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which may arise in connection with the isomeric shift,
but confined ourselves only to those which seemed the
most specific, especially at the present stage when no
experimental data are yet available. See however the
note added in proof. f. We hope that the present study
will encourage such experiments.

t Pote added sa proof Mea.—nwhile new progress along these
lines has been reported by the MIT group (Melissinos and
Davis, preprint). The authors succeeded in measuring the Hg"7-
Hg"' shift on the 2537 A line. The value of ~2.10 ' cm ' found
for the shift is probably mainly due to the global quadrupole and
compressional effects mentioned above. However a quantitative
interpretation of this result will be possible only after the deter-
mination of the intrinsic quadrupole moment of the 3pg state of
Hg"' (the quadrupole moment of Hg' '~ has been measured in
the work quoted above).
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Scattering of protons and neutrons by carbon at small angles is discussed. It is shown that it is not possible
to obtain a coherent understanding of the scattering at 310 Mev without including an increase of the radius
due to nuclear forces. The increase required is in rough agreement with that calculated from nucleon-nucleon
scattering.

At 135 Mev, where more complete data are available, it is shown that this increase is not sufhcient to
obtain a coherent understanding. Either approximations break down, or there is a difference in the scattering
of neutrons and protons in addition to the Coulomb forces. Further, small-angle polarization measurements
are badly needed at both energies.

INTRODUCTION

"'UCLEON —NUCLEUS scattering at high energies
has conventionally been analyzed by means of

the optical model. At first, this was considered to be
only a phenomenological fit, but later many attempts
have been made to justify the optical model theo-
retically, and to derive the parameters on the basis
of our knowledge of nucleon-nucleon forces. For
example, the treatment of Riesenfeld and Watson'
shows how the multiple-scattering theory leads directly
to the definition of an optical potential, with errors of
the order of 1/A, where A is the atomic number of the
nucleus. Unfortunately, when it comes to putting
numbers into their formulas it has been necessary to
make the approximation that nuclear forces have zero
range. This has been recognized, and it has been the
practice to allow for this in a highly qualitative way
by allowing the nuclear "radius" to be an adjustable
constant in any formula.

Our knowledge of nuclear forces has, until recently,
been rudimentary. At 313 Mev the proton-proton
scattering data are rather complete and allow a phase

' W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157
(1956).

shift analysis with only a five-fold ambiguity. There
has been less success in correlating the neutron-proton
scattering data, but enough for Bethe' to derive the
optical model parameters with little ambiguity.

There has also been great success in correlating all
the nucleon-nucleon scattering up to 313 Mev with a
many parameter potential. ' ' If this potential is
assumed, one may then discuss optical-model
parameters at other energies —for example at 135 Mev
where more complete data are available for nucleon-
nucleus scattering. This has been begun by McManus
and Thaler, ~ who have calculated directly some nucleon-
nucleus scattering cross sections and polarizations from
this potential, with fair agreement with experiment.
This paper discusses some finer details, which are
possible if we simultaneously analyze all the neutron
and proton data available at one energy.

In the literature there exist several analyses of
nucleon-nucleus scattering data that are mutually

' H. A. Bethe, Ann. Phys. N. Y. 5, 190 (1958).
3 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291, 1337

(1957).
'

4 P. S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958).
~ H. McManus and R. M. Thaler, Phys. Rev. 110, 590 (1958);

MgManus, Thaler, and Kerman, Ann. Phys. (to be published)
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contradictory. In particular, we shall discuss those
of Bethe' and of Brown' et a/'. Recently, Bethe's
analysis has been extended and improved by Cromer, '
who covers much of the material of this paper. It will
be shown that the contradiction arises from the neglect
of the nuclear-force range by both authors. It will be
clear that the analysis is not yet capable of the precision
assumed in both papers.

In the discussions that follow we shall be considering
only data taken at small angles —within the 6rst
diffraction maximum. We shall also limit ourselves to a
consideration of the scattering of nucleons by carbon,
as was considered by Brown and Bethe, but at 135
Mev as well as 310 Mev. This limitation is in order that
we may make use of the justification of the optical
model which is valid at small angles, for light nuclei,
and at high energies. We may then assume that
multiple scattering is small and is not dominant in the
scattering. The justification for the optical model in this
limit is different from that in the limit of lower energies,
heavy nuclei, and any angles where multiple scattering
plays the dominant role. For this reason, the analysis
here, and also those of Bethe and Brown, have no
direct connection with those of Fernbach' and Glass-
gold, " which depend on many more parameters. All
numbers in this paper will be in the laboratory frame of
reference; when adding together nucleon-nucleon
scattering to form nucleon-nucleus scattering, this
avoids the confusion of changing from one center-of-
mass system to another.

Application of the ideas of McManus, Thaler, and
Kerman to proton-helium scattering is considered in
another paper. "

NOTATION

For spin 0 nuclei, it can be shown" that the most
general scattering amplitude is of the form

P=g„(8)+onh„(8),

where g„and h„arecomplex. For small angles we may
write h„(8)=i8S=i8'S', where 8' is in degrees, and we
may assume that the real and imaginary parts (g„z
and g„r,S~, and Sr) all have their zero-degree values.
Thus we have four constants to be determined. In
order to use data at small but nonzero angles, it is
necessary to use a form factor. If we expand this form
factor as a function of q', the square of the momentum
transfer, then only the second term, giving the mean
square radius, (r'), is dominant at small angles.

The scattering is frequently described by a nuclear
potential of the form

c dV(r)
V(r)+e L-

r dr

The values of the potential and of the constant c may
then be derived from g and h with a knowledge of the
nuclear size. This assumes that all the form factors are
the same. Bethe' has proposed an intermediate step.
He derives for this potential the "Born amplitudes"
G and H which are the scattering amplitudes in the
Born approximation.

In part, the ideas presented in this paper overlap
those of Kohler" who discusses 150-Mev scattering.
Kohler also restricts himself to small angles and makes
appropriate approximations, but he analyses proton
data alone and neglects neutron data. Ke prefer,
moreover, the elegant computational method introduced
by Bethe, which allows us for the 6rst time to proceed
in the forward direction from the data to a theoretical
deduction, rather than in the reverse direction. In
addition, a comparison between neutron and proton
scattering is facilitated by Bethe's method, because we
can compare directly the scattering amplitudes for
neutrons and protons without going to the Born
amplitudes or to the nuclear potential, which introduce
more uncertainty. We will therefore use Bethe's
notation and make frequent references to his paper.

310—350 Mev

The following experimental data may be considered.
(i) The total cross section for fast neutrons. This has
been measured at many energies and is fairly constant
with energy; we quote, for example, 0-~——28.53~0.16
fermi' L1 fermi(f)==10 " cmj at E=350 Mev. '4 (ii)
The differential cross section for scattering by 350-Mev
neutrons between 1' and 12'.'s (iii) The differential
cross section and polarization for scattering of 313-Mev
protons between 3-,"and 12'." (iv) Some limited triple
scattering measurements of Jt'. at 313 Mev. " (v) The
electron scattering from the carbon nucleus at 187
Mev."(The electron scattering data are our best available
data on the size of the carbon nucleus which enters
critically into the discussion. J The number of interest
is the square of the form factor, F'(q). It is necessary
to know Ii' in the region 0.5 to 1.0, whereas it has been
measured in the region 0.001 to 0.5."The extrapolation
cannot be made in a model-independent way. The

' Brown, Ashmore, and Nordhagen, Proc. Phys. Soc. (London)
71, 565 (1958).' A. H. Cromer (to be published).' E.g., R. J. Glauber (to be published).' S. Fernbach, Revs. Modern Phys. 50, 414 (1959);F.Bjorklund
and S. Fernbach, University of California Radiation Laboratory
Report UCRL-5028 (unpublished)."A. E. Glassgold, Revs. Modern Phys. 30, 419 (1958).

"Cormack, Palmieri, Ramsey, and Wilson (to be published)."L.Wolfenstein, Ann. Rev. Nuclear Sci. 6, 43 (1956).

"H. S. Kohler, Nuclear Phys. 6, 161 (1958).
'4 Ashmore, Jarvis, Mather, and Sen, Proc. Phys. Soc. (London)

70, 735 (1957).
"Ashmore, Mather, and Sen, Proc. Phys. Soc. (London) 71

552 (1958).
'

'6 Chamberlain, Segre, Tripp, Wiegand, and Ypsilantis, Phys. ,
Rev. 102, 1659 (1956)."J.H. Fregeau, Phys. Rev. 104, 225 (1956). Ehrenberg, Hof-
stadter, Meyer-Berkhout, Ravenhall, and Sobottka, Phys. Rev.
115, 666 (1959).
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0-„i——4w bdb(1 —e x'") cos[kbli(b)], (4)

where E(b) is the absorption at the impact parameter
b due to the nucleons in the nucleus. The free n-p and

p-p cross sections are used corresponding to a neglect or
cancellation of the eGect of the internucleon corre-

' Brown inadvertently compares calculated c.m. cross sections
with measured lab cross sections; this makes no diRerence to the
point at issue.

best 6t for the nuclear charge density, with even some
theoretical justification, is to set p=po[1+-', (r'/a')]
Xexp( —r'/a') with a=1.635 fermi, from which we
derive the root mean square radius (r')l=2. 40 f. The
value of (r')' should determine F'(q) in the region of
small q where Ii' is close to unity. Other good fits do not
reduce (r')l more than 2%. The electron-scattering
data give a measure of the charge distribution only.
For the distribution of proton centers we have
(r')= (2.40)'—(0.8)' fermi2, where 0.8 fermi is the rms

charge distribution for the proton. Thus we find
(r')*'= 226& 0. 09 fermi, where the error comes from
taking extreme its to the carbon and proton measure-
ments. Ke also assume that the neutron distribution
in the carbon nucleus is the same as the proton distri-
bution. Bethe' has used a Gaussian fit to the electron-
scattering data with (r')'*=2.40 fermi. On the other
hand, if we calculate the Coulomb scattering, the
charge distribution of both the incident proton and the
protons inside the nucleus must be considered to give
((y') l)e f f —2.53 fermi [= (2.402+0.80 ) l].

The first step in the analysis of Brown is to use the
optical theorem,

(3)

This determines g„rwith 1-,'% accuracy at essentially
all energies in the range (=10.1 fermi at 350 Mev).
We should perhaps point out here that this number
differs from that quoted by Brown, the difference
arising from our use of the lab system exclusively
whereas Brown uses the c.m. system for his calculated
cross sections. "We should also remember that this is

the best determined of all the numbers we shall discuss.
The measured differential scattering cross section of
350-Mev neutrons extrapolates to about 1 barn/sterad
(=100 fermi'/sterad) at 0', though with an error of

perhaps 15%.Thus g a (Bethe's notation) is small and

not significantly different from zero. That g„gis small

was also deduced by Bethe from the absence of a large
interference between the nuclear and the (predomi-
nantly real) Coulomb scattering amplitudes. This fact
may be used to simplify the subsequent analysis
appreciably. Now Brown uses the nuclear size to relate
o i.i= (4~/k)g„i with the observed neutron-neutron

( =proton-proton) and neutron-proton total cross
sections. Thus we have

lations, and the eGect of the Pauli principle. " The
absorption, however, depends upon the nuclear radius
and shape assumed. Brown, using the correct shape for
carbon, but a value for (r')l(= 2.40 f) corresponding to
the charge distribution and not the proton distribution,
finds that O-t, ~ so derived is too small; a use of the correct
(r') would accentuate the discrepancy. However,
Bethe' [in his Table IX and his Eq. (8.22)], calculates
o-&, t, directly from nucleon-nucleon scattering and finds

25.9 fermi'. Herein, then, lies the 6rst disagreement.
Bethe finds that the g ~ he deduces from the proton data
does depend upon the radius; he derives 8.6 fermi at
313 Mev as compared with the value of 9.45 fermi
which may be derived from the neutron total cross
section at 313 Mev. To obtain exact agreement he
wouM need a radius further increased by 12% [his
Eq. (6.6)]. The nuclear absorption corrections cannot
be appreciably different for neutrons and protons at
this energy, so that agreement can be achieved only
with a definite radius. I.ikewise, Bethe's later comment
[his Eq. (7.6)], that the Born amplitude is insensitive

to radius, cannot be correct because he neglects the
accurate neutron data which determine g„~.

Brown assumes that his failure to predict the total
cross section from nucleon-nucleon scattering is due to
neglect of the spin dependence implicit in replacing
cos[bk6&(b)] by unity. For 8& small, it may clearly be

neglected, for cos8=1 to order 6~'. This was assumed

explicity by Bethe, and indeed by most earlier analyses.
Brown's procedure is to attribute the whole discrepancy
to the second-order eGects of the spin-orbit potential.
Brown then derives the value for the spin-orbit potential
necessary to explain the discrepancy. In terms of the
potential discussed above [Eq. (2)], Brown thus finds

the value c=0.24 fermi~.

At this stage we should go back and examine Brown's

assumption in detail by comparison with other, similar

effects, and show that these corrections, neglected by
Brown, are as important. The most definite example
of a failure of Brown's assumption is the measurement

by Cronin ef al." of the attenuation of m-mesons by
carbon and other elements. Here we expect o-„,b, „

= (6o. ~+6o „)X,where X is the readily calculable
attentuation factor; there are no experimental troubles
about distinguishing the inelastic scattering. Cronin
Ands that agreement is obtained only by taking a
larger radius for the nucleus than the electron-scattering
radius, or by taking a larger surface thickness, corre-
sponding perhaps to a range of force. It is clear that for
effects of this sort the effective radius that must be used
to calculate X is greater than that derived from electron
scattering. Klton" has discussed the data by writing
R=(r')l+y, where y is an adjustable constant found
to be 0.3 fermi. As discussed later, it appears that the
form R'=(r')+a' is to be preferred. If we derive the

' R. J. Glauber, Physica 22, 1185 (1956).
~ Cronin, Cool, and Abashian, Phys. Rev. 107, 1121 (1956)."L. R. B.Klton, Revs. Modern Phys. 30, 557 (1958).
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value of c' from fits to heavier elements in a similar way
to Elton, and as is necessary to obtain an answer, we
find u'~2 fermi', giving an increase of radius for carbon
of 0.5 fermi. We should note here that this is not a
shape-independent determination.

The measured absorption cross sections for high-
energy protons and neutrons exclude some nearly-
elastic scattering, unlike the more straightforward
x-meson data. The early analysis of Williams" did not
take this into account; he now suggests" that a correction
for the nearly-elastic scattering will bring the pion
absorption and nucleon absorption experiments into
agreement. Elton has not made the correction con-
sidered here. At lower energies, the data of Voss and
Wilson" do not experience this difhculty of excluding
the nearly-elastic scattering but also need a larger
radius as discussed further below.

In a similar way, we should expect that a larger
radius than the charge distribution must be used to
evaluate g I from cr„„ando~„to take account of the
effects of the finite range of forces. By an overrigid
use of a zero-range approximation, Brown neglected
this effect, which can—within our ignorance of exactly
what to do—be the whole of the discrepancy, though it
is also possible that some effect of the spin-orbit force
still remains. These uncertainties discouraged others-
for example, Voss and Wilson —from analyzing total
cross sections in this detail.

We can then propose the question: is there support
for a large c from other data? Bethe thinks not, and
deduces c=0.135 fermi' —about half Brown's value,
contributing only 4 of Brown's amount to the total
cross section. On the other hand, Levintov, "Heckrotte"
and Harris'7 have analyzed the polarization of protons
scattered by carbon and find c=0.28 fermi'. They all
attempted to fit the data in the region of the maximum
of the polarization at 13', and found that in order to
do so the spin-orbit scattering amplitude must be large
and complex. This angle is still su%ciently small that
the polarization is not affected by the inclusion of
small amounts of inelastically scattered protons. "
Thus, at first sight, there is an impressive majority
view to support Brown. Bethe fitted data up to 7' only;
in this region the effects of the real and imaginary
parts of the spin-orbit potential assumed by I.evintov
cancel to produce the same effect as that of a purely
real spin-orbit potential with c=0.135 fermi'. Bethe's
view of this is clearly stated: "This is obviously
nonsense and would amount to near cancellation of the

ss R. W. Williams, Phys. Rev. 98, 1387 (1955)."R. W. Williams (private communication).
'4 R. G. P. Voss and R. Wilson, Proc. Roy. Soc. (I.ondon) A236,

52 (1956).
5I. I. Levintov, Doklady Akad. Nauk U.S.S.R. 107, 240

(1956) )translation: Soviet Phys. Doklady 1, 175 (1956)j.
2' W. Heckrotte, Phys. Rev. 101, j.406 (1956)."Harris and R. Jastrow (private communication).
28 Brown's contrary statement comes from a misreading of the

data (private communication).

The Nuclear Radius

Bethe and Brown have used a nuclear radius derived
from electron-scattering data to derive the four nuclear
amplitudes. We saw that this led to disagreements. In
practice it is not possible to use any data at nonzero
angles without considering the variation of these
amplitudes with angle.

If we use the impulse approximation and neglect
multiple scattering we may sum the nucleon-nucleon
scattering amplitudes, following McManus, ' to yield
what he calls the Born amplitude

f(q) = M(q)e'&'p(r)dT, (6)

which decomposes into a product of the nucleon-
nucleon amplitude and the form factor for electron
scattering from the nucleus (assuming that the neutron
density and proton density are equal).

f(q) =~~(q)~(q) (7)

Both of these terms may be expanded in a power series
in q' where the coeKcient of q' in the expansion of F(q)
is well known as one sixth of the mean square radius.
Defining the square of the effective radius as one sixth
of the coeKcient of q' in the expansion of f, we get

( ') f =(')+ '

where a' is a constant which has different values for
each of the four scattering amplitudes.

This radius correction, it should be realized, is only
one of the many corrections to the optical model, but
it is a point of this paper to show that the effects are

~ See reference 2, p. 222.

two terms over most of the measured range. ""Be this
as it may, Bethe's value of c is in agreement with that
derived from nucleon-nucleon scattering and the larger
value is not.

Bethe discussed two ways which exist of deciding the
question of the value of c with small-angle data alone.
Firstly, a measurement of R by triple scattering yields"

1—&=2I &I'/(Igl'+ I@I'),

which is twice the contribution of the spin-dependent
scattering to the total scattering, with no cancellation
involved. At 313 Mev and 10', (1—R) =0.25 with,
however, a fairly large error. Since ~h~'/~g~' varies as
()', at 7' the spin-dependent scattering is only 6/o of the
total, in agreement with Bethe and in disagreement
with Brown by a factor of 4. Precise measurements of
polarization in the Coulomb interference region could
also settle the question; for in this region Sg interferes
with the predominant real part of the Coulomb po-
tential. No good data exist here, however.

The error in I evintov's treatment presumably lies
in considering 15' as if it were a small angle.
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large, perhaps larger than any other correction, and
that to obtain agreement they must be considered.

Of course, this has long been realized qualitatively,
and the difference has been ascribed to the range of
nuclear forces, which is another way of stating the
same physical fact." For if nuclear forces had a zero
range, nucleon-nucleon scattering would have a cross
section constant with angle. One feature of the results
of McManus et a/. had already been noted qualitatively:
that the radius for the real part of the potential should
be larger than the radius for the imaginary part. This
had been suggested on both general theoretical grounds"
and experimental grounds. "

It is at least qualitatively reasonable that this larger
radius be used to calculate absorption effects even
though absorption eRects are a manifestation of the
(neglected) multiple scattering. A nuclear scattering
amplitude smaller at wide angles than assumed corre-
sponds to less multiple scattering and less absorption,
which is at least in the same direction as the eRect of
taking a larger radius. It is even more reasonable that
the larger radius be used for studying the form factor
derived from small-angle nucleon scattering. Wilson"
has shown that the eRects of multiple scattering and
nuclear opacity do not much inAuence the form factor
appropriate for small-angle nucleon scattering, which
remains even at 135 Mev only 2% different from that
derived in Born approximation. This is confirmed by
Riese" and by Brown, from which we see that the
mean square radius can be well determined from
neutron scattering at small angles. Even going to the
extreme of a black disk changes the derived radius by
only 12%. This extreme is, however, incorrect.

In spite of the residual approximations, it is clear
that it is a legitimate and necessary experimental study
to determine E,f f to compare with theory. The correct
theoretical radius is closer to that of McManus than to
that of the zero-range approximation.

Since at 310Mev the scattering amplitude is primarily
imaginary, we may take the value of u' for the imaginary
amplitude with perhaps a 10% admixture of the value
for a real amplitude. ~ This yields E.= 2.7 fermi. We can
invert Bethe's argument t his Eq. (6.6)$ and find the
value of E,f f necessary to give agreement between the
values of'g„~ deduced from neutron and from proton
scattering; we 6nd 8=2.79 fermi. That we use the
larger value for the Coulomb scattering matters little;
where the form factor makes an appreciable diRerence,
the Coulomb scattering is small.

Let us turn to the 350-Mev neutron scattering,
hardly used so far in our discussion. The ratio I(0)/I(0)
has been measured by Ashmore"; we obtain the form

factor directly and can determine E. We Gnd E,ff
3' S. D. Drell, Phys. Rev. 100, 97 (1955)."R. J. Glauber (private communication).
~ Richard Wilson, Phil Mag. 47, 1013 (1956).
~ J. Riese, thesis, Massachusetts Institute of Technology,

1958 (unpublished).

=2.5~0.2 fermi, in agreement, so far as it goes, with
the value suggested above, though from this alone we
could not rule out Brown's procedure of putting a'=0.
This Qt is a little diRerent from that of Ashmore, '~ who
used an opaque nucleus model.

In conclusion then, at 310 Mev we can determine g I
and g„g if the Coulomb interference disagreement is
resolved by precise computation. The spin-dependent
amplitudes Sg and SI are not independently deter-
mined; for if S~ is assumed large, this determination
also aRects everything else. E,« is determined mainly
by indirect evidence and is dominated only by g„l.
E f f is larger than the charge radius, in agreement with
theory. The parameters g„&and g„&can be easily made
to agree with nucleon-nucleon parameters, as Bethe did.
The 6ts of Brown et al. ' are probably wrong. The moral
of the story is unfortunately clear: the terms—
principally the nuclear radius correction —that are
normally neglected in the derivation of the optical
model are very important if better than 30% agreement
is to be obtained.

135-Mev Data

At 135 Mev the analysis becomes more difficult in
some ways and easier in others. The WEB approxi-
mation, used to make analyses analytically tractable,
is not so good as at 310 Mev; this is particularly
unfortunate, for the Coulomb interference dominates
the proton scattering so that exact calculations of the
Coulomb eRects are vital. However, better data are avail-
able: (i) Neutron total cross section may be taken as
36~1 fermi2, where a large part of the uncertaintycomes
from the uncertainty in the measurement of the energy. '4

This yields g„z=7.64+0.22 fermi. (ii) Neutron di6'er-

ential cross sections are available, 's yielding g„zs+g„rs
=118~8 fermi', whence g„R=7.7~0.6 fermi. These
data are accurate enough, also, to give a value for
R f f —3.0a0.1 fermi. (iii) Proton scattering and
polarization data are available at 135 Mev" and 155
Mev. ' (iv) The neutron absorption cross section' is
22~1 fermi' which is less dependent on special assump-
tions than are similar data at higher energies. (v)
Neutron diRerential cross sections and polarizations are
available at 155 Mev" in good agreement with the
135-Mev data.

We again start with the neutron data. These already
define g ~, g ~, A', ff., and an average of Sg, and Sg
which we may call, following Bethe, S,«. We note that
the cross sections are three times the proton cross
sections at angles of 5' to 7' so that the Coulomb
interference certainly has a dominant role.

~ A. E. Taylor and E. Wood, Phil. Mag. 44, 95 (1953).
35 Van Zyl, Uoss, and Wilson, Phil. Mag. 47, 1003 (1956).
36 J. Dickson and D. C. Salter (private communication).
'7 Alphonce, Johansson, and Tibell, Nuclear Phys. 4, 672 (1957)."R.G. P. Voss and Richard Wilson, Proc. Roy. Soc. (London)

A236, 46 (1958).
~ R. S. Harding, Phys. Rev. 111,1164 (1958).
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When g& and gl are approximately equal it is dificult
to follow Bethe's treatment to obtain gg and g~ without
assumptions about E,gf. Ke have made many such
calculations and find that the value for g~ becomes
much smaller than the neutron value. This has been
found by other authors. "The problem is to bridge the
factor of 3 between the neutron and proton cross
sections. That this is a problem, we demonstrate
explicitly by stretching the experimental data to the
limits of their errors. Thus, the proton data will be
normalized upwards by 20/o corresponding to an error

. in beam measurement. The value of g„qis so accurate
that it can be regarded as constant, but g„gwill be
reduced by twice its error. We will make the same
assumption that Bethe did: that c is small and the
spin-dependent amplitudes are correspondingly so;
any other assumption intensihes the discrepancy. The
form factor will be taken from a smoothed curve fitting
the neutron scattering. This is equivalent to a value
of E f f—3.0 fermi. " The use of the experimental
neutron form factor directly avoids, somewhat, the
error of treating the form factor as separable, as is
strictly true only in Born approximations.

Table I shows the calculation from the proton
scattering, following Table VI of Bethe. In distinction
to Bethe's analysis, however, we try to fit g I and g„&
with values "reasonable" from neutron data. In Table I,
angles up to 15' are included, though only angles up to
10' are taken seriously. Line 12 is a residual which
should be constant and equal to g &'. A fit to g„&=6.5
is not unreasonable, though too small to be a really
good fit to the neutron data. If the radius is taken to be
larger, residuals in line 12 will increase at large angles
and g„~' is seen to be larger, as desired. The value
obtained from small angles could also be increased by
the consequent larger interference. It follows, then,
that the radius must be at least as large as assumed.

In 6tting the polarization data, we have assumed that
the spin-dependent amplitude h is almost a pure
imaginary (arising from a purely real potential at
313 Mev), giving Sr——0. While there are no triple
scattering data to decide the question, the small-angle
data are seen in Table I to be consistent with this. The
data from protons on oxygen" are similar.

The data from protons on helium" are confusing. The
polarization at 2 is negative, suggesting an imaginary
spin-orbit term, but the data at 3' to 4' do not agree
with a large imaginary term; possibly the discrepancy is
experimental. The data of Feld and Maglic" apply, at
the moment, only to heavy elements.

Inclusion of a large S~ would also necessitate a larger
contribution to

~

h~' (line 5), rendering the discrepancy
in g g worse.

Ke have not yet discussed the neutron absorption
cross-section data. In contradistinction to the small-

angle scattering, this is dependent upon more details

~ B.T. I"eM and B.C. Magli6, Phys. Rev. Letters 1, 375 (1958).
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of the nuclear size than the mean square radius; it also
depends on the imaginary part of the "Born amplitude, "
which is not well determined. There is, however, slight
evidence'4 that the radius is less than that given by
the scattering. It is in fact about 0.1 fermi less than
given by Voss when correction is made for refraction
of the nucleons by the attractive nuclear potential.
We quote a value of R&= 2.7a0.2 fermi from the shape
given by the charge distribution.

We may also derive the polarized cross section
directly from the neutron data of Harding, " while

making allowance for the change in energy. A direct
comparison is made in Table II between the polarized
cross section (corrected for form factor and magnetic
moment interaction) for protons (line 18, Table I) and
that derived directly from neutron data, also with a
small allowance for the magnetic moment interaction.
Since Table I lists data for 135 Mev, the values have
been multiplied by 1.2 in line 5 of Table II. These are,
within statistics, the values from the proton data of
Alphonce" at 155 Mev. We see that the neutron data
give consistently larger numbers. This is partly because
of the discrepancy in g„&already discussed, but partly
because of the polarization itself being about 10%
greater for neutrons. A part of this diBerence can be
ascribed to the measurement of the polarization of the
neutron beam used. Harding measured the asymmetry
in the two successive reactions C"(p, m) and C"(e,p),
and in spite of an energy change of 30% used the
equation e= P2. Voss and Wilson" suggest that it might
be more accurate to set P proportional to E; in which

case the neutron beam had a higher polarization than
supposed, and the polarizations of Harding should be
divided by (220/155)' or 1.2; in column 3 of Table II
this correction is made and the lower value (100 fermi'/

sterad) used for do/dQ. The agreement is more

satisfactory.
Averaging over the slight discrepancy between

neutron and proton data, we derive a reasonable set of
parameters with an estimate of the errors:

g„~——7.6~0.2 fermi;
g„~=6.5~1.0 fermi;
S~' ——0.23 a0.02 fermi/degree; 5~= 12 fermi/rad;
Sl'=0'

7

+f f ——3.0a0.1 fermi (averaged in some way over real
and imaginary parts);

a, f~'= 3.9~0.6 fermi';
E; ~~2.7~0.2 fermi;

gg"- ——2.2~1 fermi'.

this further uncertainty in mind, we derive, following
Bethe, the components for the Born amplitude
G+o"nII which we compare with the predictions of
McManus and Thaler. ' For convenience we use a
Woods-Saxon potential with the root mean square
radius 3 fermi.

ImG=
ReG=
ReH =
ImH =
jeff =

Experiment

8.6~1 fermi
13+3 fermi

—5.5 fermi%ad
19.5&4 fermi/rad
3.0+0.1 fermi

2.7~0.2 fermi

Theory

10 fermi
11 fermi

—5 fermi/rad
21 fermi/rad
3.0 (average of RRea1

and ~imag)
2.7 fermi

The existence (or otherwise) of the term ReH cannot
be derived from these data.

Conclusions from 135-Mev Data

We may ask if there is any way around the disagree-
ment between the neutron and proton data in the last
section. Ke might stretch the errors on R,f f to 3.3
fermi; this would raise the values in Table I line 4 for
the larger angles. The Coulomb interference would also
be larger, both involving a larger g„z.The discrepancy
is not yet removed. Alternatively we may say that the
constants diBer for neutron and proton bombardment,
due perhaps to the exclusion principle working di8er-
ently in the two cases. Until such efI'ects are calculated,
we can only regard such a procedure as an exercise in
phenomenology. g z as derived from the proton data
would remain essentially the same as that derived from
the neutron data, but there is a difference in g„g.We
easily derive:

g„g=7.7~0.3 fermi for neutrons,

g g=5.9+0.5 fermi for protons.

It would be wrong, however, to attach too much
detailed significance to these numbers at this stage for
the following reasons: (i) We have assumed that the
spin-orbit potential is small, which though in agreement
with Thaler's predictions may not be true. (ii) We are
not sure how to derive the Born amplitudes from g„~
and g„gonce the zero-range approximation is dropped.
(iii) The interference calculations —following Bethe—
assume that the Coulomb itself is not aGected by the
nuclear potential which becomes increasingly inaccurate
as the energy is reduced. (iv) The WEB approximation

TABLE II. Neutron polarization measurements.

The transition from the scattering amplitudes to the
Born amplitudes depends critically upon the radius

and indeed on more details than only the mean square
radius. The transition is therefore not so accurate as
the derivation of the real nuclear scattering amplitudes
and is particularly bad for the derivation of ImG. Kith

4' R. G. P. Voss and Richard Wilson, Phil. Mag. 1, 175 (1956).

8&ab
155 Mev

3I &&

50
7+0

10'
12~'

P (drJ/dQ)
(% fermi2/

sterad)

33
35
41
65
71

P(da/dQ)
(corrected)

26&8
27&6
32&6
50a8
54a8

P (do/dQ)
protons
line 18
Table I

3
15
26
38
48

P (der/dQ)
corrected

to 155
Mev

18
31
42
57



SCATTERI NG OF NUCLEONS 8 Y C 267

is not too good for it assumes, inter alia, that V/E((1,
whereas we here derive V/8=0. 1. (v) We have taken
the same form factor for real and imaginary parts of
the potential.

The value of the radius in nucleon-nucleus scattering
derived by McManus and Thaler5 is also in agreement
with proton-helium scattering at energies from 95 to
300 Mev." It is interesting to note that the radius
increase from 310 Mev to 135 Mev is quite definite;
since P(= v/c) for the incoming proton only varies from
0.69 to 0.49, the variation cannot be ascribed to the
variation in P. The only change in this energy region is

from a nuclear scattering with a primarily imaginary
amplitude at 310 Mev to one with equal real and

imaginary parts at 135 Mev. This is the explanation
given here. I'or heavy elements, however, agreement is

not so good. The data of Ashmore et al."show that at
350 Mev the radius is essentially that of the charge
distribution. This agrees with the prediction of Mc-
Manus and Thaler, for the extra term adds according to
the equation

and for large r, the addition is negligible. This is not
the case for lead at 135 Mev, "where a sizable increase
was found. It is clear that this radius increase must
have another origin; thus a transition is beginning to
another region of the optical model where the eGects of
multiple scattering play a role. The e8ects of the ex-

clusion principle and internal scattering o8 the energy
shell become important at lower energies, though they
should not be a function of A. We note, however, that
even for lead, a smaller radius is determined for the
imaginary potential (from the inelastic cross section)
than for the average of the real and imaginary (from
the forward scattering). The question of the non-

linearity of the potential with the density has been
discussed by Brueckner4' who finds the desired increase
in radius. However, this region is outside the scope of
the discussion of this paper.

~ K. A. Brueckner, Phys. Rev. 103, 1121 (1956').

Outstanding Questions

In this paper we attempted to discuss, in a very
limited region of small angles, high energies, and light
elements, how well the optical-model parameters may
be determined from the data. We ran into several
difhculties. It is necessary to add corrections to the
simple optical model for the range of nuclear forces,
and others may also be important. Some of the difficulty
may be purely computational. Although it is possible
to understand simple analytic procedures, particularly
that of Bethe, it is hoped to check and extend the
calculation by exact numerical computation. Some of
this extension has already been completed by Cromer. '

At the same time some indications are given of
desirable experiments to give a lead to the theory and
define parameters uniquely. At 135 Mev, the data are
already moderately complete, and the analysis runs
into inconsistencies. There is little evidence about the
existence of an imaginary part of the spin-orbit po-
tential. Two experiments couM throw light on this
question; accurate polarization data in the Coulomb
region of 2' to 3' lab, and one or two measurements
of the triple-scattering parameter R around 10'. Both
of these are planned in the near future.

At 310 Mev the data are not complete. In addition
to the experiments needed at 135 Mev, more accurate
small-angle neutron scattering data are needed to
confirm the eGect of the range of nuclear forces.
Neutron polarization data are also absent.

Meanwhile we can say that we can describe nucleon
scattering from carbon at small angles and high energies
by summing nucleon-nucleon scattering. The agreement
in the amplitudes is about 20%. We can neither derive
this agreement uniquely, nor can we say that the
residual 20% is a serious discrepancy.
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