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The dispersion relation analysis of Fubini, Nambu, and Wataghin for electroproduction of pions has
been applied to the experiments of Panofsky and Allton as an independent means for studying nucleon
structure. The results are in qualitative agreement with those from elastic scattering experiments. Some of
the limitations inherent in the form-factor measurements by this process are also discussed.

ANALYSIS

SERIES of experiments is being undertaken by
Panofsky and Allton! to measure cross sections
for the direct production of pions in electron-proton
collisions. Fubini, Nambu, and Wataghin? have made
a dispersion theory analysis of this process and have
shown an explicit dependence of the cross sections on
the neutron and proton form factors. If one uses the
proton form factor analysis of Hofstadter et al.,* experi-
ments of this type appear to be an alternative to
electron-deuteron® scattering as a means of investigating
neutron structure. The initial experiments of Panofsky
and Allton,! in which electrons are scattered at the
resonance energy, were designed particularly for meas-
uring the magnetic structure of the neutron. Other
experiments® at threshold are presently being designed
to measure the vector part of the charge form factors.
The calculation of the cross section by use of the
matrix element of F.N.W.2 is straightforward. In the
experiments under discussion only the final electron is
observed. Following Dalitz and Yennie,® we write the
differential scattering cross section in the form
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where M is the nucleon mass, p and p’ the initial and
final electron momenta in the laboratory system, Q the
final meson momentum in the center-of-mass frame,
W the total nucleon-pion energy in this frame, « the
fine structure constant, and K, the four-momentum
transferred to the pion-nucleon system. An average
over pion coordinates is included along with the
appropriate traces over electron and nucleon spinors.
The matrix element of the pion-nucleon current is
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expressible as
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where 8 denotes the isotopic spin state of the final
meson. The fourth components of the electron and
pion-nucleon currents in Eq. (1) may be eliminated by
use of the continuity equation. For the space parts of
(Ju), FN.W. give
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The momenta K of the virtual photon and Q of the
meson are here evaluated in the pion-nucleon center-
of-mass system. The form factors, ¢”, €5, u¥, and uf
are combinations of the proton and neutron charge and
magnetic moment distributions as given in FN.W. It
is important to note that w' and S include recoil
corrections (to order 1/M) which explicitly depend on
¢’ and ¢5. We have omitted from Eq. (3) terms for
Fq and Fy, as given by F.N.W. since explicit calcu-

. lation shows these to be small (£3%) in the present

range of interest. Also we have dropped all longitudinal
terms. As Dalitz and Yennie have pointed out, the
process of eliminating j, from Eq. (1) forces the
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longitudinal current to be divided by Ko, which may
be expressed as Ko= (W2—M?—K?)/2W. For those
points in the W-K? plane where K is zero, the longi-
tudinal current should vanish according to the continu-
ity equation. Since the present evaluation of the
dispersion relations does not satisfy this requirement,
spurious singularities result. In regions far removed
from these sigularities, the longitudinal contributions
to the cross section are negligible. We have assumed
that this feature is maintained in the questionable
regions.

Besides Eq. (3), F.N.W. give the matrix element in
a different approximation which involves principal
value integrals over pion-nucleon scattering phase
shifts. Even though this latter formula is more accurate
than Eq. (3) for large values of K% we have chosen to
evaluate only the simpler formula, since a more refined
treatment of the dispersion relations is being completed.”

The nonkinematic parameters in Eq. (3) include the
coupling constant f? the phase shift 635, and the four
well-known form factors of the nucleon as usually
denoted F1,(K?), F2p(K?), F1,(K?), and Fs,(K?). The
coupling constant and phase shift are to be selected so
as to be consistent with experimental data on pion-
nucleon scattering and photoproduction. Orear® gives

an analytic expression, for the (3,3) phase shift:
(Qs/w*) C0t533= 8.05 —3.860*, (4)
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F1c. 1. Theoretical values of the photoproduction cross section
and experimental points as a function of the center-of-mass
energy, W, of the final pion-nucleon system. W is related to the
incident photon energy in the lab system, ko, by W2=M24-2M k.
Experimental #° points are those of Koester and Mills®? and
McDonald et al.3 Experimental =+ points are those of Walker
et al Curves 1, 2, 3, and 4 assume the Orear effective-range
relation, Eq. (4), empirically, with the indicated coupling con-
stants referring to Eqs. (3). Curves 5 and 6 employ a coupling
constant f2=0.076 for Eqgs. (3) and modify the effective-range
relation accordingly, keeping the same resonance energy. Electro-
production calculations carried out in all cases correspond to the
parameters of curves 1 and 3.
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where w*=w-+Q?/2M and both Q and w* are given in
units of the pion rest mass. We take Eq. (4) as a
convenient representation of the experimental data
without regard to the coupling constant implied by the
effective range theory of Chew and Low.® Other
representations of 833 consistent with scattering experi-
ments®¥ can alter the present results. However, it is
known that photoproduction data cannot be completely
described" with a single phase shift and a reasonable
coupling constant, and it is to be expected that the
source of these discrepancies will similarly affect the
electroproduction results. There is a simple relation
between these two types of experiments which is given
by
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F1G. 2. Relative magnitudes of the dominant contributions to
the photoproduction cross section. The form factor in parentheses
in each case indicates the origin of the contribution from Eqgs. (3).
In all cases here the form factors are of course unity. Curve 1:
Magnetic dipole (u")2. Curve 2: Born approximation s wave (e")2
Curve 3: Meson current. Curve 4: Interference of s wave and
meson current terms (eV). Curve 5: Interference of magnetic
dipole and meson current terms (u"). Curve 6: #® Magnetic
dipole contribution (u”)? (predominant). Dashed lines indicate
negative contributions.

where o5 is the total photoproduction cross section at
the fixed center-of-mass energy and 6 is the electron
scattering angle. By use of Egs. (3) and (5) we plot in
Fig. 1 the photoproduction cross section for both =+
and 7° for different values of the coupling constant,
together with experimental cross sections.’>7'* One notes
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that the #° cross section is considerably more sensitive
to f? than the 7 result. Hence, the #° result can be
brought into agreement with experiment while the =+
cross section remains inconsistent for all reasonable
values of f2. With the Orear fit, we have found a
coupling constant f2~0.09 to be most appropriate.
The experiments of Panofsky and Allton! take the
residual discrepancies with the experimental data (Fig.
1) into consideration and normalize their results for
electroproduction accordingly. For ease of reference,
we have plotted in Fig. 2 the various contributions to
the photoproduction cross section. As is well known,
the magnetic dipole element completely dominates the
7° production, while for the #* it is only appreciable
near the resonance.

The remaining parameters in Eq. (3) are the form
factors which are functions of the momentum transfer

6.0

—
>
W
=
W=1200 MEV ~ §=75°
~ |2z
HE
olo
< 4.0
(q
W
— I
I
< \K
™
o 2
Z \\\
a
Slg 2.0 I~
4
—~—T
iy
L
Vol I ——
—_
b T e== =
0
o 5x10° 1x10° 1.5x10° 2.0%10°— K2 (MEV)?

F1c. 3. Relative magnitudes of the dominant contributions to
the electroproduction cross section as a function of K? near the
resonance ?W= 1200 Mev). Reasonable values of the form factors
have been selected for illustration, using exponential models
corresponding to rms radii (#2)¥=0.8X107% cm for Fy, and Fsp
and (®)=0.9X10"8 cm for Fz,. Fi, has been set identically
equal to zero. Curve 1: Total cross section. Curve 2: Magnetic
dipole (u¥)2. Curve 3: Total Born approximation (meson current,
s wave, and interference). Curve 4: Interference of magnetic
dipole and meson current terms (u¥). Dashed lines indicate
negative contributions.

K2 In order to minimize the phase-shift uncertainties
and photoproduction discrepancies, the experiments
are programed to observe the cross section for fixed
W, while varying K% So for a fixed angle 6 the cross
section may be conveniently represented as a surface
over the W-K? plane.!’

Ideally one selects regions where just certain of the
form factors dominate the cross section. Figure 2
indicates that for electroproduction near the resonance
the magnetic dipole terms are also predominant. In
fact, they become even more important as one proceeds
off the energy shell at resonance as shown in Fig. 3.

16 Wolfgang K. H. Panofsky (private communication). For
given values of W and K2, the kinematics uniquely define the
relative percent of longitudinal contribution as a function of 6.
An experiment to measure the longitudinal contribution directly
in this way is being planned.
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F16. 4. Relative magnitudes of the dominant contributions to
the electroproduction cross section as a function of K2 for W=1120
Mev using same form factors as in Fig. 3. Curve 1: Total cross
section. Curve 2: Magnetic dipole (u”)2. Curve 3: Total Born
approximation. Curve 4: Interference of s wave and scalar
magnetic dipole terms (e¢uS). Dashed lines indicate negative
contributions.

Since the proton magnetic form factor F3, is known
independently,® experiments in this region effectively
probe the neutron magnetic structure by measuring
F,,. The sensitivity of the cross section to F,, for
W =1200 Mev has been examined by the first Panofsky-
Allton! experiment.

Figure 2 suggests that e-w threshold production, on
the other hand, is dominated by the Born approxi-
mation terms which involve the vector part of the
charge form factor eV= (Fip,—F1,)e. For increasing
values of K? however, the magnetic contributions
reduce this sensitivity as shown in Fig. 4. An experiment
is presently being designed to measure e for W=1120
Mev. Since, for small values of K? F;,~O(K* this
experiment may possibly be used to probe Fy, in
regions where the elastic scattering data are not readily
obtainable. Such a result would help to fix a value for
the derivative of Fy, at K*=0 and thus yield a value
for the rms radius to compare directly to the theory.!®
For larger values of K? where Fi, is well known,
Fy, itself may be measured.

DISCUSSION AND CONCLUSIONS

With regard to the accuracy of the dispersion-relation
evaluation with respect to form factor measurements,
one can at present make only qualitative comments.
The evaluation of F.N.W. which we have selected
follows by complete analogy to the photoproduction
evaluation of Chew et al.!'" in which the amplitude is
expanded in powers of 1/M and only the first two terms
are kept. Now, for photoproduction the only expansion
parameter is w/M (w is the meson energy), and thus
the uncertainty in the cross section is ~ (w/M)? which

16 Chew, Karplus, Gasiorowicz, and Zachariasen, Phys. Rev.
110, 265 (1958).
( 175?)1’16W, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345
1957).
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is ~109%, at resonance. Electroproduction, on the other
hand, involves in addition to the final meson energy
the momentum transfer K2 allowing therefore an
additional expansion parameter which in an extreme
case may be K?/Mw. The present range of interest
includes values of W from threshold (W~1079 Mev)
to resonance (W~1230 Mev) and values of (K2)} up
to about 500 Mev/c; and thus a large value of this
expansion parameter is possible. For example, at reso-
nance, and with the above value of K2, there is a
possible uncertainty ~ (K?*/Mw)*~50%. We have,
perhaps, applied Eq. (3) beyond its range of validity;
indeed, F.N.W. have indicated that such uncertainties
are to be expected. Other uncertainties, such as neglect
of and choice of phase shifts, are not expected to be
too significant by comparison.

Finally, we might mention another possible source
of uncertainty in the matrix element. F.N.W. have
shown the existence of an ambiguous term in the
inhomogeneous part of the dispersion relations. They
were able to express this term in terms of the meson
form factor. Since no knowledge of the latter exists at
present, it was set equal to unity. It is worthwhile to
examine the source of this ambiguity and to see clearly
why it is absent in photoproduction.

The all-important inhomogeneous terms of both
photoproduction and electroproduction of pions are
given!® by the sum of diagrams (a) and (b) of Fig. 5.
These terms are of course equivalent to the perturbation
theory Born approximation (modified, of course, with
form factors at the y-ray vertices for the case of e-w
production) with the meson current diagrams com-
pletely omitted. Reference to the derivation in reference
15 shows that one still has the complete freedom to
add an arbitrary real constant (with respect to the

18 Logunov, Taukhelidze, and Solovyov, Nuclear Phys. 4, 427
(1957).
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dispersion variable) to the inhomogeneous terms. The
requirement of gauge invariance determines this con-
stant uniquely for real photons, but not for virtual ones.
For photoproduction, gauge invariance requires the
addition of the constant given by

[Q-ea(vp)+K-eb(v5)]
[Q-Ka(vs)+K?(v5)]

where Q, is the final meson momentum, and K, and e,
the photon’s momentum and polarization, and the
ratio of a(vg) to b(vp) is a completely undetermined
function of vg=Q-K/2M. Now, for real photons we
have K-e=0 and K?=0, so that the undetermined
function drops out completely, leaving precisely the
meson current diagram. On the other hand, for electro-
production, gauge invariance does not produce a
unique constant. Here, this prescription tells us to add
(6) with e replaced by eV (K?) and with a, b functions
of K? as well as vp. But now, since K270, one com-
pletely undetermined function remains. The argument
of F.N.W. shows that this function is such that the
added term represents the meson current diagram with
the meson form factor at the vertex. Setting this equal
to unity causes some theoretical uncertainty in the
measurement of the nucleon form factors. An estimate
of this uncertainty here would be premature. We do
note, however, that although this term does contribute
to the isotopic § state, from Fig. 2 it is clear that it
never dominates. Perhaps at some future time, when
coincidence experiments between the pion and electron
are feasible, one may be able to measure the meson
form factor with electroproduction experiments.

In recapitulation, we have reviewed the present
status of the analysis of electroproduction experiments
with regard to probing the neutron form factors and
the eventual possibility of probing the meson form
factor. Further work of Nambu’ is expected to clarify
many of the theoretical uncertainties mentioned. This
present work is also discussed by Panofsky® as part of
a more detailed consideration of form factor analysis
involving experimental considerations.
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