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In previous papers, corrections to the hyperfine structure (hfs) in hydrogen of relative order am/M have
been calculated by treating the proton as a point particle with an anomalous magnetic moment in addition to
its Dirac moment. In this paper the proton is treated as a particle with structure by making use of the high-
energy electron-proton-scattering data. Corrections of the previous work in which only a point particle was
considered are calculated by using the Feynman formulation of quantum electrodynamics. It is also shown
that exactly the same terms may be obtained by using the covariant Bethe-Salpeter equation.

The calculated shift of —35 parts per million (including the “recoil corrections”) is not in agreement with
the combined results of several experiments (—1.4-£18 parts per million). A possible source of this difference
is meson corrections to a two-photon form-factor which is taken here as the product of two (Hofstadter)

single-photon form-factors.

INTRODUCTION

LTHOUGH the hyperfine structure splitting of

atomic hydrogen has been measured precisely! to

one part in 107, the theoretical value is not as accurately

known. However, within the past ten years a relatively

extensive series of calculations have been performed

which correct the Fermi formula for the hyperfine
structure, hereafter called hfs:

2ma

his= Mp(oa-ob)]¢(0)]2, 1)
3mM

where a is the fine structure constant and is equal to €
in units in which % and ¢ are each equal to 1; u, is the
proton moment in nuclear magnetons, and 7 and M are
the electron and proton masses, respectively; |$(0)|? is
the magnitude of the nonrelativistic Schrédinger wave
function at the origin. The hfs is corrected by higher
order terms in « and in m/M. Most recently, Arnowitt,?
used the Schwinger-Tomonaga formulation of quantum
electrodynamics, and Newcomb and Salpeter,® hereafter
referred to as N.S., using the covariant Bethe-Salpeter
equation,* have calculated corrections up to and in-
cluding terms of order am/M (hfs). The corrections
involving powers of m/M may be considered to be recoil
corrections. These calculations, which would be exact to
the required order of magnitude, are complicated be-
cause of the anomalous moment and the finite size of the
proton. The only presently available method for in-
cluding the interaction of the proton with the electro-
magnetic field is to treat the proton as a point Dirac
particle and to introduce a Pauli interaction for the
anomalous part of the magnetic moment. All the correc-
tions for mass are produced by processes which involve
the interchange of two intermediate virtual photons

* National Science Foundation Predoctoral Fellow.

t Howard Hughes Fellow.

T A. G. Prodell and P. Kusch, Phys. Rev. 79, 1009 (1950).

2 R. Arnowitt, Phys. Rev. 92, 1002 (1953).
( 3;@7) A. Newcomb and E. E. Salpeter, Phys. Rev. 97, 1146
1955).

4+ E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951).

between the electron and the proton. The terms in-
volving two Pauli interactions are logarithmically di-
vergent ; this accounts for the appearance of the rather
arbitrary sharp cutoff, Ao in the results of N.S. and of
Arnowitt. The cutoff, of course, corresponds crudely to a
spreading of the proton of order A¢—t. We propose to
treat the cutoff empirically by using an experimental
form factor for the charge and for the magnetic moment
of the proton, obtained from the data on high-energy
electron-proton scattering.’

Unfortunately, a study of the corrections due to the
structure of the nucleon indicates that what is essential
is the amplitude for the rapid exchange between the
electron and nucleon of two photons (of high but nearly
opposite momenta). The Hofstadter results give only
the coupling for a single photon.

In the present paper we have made the crude ap-
proximation that the two-photon amplitude is given by
the product of two single photons acting alone. The
amplitude which is really needed is the forward-
scattering amplitude of virtual photons on nucleons at
high momenta; at present we are investigating other
contributions to this amplitude by dispersion-theory
techniques. Although the results of this paper are only
approximate, they do indicate explicitly how one might
find the corrections to the hfs if the exact scattering
amplitude were known.

We assume, in accord with the Hofstadter results,®
that the absorption of a virtual photon of four-mo-
mentum £k, and polarization ¢ is characterized by the
proton interaction operator

eA*

M[7¢+L(kvi—7ik)]=3F4(k2)Ai(k), (2)
(A—pyel " aM
where A=0.91M, u=u,—1=1.79, k=k,y,, A;(k) is the
term in brackets on the left-hand side of (2), k2=*ks
—k?—ks?— k3%, and the poles of F, are handled in the
usual way.

We shall compute only the difference between the

5 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956).
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NUCLEAR STRUCTURE CORRECTION

corrections to the hfs that results from using the form
factor F4(k?) times A;(k) [as in (2)] as opposed to using
A; alone with a sharp cutoff on the logarithmically
divergent terms. That is, we compute all terms AE’ of
order am/M (hfs) by using “(Fs—1)A;” as a perturba-
tion. In the second section we obtain this shift in terms
of a set of four-dimensional integrals. In the third
section, these integrals are tabulated, and in the fourth
section these same results are calculated using the
Bethe-Salpeter equation. The fifth section contains a
numerical evaluation of the results for various values of
A/M and some remarks on the validity of this method.

EXPRESSION FOR AE’

We consider the corrections arising from the processes
indicated by the three graphs of Fig. 1. The change of
energy caused by the process shown in Fig. 1(a) is given
by associating the change of amplitude of the wave
function with a series expansion of an exponential,

eibByY = (1—GAEt+ - - - ¥ 3)

in the same manner as given in Secs. 3 and 4 of
Feynman’s paper.® For the diagram in Fig. 1(a) we find”
that

d*k

iAF, = deh f mm(wm(k’%—u

X [’12 bM,u.(kk’)‘l/lz b][daNuv(kk/)“a:]y (4)
Mu,=A,K)(pot+k— M)A, (R), (5)
Nuw=Yu(pa—k—m)1y,. (6)

The terms [F4(k?)F4(k'?)—1] arise because we want
to find the difference between the result obtained with
the form factor and that obtained by N.S. (Fy=1) for a
point proton. Using (Fs—1)=k2/A? for k2<A? the
single-photon exchange, which would ordinarily give the
hfs, will now give a contribution of the order of
a?(m?/M?)(hfs) (if |%| is taken to be of the order of the
Bohr momentum). Since this is of higher order than the
corrections due to Fig. 1(a), the single-photon terms

where

(a) (b) (c)

v‘ M 2 X P,
Po | P Py K Np, b ¢

a

b a b a b a

Fic. 1. Feynman diagrams for corrections to hfs splitting.
Fermions are denoted by solid lines, bosons by wavy ones. (The
slashed symbols p and % represent p=p,v, and k=kyy,.)

6 R. P. Feynman, Phys. Rev. 76, 769 (1949).
7 We have used the notation of reference 6 throughout, except
that d*k =dkidksdksdk,.

TO hfs IN H 193
may be dropped. That these terms should not contribute
is quite reasonable since only high-momentum photons
can “see” the difference between the form factor and
one. However, such high-energy single scatterings leave
the final state approximately orthogonal to the hydro-
gen wave function. In the case of Figs. 1(a) and 1(b), if
the high-momentum photons are to contribute, they
must leave the final state in approximately the same
condition as the initial state (both particles nearly at
rest) ; that is, they must have nearly equal and opposite
momenta. It can also be shown that, to the required
order, the motion of the proton and electron may be
neglected. Thus, k' is taken as —&, p, as (m,0,0,0), and
m/M and m/| k| are neglected compared with one.

The hyperfine splitting is the difference in the ex-
pectation values of AE; in the triplet and singlet states.
Inserting the spin projection operators for 3S and 1S,

35=1(3+0. 0v),

7
1S=t(1—0, 03), M

and summing over all polarizations of the electron and
proton (three triplet states and one singlet state) we
obtain

<Mquur>SS‘ <Mm]\7yv>18= Z <%M“VN,”0'0" O'b>. (8)

spins

Since the final matrix element is to be a scalar under
rotations, we may equate the terms involving different
Cartesian components, taking

(M#vNu"Uza‘sz> = <Mquuv0’y Yoy b> = <M#VN#V‘7zaaz b)-

If we insert positive-energy projection operators and
sum over a complete set of states, the matrix element
becomes a trace and we obtain

<Mquuv>3S'"<Mquyu>1S

(1+’Y t b) .
(1+7 ta)
XTr[N ,.y—T—(iv Y y“)]
_— 87]
(B+-26) M

where

1=&*—2K>—3u (2R 0+-4K?)

— L2 26k 44K 20— 25— ek —3R4),  (10)

in which Zis a dimensionless momentum, k/M, K is the
three-dimensional part of k£, and we have replaced the
squares of Cartesian components by their averages in
solid angle, e.g., k.*=3K?._ N 5

In the approximation &,'=—£k,, m/M<K1, k2=M?
Fig. 1(b) shows a contribution equal to that in Fig.
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1(a), as is obvious upon writing out the matrix element.
The energy shift in hydrogen is then equal to that due to
Figs. 1(a) and 1(b), multiplied by |$(0)|2, the density
of the electron at the proton in the atom. The final
expression for the energy now becomes

164%* ¥
+i(AE )35.15=— f = =
M?x? R (2a+FR?)
EVALUATION OF AE’

[Fe(R)—1]. (11)

If we write
[F2(R)—1]=O0p[ B/ (F—a?)], (12)
where
Op=[~1+a%—}ator+3a’o"], (13
in which

a?=A2/ M2,
and if we write 9 as

1={[3(1+m) -3 (1+w) Jok+3 1+
— W QetR) R @)
+G-1)Ga) 2a+m}, (19)

then the integral for AE’ may be split up into four
integrals. The last term yields zero since it is odd in w,
and the first two terms may be integrated by the method
given in reference 6:

9=9/0a?,

f dE(&,1)
(2m)*(k*—a?) (B?) (k*-+23)
1 prdaf—(1—2?), +2(1+4%)]

8 Jy (1— )2 +a%x

. (15)

The third term is integrated first by taking residues in
the plane and then integrating over solid angles. The
remajning integral,

f (CR2—&)d'k

FA(B2—a?) (27)?

1 r/M o K3 SK
a [ =

a? 2

K 3K?
- ] (16)
A(K*+a)t  (K*Ha?)t

3ia? 0

is logarithmically infinite because the interaction (2) is
finite while that of N.S. (F4=1) is infinite. Thus the
difference is infinite, but this infinity will cancel against
a similar term in the work of N.S. and give a finite
answer for the over-all energy shift. Since the N.S.
term was- integrated up to Ao in (three-dimensional)
momentum space in the center-of-mass Lorentz frame,
we must also impose such a cutoff on our three-mo-
mentum vector in order to make the cancellation
unambiguous.

IDDINGS AND P. M.

PLATZMAN
AE'(3S)—AE/(18)

et 2D(1+4x)—C(1—2?)
=——0p{—38 d
p{ f (1—x)*+a*x ¥

8 17 9 Ao
+—m[—~+—m(z—)]], (17
3 16 4 A

C=3(1+u)—3(1+w)’
D=3(1+u).

The integrations with respect to # and the differentia-
tions with respect to a? are straightforward:

AE'(3S)—AE!(15)
8a2?
M2

where

=+

{ —C+4D OpI+2(D+C)

11 @
X[-—lna-l——-——[”’]
12 12

[a2 afl” a¥(a*—2)
—_ C —— ______________IIII]
6 4 12

”2 9 2A0 9
__..[— 1— In—+- lna] ]’, (18)
3 4 M 4
. 2 e ¥
I(d)=m tan [( a2 ] (19)

Primes indicate differentiations with respect to a2

COMPARISON WITH THE BETHE-
SALPETER EQUATION

As an alternative to the preceding perturbation
theory, we have considered the correction to the hfs due
to the finite size of the proton by means of the covariant
Bethe-Salpeter equation.

We follow the procedure of N.S. exactly and attempt
to make all notation used in this section agree with
theirs.

The starting point is the Bethe-Salpeter equation,
which is [after we separate out the center-of-mass
motion and adopt a coordinate system where the mo-
mentum of the center-of-mass K, is (0,0,0,E) ]

1
FipW(p0=—— f @ G (b)Y (puth), (20)
where "
F(PM) = [F‘aE—Ha(P)+P4][/‘ bE—Hb(P) - 174:1:

in which

(21)

H.(p)= (mB*+p-e?),
Hy(p)=(MB*—p-a?).

Superscripts on the Dirac matrices indicate that they
operate only on the components of ¢ corresponding to @

(22)
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or b, respectively. ¢ is a 16-component spinor whose
variable is the relative momentum of the two particles.

G'(k,) is a slightly modified, complete interaction
function representing a sum over all possible irreducible
diagrams.® A Ga’, whose effect is small, produces a
perturbation in the energy given by

- AE'= f dpd*k §(p,)Gs' (k¥ (puthy).  (23)

N.S. consider the expression

& v (k)
G (k) =4y 4b——
2m? k2

82[ 1 A4b
R

% ;? ] a4 ;b

(24)
where

I
Aib=—'Y4b(k'Yi—’Yik)
M

as the fundamental interaction between the electron and
proton. ¥(p,) is found by iteration of the Schridinger,
nonrelativistic wave functions, as explained by Salpeter.?

We modify the interaction by placing an F4 in front
of (24) and then proceed to calculate the effects of the
small perturbation, (Fs—1)G,'=G4a’(k.), on the hfs.
The first two terms of (Fy;—1)Gy'(k,) will be called C’
and Q' interactions and the last two 7/ and P’. In N.S.
D is used in place of 7. Thus P’ is

¢ Ola;“A ib(k")
Gp' (k) =[Fi—1]—2 ———. (25)
2r? 12 k

As in N.S., all corrections of the mass that arise from
single-photon exchanges contribute at high values of the
momentum of one of the wave functions in (23). Thus
all single-photon terms such as 7 must be iterated, and
give rise to the so-called uncrossed diagrams, which, of
course, correspond exactly to the uncrossed diagrams
discussed in the second section.

It is convenient to express ¥ in terms of positive and
negative energy components:

Yax (k) =AL(K)A LY (K)Y(Ry), (26)
where
ety PO
* 2E.(p)

Then it may be shown that to the required order of
accuracy (first order in «) for all values of the mo-
mentum p, up to p,=am exp(137),

‘l’(?u) = EZWiF (Pu) ]~1
% f PHGY (k) +Ga' (k) Wt (Puthy).  (27)

SE. E. Salpeter, Phys. Rev. 87, 328 (1952).
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To the same order, when (27) is used in (23), ¥ may be
taken as 4.y, that is, only ¥ or ¢ need be iterated, not
both. For every diagram considered by N.S. we must
consider three separate ones. For example, the diagram
labeled CT in N.S. means that we should iterate with
the Coulomb kernel and treat the single exchange of a
transverse photon as a perturbation. In addition to this
term, we must consider the effect of (1) iterating with
the modified Coulomb potential and treating 7" as a
perturbation (AE¢r), (2) iterating with the unmodified
Coulomb potential and treating the modified transverse
interaction as a perturbation (AE¢z/), and (3) using the
modified Coulomb and modified transverse parts
(AE¢i).
For example, we give the results for AE¢/r:

62 ai“ai"
ABgip=—— f Vi (0 Ty (p)dpdiy, (28)
272 12 k2

where
Pul =put kuI;

and to the required order

, 1 ( e
vilp ")_—Zm'F(p,/) 51}5)

d*E’
X f ST~ 10, 29)

where
b =tk

and

91 B
[F4(k2)—1]:[1+A2—] (30)

aAzIAz— R

The integral for AE¢ ¢ contributes to the required
order of magnitude only when |p'|=M and |p| and
|#”|=am (Bohr momentum). It may also be shown
that the integral has its major contributions when
p=|pl, pi/=|#'|, p’=|p"|. Similarly, it may be
shown that no corrections of the required order arise
unless the intermediate momentum k,’2 is the order of
the cutoff (as in the second section). Therefore, in all

integrals in which p,, p,/, and p,”” appear together we set
a=0=1,",
® ® (31)
kul= _PMIE — k.

With these approximations our integrals may be con-
siderably simplified. We write

e \? 143 <]
e (2 ) o
2n? 2 O0A2?
&y
Xf * u d4 -
Vi (P Pf PN )

1
) fdP Yo (pd). (32)

X2 afa®
12,
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After interposing projection operators to remove the
Dirac matrices (A *+A_2)(A24A_?)=1 and after
using the approximations (31), we may integrate over
$"" and p and obtain®

e? \? <]
aort= o0 e ) (1+a
2m? OA2

—1 a*p’ a*-a®
X (——— f ), (33)
2m (A2=pu)F 4 (pu')OELEn

where (6% a¢%p,/2/6E.E3) is the expectation value of a
product of Dirac matrices and projection operators. The
expectation value is taken between completely N.R.
spinors. After summing up the contributions from all
diagrams of a given type, that is to say, the contribution
from the four energy states of the system, the contribu-
tion from the three diagrams for the uncrossed terms,
and that for the crossed terms, we may write our results
in the notation of N.S. as

E i (hfs)
A a5=a—[-—] S Ta y

MLz, ’
where

Tap=O0pTaf,
and Op is given by (13). The values of 7,4 are tabulated
below. o
KdK

TCT' = +4a2f po ~ ~ ~
(K240 K+ (K?4-a?)¥](K24-b?)

3 Zf (a2—2)dK

(BH1)HEH-b)
dK
waf oK
(K1) +K (K%
(4—a?dK
[K+(1+K) K1)

Tor'= —ﬂ[ f
KdK
—2a? f — o -
(Re+a) [R+ (Ro+-a) o+

RiR
+2 f _ (1
R4p?

2K? )]
K+ K+ (K2H+a))]

u
+5T0T', (34)

Tep=pTer,

Ao/ M
Tor'=uTor' — 4“2[[
0

KdRK ]
[(R+a?)+R](Re+a)t]

9 For terms of the C'T” type, factors of the form (F,—1)? appear
in the integrals. These may be written as D[k2/(k2—A?)7], where D

is a differential operator, operating on A%

IDDINGS AND P.

M. PLATZMAN

RdER
TTT, = - 2f ~ —~ ~
: [(K2+a?)+K](K*-b%)

KdK
+[ =
(B+5)
f 2—-a)KdK .
[(R+1)HRIE+5) (R2+1)Y
Trp'= ZMTTTI,

2 phlM K K2
TPP,=,U'2TTT,_—_f dK[__-.,—_',.——])
a2 Jy 2 K+ (K*+a?)?

+

D=

where
a=A/M,

b=a*—%at

Now if (10) and (12) are substituted in formula (11),
it separates naturally into three types of terms corre-
sponding to a term without u in front, one with u, and
one with u?. If we now proceed to integrate out the
fourth component of the momentum for the term with-
out u, we obtain

am

AE’(M°)=[ ](hfsw, (35)

Thhp

5 6 Op f 4k (36— 2K?)

ir? J EQa+F) (B2—a?)
KUK (1 —3¢—K?
=—16 Opf —F— =
@ 18K 8(K24-p0)(K2+a2)t

R (ko' +3ad)+4p
SR (B2+-82) (R2+1)H)

(36)

and Op is the same operator which appears above. If, in
addition, we add up T'¢r and T'rr and find their related
energy, with the aid of algebra, we get the integral (36).
It is easily shown that the other terms also agree.

18
1.6
14
1.2
1.0
o8

06 —
04

02

0
o} 08 10 1.2 1.4 16 18 20

A/M

AE/AE (A=0.8)

F16. 2. Correction due to the finite size of the nucleus as a function
of the form factor parameter A.
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DISCUSSION

When the value 0.91M/ is given to A, the calculated
correction becomes {(am/mu, M) (his)[—734-(9u?/4)
XIn(2Ko/M)]}. Combining this result with the results
of N.S., we find*®

am
AE'=hfs

Thp.

or a total shift of —35 parts per million. The exact
expression for the hfs then becomes™

160 Bo\ fRe\[. mT®
o ()]
3 He o M

X[1+3e’J[1— (3—n2)a]XP, (38)
where P is equal to (1—35X107%), the correction
calculated here plus that of N.S. The precision with
which the terms of (39) are known is discussed in
reference 10. We use the values and probable errors
quoted there for ¢, R, and m/M. The term (u./uo) has
recently been recalculated”® and is (1.0011596). The
term u./u, is subject to some uncertainty because of the
polarizability of the oil used for the proton sample. We
take the value 658.2087 quoted by Koening, Prodell,
and Kusch®® and assume a rather arbitrary uncertainty
of +0.001. The results may then be written

a1=[137.0391-£0.0001 P, (39)

or

@ 1=[137.0367-£0.0001], (40)

where the quoted limits are the roots of the sums of the
squares of the uncertainties of ¢, R, m/M, and u,/u.,
and no allowance has been made for uncertainties in the
theoretical corrections. Figure 2 shows the variation in
the corrections with changes in A. Fine-structure meas-

10 The form of the “Hofstadler Form Factor’ used in this article
is open to a good deal of theoretical questioning. If one assumes
that the form factors have a mass spectral representation, that
is to say

2
f_’(m_)dm;

Fy(g)= o

Then our choice corresponds to the use of a p(m2)~8'(A2—m2). A
more natural choice for p(m2) might be p(m?)=2 a;6(A2—m?).
We have repeated our calculation choosing a simple p(#?) with
a1=—as=A"A"2/A"2—A""2, With A”?=52, A’2=2.06. The root
mean square radius in coordinate space for this distribution agrees
with the original “Hofstadler Form Factor.” The result of the
calculation is AE'=hfs am/mu,M (—74) in extremely close agree-
ment with the number quoted above.

11 Cohen, Crowe, and DuMond, The Fundamental Constants of
Physics (Interscience Publishers, Inc., New York, 1957).

2 A. Petermann, Helv. Phys. Acta 30, 407 (1957). C. M.
Sommerfield, Phys. Rev. 107, 328 (1957).

18 Koening, Prodell, and Kusch, Phys. Rev. 88, 191 (1952).
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(a) (b) (c)
Va 7 /
/ /

( v e b ——1-1
\ \ \
N N N

b a b a b a

Fi1c. 3. Single-virtual meson corrections to the two-photon
form factor.

urements give the value
o~ 1=(137.0390)4-0.0006, (41)

which can be used to give the “experimental” value
of P:
P=[1-1.4X10"]18X 107, (42)

As was pointed out in the Introduction, this disagree-
ment might be due to the virtual absorption and emis-
sion of mesons as shown in Fig. 3. The two-photon form
factor, M,,, is expected to differ from the product of
single-photon form factors assumed in (5). The single-
photon form factor, measured by high-energy electron-
proton scattering, will contain only diagrams like those
shown in Fig. 3(b). If the factor M,, were accurately
known, our result would be much more definite. The
intermediate state may be thought of as any one of a
complete set, and then the calculations in this paper
give the contribution from y*+ N — N to the forward-
scattering amplitude of one virtual photon (#,,). We
are undertaking a crude estimate of the one-meson con-
tribution; see Fig. 3(c). However, because of the
strength of the w— XV interaction, we do not expect that
M,, would accurately be given by the one- and zero-
meson terms.
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I Note added in proof —While this article was in press, it
was brought to our attention that a nonrelativistic calculation
of the nuclear structure effect has appeared [A. C. Zemach,
Phys. Rev. 104, 1721 (1956)]. Our result of approximately
—8.7am/M is somewhat smaller than the nonrelativistic correc-
tion, —1lam/M, using the equivalent nonrelativistic form fac-
tor and neglecting entirely the effect of the cutoff-dependent term.
While we agree with Zemach’s conclusion that the major contri-
bution to the hfs does indeed come from low momentum photons,
the nuclear structure corrections to the hfs come from the exchange
of two rather high momentum virtual photons, as is indicated in
our paper. The results depend, in principle, upon the specific form
of the proton interactions, especially those with the electromag-
netic and = fields, and no simple description in terms of rms radius
(obtained from electron-proton scattering data) is a priori correct.



