
sum of Gaussian functions. The first-order spherical
Bessel function may be written

j&(x)/2: -'2 {exp( —0.111x2)
—0.121exp[—0.290(x—5 20)2$

+0.038expk —0.460(x—9.00)2]}, (41)

which is accurate to x&1.0. It turns out that at the
energies under consideration, j&(x)/x is required only
for values of x less than 3; therefore the 6rst term of
Eq. (41) is sufficiently accurate.

The integral of Eq. (36) now becomes very simple if
we substitute the approximations of Eqs. (37) through
(41). Our matrix element will be the sum of several
integrals over both k and. k„of the form

t'2r) l

~~dk exp( —dk'+2k %) =ex p(9P /d)~
—~, (42)

&d)
'

where the vector % is a linear combination of the
incoming proton momentum ks and the outgoing
deuteron momentum K. The actual values of % and d
in Eq. (42) depend on the parameters given in Eqs. (37)
through (41) for the particular Gaussian considered.
Then these Gaussian terms, when summed. , constitute
the solution of Eq. (36). Finally, Eq. (32) allows the
calculation of the differential cross section.

IV. COMPARISON OF THE CENTRAL POTENTIAL
THEORY WITH EXPERIMENT

Measurements of the deuteron-pickup cross section
have been reported by Selove" and by Cooper, "who
have obtained angular distributions for the process
C"(p,d)C", at 95 and 145 Mev, respectively. The
results of the optical-model analysis are obtained by
using the parameters listed in Table I, and the resulting
angular distributions are shown in Curve A in Figs. I
and 2. The values of the nucleon optical potentials are
taken from Glassgold. " It should be noticed from Kq.
(30) that 222'"2 ——222 if *De,

~ is in the form shown in Table I

~' A. Glassgold, Revs. Modern Phys. 30, 419 (1958).

1 =50.902 exp (—0.729k2/P2)
k2+P2 p2

+0.0971 exp( —0.0313k'-'/P2) ] (40)
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FiG. 1. Compari-
son of the optical-
model treatment for
the reaction C's(p, d)-
C" with Selove's
data. Curve A is
obtained by using
the parameters listed
in Table I. Curve
8 shows the eQect
for n~ ——1, and curve
C gives the Born
approximation re-
sults with n2=n1=1.
A nuclear momen-
tum distribution of
exp( —E/14) is used
in each case. The sta-
tistical errors on the
experimental points
are reported to be
approximately ~6/&.

22 J. M. Wilcox and B.J. Moyer, Phys, Rev. 99, 875 (1955).
"Cladis, Hess, and Moyer, Phys. Rev. 87, 425 (1952).

above, i.e., a real and an imaginary part. This follows
from the fact that e~' was obtained from 'Ug~~. Thus if
e2' is merely the complex conjugate of e2, then e&'* is
equal to e2.

To obtain the results shown in Figs. 1 and 2, the
nuclear radius was chosen to be 1.5A'X10 " cm, and
the nuclear momentum distribution of the initial
neutron state was of the form exp( —E/Eo) Lsee
Eq. (37)]. Table l shows that the fit at both energies
was obtained with Eo——14 Mev, which is in general
agreement with the scattering results of Wilcox and
Moyer, "and Cladis, Hess, and Moyer. "Selove reported
that in order to fit the Born approximation (Chew-
Goldberger) theory to the results of his pickup experi-
ments he required high-momentum components in the
nucleon momentum distribution, which had the form
exp( —E/7)+0. 15 exp( —E/50)." These high-momen-
tum components (Es ——50 Mev) were needed to re-
produce the observed wide-angle distribution of deu-
terons. In the Born-approximation theory, the deuteron
momentum is just the sum of the incident-proton
momentum and the bound-state neutron momentum.
In order to observe deuterons at appreciably large
angles, therefore, one must have a nucleus that contains
neutrons whose energy is about as large as the incident-
proton energy.

Such energetic neutrons are not required in theory
presented here, since the wide-angle distribution of
deuterons can be obtained by allowing the incident and
final particles to scatter in the nuclear field. For
example, an incident proton may have scattered
through a considerable angle with respect to the initial
ho direction before it encounters the neutron. Conse-
quently, after the pickup of a low-energy neutron from
inside the nucleus, a deuteron may emerge at an even
larger angle. By further allowing this deuteron to
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Fio. 2. Compari-
son of the optical-
model treatment for
the reaction C"(p d)-
C" with Cooper's
data. Curve A is
obtained by using
the parameters listed
in Table I. Curve
8 shows the effect
for ng=1, and curve
C gives the Born
approximation re-
sults with n2 ——n1 ——1.
A nuclear momen-
tum distribution of
exp( E/14) is used-
in each case. The
errors on the experi-
mental points are
reported to be less
than 6% and aver-
age to about 3.5%.

~4 For a somewhat different calculation using this approximation
see Kenneth R. Greider, University of California Radiation
Laboratory Report UCRL-8357, July 7, 1958 (unpublished).

scatter while leaving the nucleus, one can obtain very
broad angular distributions.

If one integrates the neutron momentum-density
distribution over all momentum space, he obtains the
number of neutrons that are effective in the pickup
reaction. This number depends on the value of the
constant C in Eq. (37), where C is usually chosen so
that the magnitude of the theoretical cross section fits
the experimental results. In the fit to the experimental
data shown in Curves A, a neutron number from four to
six is required at both 95 Mev and 145 Mev. These
results, which approximately account for the six
neutrons in C", are in striking contrast to the 0.061
neutron obtained by Selove, and the 0.76 neutron
obtained by Chew and j oldberger in their Born-
approximation analyses. The reason for the large
diGerences is, of course, the inclusion of absorption
effects in the optical-model theory.

Curve 8 in Figs. 1 and 2 shows the result of neglecting
the deuteron potential, i.e., of setting e2 ——1. The
general shape of the differential cross section is obtained
by considering only the interaction of the proton with
the nucleus, '4 but the diffraction dip at about 20' can
only be obtained by allowing the deuteron to interact
with the nucleus through the potential 'Ucq (Curve A).
Furthermore, the normalization of Curve 8 gives a
neutron number in the carbon nucleus of about 0.4
neutrons at 95 Mev and about 1.0 neutrons at 145 Mev.
These values are smaller than the corresponding
numbers for m~&1, since in ignoring the deuteron
absorption by the nucleus, we obtain matrix elements
whose magnitude is too large.

Curve C shows the result of the Born-approximation
analysis' " (iss= isi= 1) for Es= 14 Mev. The normaliza-
tion here requires a neutron number of about 0.25
neutrons at both 95 and 145 Mev. These values are



DEUTERON PICKUP REACTION 793

smaller than either those for Curves A or 8 because no
nuclear interactions and hence no absorption is con-
sidered. It shouM be pointed out that the Born approxi-
mation does predict the gross features of the process,
and can obtain reasonable results for small angles.

It is not quite clear what exact value of the deuteron
potential, 'U|.-&, is required to fit the experimental curve,
because the numbers listed in Table I are only one set
of several that obtain a reasonable fit. However, an
upper limit may be obtained, since for a good fit, both
the real and imaginary parts of 'Uz& must fall between 0
and —20 Mev. If the matrix element of Eq. (56) is
used to calculate the cross section, then the deuteron
potential is just 'Uz„, the potential felt by the neutron in
the deuteron. Values of 'U~„within the limits mentioned
above are quite consistent with information on nucleon-
nucleus potentials. "However, if the matrix element of
Eq. (17) is used, then one requires values for'U(;d which
are not readily available in the literature.

It appears that in a first approximation, the effective
deuteron optical potential should be merely the sum of
the neutron and proton potentials. However, in at-
tempts to fit deuteron scattering data, " such a simple
sum is not adequate for the deuteron potential, as
higher-order effects are not negligible. These effects
describe the coherent scattering of both neutron and
proton by the nucleus, and thus tend to lower consider-
ably the effective deuteron potential from the value
given merely by the sum of the single-particle potentials.
In this case the value of 'U«required in the present
analysis could be compatible with the actual effective
deuteron potential.

It should be mentioned that because of the nature of
the approximations used in this treatment of the pickup
process, it is unlikely that any exact information can be
obtained for the deuteron potential. The general effect
of the square-well approximation is small, as can be seen
by averaging the scattering amplitudes for several
values of the radius parameter, Ro. But still it can lead
to a change in the required deuteron potential by about
5 Mev. More important, as one requires a larger
deuteron potential on the order of the deuteron kinetic
energy, the requirement that e2 1 is no longer met,
and the wave function of Eq. (29) is no longer valid. In
order to avoid these difhculties, a more exact treatment
would be necessary in which one would use wave
functions of the form of Eq. (23), and (or) higher
orders in WEB approximation. Certainly, a numerical
integration of the matrix element would be inevitable.

However, discounting the failure of the theory with
regard to the points mentioned above, it is felt that by
an optical-model analysis as presented here, one can
adequately describe the nuclear scattering effects in
rearrangement collisions such as the pickup process. It
should also be quite apparent from the results here that
the neglect of the initial- and final-state scattering

contributions to the matrix element is not justified at
these energies, if one is interested in finding accurate
information concerning the details of nuclear structure.

APPENDIX: ALTERNATIVE DERIVATION OF
THE TRANSITION MATRIX

We may rewrite Eq. (6) as

4'+) =4'+-
g(+) V V

+ V'
lt (+) (43)

a(+& —V „—V„

and verify that it satisfies Eqs. (2) and (5) by direct
substitution. The Green's function in Eq. (43) repre-
sents outgoing deuterons in which the neutron interacts
with the core through the potential V„. We can there-
fore define a wave function C„' ' to describe this:

where

(—) —Q (—)yf —yf+—— V t@ (—) (44)
~(—) v

(45)

Now by expanding (a(+)—V„„—V„) ' of Eq. (43) in
the usual way in outgoing deuteron states (in which the
neutron interacts with the core), we obtain the exact
transition-matrix element for the pickup process:

It should be noted that no approximations have been
used in deriving Eq. (46). This transition amplitude,
however, is not a very tractable expression as yet, since
only the functional forms of V„~ and P, are reasonably
well known. We begin with the optical-model approxi-
mations by replacing the last term of Eq. (46) by an
expression that describes only elastic or coherent
scatterings of the proton in the nucleus:

where we have

~P(+))~go ~Qc (+)y,) (47)
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and 'Uq„and 0|.-„&+~ are defined to be diagonal with
respect to the energy of the core. LSee discussion in
Sec. 11.$

Since, in Eq. (48), a(+' —V„ is diagonal and represents
states of all A nucleons, 'Ug~ then gives the elastic
proton interactions with all A nucleons. It might be
argued therefore that to make Eq. (47) more exact, we
should have an additional term, V„„P(+), on the left
side, since V„ includes the proton interaction with
only A —1 nucleons. We can justify Eq. (47) by
expanding tt(+) and seeing that the proton interacts
through V~+V„„ for all but the last scattering, in
which V„„is absent (i.e., the neutron does not interact).
If A is large we can assume that the omission of the
neutron from the A nucleons in the last scattering will

not a6'ect the elastic description of the proton scattering.
Substituting Eq. (47) into (46), we obtain the transition
matrix

Tr*=(C'-' 'I V-.I&*)+(4'-' 'I Uc. lflc."'4') (49)

We may now condense Eq. (49) into a more compact
expression. We note from Eqs. (2), (4), (7), (44), and

(48) the relations

(a( ' —V„„—V„t)Q„( )Pr —— is(f)r, (50—a)

(a(+)—V„)y,= i~(t;, (50b)

((i (+' —V„'Uc„—)Qc, (+)(1),=is(f)„. (50c)

In Eqs. (50), we have used 1':r=I.', Using (50a,) an. d

(50b) in the first term of Eq. (49), we obtain

Likewise, using (50c) and (50a) in. the second term of
Eq. (49), we obtain

Substituting Eqs. (51) and (52) into (49), we find

4'Cn flem (t)f I (54)

describes a wave of deuterons in which the neutron
interacts elastically with the core nucleons, and where

Qc„( )=1+ —'U cnt
a' ' —V„—'U „t

(55)

Here Qq„' ' and "Uq„are optical-model operators
similar to Qc„(+) and 'Uc„of Eq. (48). We finally
obtain the transit;ion matrix,

TI, (Qc„( )yr
I

—V—„~lQc~(+)«)) (56)

which is the same as Eq. (27) of Francis and Watson. .'

(53)

since the term involving the factor ie is asympt;otically
zero for final-state deuterons. "

Our second elastic-scattering approximation is to
replace C„( ), defined by Eq. (44), by Cc„( ', where


