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TaBLE I. Imaginary part of the central optical-model potential,
Ver, in Mev (A=0.857).
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a The value of s has been extrapolated.

The integration (3) has been made numerically and
the results, expressed in terms of the mean free path X,
are shown in Fig. 2. For comparison the mean free
paths obtained (a) from an isotropic angular distribution
(with the same & dependence), and (b) from complete
neglect of the exclusion principle, are also plotted.

Finally, Table I shows the imaginary part of the
central optical-model potential, according to formula
(1), at several different energies, together with the
corresponding values for the case of no Pauli principle
effect.
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III. CONCLUSION

The large value of the nucleon-antinucleon cross
section has long been known to imply a very short mean
free path for antinucleons in nuclear matter. The
exclusion-principle effect considered here increases some-
what the mean free path, but not enough to change the
conclusion that nearly all antinucleon interactions occur
on the nuclear surface.

In the same energy range the nucleon effective mean
free path is larger than 5X 107 cm, showing a striking
difference between the nucleon-nucleus and antinucleon-
nucleus interaction.
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In this paper a particular term in the perturbation expansion for the two-particle scattering amplitude
is examined. We consider the real plane defined by the square of the total four-momentum and the square of
the momentum transfer, and show that the scattering amplitude is an analytic function of both variables
in a certain connected region in this plane. The precise boundary of the region is found. The purpose of this
work is to find some conditions that integral representations of the scattering amplitude must satisfy, with
the hope that such examples may aid the study of such integral representations in general.

We also apply our general result to some particular cases of physical interest.

N a recent note! we discussed some properties of
the vertex operator in perturbation theory, corre-

sponding to the three-vertex (triangular) Feynman
diagram. For simplicity, we restricted our discussion
to the case of six (possibly different) scalar fields, and
studied the matrix element as a function of the three
independent kinematic invariants of the problem,
which in our case were chosen to be the squares of the
three incident four-momenta. We then studied the
properties of the matrix element as a function of one
of these invariants, keeping the other two fixed at
values corresponding to physical particles satisfying a
number of ‘“stability conditions.” The function so
defined was shown to be analytic in a cut plane, and
our objective was to determine the exact position of
the first branch point on the real axis.

* Work done under the auspices of the U. S. Atomic Energy
Commission.

T National Science Foundation Postdoctoral Fellow.

1 Karplus, Sommerfield, and Wichmann, Phys. Rev. 111, 1187

(1958). This will be referred to as Paper I. References to the
literature may be found there.

In this paper we investigate in a similar fashion the
matrix element corresponding to the four-vertex square
diagram of Fig. 1, which describes a contribution in
perturbation theory to the so-called “four-point
function.” We again restrict ourselves to the case of a
number of interacting scalar fields; since the spins of
the particles in no way affect the analytic properties
of the scattering amplitude, spin may, for the purpose
of this study, be ignored.

In this problem we may distinguish six independent
kinematic invariants: the squares of the four incident
four-momenta, the square of the total incident mo-
mentum, and the square of the momentum transfer,
for example.

We keep the first four variables at fixed values
corresponding to physical particles, and subject to a
number of “stability conditions.” Our limited objective
is to show that the matrix element is an analytic
function of the two remaining variables in a certain
connected region in the plane where both are real, and
to determine the precise boundary of this region. The
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thresholds in the spectral representation of the scat-
tering amplitude may be inferred from this information.
Our hope is that a few examples will aid in the study
of general spectral representations, especially when
several stable particles occur in the theory.

Our discussion is applied to some ‘“realistic” cases
of physical interest.?

Consider the diagram in Fig. 1, where the lines
represent scalar particles. For the sake of symmetry
we take the four-momenta pis, pos, pss, and pa of the
four particles to be “ingoing,” so that the law of
momentum conservation takes the form

prot+post past pa=0. 1)

If a constant factor is ignored, the Feynman ampli-
tude for this diagram is given by the integral (real
momenta)

1 1 1 1
F=f dalf dazf dagf da4
0 0 0 0

d(1—a1—as—az—as)

D2

» (2

4 4
D=3 ami— 3 aijpif,

=1 i<j=1

©)

where we have used the abbreviations
P13= pra-tpas= — (Paatpa),
pau= pastpa=— (Pautp12),
pii=Pii-
For convenience we introduce the variables y,; by
prit=mi+ml— 2mpm Y. 4)

With these variables we have

4 4 4
D=3 almd+2 3 D awyumn. (5)

k=1 k=1 l=k+1

‘We subject the four variables associated with the
single-particle invariants to the stability conditions

y12>—1, y3>—1, yau>—1, yu>—1, (6)

which state that at each vertex the external mass is
less than the sum of the two masses to which it is
coupled. One might impose further conditions of this
nature by restricting these variables to values less than
1; this would correspond to triangular conditions,
according to which any mass is less than the sum of any
two other masses to which it is directly coupled. We
will, however, use only conditions (6), which we assume
to hold throughout the remaining part of this paper.

2 R. Oehme and J. G. Taylor [Phys. Rev. 113, 371 (1959)] have
treated a variety of general scattering processes without resort to
perturbation theory.
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Our objective now is to study the integral in Eq. (2)
as a function of the remaining two variables y13 and
y2s; to determine the connected region in the corre-
sponding real plane in which the amplitude is an
analytic function of both variables; and to describe
the boundary of this region, say,

V15> F13(Ves). (M

Since inspection of Eq. (2) shows that the function is
analytic when any one variable is complex while the
others are real, it follows from Eq. (7) that the singu-
larities of F in the complex y13 plane are then confined
to part of the real y;; axis,

Y13 F13.

A spectral representation for F that displays this
information is

1 91320 ITmPF (t-+1e€, y24)
F(y13’y24)=hng' — f '——'————‘dt.
0 o J_

(8)
0 t"“yl3

To continue the analysis, the following fractional
linear transformation is convenient:

4 4
ar= (xx/mi)/ 2 (w/mi), 20 xp=1.
1=1 k=1
It may be solved for the xy:
4
xk=akmk/ Z apmy.
=1

The region of integration remains unchanged under this
transformation, and in place of Eq. (2) we obtain

1 1 1 1
F=f dxlf dﬂ@f dxsf dx4
0 0 0 0

5(1_901—062—363—964)

» 9

m17ﬂ2m3m4D2

4 PR
D=3 22423 Y xym.

k=1 k=1 l=k+1

In Appendix A, the analogous transformations are
applied to the triangular vertex diagram considered in
Paper I, and the results are rewritten in the new
notation. This forms a useful introduction to the study
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of the four-point function, since the case of the vertex
function is much simpler.

Some properties of F may be inferred directly when
D is rewritten:

D= (x14x5—xa—x4)>+ 2001063 (y13— 1)+ 200024 (y24— 1)
4 2[wrxe (14-y10) +warcs (14 y25) + w54 (14-v30)
+x1x4(1+y14)]. (10)
The stability conditions (6) then imply that, in the

region of the x integration, the denominator D cannot
vanish if

y13>1 and  ya>1. (11a)
On the other hand, if
y13<—1 and/or y24<—1, (11b)

the denominator D vanishes at some point in the region
of integration.

Thus F(yi3,y24) is an analytic function of both
variables in the region defined by the inequalities
(11a). This plane region is included in a larger con-
nected plane region R in which F is an analytic function
of both variables. We shall find the boundary of this
region R and show that R consists of all points (y13,y24)
such that in the range of the x integration the expression
D does not vanish.

To prove this assertion let the region of integration

be T,
T: {220, x1+xot2staa=1}, (12)

and let R’ be the region in the real (y13,%24) plane in
which D cannot vanish if % is in 7. Then, if the point
(y13,924) is in R’, so is the point (y134081, y24482) for
non-negative §; and 68;. Furthermore, our previous
remarks show that R’ is included in the region y;3> —1,
924> —1. Thus, if we let y24 be fixed and such that some
point of the line y,=constant belongs to R’, then
there is a @13 such that the point (y15,y24) is in R’ if
and only if y13>%1s. Furthermore, if y15>#13, the
integrand is positive. Therefore the point (§1s,y24) is
necessarily a singularity of F as a function of y13.3 On
the other hand, F is certainly an analytic function of
913 and ¥y in R’. Hence R and R’ are identical.

The problem is thus to find the region R in which
the expression D cannot vanish if x is in 7. The region
T consists of the interior and boundary of an equilateral
tetrahedron. The x; may then be interpreted as bary-
centric coordinates. We note that at the vertices
(xx=1,%k=1,2,3, 0or4) we have D=1. Our procedure
will be as follows: We first find a region R; such that
the expression D is positive on every edge of T' if and
only if (y13,y24) is in R;. Next, we find a smaller region
R;; such that the expression D is positive on every face
of T if and only if (y13,24) is in R;;. Finally, we find the

31t may be remarked that if a function is defined by an integral
like (2), and if the variables yx; are not restricted to be real, then
the mere fact that for a certain set of yz: the denominator can
vanish in the region of integration in no way guarantees that the
function has a singularity at this point.
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region R for which D cannot vanish at all in 7. We are
thus led to consider three cases.

Case (1).—D can take on nonpositive values on some
edge of 7. On an edge two «’s are equal to zero, e.g.,
xr=2;=0. The smallest value that D assumes on such
an edge is

min[1; 3(1+yi) ]. (13)

Because of the stability conditions we need consider
only the two edges #1=x3=0 and x,=x,=0; the region
R; therefore is

Ri: {y13>'—'1,y24>—"1}. (14)

Case (i1).—We assume that (yi3,y24) is in R; and
consider the possibility that D has a nonpositive value
on the face of T defined by x3,=0. Except for the
subscripts, the function D is then the same as Dy, Eq.
(A4), which occurs in the vertex problem. The solution
from Appendix A may therefore be used. Accordingly,
we introduce six angles between 0 and , 619, 013, 014,
023, 024, 034 by the conditions

(15)

which are to be used only when they are real, i.e.,
| y1| <1. Furthermore, let

Yr1= C0S01,

Li=—1 Y25ty 20
Li=cos(0a3+031) ya3+934<0 ’ (16)
Ly=—1 Yiaty3 20
Lo=cos(014+0s)  yiatysu<0)’ an
Ly=—1 YiaFy14 20 , (18)
Ly=cos(019+611) y12+514<0
Li=—1 Yi2+y23 20
Li=cos(B14-02) y1at+y2<0)’ (19)
Lyy=max[Li,Ls],
Lyz=max[ Ly, L] (20)
We may then conclude that the region R;; is
Rii: {y15> Lus, ¥24> Laa}. (21)

The denominator D is positive on all faces of T if and
only if (y13,24) is in Rys.

Case (#i1).—Let (y13,924) be in R;;. We must now
consider the possibility that D can take nonpositive
values in the interior of the tetrahedron T, which means
that D has a nonpositive minimum there. This occurs
if and only if the following conditions are met:

(a) y12<17 y23<1) y34<17

(b) 2w <612+003+034+ 04 <21
+2 min[012,023,034,041] 5

y1a<1,
(22)
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then the region R is}

R: {y2a> v, v15> L1}
F{y15> y13°, 24> Los}

+{A(y13,y20>0}, (23)
where
1 Yiz Y13 Y
yiz 1 Y23 Y2
Y13 Va3 1 y34’
Via Yoa Y34 1

A(y13,Y24) = (24)

and where
A(L1s,y24)=0=A(y15", L2s)

define y24° and y:3° uniquely. If the conditions (22) are
not satisfied, then

(25)

R=Ri. (26)

The algebraic details are described in Appendix B.
The regions R;, Ri;, and R are illustrated in Fig. 2.

The limits used in Eq. (23) may be stated explicitly
by solving Eq. (25). They are

C05012 sin034+c05023 Sil’l014

V2" =S8p= ; , Lu=Le
Sln(914+934)
(27)
c0s014 sinfaz-+coshss sinfye
=04= - y L13=L4,
s (012+923)
and
cosf;2 sinfzq—+-cosbyy sinfaz
y13°=S1= - s Loyy=1,
Sln(023+934)
(28)
C05023 sin014+c03034 sinﬂm
=03= ; y Lea=Ls.
sin(f14+012)

The function ;3 defined in Eq. (7) may also be directly
inferred from Eq. (23) by solving Eq. (24),*

J13=Lis, 24> yad,

1
= [y12y23+y14y34—yz4(y12ys4+y14yza) (29)

1— y242

— (KiK3)Y,  924°> 924> Los.

A great simplification results when the scattering
process is the elastic scattering of equal particles with
equal internal masses. Then we have

Y12=Y23="Y34=Y14=1. (30)
The boundary of the region R for positive v is
Jus=—1 for yu>—1, »20, (31)

{ Note added in proof.—To this description of the region R there
must occasionally be added those points {y13,¥24} whose abscissas
and ordinates are greater than the abscissa and ordinate of any
point satisfying condition (23).

4 The quantities K, Ks, K3, K4 are defined by Eq. (B2) and its
appropriate permutations.
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Y24

(-1,-1)

(c)

4>0

)

F1G. 2. (a) The region R;; (b) the region R;;R;;
(c) the region R#=R;;.

while for negative y it becomes

J1a=2y*—1 for y.>1
4y? <0. (32)
= —1 for 1>y,>2y"—1
1+y24

We shall examine several scattering processes illus-
trative of the various cases (Fig. 1). If p1; and pss
(—p14 and — ps,) are the initial (final) four-momenta,
then the total four-momentum squared (W?) and the
square of the four-momentum transfer (—A?) are given

by
W= (pro+p23)’= (P1atpss)?
>max[ (M1a+Mas)?, (Mis+Mz4)?],

A2= — (p1o+ p1a)?= — (paatp34)?
>max[ — (M12—M14)?, — (M 23— M 34)%].

(33)

The inequalities define the physically accessible regions
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of W? and A2 In terms of y15 and ys4, we have

SOMMERFIELD, AND WICHMANN

m12+m32_ W2 ) )
yis=——————<min{ynye—[(1—y1) (1 =322 I, y1aysa—[1—3:2) (1—y:) ]}, (34a)
2mams
mP+md+ A
Vo= 2 >maX{y12y14+[(1—y142)(l—yuﬂ)]%, 3’233’34"‘[(1_y232)(1_3’342)]%}' (‘7.’4b)
Monly

Suppose we seek a spectral representation of the
scattering amplitude in terms of W? for a fixed physical
value of A% Then the inequality (34b) guarantees that
the threshold for yy5 is Ly;. The “normal” threshold
determined by the mass of one real intermediate state
is Lyiz=—1. Equations (17), (19) show L;3>—1 only
if a sufficient number of y1s, V23, V34, ¥14 are sufficiently
negative. To see which processes might exhibit ‘“‘ab-
normal”’ thresholds, we list in Table I the values of the
9’s (and corresponding 6’s) for ten possible interactions.
We observe that there are only six vertices which have
negative y’s, and that virtual dissociations of N and «
are not among them. Thus we conclude that a spectral
representation of F for pion-nucleon scattering as a
function of W? would have a threshold W? at

W2= (MN—I—mr)Z;

which is considered normal. We next investigate the
diagram for pion-deuteron scattering illustrated in Fig.
3(a). Then

Ly=Ly=Lyz=cos(174°+8°) = —0.999> —1,
We= (2M y)2—0.002M x?,

which is just slightly different from the normal thresh-

TasiE I. Values of y and corresponding 6 for ten possible inter-
actions. The table is read with reference to a particular trilinear
coupling, for example T A . The parameter y and angle 8 for the
process 2 — A+ which are :

cosf= y= (MA2+m1rZ—MEz)/2MAm1r,

are found in the line opposite = in the box containing =, A, =
together. There is no need to distinguish particles from anti-
particles.

y [4 y [
D —0.995 174° K 0.14 82°
N 0.999 3° K 0.14 82°
N 0.999 3° T 0.96 16°
N 0.075 86° A —0.13 97°
N 0.075 86° N 0.55 57°
T 0.989 8° K 0.90 26°
Z —0.50 120° b —0.31 108°
A 0.58 54° N 0.66 49°
T 0.994 6° K 0.92 23°
= 0.058 86.5° A —0.24 104°
= 0.058 86.5° A 0.57 55°
T 0.993 7° K 0.93 21°
= 0.052 87° = —0.07 94°
o 0.052 87° z 0.44 64°
T 0.995 6° K 0.93 22°

old. For Z-nucleon scattering [Fig. 3(b)], we have
Ly=L;=Ly3=c0s(86°+120°)= —0.899> —1,
W= (My+M4)2—0.202M y M.

If we do not confine our study to the coupling of
particles that have been observed, but also include
virtual fields with masses that are limited only by the
stability conditions, then the spectral representations
have “abnormal” thresholds in many more cases. Some
of these have been mentioned in Paper I. Since the
general derivations of dispersion relations presuppose
a ‘“normal” threshold but do not limit particles in
intermediate states to the few kinds that have been

r D z N
N K
4 9
(0) N| 3lN (b) N 3l
2 2
N K
T D z N

F16. 3. (a) Feynman diagram for pion-deuteron scattering.
(b) Feynman diagram for =-nucleon scattering.

observed, these derivations cannot be applied to some
cases of interest.

APPENDIX A

Consider the expression (4) in Paper I for the vertex
operator. The substitutions

— q2= MP2=my*+mr2— zmbmoy%;
M2 = ma2+mc2— zmamcy13y (Al)

M P2=m+ms?— 2mamyyns,
xX1= maa/ (maa_'_mbﬁ_l_mc’Y);
xa=myB/ (MmaatmB+msy),
wg=mey/ (maatmeB+mey),

(A2)

enable us to rewrite th Integral as

1 1 4
sz dxlf dxzj dx3
0 0 0

X

6(1—x1——x2—x3) ’ <A3)

(wymumotwamatetwsmams) Do

Do = x12+x22—|—x32+ 2 (x1x2ym+x1x3y13+x2x3y23) . (A4)
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The problem is then to investigate under what condi-
tions the denominator D, can vanish in the range of
integration.

We compare this problem with the problem in Case
(ii) in the text of this paper to determine the conditions
under which the expression D can take nonpositive
values on the particular face x,=0, and note that the
two problems are identical. We are thus to consider
Dy when w1, s, %3 satisfy the conditions x; 20, x220,
2320, and x14%s+x3=1. We may interpret this region,
F4, as the face of an equilateral triangle described by
the barycentric coordinates i, %3, and x3. As in Case (i)
in the text, we impose the conditions on the y; which
state that Dy cannot vanish on any edge of this triangle,
ie.,

y12>—1, y13>—1, > —1. (A5)
In the case of the vertex operator, two of these con-
ditions can always be interpreted as stability conditions
that the physical particles have to satisfy.

Since Dy is positive on the boundary of the triangle
F4, Do can vanish in the interior only if it has a non-
positive minimum there. This minimum may be deter-
mined by differentiation, and one must then find the
condition that this minimum in fact lies inside F4. We

may distinguish two cases:

y12+y13 2 0,
y12+913<0  (in this latter case y12<1, y13<1). (A6b)

(A6a)

To study the first case, we may assume 12 < ¥13. Let

A=min[1,y12]. (A7)

Then we may write

D= (xz— x3+}\x1)2+ (1 —)\2)x12—}— 2[x2x3(1+y23)

“+x1%2 (ylz—)\)“i'st (y13+>\)]- (AS)

Each term in this expression is non-negative, and hence
in this case Dy cannot vanish if y,3> —1.
In the second case we write

D= (x1+x2y1 2+x3y13)2+ [xz(l —y122)%
—x3(1 —y132)%]2+ 2x2x3{y23—y12y13
'H:(l “3’122) (1 —ylsz)]%} .

Hence D, is positive if [see Eq. (15)]

(A9)

y23> Y1215~ [ (1—9122) (1 —915%) = cos (0124-615). (A10)

The condition (A6b) takes the form 6#1,-468:;3>w. We
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also note that if ys3=cos(f12+013) and

sin(012+013)
X1=— " ; > 0,
sin612+ sm613— sin (012+013)
sin013
Xo= >0, (A11)
sin012—|- sin013— sin (012+013)
sin012
X3= )

>
sin012+sin013— Sil’l (012+913)

then Dy=0. Thus the necessary and sufficient condition
that Do be positive on the face Fs is given by the
inequality (A10). Comparing the results just obtained
with the results in the appendix of Paper I, we see that
they are identical.

A graphical solution to the problem in Paper I may
be obtained as follows: In a plane draw three vectors
m,, my, m, of lengths m,, msy, m. from a common origin
0, such that |m,—m;|=M; and |m,—m.|=M,. Then
the threshold u? of the spectral representation of F as
a function of —¢?is |my—m,|?, provided that the figure
can be drawn at all and provided that the origin O lies
inside the triangle determined by the end points of
m,, my, m.. Otherwise the threshold is (my+m.)%

APPENDIX B

In this Appendix we consider Case (iil) of the text.
We let (¥13,924). be in R;; so that D cannot vanish on
any of the faces F1, Fs, F3, F4 of the tetrahedron 7. We
seek a region R;;/ such that D vanishes at some point
in the interior of T if and only if (y13,y24) is in R;/. We
proceed by finding necessary conditions for the ex-
istence of a region R;;.

Since D is positive on the boundaries of 7, it can
vanish inside T only if it assumes a nonpositive mini-
mum inside 7. We shall show that if such is the case
D can be negative only in the two regions x>0 and
x2,<0 (k=1, 2, 3, 4) in the four-dimensional Euclidean
x space. In particular D is non-negative on the four
hyperplanes x;=0.

To prove these remarks we observe that since D is a
quadratic function of the x, it can have only one
extreme value on any hyperplane. In particular, if—
as our assumptions state—on the hyperplane x4 x,
+ax35+x4=1, D has a minimum value within 7" and is
positive on the boundaries of 7', then it must be positive
throughout the rest of this hyperplane. Now suppose
that we evaluate D at some point «’ such that x,'+x,
43’424/ =c. Then the hyperplane x;+x2+x3+24=c,
passing through «/, is parallel to the hyperplane
#1+x9+x3+24=1, on which lies the point 2° defined
by xi'=cx?. Furthermore D(x')=¢2D(x®), and since
D(x") can be negative only for 2,°>0, so then can D(x’)
be negative only in one of the regions x>0 or x;’ <0,
depending on the sign of c.

The quadratic form D may be written in diagonal
form in many ways, some of which can be obtained
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from the following by suitable interchange of indices:

23— Y12)13
Y113 |

SOMMERFIELD, AND WICHMANN

y
D= (x1+x2y12+x3y13+x4y14)2+ (1—y122) (xg-{-x,; ) N
Y12

K,
+

yz4—y12y14)2
4
1—- }’122

1— y122

where
(B2)

In order that D take a nonpositive value, at least one
of the coefficients: 1, 1—y122, Ko/ (1—9y122), A/Ky, must
be nonpositive. But we have just shown that for (y13,724)
in Ry;, D takes a nonpositive minimum inside T only if
D is positive definite for x,=0. This allows us to con-
clude that necessary conditions for D to vanish inside
T are |yi2| <1, K:>0, ALO. By considering other
ways of writing D, we find that the region R; can be
no larger than that defined by*

Ki=1—y12— 18— Y2+ 2y19Y15) 23

kal’ < 1; (Bsa')
K>0, (B3b)
A<LO. (B3c)

The inequality (B3a) permits us to introduce the
real angles 012, 023, 034, 014 defined in Eq. (15). It then
follows from the structure of the K; that there exists a
region in the (y13,24) plane in which condition (B3b)
is satisfied if and only if

010+025+0541014— 2 min[912,923,034,914] <2m. (34)

Ki>0,A<0
K 0,450

Fi1c. 4. The regions defined by Eq. (B3).

( (y34—y13y14) 1- y122) - (yza—ymyw) (y24—y12y14)
X3 T Xy

= ) +(A/KDxd, (BL)

Because each K; .depends on yi3 or on ys4 but not on
both, the region defined by (B3b) is a rectangle with
edges parallel to the coordinate axes. The curve

A=0 (BS)
lies inside this rectangle and is tangent to all four edges.
The situation is depicted in Fig. 4.

Now, it follows from the argument after Eq. (12)
that the region R;/ must have in common with Ry
those parts of its boundary that separate it from regions
of smaller y;3 and (or) ys. For this reason the lines
marked /i3 and /54 in Fig. 4 must actually be L3 and
Ly, respectively, if there is to be a region R;;/, and only
the section marked I in Fig. 4 can be a part of R;/. The
condition that lis=1Li3 and los=Lo4 is

019+093-+034+041> 2.

The inequalities (BS) and (B6) are necessary con-
ditions for the existence of a region R;. It is simple
to show that the conditions are also sufficient by
choosing some point in the region I, Fig. 4, and ex-
hibiting a negative D for some values of the x; in T

The threshold P15 of a spectral representation of F
as a function of p15® corresponding to the conditions
that allow D to vanish inside T" has a graphical con-
struction. Draw, in three dimensions, four vectors my,
my, my, my of lengths m1, ms, ms, ms from a common
origin 0. Adjust their directions so that

(B6)

lml—'mz)l =M, |m2—m3| =M,

|m3—m4|=M34, ]ml—m4I=M14, P242=[m2—‘m4|2~

Then the threshold is f1s2= |m;—m;s|2, provided that
the figure can be drawn at all and provided that the
origin O lies inside the tetrahedron determined by the
end points of m;, m,, ms, my. If this is not the case,
draw figures of the type described at the end of Ap-
pendix A with the vectors my, m,, ms and my, m;, my,
and obtain the threshold given there.



