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As a generalization of the Boltzmann equation, the kinetic
equation for a plasma is derived in the form of a generalized
Fokker-Planck equation, by considering unsteady correlations,
including non-Markovian and nonlinear behavior. Both the
binary and ternary correlations are used for many kinds of par-
ticles with different temperatures. The coefficients of the kinetic
equation depend on the law of interaction for a pair of particles
and are influenced by relaxation. The effective potential of fric-
tion consists of two parts: the static part corresponds to the
Debye potential and is isotropic, the dynamical part is axially
symmetrical about the direction of motion, and causes a dynamical
friction. The results show that the friction is proportional to
velocity for slow particles, and inversely proportional to the

square of velocity for fast particles. This tendency of the fast
particles to overcome repulsion is a property connected with the
“run-away’’ of electrons. A criterion for maximum friction is de-
rived. The triplet interaction, which mainly affects the shielding
phenomena, assures the convergence of the coefficients in case of
distant interaction. Since the length scales of interaction are well
determined in this way, the kinetic equation can be expected to
be valid over a longer range than does the Boltzmann equation.
The large scale agrees with the Debye radius, when the shielding
term is linearized, as should be expected. When time relaxation is
left aside and linearization is made, the kinetic equation degener-
ates to the classical Fokker-Planck equation with convergent
coefficients.

I. INTRODUCTION

HE object of the present paper is to develop a
method leading to a kinetic equation for a system
of charged particles, interacting according to the Cou-
lomb law. As a result, friction and diffusion of particles
enter into the equation in explicit form. The essential
features and also the principal difficulties of the problem
are: (a) long-range phenomena, (b) nonlinear behavior,
and (c) non-Markovian behavior. The complicated
dynamical process is necessarily of a stochastic nature.
The Boltzmann equation is one method of representing
the latter, but it is not generally adequate when long
range forces are involved. Moreover, the nonlinear be-
havior is expressed in a complicated integral form, so
that linearization is necessary in applications.

The Fokker-Planck equation evades this mathe-
matical difficulty by incorporating the essential non-
linear behavior simply into the coefficients of the equa-
tion. Such an equation is suitable for application to
long-range forces. The problem of treating particles
undergoing numerous weak deflections was originally
encountered in Brownian motion of large molecules
which are thermally agitated by the smaller field mole-
cules. Originally the Fokker-Planck equation was de-
rived for this purpose, and was formulated for a dis-
tribution function at a given instant of time.!? Later it
was extended by Kolmogoroff,® Tchen,* and Chandra-
sekhar® for a transition function at two instants of
time. However, the process was Markovian which im-
plies dependence of the future on the present, but not
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on the past. Further, since their approach was phe-
nomenological, the coefficients could not be determined
explicitly.

In order to determine the coefficients, some dynamical
behavior must be considered. Early successful attempts
concerning the dynamics of a plasma introduced the
collision concept by means of the Boltzmann equation.$:?

The use of the integrated Liouville equation by
Gasiorowicz, Neuman, and Riddell® opened up a broad
basic method for treating the dynamical behavior of a
plasma. A generalization including nonuniform dis-
tributions of test and field particles can be effected, and
it forms the essential scheme of the problem of general-
izing the Boltzmann equation into a form suitable for
application to a plasma. Recently the method of
Bogoliubov® has been frequently recommended for this
purpose. Following Bogoliubov’s method, Tolmachev®
introduced a chain of linked distributions at different in-
stants, and derived the corresponding Fokker-Planck
equation. The results were divergent at extreme dis-
tances of interaction. Temko!'* made use of a ternary
correlation, thus introducing sufficient nonlinearity to
insure convergence at large distances. However, two
different expressions for ternary correlations were
necessary, which were inconsistent from the point of
view of symmetry: thus the results imply an unjustifi-
able asymmetry in the polarization effect. At close
interaction, the latter method still involved divergence,
which must be eliminated by a somewhat arbitrary
cutoff.
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As mentioned earlier, the classical Fokker-Planck
equation is based on the Markovian process. For a
plasma this condition is usually not met, so that the
interaction will depend not only on the distribution
functions, but also on the evolution of correlations in
time and space. In the present paper a method for
deriving a kinetic equation is developed, which is more
general than the Boltzmann equation. Under certain
circumstances, the resulting kinetic equation can be
written in the form of a generalized Fokker-Planck
equation, involving time derivatives of higher orders in
the distribution functions. These derivatives account
for the non-Markovian behavior. The coefficients are
found in explicit form. The convergence at large dis-
tances follows automatically, as a result of the internal
interaction mechanism itself.

In Sec. II the Liouville equation is integrated. The
binary and ternary correlations are discussed in Sec.
III. In Sec. IV the equation of correlation is integrated,
which leads to the appearance of the time effect, im-
portant in describing the non-Markovian behavior. To
solve the equation thus obtained, the Fourier trans-
formation is applied, and various transport functions
are investigated (Sec. V). After some simplifications, the
kinetic equation and the generalized Fokker-Planck
equation are obtained (Sec. VI), in a form which permits
the calculation of the dynamical friction, the friction
potential, and the diffusion in explicit form (Sec.
VII-X).

The development shows that the nonlinear behavior
occurs both in the distribution function and in the
shielding phenomena, respectively, as a consequence of
binary and ternary interactions.

II. DERIVATION OF B-B-G-K-Y EQUATION

The B-B-G-K-Y equation is the integrated form of
the Liouville equation. Although it has been derived by
various authors (Bogoliubov, Born, Green, Kirkwood,
and Yvon), it is rederived in the present section. This
will give at the same time an opportunity of discussing
the mechanism giving rise to the nonlinear behavior.

Let D(txy,- - -,Xn) be the distribution function for
the dynamical states of the whole system of N particles,
where ¢ is the time, and x;= (q;,p;) are the coordinates
in phase space (position and momentum) of the par-
ticle 7. D is obtained by taking the usual statistical
average over the initial states of the system.® The
fundamental equation which determines the behavior
of the dynamical system in phase space may be written
as the Liouville equation

0D/ot=[H ; D], n
where [ - -- | are the Poisson brackets:

0H oD oH oD

(4;D]= X )
ap: 9q;

1<i<v 1 8q; Op;
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Here and in the following, /94, 8/dp, and dp represent
gradg, grad,, and volume element in momentum space,
according to the notation often adopted in the litera-
ture.? In the following the indicial notation will also
be used, when it appears to be more convenient. H is
the Hamiltonian representing the sum of the energies
of the individual particles and of the potentials of pair
interaction:

¢i=¢(|di—q;|).
Thus

H= ¥

1<i<N

b
{~*+U¢ }‘}' 2 i,

2m; 1<i<i<N

where U;=U(q;) is the external potential arising from
an external force or wall effect, and m; is the mass of
particle 4.

With these definitions, Eq. (1) can be written as
follows:

oD p: 9D aU; 9D
—t Z e Z —

0f  1<i<Nmm; 0q; 1<i<N 9q; 0p; 1<i<i<N 9q; Gpi'

d¢pi; OD

In this form the significance of the Liouville equation
is to determine the transport of D in time and space, the
external force —dU,/dq; acting on each individual par-
ticle “Z,” while the internal interaction takes place be-
tween all possible pairs ¢, 7, with a prescribed potential
¢i;. Since D is a probability, it is normalized to unity :

ffDdxl.dez]_

Here and in the following, the integration extends over
the whole available domain of the phase space.

Sometimes it is useful to study the motion not of all
the IV particles contained in the volume V| but of a set
of s particles; we therefore introduce the distribution
function F4(¢,Xy,- + -,X;), such that

1
—Fs(t,X1, + +,Xs)dXy -+ +dX,
Vs

del"'dxsf"'fD(tyxly'",XN)dxs+1"'de

is the probability that the dynamical state of the group
of s particles be located in dxy, - - -, dx,, respectively,
regardless of the dynamical states of the remainder set
of N—s particles s4-1, - - -, N. The differential equation
determining F, can be obtained by integrating Eq. (1)
with respect to dX,y1---dxXy, and multiplying by V.

2S5, Chapman and T. G. Cowling, The Mathematical Theory of
Nonuniform Gases (Cambridge University Press, Cambridge, 1939
and 1952), Chap. I.
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Simplifications can be made by the use of the following
relations:

f [H(x); Dixi=0, (22)

f f[(ﬁu; D]dxzdx.,= O,

where H(x;) is the Hamiltonian for the individual
particles:

(2b)

H(x;)=p&/ 2mi+U(q).
Writing Eq. (1) in the form

oD
—= Y [H(x); D]+ X [¢4;D],

ot 1<i<N 1<i<i<N
and integrating with respect to dX,41- -

Lo > [ [tae); o
. = H(x;); D]dx,,;
Ve 0t 1<i<n f g

f f[:% 5 D]dxs-H
1<z<7<N
f f [H(x); Dldx,ss--
1<i<s
f f [H(x); Dld%ess - -dxy
s+1<1<N
f f[¢1j, D]dxgy1 -
1<z<1<8
f f[¢”’ DJdx,1
s+1<’L<J<N

f f [6:; D]d%ess- - -dxy. (3)

On the nght—hand side, the second and fourth terms
vanish, because of Eq. (2). The first and third terms
can be combined to give

1<l<sf f[H X:); D ]dXg41- -

f f[qs” s DdXsp1- - -dXy
1<1<a<s

=f

-dXy, we obtain

ss
HIKGEN

[ > H(x)+ > ¢z‘j§D]dxs+1"'dXN

1<i<s 1<i<i<s

=L X HEx)+ X ¢u;

1<i<s 1<i<i<s

F,/Ve].
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Because of the symmetry of D with respect to xy, - -
the last term of Eq. (3) can be written as follows:

[ f[d’u ; D]dXgy1- -
1<1<s D

s+1<i<N

© XN

=(NV=s) 2

1<i<s

f. .. f[qh o1 D0dXop1dXop2- - -dXy

NS

Z [¢1 s41;

Vv 1<i<s

s+1/V3]dX3+1,

and represents the nonlinear behavior. Hence we find

Z [4’1 s+l

1<i<s

oF —s
;——[Hs, F, ]+7 Foy1)dXers, (4)
with
H= 2 H(x)+ X ¢
1<i<s 1<i<i<s
In the special case of s=1, we have

6F1

ot 6q1 op1

6H1 oF; 0H, dF,

6p1 6q1
—lfia&ﬁm OF; Odis anl

dq: dp1 Ip: dq

and for s=2,

oF,
;{= LH (x1)+H (X3)+12; F2]

N-2
+——-I;— 2 [¢i; Faldxs.  (6)

1<i<?

In the following we shall need Egs. (5) and (6) only.
Thus we shall not consider equations for correlations of
higher order.

III. SYMMETRICAL RELATION FOR
TERNARY CORRELATIONS

The integrated Liouville equations (5) and (6) can
be extended to describe a mixture of particles of dif-
ferent kinds totalling N particles. The different kinds
are distinguished by subscripts g, b, ¢, etc. We shall
thus change the notations for the distribution function
and the correlation functions, in such a way that the
distribution function of a single particle belonging to a
group will be denoted by F,, F3, etc., with a single sub-
script. This is to replace the symbol F; used in Egs. (5)
and (6). The binary correlation function for a pair of
particles belonging to @ and & will be denoted by Fas,
and the ternary correlation function for three particles
by Fape, in the place of F; and F; used in Egs. (5) and
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(6). Thus we have

doF, oH, dF, O0H, dF,
at t')qa apa apa aqa
Nb a¢ab apab
ff dpedqe, (7)
dqs Opa
b
= +U(qa))
Ma
aFab aHa a(i)ab aFab a[Ib 8¢ab 6F‘ab
() ()
ot 9qs 9qa/ 90p. \9qy 9qr/ Ips
dH, dF 5 BHb OF i N,
- Z—fquedpc
apa 3‘1«1 apb aqb e V

ad’ac aIrabc 6¢bc aFabc
x| Lo®
8pb

where N, is the number of particles of kind ¢ with mass
m, and charge e,, etc. The summation with respect to &
in Eq. (7) covers all kinds of particles, including b=a.
The same is true with the summation in Eq. (8). Thus
¢aq 1s the interaction potential of a pair of particles of
the same kind a.

If the volume of the vessel is large, and the region
considered is far from the walls, the distribution func-
tions can be taken as spatially homogeneous; i.e.,
Fo(t,pa), Fo(t,ps), and F.(¢,p.) do not depend on the
coordinates q,, q», and q.. Only the differences of
the coordinates enter into the correlation functions
Fop(t,pa,Ps,92— qp), etc. Under these circumstances the
system of Egs. (7) and (8) becomes simply

3¢ab aI?ab
~Z — f f dqsdps 9)
dq, 9Ppa

dF s OH, 0F g 8Hb OF

%  Ops 9qa

a¢ab aI?ab 6¢ab aF‘ab

apb oy 9qa Opa Oqs 9P

(10)
99 9dpa  Iqs 9Py
In Egs. (9) and (10) we have taken U,=0, so that
0H,/3q,=0, and similarly dH/dq»=0.

F ., may depend on q,—qp in an arbitrary way, ac-
cording to the relative velocity between the pair of
particles.

We can write

Fab(t,Pa,P0,4a— 5) = F o (1, 06) Fo (¢, 05)

+Fab,(t7paypb:qa_ qb)' (11)
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The Maxwellian distributions will be denoted by F.,
Fy, etc. Equation (11) may be considered as the defini-
tion of Fo3', which vanishes asymptotically, when the dis-
tance between the pair of particles increases indefinitely.

After substitution of Eq. (11), we can rewrite Eqgs.
(9) and (10) as follows

6Fa Nb 3¢ab aFab,
=2 [aan =22 )
el4 b V aqa apa
dFs d
=_(Fab_Fan)
at dt
Obap a(Fwa)iama 8 (F .Fy)
= . ! .
aqa apa 3(Ib apb
+Z _fqucdpc abe ™ FbFa.c)
¢bc d
+Z _fqucdpc —(Fbac Fane)
9bas OFw’ Oy OF o
f 2 T (13)
9¢qa dpa  9qs Ipe
where

dapua'pba

dt 9t m, 9qq [ mp Qs

It is to be noted that the product FoF5 on the right-hand
side of Eq. (11) does not contribute to Eqgs. (9) and
(12), since

qub bas/04.=0

In the integral term of Eq. (13), FoF,. and F,Fy, arise
from (F.F%)/dt and Eq. (9).

As is usual with nonlinear dynamical systems, the
equation for the distribution function cannot be solved
independently, a solution requiring a knowledge of the
binary correlation function, which in turn is determined
by an equation involving ternary correlations, and so
forth. Here the system of equations is made deter-
minate by the use of the following symmetrical relation
for the ternary correlation function:

abc F Fbc+Fcha+F Fab 2FanF¢ (14)

For weak interaction (small ¢), relation (14) is de-
rived from Eq. (4) by means of an expansion in powers
of a small parameter. The derivation of relation (14)
and its generalization are given in Appendix A.

With the use of relation (14), the two integral terms
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in Eq. (13) can be replaced by

fqucdpc - _‘_(F Fbc+F Fab 2FanFc)

a

+Z _fqucdpc'— —'(Fbﬁac+l' Fba 2FbFaFc)

Pac

dF, N, d
= > —fqucdpc

apa c V t")lIa
an N

f f dchpc Fae

apb c
aFa Nc
f f dchpc
apa c

+_
apb

Fbc

d’bc
_‘f qudec Fo..

Here we have omitted terms containing F,, which do
not contribute to the integrals, since

quc ¢ac/0q.=0; quc Ive/0qp=0.

When such a substitution is made, Eqs. (12) and (13)

become
aFa Nb a¢ab aFabl
-2 = [awan ===, as)
a o V 94, 9P
d pa O Py O 0dap OF, 0Pps IF%
{_‘—+__— T ab/= b A A3
o mg 0qa My O 9q, 9P gy Iy
dF, N, dac
+ Z “—fqucdpc Fbcl
6pa ¢V 99,
an Nc a¢bc ,
+—Z ——fqucdpc Fac
apb P4 aqb
a¢ab aFabl a¢ba aFab,
} . +—- (16)
9qa 9pa  9qs  Ipe

Equation (16) differs from that of Bogoliubov-Temko,
where the last two terms are missing. Equations (15)
and (16) serve as basis for the dynamical theory of the
plasma and the derivation of the kinetic equation. It is
to be noted that the right-hand side of Eq. (16) con-
sists of three pairs of terms. The first pair is responsible
for the main structure in the form of the Fokker-
Planck equation. The second pair (nonlinear terms)
controls large distances, and therefore the shielding
phenomena. Finally the last pair, governed by the dis-
turbance F.', refers to small distances.

C. M. TCHEN

IV. INTEGRATION OF THE CORRELATION EQUATION

The procedure to be used is to integrate the correla-
tion Eq. (16) for Fo'. Then a simple substitution into
Eq. (15) will give the kinetic equation for F,, in the
form of a generalized Fokker-Planck equation.

When we consider the right-hand side of Eq. (16),
represented by G(f, ga—qp, Pa,Ps), as provisionally
given, Eq. (16) can be formally integrated along its
characteristics which are given by

dqo/di=po/ma; dqe/dt=ps/ms; dp./dt=dps/dt=0.
The integral is

Fab,(t7 Qo Qo pdypb)

t—to
Zf dr G(t_ 7, Qo= Qv — &7, pll)pb)
0 .
+P‘ab’[t0, Qo qp— g(t_ to)],

where
8= (Pa/ma)— (P/ms) =relative velocity.

Except for the case of =0, the initial correlation can
be made to vanish at fo= — w0, since the pair of particles
a and b will be independent of each other when their
distance is large enough. Thus we have a weakening of
correlations toward the infinite past,

Fab/[tO;qa'—"qb— g(t—to):]=0 fOI' t0= — 0,

Hence we obtain:
Fab, (t,qa—' qb,pa,pb) = j dr G(l_— T,Qa— Qb gT)pa)pb))
0

or, when G is written out in its full form,

Fa' (4,04, 5,90~ Q)

“ 6¢ab aFa a¢bu 8Fb
:f dTl . F =+ -—F,
0 aqa apa aqb apb
oF, N, Odbac
+ * dpc Fbcl

0Pa 0q.

a¢ab aFub’

oF, N, One
+—= [ [aadn=r.+
épb c V . é)qb

a¢’ba aFabI

dqs 9Pp.

(17

gy s ;t"7:Qa—(Pa/ma)"be"(lJb/mb)T

where
{' ' '}t—nq«;—(pa/ma)r,qh—(pb/mb)r

between the
(pa/ma)7, and

denotes that the variables {, qu, q»
brackets are to be replaced by {—7, q,—
qo— (po/mp) 7, Tespectively.

One may ask where the irreversibility character of the
problem comes in, since the Liouville equation, which
has been used as a starting point, is a theorem taken
from classical mechanics which therefore represents a
reversible relation. The problem of the origin of irre-
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versibility is a general problem in statistical mechanics,
and that it has been studied by authors as Kac, Uhlen-
beck, etc., to whom one would refer for a deeper
analysis. It can be observed, however, that in the
present treatment irreversibility is introduced in the
integration of the correlation function with respect to
the time in Eq. (17). Here it has been supposed that
the initial value of F,' is zero for {=— «, as shown
above. Mathematically it would be possible just as
well to write the integral in a different form with an
integration constant F.'(¢) referring to an instant #o
in the future. However, we do not assume with equal
confidence that Fg' goes to zero when { tends to + =,
as our habitual method of reasoning assumes that cor-
relation is brought about by what has happened since

some past, and not that correlation is beforehand ar- -

ranged in such a way that it will automatically dis-
appear in the future.

Such a condition of the weakening of correlation in
the infinite past must be distinguished from the condi-
tion of the weakening of correlation at large distances.
The latter condition is needed in formulating the de-
generation of correlations, see Eq. (14) and Appendix A.

V. TRANSPORT FUNCTIONS

In order to analyze the correlation function, we use
the Fourier integral representation

oo
Gan(q) =eats f dv expliv- Q) Y (»),

Fo' (q)=eqen f dv exp(iv-q) Zap(v),

which has the advantage of contracting the various dis-
tances of different kind of particles in one single vari-
able v. Then Egs. (15) and (17) take the following forms

oF,  (2m)° J
——— > Nevlet—- f dv ivY (v)
ot Vo b Pa
depb Zab(t,pa;pbav)7 (183')
Zab:ZabI+ZabII+ZabIIIy (lgb)
with
Zay —f dr exp(—iv-gr)iv, Y (v)
e —— {F (t ;pa)Fb(l-—Trpb)}y
0par  Opon
#Efdmmeﬁwﬂw
(27[')3 a
X Z ]VcecZ[ fdpc Zbc(t—T,—V)
14 ¢ a?ah (193)
oF,
——— | dp. Zoo(t—1,v) },
dpon
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ZabIIIZeagbf dr exp(—iv- g7) fdv’ 'Y (v')

0Par  Opun

ab(t— Ty Pa, Pb,¥— V,).

Here the repeated index % denotes a summation. Since
Za is the Fourler transform of Fg/, and Zg', Z 1"
involve Z, etc., Eq. (18b) can be considered as an
integral indicial equation.

On the right-hand side of Eq. (18b), there are 3
transport terms, each consisting of two parts. The term
Za' is called convection function in momentum space.
Representing a transport of correlation by pair inter-
action, it causes two fluxes: a flux of diffusion along the
momentum of the test particle itself, and a flux pro-
ducing a friction. These two fluxes represent the main
structure of the Fokker-Planck equation. The term
Za' is a shiz ding function. It arises from the cross-
interaction of a pair of particles with a third one. It
represents the nonlincar behavior due to the coopera-
tion of the third ones i1. overcoming the friction. Finally
the term Zq'™ is a secondary convection associated
with disturbnaces in correlation.

In order to calculate the correlation function and to
derive the kinetic equation from Egs. (18a) and (18b),
we shall investigate the three transport functions. In
doing so, it is convenient to introduce some new nota-
tions, as follows

8,(1)= ( ———[FUMHOMI
Pah th

eh(t,Fa,Fb,v)=f dr exp(—iv-87) En(t—7),
0

C(t?FﬂJV>:Vhfdpb Eh(tyFa:Fbav))

C*=

p *,v), the Maxwellian value,
b
(20)

Hp= f v Zas,
A,z(t,pa,v) = ZNcecZHac(typa;v):
Vo(r)= (e YVi(r)= (27 (24D,

K=y

v VT,

Neer?; v =mp/ma,

= (mo/ma)(Ta/T4),

Fa,0= (27rmakTa)_% exp(—- Paz/zmak Ta)’
Fi'= (2rmukT5) " exp(— p/2mpkTs),
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where « is the wave number of Debye shielding, i.e.,
the product of the reciprocal of the Debye radius with
27 ; Yoand ¥, are the Fourier transforms of the Coulomb
potential 1/¢ and of the Debye potential ¢~* exp(—«g),
respectively, while ¥ denotes the Fourier transform of
an arbitrary potential. In &x(t—7), ¢—7 holds for
Fo(t—7, pa) and Fy(t—7, po).

We shall calculate the transport functions in two
forms: (19a) and

Z Nz,eb2fZabIdpb, etc. (19b)
b

The latter form is useful in the calculation of dF,/d¢ by
means of Eq. (18a).

In principle the procedure is to solve first Z; from
Eq. (18b). Then a substitution of the solution into Eq.
(18a) will give the kinetic equation. In view of the
special form of the right-hand side of Eq. (18a), it
appears simpler to solve not for Zg; but for A,, which is

Aa—_—z Nbeb2fZabdpb.
b

Before going to this end, it is necessary to simplify the
transport functions as defined by Eqgs. (19a). The de-
tails of the transformations will be given in Appendix B.
They amount to reduce Zs, of Egs. (19a) into Za, and
to localize the time dependence in the singlet distribu-
tions, in lieu of Zs. In the notations of Eqgs. (20), the
results of transformations of Eqgs. (19a) are

ZabI=thGhY, (21&)
2r)3
ZabHZ ’thGhYl\a/Fa, (Zlb)
14
€alp ’thE], Hab
ZabIH= y (21C)
&r vY F,
ZabEZabI+ZabII+ZabIII
27)3 €ats tvien Hod
=iy eV + ivnenY Ao/ F ot . (2149)
V 8r vY F,

When Egs. (21) are integrated with respect to ps,
multiplied by Ne:?, and summed over b, we can write
the transport functions in the forms

Z Nbez?fZabIdpb:iY Z N;,e;?C, (22&)
b b

(2m)?
= e [ L= Y T Kot (C/FAs (220)
b b
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2 Noor? f Zadpy=— (v/v*)As, (22¢)
b

where »* is a wave number of the order of the reciprocal

of the Landau parameter ¢2/kT, or “molecular diam-

eter,”” or mean distance of closest approach. More

rigorously it depends on singlet distributions. Its origin

and the difficulties involved are indicated in Appendix B.
The sum of Egs. (22a), (22b), and (22c) yields

Aa= g ZNbebZC
b

+ 2r)PV1Y %Nbeb(C/Fu)Aa- (v/v*)Ae. (22d)
On solving for A,, we obtain
Aangbeb“’Ha":iYAa—l ;zvbebzc, (23a)
where
Au=A(F,)
=1—2n)*V4Y Zb:Nbe;FC/Fa—}— (v/v*). (23b)

A, is the shielding function. When the Coulomb po-
tential is considered,

V="Yo=(2r%?),

and when the singlet distribution is linearized to be
Maxwellian F,=F,%, Eq. (23b) reduces to

k2w
Ay=A(FO)=1+——+—. (23c¢)
p2 oy

It is to be noted that, after such a linearization, the
shielding function (23c) determines the long-distance
cutoff at the Debye length and the short-distance
cutoff at the Landau parameter 1/»*.

VI. KINETIC EQUATION AND GENERALIZED
FOKKER-PLANCK EQUATION

The knowledge of A, found in Eq. (23a) enables us
to calculate F, from Eq. (18a), which can be rewritten
as follows:

(2m)?

ot |/ ap | de1 Y 13 A (2 v l 24
a " a\\"HVay .

It is to be remarked that, according to the integral on
the right-hand side of Eq. (24), only odd values of
Aq(¥) may contribute to F,, since Y (v) is necessarily
even. Thus in the following the odd terms will be care-
fully distinguished from the even ones. Such a screening
against the even part in A, has the effect of selecting
the real values of the collision integral, so that any
periodicity must be ruled out in the distribution
function.
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After substitution for A4, we obtain from Eq. (24)

dF, (2m)3 ]
= €4’ f dv v, Y? > Nye?AC
ot V apak 4

9 l:(Z'lr)3
pual V

@ oF,
Xf drfdpb exp(—iv- g7) (——F,,) ]
0 Ao t—r

a [(2’#)3
0pal V

°° oF,
Xf drfdpb exp(—-iv-g-r)(Fb ) ] (25)
0 apah t—1

Since the right-hand side of Eq. (25) consists of two
terms in the first and the second derivatives of F, with
respect to p,, Eq. (25) takes the shape of the Fokker-
Planck equation. The coefficients before the two deriva-
tives determine the friction and the diffusion. These
coefficients involve time integrations of the past history
of the distribution functions, with the “memory’’ kernel
depending on relative velocities and distances between
particles.

If the distribution F,((—7) varies slowly with time,
a series development is permissible which reduces Eq.
(25) to the following differential equation:

fdv VthY2 Z Nbez?Aa"l
b

e}fdv VthY2 Z ]\Tbeb2Aa~1
b

oF, ad o OF
- ——{ 5 LA (AuFo)F.] }
o dpanlroatr

d (= 97 oF,
+— Z—[Bkh(’) ]’ (26)
0par L r=0 01" Dan

The values of the coefficients are:

3

2m)

- e}fdv v Y2(v)

X2 Noe?Bi(Fy)/Aq,
b

(
A4 (Ag,Fy) =

(27a)
(2m)?
By (A4, Fy)= - eazfdv v V()
X2 NieeB O (Fy)/Aq,
b
where
w0 (—‘T)r an
ﬂhw)(Fb):f drfdpb exp(—iv- 7) Py
o rl O0pw
aﬂl(r)
=1 . (27b)
apah
w . (=)
Br(r)(pb)zf dedpb exp(—iv- g7) ! Fy.
. 7!
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The terms contributed by 770 represent the non-
Markovian behavior.

Since the integrated Liouville equations (7) and (8),
from which the kinetic equation is derived in the forms
(25) or (26), are nonlinear, the latter is generally ex-
pected to be nonlinear too. This is seen from the de-
pendence of A, on F,, and from the dependence of the
coefficients 4, B on F,, through the summation over all
particles including the kind . However, no significant
difference can be expected, when the nonequilibrium
distribution in A, is replaced by an equilibrium dis-
tribution, since the long range interaction is represented
by the summation term in Eq. (25), and each term of
the sum is a small deviation from the Maxwellian dis-
tribution only.

Moreover, in the kinetic Eq. (26), the particle ¢ may
be considered as a test particle, the motion of which is
nonstationary. It is embedded in a cloud of other par-
ticles & (field particles), which interact with each other
and with a. For the same reason, we shall assume that
the field particles are in equilibrium with a distribution
Fy=F, and shall investigate the motion of the test
particle belonging to the plasma. As a consequence,
Egs. (25) and (26) become linearized.

Furthermore, if we confine ourselves to the terms
with =0, by neglecting the non-Markovian behavior,
Eq. (26) degenerates into the following classical Fokker-

Planck equation:

JdF, a
=———{4(80,F)) Fa}
ot Opar

IF,

d
+——1 B’ (Ao, Fy°) } (28)
ak ah

Equations (25), (26), and (28) are different forms of
the fundamental kinetic equation for a plasma. Equa-
tion (25) is the integral form of the kinetic equation,
while in Eq. (26) the integral form is replaced by a
series expansion. The nonlinear behavior of Egs. (25)
and (26) is included in the denominator A, and in the
coefficients. The non-Markovian behavior results from
the relation of the distribution function F, to the
correlation F,Fy, taken at an earlier time /—7. Such a
memory should be distributed according to the spectrum
of the potential function by means of the factor
exp(—iv- g7). Finally Eq. (28) is the degenerate form
of the kinetic equation in the Fokker-Planck type, ob-
tained by keeping only terms with =0 in the series
expansion. The coefficients in the Fokker-Planck equa-
tion (28) are found to depend on the law of interaction;;
they will be calculated in Sec. VII.

Equation (28) can also be written in the following
form:

JdF, a 02
= "‘—(A k*Fa)+__(Bkh*Fa) (293.)
at pak Opardpan
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by introducing

Ap*=AL4+0Br’/0pan,

By*= By
In the following, 4* and 4,° will be called, respectively,
dynamical friction and friction by polarization; By,* or

B will be called diffusion. By taking the moment of
Eq. (29a), the dynamical friction 4;* is obtained.

(29b)

VII. COEFFICIENTS OF THE FOKKER-
PLANCK EQUATION

In order to study the friction and the diffusion in a
plasma, we shall investigate the coefficients 4;" and
" Byi? in the Fokker-Planck equation (28) by means of
the Maxwellian approximation. They can be calculated
by the use of formulas (27a), rewritten as follows

(21r )3
A0 fdv viva¥2(v) Z Nies810(F) /A,
(30)
Bkh = fdv VthY2(V) Z Nb€b2ﬂ’0(Fb°)/Ao,
where
bo aﬁlo
BSE = f dr [ dm exp(—=iv- gy ——=r"
Don apah
(31a)

B’O(Fb"):f dr fdpb exp(—iv- g7)Fy,
0 Lt

With the substitution of F3, Egs. (31a) become

VRIS . Dak
72— Wwr—T|,

2m, Mq

L]

th
ﬁhO(Fbo _
™Mevo

drr exp[——

(31b)
%T,

® 4 ?ak
BO(Fy) =f dr exp[— T ——wk———r]
0 2mb Me

After some transformations of Eqs. (31b) and sub-
stitution into Egs. (30), the latter are reduced to

2e,
Akp:'—"_'(kTa) 7mu 1Pah

7l"
ViVh
dv —— 2 Nvesmii(To/T5) Uy, (32)
v5Aq b
2e.? ViV, ,
Bild=——kT)% | dv——3 Nyeemyi(To/Ts)3U,,
TV v5Ag b
where
Us= (w/2)* exp(—u?/2),
u=V2¢ cosb, (33)

{= ('mbTa/maTbﬁg‘a; $a=Pa (2makT o) 4,

cosf= Path/ﬁaV-
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6 is the angle between p, and v. The transformation of
Egs. (31b) and the intermediate calculations leading to
Egs. (32) are referred to Appendix C.

Some relations connecting the two coefficients can be
derived as follows. First, we can write the relation

A= =2¢a(par/pa) Bi', (34a)

which is derived immediately from Egs. (32) for the
case Tu=T%. Another relation is obtained, if Egs. (30)
are written in the form

(21!')3 aTk;,
2 Z Nyey?y™t
pah

A=

(2m)
Bd=

e Y Nvew? T,
b
where

Tkh(’)’)zfdv vivn Y36/ 0A 1.

If T')i can be represented by a power function
Trn=v*

where ur (" does not depend on the field particles b,
we obtain

rn

6Bkh° K2(1’— 1)
A= A (34b)
Opar  K'(r)

This equation is valid for T4 T or To=T%. The nota-
tions K and K’ are defined by Egs. (36b).

When the masses and temperatures for the two kinds
of particles are identical, Eq. (34b) reduces to the well-
known relation

A=0Bi/9pan,
and hence Eq. (29b) becomes

A =240, (34¢)

VIII. FRICTION BY POLARIZATION AND
DYNAMICAL FRICTION

Since the two frictions are related by simple ex-
pressions (29b) and (34c), we shall calculate only the
friction by polarization 4,° from the first of Egs. (32),
which can be rewritten as follows, after substitution for
U, from notation (33):

Ak0= (kT ) i z Nbel?(mb) ([‘a/T[,) %Ik,
wVma

where

Vlcyhpah
To= (r/2)} f dv
V5A0

We introduce spherical coordinates with p, along the
polar axis, and write

exp(—{? cos¥).

vi=(a1x cosf+azy sinf cosp-+asy sind sing),
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where a1y, ask, az; are the direction cosines of v;. Carry-
ing out the integration with regard to ¢, one obtains

1
I= (21r3)*paka dz 3% exp(—{%?).
—1
Here

2==cos,
and

o0 v .
L
U e o S A%

=In(14+»*/k2)¥=2In(v*/k).

(35a)

The term »*/»* plays the role of a cutoff at the upper
limit »*. Carrying out the integration with regard to z,
we obtain

Ik= —2_%’}T2PakLrllo, (35b)

where
d
Ioz—‘(rl erfg‘)‘
s
Hence

A=}el (pur/po) L TKFO)o,  (362)
b

where ¢ is defined by Eqs. (33), and

47 mp Ta\ "
Nz,ebz( —) y
sz, Ma Tb

4ar my Ta\"
Nbe;ﬁ(— —) 5
VkTa Ma Tb

K’*(f)=§ Ky (r), K’(f)=§b: Ky*(7),

K(,?‘(f)=

K},IZ(?’) =

k2= K*(0), k*=K"*(0). (36b)
The wave number x of Debye shielding was defined in
Egs. (20) too.

The ratio par/pa indicates that the friction is opposed
to the direction of the motion. The following asymptotic

formulas can be used

d
Ty=—(¢Lerf})
lite

=—(4/3v/m)¢ (1— %%, for small §;
=—¢1=(2/4/7)§ exp(—§?)], for large §.
Thus Eq. (36a) reduces to

2 pa 3
A=— !eg_—LK?(%);a{ 1—-

3ri P,

K?(%)f 2}
5K

(37a)

for small ¢,
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and

;bak

Ad= e —L;
Do )
X{EH(=1)=—a 20 Ki*(—1%) exp(—=7*(a")
Ve

for large .. (37b)

When the mass of electron is assumed negligible as
compared to the mass of ion, Eq. (36a) degenerates
into the following formula of friction for ion a.

4rNoel d
L -—(¢aterfis)
VeT, di.
21N .64
VT,

(4/3/m)¢ q, for small ¢,
(37¢)

A= %eaz(ﬁak/Pa)

= (?ak/Pa)L

¢a 2 for large ¢,

Here ¢, is the dimensionless velocity defined by Eqgs.
(33). The friction for slow particles increases linearly
with increasing velocity, as in Brownian motion, while
the friction of fast particles decreases inversely as the
square of the velocity. Thus the fast particles are not
so much hindered by the plasma cloud as are the slow
ones, a property compatible with the conditions of
fusion.

The maximum value of expression (37c) is deter-
mined by the condition

2

(taerffq)=0.
agd’

This gives

¢a=0.97.

A criterion for maximum friction is thus obtained: The
friction is largest, when the kinetic energy and the
thermal energy are about equal.

IX. FRICTIONAL POTENTIAL

On the basis of the frictional force 4%, we introduce
a friction potential ¢, which can be represented by the
Fourier expansion:

1/x=fdv n(v) exp(iv- qq).

We have
Al=— (a¢/69ak)Qa =0

- f dv 1(v)ivs.

Now according to Egs. (C4) of Appendix C,

A= — (2me,)? f dv 5, YA
X {3ik*+Da[Pr(—3) —i Po(—5) 1}
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where both odd and even terms are retained in the
integrand, it follows that

1(v) = —i(2mea)* VA {3ik*+ D[ P1(—§) —iP2(—35) 1}

Y=—i(2me,)? f dv exp(iv- q.) V2A¢™
X {3+ DL Pi(—3)—iPo(—D)T}.

The notation D and P have been defined in Egs. (C1).
The friction potential can be written as a sum:

¢=¢0+‘l/17

where

xpo:eazfdv exp(1v- qq) 2% Y%/ Ag (38a)

is independent of velocity and is the equilibrium po-
tential, while

Y= —21e,’ f dv exp(iv- qq) 27V ?A¢1D,
X[P1(—3)—iP(—$)] (38b)
depends on the velocity and is thus a nonequilibrium
contribution to the potential.
A. Equilibrium Potential

By taking the Coulomb force in Eq. (38a), we find
the following equilibrium potential:

K2

ed
= [ dv exp(iv- qu)—————
Vo 27r2f vexpliv q)v2(xz+v2+v3/v*)

e
=—/(1—¢*%) for v*— 0,
Ga

(39a)

It is to be noted that the shielding effect of the plasma
cloud is indicated by the exponential function. The
equilibrium potential is isotropic, as expected.

B. Nonequilibrium Potential Field about
a Moving Particle

In A we have found that the equilibrium potential is
isotropic about the test particle . If the particle a
moves with a velocity par/m, in the k direction, it is
expected that an excess of particles of charge equal to
e, will accumulate ahead of the moving particle ¢ and,
conversely, that an excess of particles of charge opposite
to e, will accumulate behind it. Under such circum-
stances, polarization occurs, and the potential field be-
comes asymmetrical. In the present section we shall
investigate the asymmetrical distribution of the non-
equilibrium potential field about a moving particle of
low energy. .

If the Coulomb expression for ¥ is used and the
values for D,, P;, and P, are substituted from Egs.
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(C1), Eq. (38b) reduces to

Y1=—3ieln ¥ K2 (3)J, (39b)

where

J= f dv exp(iv- Qo) v A porvi/ pav. (40)

After some simplifying transformations which we
refer to Appendix D, we reduce Eq. (40) to

. Pa*Qa
J=1ir (2k%ga) 7,
PaQa

which, substituted into Eq. (39b), yields

7 e K*(3) Pa* Qa
1= - a-

4 Ga K? PaQa

Note that the usual Coulomb factor e.?/¢, occurs in
both potentials (39a) and (41). However, the non-
equilibrium potential has a directional dependence,
which results in an ellipsoidal anisotropy. The shielding
effect of the plasma cloud depends on the mass ratio in
the nonequilibrium potential, in contradistinction to the
case of equilibrium potential.

X. DIFFUSION

The coefficient of diffusion in momentum space is
given by the second of Egs. (32), which after slight
transformation may be rewritten in the following form:

(41)

e

Bkh():Epafa_l Zb: K*(3) i,
Y

ViVh
Ikh=fdv —U,
V5A0

(42)

where

— (x/2)} f dy —V-:Zf exp(—¢2cos’d),  (43a)

VA()

where K32 is the shielding wave number defined by
Eqgs. (36Db).

After integration with the use of polar coordinates,
Eq. (43a) is transformed into:

="~ )=t ert)
h=——L — (3a K h_5kh — f_ €r g'
k 7 k01 2w i
+ (5kh—a1ka1h)§—1 erfg‘], (43b)
where «; is a unit vector along the direction of pa.
On substituting Eq. (43b) into Eq. (42), we obtain

Bkho = i‘ea‘szu a_2

. d
X 3 Ky'*(0) _%(30!11&1111—5“);%({‘1 erff)
b

+(51h"‘l¥1k011h) erf;‘}. (443,)
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The asymptotic values are

1
e’ Lpafa K" (3)

™

Bkh0=

K@)
K2()

X [5“*‘ Goneint36em)¢ a2 }

for small {,, (44b)

Byd= %ea2LPa§‘a_2K/2 (0)

1 K%(—1)
X [ (5kh“‘alk0!1h)+— ——~(3a1kaxh‘5kh)§'a_2]
2 K"(0)

for large ¢, (44c)

15=Pak/Pa, 1= Par/Pa-

One may verify that the above values (44b) and (44c)
of By, together with the values of 4, found in Egs.
(37a) and (37b), satisfy the relation (34b). For that
purpose, the derivatives of By’ may be calculated from
Eqgs. (44b) and (44c) as follows:

9B’/ dpan=— (2/3\/m)es*(par/ pa) LK (3)¢ o

for small ¢,

9B11’/0par= —%e€s2 (Par/ pa) LK"*(0){ a2
for large {..

with

(45)

The following simplifications are used in the derivation
of Egs. (45)
O (pata2kn)/par=—Ca 2Par/ Pas
d(amainpala)/0pan={a2Par/ Pas
4] (alkalhg‘a2)/apah = 4§'a2ﬁak/ﬁa2;
4 (6kh§-02)/8pah= 2§a2]>ak/Pa.2-
By comparing Eqgs. (37a), (37b), and (45), we obtain
the following relation
, K2(r—1) B
K 2 (1’) apah ’

r=3 for small ¢,
=0 for large ¢,.

This result was predicted in Eq. (34b).

Formulas (44) indicate that the diffusion coefficient
of ions is nearly independent of temperature at low tem-
perature and varies as T,~% at high temperature.

XI. DISCUSSIONS

The development given in Sec. II-IV leading to the
kinetic equation (25) may be adapted to the case of a
more general interaction potential ¢;; than the Coulomb
interaction. To go to such a generalization, the follow-
ing modifications must be kept in mind:
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1. The product e.es¥ of Eq. (25) must be replaced
by the Fourier transform of ¢;; in its general form.

2. The denominator A, must be calculated anew for
the general potential of interaction. In practice, when
the potential varies more rapidly than the Coulomb
law, the convergence of the integral of the kinetic equa-
tion (25) is ensured at distant interaction, even without
interference by ternary correlation. Thus we may
approximate A, by unity.

The Fokker-Planck equation has been derived earlier
by Chandrasekhar, Spitzer, Rosenbluth, etc. The ki-
netic equation (25) in the general Fokker-Planck form
developed here has the following advantages: (a) It
considers triple correlations. (b) As a consequence, the
coefficients of friction and diffusion are convergent
without external cutoffs. (¢) The non-Markovian be-
havior is considered.
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APPENDIX A. DEGENERATION OF CORRELATIONS

Under the assumption of weak interaction (small ¢),
the correlation of any order can be degenerated into
binary correlations and singlet distributions. In order
to derive a formula of degeneration of correlations, we
start from Eq. (4) which governs the correlation func-
tions, and which is rewritten in a slightly different form

as follows:
dF 8 6¢u aF 8

dit 1<i<i<s 6q1 apz

N 3¢, 541 0F 41
+ [axn £ =R A
ici<s V' dq;  9p.
d 9

p;: 9

lsiss m; 3(1@

where

dt ot
We assume that the interaction is small by writing

o= (1/Ny,

where \ is a large quantity. If Eq. (A1) were reduced
into dimensionless form, the dimensionless expression of
1/\ would be

1/A= (e/kT)(N/ V)3
But in order to avoid the reduction into dimensionless

form, we can carry out the expansion in powers of 1/A
as follows

< 1
F,=Y —F,®.

=0 \”

(A2)
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Such an expansion has been used by Bogoliubov® and
suggested by Burgers. By substituting Eq. (A2) into
Eq. (A1), and by reducing into the same order of
magnitude, we obtain

dF,(T) aw,, 9F (D
at 1<i<i<s 9q;  9p;
N 0, sp1 OF o170
f B — (A3)
1<z<s aq; aps

where 7 denotes the order of approximation.
For the zero-order approximation (r=0), Eq. (A3)
reduces into the following equation:

dF,©® /dt=0

from which we obtain the solution

Fo= I1 Fip).

1<i<s

(A4)

The time dependence is included in Fi(p;) after the
integration along the characteristics.

Further, for the first order approximation (r=1),
Eq. (A3) reduces into

dF,® i dF1(py)
dt 1<i<i<s 0q; 1<i<s  Op;
3%‘; Fi(p2)
= ¥y — —Fi(p;) II Fi(p). (AS)
ici<i<s dq;  9p, ;é §

The integral term of Eq. (A3) is not carried over into
Eq. (AS), because the integration of 9y, ¢11/0q.11 with
respect to dq.y is zero in the present case of r=1.

The expression under the summation sign of Eq.
(A3S) is exactly

dF2®(x;,X;) 3\0“ apl(pv)
— —F1(p)),
dt 6(]1 op:

(7#1) (A6)

so that Eq. (A5) can be rewritten as follows

ng(l) d
= Z ——F2<1)(xi,x]) H Fl(pl),

dit 1<i<i<s dif 1<I<s
- 1#i 77

whence, after integration, we have

F®O= % F,WO(x;x;) I Fi(py). (A7)
1<i<i<s 1<I<s
L#Zi#]

The integration constant, which would contain the
parameters py,- - -,ps, must vanish, if the following con-
dition of the weakening of correlations at large dis-
tances is to be fulfilled:

Fy®(x4,%)=0 if [qi—q;|=
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Consider now the expression

2 F:9(pyp) II Fulpy). (A8)
1<i<i<s 1<i<s
1#i#]
It can be written as
2. Fiu(p)Fi(py) H Fi(py)
1<i<i<s <i<s
l?fz#J
s(s—1)
= II Fu(p). (A9)
1SlS"
Thus we can write
F,©= JI Fi(p) (A10)
lglsa
= ¥ FO®(,p) II Fi(p)
1<i<i<s 1<I<s
= 1]
s(s—1)
-[F=-1 1 me),
2 1515_3

by adding (A8) and subtracting (A9) from the right-
hand side of (A10). Finally when Eq. (A7) is added
term by term to Eq. (A11), after multiplication of the
former equation by 1/A, we obtain

Fs— Z F2(xuxJ) H Fl(pl)
1<i<i<s 1<I<s
IZiR]
s(s—1)
—[ —1] 0 Fp). (A12)
2 1<l<s

We conclude that the correlation of any order can
be degenerated into F; and F; as a first approximation
by formula (A12). Such a degeneration of correlations
serve as a basis for solving the hierarchy of equations
of correlations in Sec. III. In fact when s=3, Eq. (A12)
degenerates into Eq. (14) of Sec. III, which is the crucial
equation for breaking the chain of correlations in the
problem.

APPENDIX B. TRANSFORMATION OF
TRANSPORT FUNCTIONS

In the following paragraphs (a), (b), and (c), we are
concerned with some details of transformation of the
three transport functions, as defined by Egs. (19a).
The results of transformation are given in Eqgs. (21).

(a) Convection Function

By means of the notations (20), the convection func-
tion may be written as follows:

Z bI= whehY.
(b) Shielding Function

The shielding function has the role of shielding the
interaction potential at large distances by the plasma
cloud.

(B1)
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The shielding function has two parts, one of which,
Zy0F /3pa, may be considered as a compensating term.
We shall assume there that the distance effect is much
more important than the effect of anisotropy. There-
fore, in such a compensating term, the dependence of
the correlation on the distribution functions can assume
the following structure:

Zye=FF ix(v), (B2)

where x(v) should not contain any additional distribu-
tion or time variation.

In the equilibrium case, Zs. is found to be isotropic,
and x (v) agrees with the Debye distribution

x(1)=Y«(»), (B3)

which is spherical and is shielded at the Debye radius.
In the nonequilibrium case, Zy, should be anisotropic,
with an ellipsoidal distribution. Thus the assumption
(B2) amounts to replace the correlation ellipsoid Zj,
by an effective correlation sphere, with a radius and a
distribution adjusted to the true correlation. It is to be
expected that such a simplification holds for distances
not too small, i.e., » not too large. Since the shielding
function is effective at large distances only, the simplifi-
cation made in Eq. (B2) is reasonable.
From Eq. (B2), there results the following relation::

Zoo(t,Po,Pey— %)= (Fo/F0)Zac(t,Pa,De,¥),

so that the shielding function defined by Eq. (19a) can
be written as follows

Zabn(tyFa,Fb;v)
_ (2m)?

el Y (v)

xf dr exp(—iv- g7) E1(1— 1,F o, Fy)
0

Zac(l=7,Pa,De,v)
deps——————-
Fa(l_ T;Pa)
(21!')3 ®
=—°Vﬂlthf dr eXp(*'LV gT)é’h(t~T)
0
Aa(t_ T;pa;v)
———, (B4)
Fll(t_ T,pa)

where A, is defined by Egs. (20).

Since the two parts of the shielding function have
certain properties of nonlinearity and of coupled sym-
metry that produce the compensating phenomena, it is
important in the following calculations either to leave
the correlation function in unknown form in each part
or to assume a known form such as Eq. (B2). It would
not be appropriate to treat them differently, by taking
one correlation as unknown and the other known. Such
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a practice would disturb the coherent balance of the
pair and introduce some unwarranted asymmetry. We
shall here retain them as unknowns in the differential
equation.

As is justifiable on the basis of Eq. (B2), we replace

Aa(t'* Ty pa,V)/Fa (t_

Aa(t,pe,v)/Fa(l,pa)
in Eq. (B4) so that the latter reduces to

Ty pa)
by

Zabu (t,F,,,Fb,v)
(2m)? Aa(t,payv)
=——in Y (»)er(t,F o, Fp,y)———. (BYS)
V a t)pa
Accordingly, Ao/F. gets separated from the time

integral.
(c) Secondary Convection

The secondary convection function Zq'™, as defined
by the third of Egs. (19a), is originated from the dis-
turbances of the binary correlation function, and there-
fore controls close encounters. It can be inferred that
the effect of close encounters will be much less than that
of the “grazing” deflections, if the density of the gas is
low. We shall assume that Z,'™ is not an im-
portant term, and shall estimate it by allowing rough
approximations.

If the assumption (B2) is used in the secondary con-
vection function, we can write in the integrand of the
third of Egs. (19a):

d d
(’_"——_-)Zab: (ghfdpb Zub/Fa= 8hHab/Fa;
apah 3th

so that the secondary convection function becomes

Zal=e e,,f f{iv exp(—iv-g7)iv,/ Y ()

d a
X ( - Zab(t“‘T,Pa:pby"_“",)
6Pah apbh

=eaebf dr exp(—iv-g7)8,(t—1)
0

H(t—7,pa,v—v')
Fa(t_ T>pa)

deu' 'Y (V')

By replacing

Hﬂb(l_ TyPa,¥— vl)/Fa(l— T7pu>
by

Hab(t,pa,\"— vl)/Fa (t—- Ty pd)

on the basis of Eq. (B2), we can write Zg'! in the
following approximate form:
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Za HI—eaebf dr exp(—iv-gr)81(t—7)
0
H b (4, pa,y—V')
dev 'wh’Y(V’)—-—~———~—
_ Fo(t,pa)
HP(tpa,v—v)
=eaebehfdv’ thIY(V/)—“——“—‘*. (B6)

a

A rough estimate of expression (B6) can be made by
using the equilibrium approximation (B3) for Hb. To
this end, we write expression (B6) as follows:

H b (1,pa,v)

III
Zab I Bl 2121 — A

Fo.Y(v)
Ha()b(t7pa;v_ vl)

(B7)
Here _

Rh=fdv' 'V (V')

a

=fdv' ' V() Vi(|v—v'])

=(27r2)—2fd,,/ o
V2 (v—v")24«%]

for the case of a Coulomb field. The integration can be
performed by taking spherical polar coordinates with v
along the polar axis. Then we can write

Ra=(2m) f o f i f do

1 (a1n coSO+asn sinf cosp+as, sind sine)
X sinf y
— 2w’ cosf+v2+«?

where a1, asn, az, are the direction cosines of »;. After
integration with respect to ¢ and with z=cosf, we find

Rh= (1:O£1h/81l')R0,
where

V100 y’
Ro——( ) f dz Zf
ZZVV'+V2+K

=(2/m)[— (*—1)i 422 sin~1(1/20)], v*=1+4«2/»?
=0 for »/k=0,
=1 for v/k=w

R, increases monotonically from 0 to unity as »/x in-
creases. As a convenient value for Ry, we may take

Re(V,/Y)q,

where the exponent s is an empirical parameter. Its
value lies between 0 and 1. The final result does not
depend appreciably on the particular choice of this

TCHEN
value, as will be shown later. It follows that
Ry= (iv1/8wv) (Y ,/ V)", (BY)
By substituting Eq. (B8) into Eq. (B7), we obtain
eqep e Hb y Y O\ 571
Zablug (M) ) (Bg)
& vY F,\Y
and
e t 4V N\
Z Nyer? fdpb Zap=— —(—)
rvV\Y
XZ Nbeb3(C/Fa)Hab- (BIO)
b

The summation term of the right-hand side of Eq.
(B10) can be approximated by

> sNveH g
SN CHIE N CH Ob(—b———«),
> oV ves?H o0

where H ,” is the equilibrium value of H,?,
Eq. (B3). We have then

2 sNse’C
2 sVes
so that Eq. (B10) simplifies into:

according to

ZNbeIﬁCHa _( ) ZNbeb H b,
b

Z Nbeb2fdpb Z gt
)

=— (V/V*) (YK/ Y)s_l Z NbebZHab, (Bll)
b
where roughly
() t=el/kT . (B12)
By comparing Egs. (B5) and (B9) it is seen that the
role of Zg"! must lie in the region of large », and is
supposed to be overtaken by Zg!! in the region of

small ». For this reason the asymptotic expressions (B9)
and (B11) for large » can be taken, they are

€46 ivheh Hab

8r »¥ F,

ZapMe (B13)

T Noes? f dpy Za 22— (v/*) T Noe2H,b, (B14)
b b

where the exponent s does not play any role, as was
mentioned earlier. Equation (B14) suggests a cutoff of
the interaction potential at the Landau distance (B12).

It is to be noted that the quantity »* defined by Eq.
(B12) gives only a very rough estimate of the cutoff
of the interaction potential at small distances. A more
detailed account of »* may be obtained from Egs.
(B10) and (B11) for the case of particles of like charge.
Here the repulsion offers an adequate mechanism of
cutoff in the interaction potential. However, difficulties
may appear when we deal with particles of opposite
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charge, because the expression (B10) can be positive,
negative or zero. For instance, if we have only two kinds
of particles, both with unit charge, one kind positive,
the other negative, with the same number density for
each of them, we find that > Ne;* vanishes. When the
positive ions have a multiple charge, while the gas as a
whole again is neutral, > Nye;? will be positive, and thus
(B10) will be positive if ¢, is positive (ions), and nega-
tive if e, is negative (that is, when the subscript a
belongs to the electrons). In the latter case, Aq of Eq.
(23c) might become zero for some large value of ». It
is thus necessary to introduce the value of »* as an
upper limit for ». Probably the Landau value £7'/¢? as
upper limit will serve equally well.

The effect of the cutoff introduced in this way can be
interpreted by observing that it amounts to a change
in the Fourier transform of the Coulomb potential func-
tion between two particles, of such nature that the po-
tential for small distances (of the order ¢?/k7") does not
go to infinity as 1/7, but is limited to a finite value. This
has the consequence that the features which might be
produced by close encounters between particles are not
described in the proper way. But close encounters be-
tween particles of opposite charge never can be de-
scribed in a proper way unless attention is given to the
possibility of a chemical combination. On the other
hand, from the general structure of the equations it can
be inferred that the effect of close encounters will be
much less than that of the “grazing” deflections when
the density of the gas is low. We shall assume therefore

" that the cutoff does not introduce a serious error.
APPENDIX C. TRANSFORMATIONS OF THE
COEFFICIENTS OF THE FOKKER-
PLANCK EQUATION

We shall transform the expressions (30) for the co-
efficients of the Fokker-Planck equation. Since even
values of 8° and 8" in » will contribute, we shall make a
careful distinction between the even and the odd parts,
and therefore introduce the following notations:

o=T4/T,,
Ca=pa(2makTo)73,
§= (T o/mal's)¥a,
cosi= parvs/ pav, 0 being the angle between pq and v,
u=V2{ cosb,
U,=(7/2)* exp(—u?/2), even in »,

(C1)

U2=exp(—u2/2)f du' exp(#'?/2), odd in »,
0 .
Pl(r) =Z Nbebz(mb)%aTUl,
b
Pz(?’) —_‘—Z 1V581,2<mb)%a'rU2,
b

Do= 87/ ma)}(VET 3)"'¢ 4 cosh.
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Then we can rewrite Egs. (31b) in the form
B (Fi) = — (vi/v*kTo)[i+u(Ur—iU,) ],

C2
B (F) = (m/v?kT3)}(U1—1iUsy). (€2)
From Egs. (C2), it then follows that
2 oNwer’8i’=— (V/2x) (v1/7*)
X{3i*+Do[P1(—3)—iP:(—3) ]}, (C3)

> sNwe?80= (kT o) [ P1(—3%)—iPs(—3) ]

Hence C(F,) written in the notation (20) can be
calculated. The result is

C(FO)/FL= (1/kTy)— (U1—iUs)
X (makTa)—l (mb/Vszb)%th)ah(l - Tu/Tb).

The last term can be neglected, if 7', and T% are not
very different. This simplification results in the approxi-
mate value C* in notation (20).

When Egs. (C3) are substituted into Egs. (30), the
coefficients in the Fokker-Planck equation can be
written as follows:

A=— (27rea)2fd\’ v Y2Qua,
(C4)

3

(2m) e (kT
Vv

Bkho =

dv(vivi/v) Y?Qp.

Here )
A:AO_I{%“@'}"Da[PI _%>—'LP2 —%)]}7

Qp=A¢ [ P1(—3)—iPs(—3)].

Separating the even and odd terms in Egs. (CS), one
can reduce Egs. (C4) to

(Cs)

AP=— (21re,,)2fdv 1. YV2DP1(—%)A¢,

3

2w
(2m) e,f(kTa)_%fdv (viva/v) V2P1(—3) A,
14

Blch0=

or, with the use of notations (C1), we can write
28a2 s ViVh
AkOZ —_"}%a_l (kTa)_fPahde _—
Vv V5,

X2 Nueempt(To/ To) U,
b

h

2e,’
Bt = (kT [T 5 N (L T
TV b .

ViV
V5 A
This result of transformations is used in Egs. (32).

APPENDIX D. ANISOTROPIC DISTRIBUTION OF
THE FRICTION POTENTIAL

The anisotropic part of the friction potential, given
by Eq. (39b), contains a geometrical factor J illustrat-
ing an ellipsoidal anisotropy. It is defined by Eq. (40),
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rewritten as follows:

J= f dv exp(iv- Qo) v *Ag  Parvi/ Pav. (D1)

In order to calculate JJ, we use spherical coordinates
with q, along the polar axis.
First we have
V- (o= vqa COSY.

Let pa, ¢, ¥’ be the coordinates of p,. Then

Pa-v=2pav(cosy cosy’-siny sine siny’ siny’
-+siny cose siny’ cos¢’).

With these coordinates, Eq. (D1) takes the form

@ T o
J=f duf dtﬁf do A singeira ost
0 0 0

X (cosy cosy’+siny sin g sinyg’ sing’
~+siny cos g sing’ cosg’),

which, after integration with respect to ¢, reduces into
© 1
J=2x cosy’ f v 2A¢ldy f dz ze7%* with z=cosy.
0 —1

Further integration with respect to z gives
© sinrg, dv
J=4x1i cosy’ f 1/“2A0—1( — cos»qa)—,
0 Vqa Vda
€0y’ = Pa* qa/ Pada.

(D2)

with

Now denote the integral in the right-hand side of

Eq. (D2) by
® sinyg, COSYq,
[ (),

vo V290.2 VYda

M:

and introduce the auxiliary integral

) 1 0 e—yqu 0 e
S= f v2AGL sinvqadvg—{ f dv + f dv
0 2kl vy Kk—v

—Vqa
K+V}

it is easy to verify the following relation:
oM 1
—=—(S—2M).
9Ga  qa

As a good approximation we can write
1
M=3S,

valid for large ¢.. Since the asymptotic value of .S is

S= ("2(]“)_17
we find
M= (2¢%q,)""

TCHEN

Hence Eq. (D2) becomes
J =1 cosy’ (2k%qa) "

Here the cosine dependence determines the ellipsoidal
anisotropy. The result (D3) is used to reduce Eq.
(39b) to Eq. (41).

APPENDIX E. GEOMETRICAL TENSOR
OF DIFFUSION I

The diffusion coefhicient By,° is a tensor characterized
by the geometrical factor I, defined by Eq. (43a).

In order to calculate Ixx, we use spherical coordinates,
with p.=e; along the polar axis, and as, a3 as other
orthogonal axes. If aix, asr, and asp are projections of
@1, @y, and a3 along the directions of par, we can write

vi= (a1 o8O+ Sinf cosp~+asy, sind sing).
Also
vi=v(a1n oS0+ az, sinf coso-+ay;, sind sing),

and
dv=1? sinfdfd pdv.
Hence

ViV

© T 2m
Iiy= (7r/2)%f duf do sinef de exp(—¢? cos).
0 0 f v3Aq

After integration with respect to ¢, and putting cosf=z,
we have

0 1
Ii= (7/2)%f dvf dz 2mv 1At
0 1

X {a1ka1h2’2+% (a2ka2h+a3ka3h) (1 - ZQ) } exp( - §'222) .

Now, since
@kl = Okhy

we can write
QorQontQ3psh = Oh — Q1K 1h,

so that

Ikhz (213))"f dV(VAo)_‘I
: 0

1
>< f d exp(— £22) (2 Gernsernn— 31) -+ 3 Gn—acrsacsn) ).
1

When we replace the integrals in z by the following
values:

f dz exp(—{%?) =+/m erf( /¢,
—1

and
1

vV d
fdz22exp(——{Ezg):**“—“—(erf?/i’):
_ 20 dg

1

and the integral with respect to » by L, according to
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Eq. (35a), we obtain finally

7{'2

1d
Ikh:\TZL — (3a1k(11h“6kh)§ ;g‘_(erfi'/f)

+ (Orn—ararn) erfe/§ .
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This result is used in Eq. (43b). As a partial check of
the correctness of this result, we may verify the follow-
ing relation:

Io=panlpn,
since I was calculated in Eq. (35b).
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Stark Effect for Cyclotron Resonance in Degenerate Bands
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A calculation of the motion is given for an electron in a simple band subjected to perpendicular magnetic
and electric fields. It is shown that the cyclotron resonance frequency is unaffected by the presence of the
electric field. For degenerate bands, however, there is a Stark shift of the cyclotron transitions between the
low-lying “quantum” states. Calculations using second-order perturbation theory indicate that fractional
line shifts of Av/vo~10%, may be obtained under reasonable experimental conditions. This effect may be
useful in the study of the valence bands of germanium and silicon.

I. INTRODUCTION

N the presence of a magnetic field 3¢ the continuum
of energy levels for a band coalesces into discrete
sub-bands, the so-called Landau levels. An electric field
applied perpendicular to 3¢ perturbs the motion of the
carriers in the crystal giving rise to “Stark” energy
shifts of these Landau levels. For simple bands, how-
ever, an appropriate translation of the coordinate axes
can transform the Schrédinger equation to a form free
of the electric field. Although this transformation dis-
places the Landau levels, it will be shown that the
selection rules allow transitions only between levels
which have undergone equal energy shifts. Conse-
quently, there is no observable effect on the cyclotron
resonance lines corresponding to these transitions.

An example where this is not the case is provided by
degenerate bands such as the valence bands in ger-
manium and silicon. In the framework of the effective-
mass formalism, Luttinger! has determined in detail the
energy level schemes for these bands in the presence of a
magnetic field. Here the situation is described by a
system of coupled Schrédinger equations. These calcula-
tions predict that the spacing of low-lying energy levels
will deviate considerably from the classical cyclotron
frequencies. These anomalous “quantum” effects have
been observed in germanium by Fletcher, Yager, and
Merritt? in cyclotron resonance and by Zwerdling, Lax,
and Roth? in the oscillatory magneto-absorption effect.

If the above system is perturbed by a uniform electric
field, the coupled Schrodinger equations no longer admit

1 J .M. Luttinger, Phys. Rev. 102, 1030 (1956).
2 Fletcher, Yager, and Merritt, Phys. Rev. 100, 747 (1955).
3 Zwerdling, Roth, and Lax, Phys. Rev. 109, 2207 (1958).

the simple transformation of the classical case; and,
consequently, the low-lying quantum levels may experi-
ence a Stark shift. That the energy differences do indeed
undergo a shift will be shown in Sec. III using second-
order perturbation theory for the approximate “iso-
tropic”’ case described by Luttinger.! In this model the
energy surfaces of the valence band are assumed spheri-
cal rather than fluted so that the energy levels are
independent of the direction of the magnetic field. For
a more realistic comparison with experiment the calcu-
lations in principle can be extended to an anisotropic
case.

Numerical results indicate that the Stark shift may be
large enough to aid in the identification and measure-
ment of many of the cyclotron transitions in germanium
involving the low-lying anomalous magnetic states.

II. SIMPLE BANDS

Let us consider first the motion of an electron or hole
in a simple band subjected to a uniform magnetic field 3¢
and a uniform electric field & perpendicular to 3¢. We
shall assume this band to have ellipsoidal energy sur-
faces similar to those for the conduction bands of silicon
and germanium but centered in the Brillouin zone at
k=0:

kx2+ky2 kz'Z
+-2),

e(k)=h2(-— 1)

2my 2ms

where k is the usual band wave number that varies over
the Brillouin zone. In (1) #; and m, are the effective
masses, respectively, along the transverse and principal
axes of the energy ellipsoids. It is not difficult to extend
the results to bands having displaced minima at k=kq.



