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It has been found by Breit and Teller that double photon emission is the principal cause of decay of
interstellar hydrogen atoms from their metastable 2s state and the mean life corresponding to this decay
was bracketed by them between upper and lower limits. In the present note an account is given of a more
accurate evaluation of the transition probability 4 ,= (8.226+0.001)Z¢ sec™, where Z is the atomic number.
Relativistic effects on the atomic wave functions have been neglected in the calculations which are therefore

accurate only for small Z.

I. INTRODUCTION

T has been found by Breit and Teller! that double
photon emission is the most probable mode of
radiative decay of the metastable 2s state of hydrogen.
They also found that the mean life 7 corresponding to
this mode of decay can be bracketed by the relation

6.5 sec1<1/7<8.7 secL. (1)

The hydrogen atom was treated by them as a Dirac
electron in the field of a point charge and in the ap-
proximation of nonrelativistic radial wave functions.
At the time, the mean life of the metastable state was
of interest primarily in connection with interstellar
hydrogen. Since then, the knowledge of the transition
probability has become of additional value, the decay
of the 2s state of ionized helium being of interest in
atomic beam measurements.? It may also be of interest
in connection with a possible test of the existence of an
electric dipole moment of the electron.® In the present
note an account is given of calculations of the prob-
ability of the double emission process which have been
performed with a higher accuracy than those of BT.

The problem has changed aspect since the time of the
first estimates through the discovery of the Lamb shift.
The 2p; state is now known to lie between the 2s and
the 1s levels. Accordingly it is necessary to consider the
way in which cascade emission 25— 2p: — 1s of two
photons can affect the probability of double photon
emission. It may be said at the outset that no appre-
ciable effect of the cascade process is found. It never-
theless appears desirable to describe the considerations
which lead to this conclusion.
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II. DOUBLE AND CASCADE EMISSION

Double photon emission takes place through the
virtual formation of atomic states #’’ together with the
formation of one of the final photons 4»’" followed by
the formation of the other final photon 4»'* accompanied
by the transition of the atom from the state #»”’ to the
final state »’. The amplitude for this process has to be
added to the amplitude for the transition from the
initial state # to the state #’’ together with the forma-
tion of the final photon %»” followed by the formation
of the final photon %»" accompanied by the transition
from #” to #’. Amplitudes for different #'’ are added
and in the nonrelativistic problem are combined linearly
with the amplitude arising from the terms in the inter-
action energy which are quadratic in the vector poten-
tial. If the level #’” has an energy intermediate between
that of # and #’ the usual calculation of double emission
does not strictly apply because the probability ampli-
tude for #»'” with photon Av/'=E(nn'") grows until a
state of equilibrium is reached between arrivals into #’
and departures through emission of a second photon
with energy hv"’=E(n’'n’). If the spontaneous emission
coefficient 4 (n#n'’) is much larger than A4 (n”#’), the
atoms pile up rapidly in #’* and leave #’’ at their leisure
for n’. A typical case of cascade emission is obtained
in this case. Similarly if there are no other ways of
leaving the state », cascade emission occurs even if
A (nn')<<4 (n'’n") but with a small number of atoms in
the state »” since they are quickly removed from #’’
on account of the relatively large A (#"'n’). In the limit
of this very large A (n"'n')/A (nn'") there is no appre-
ciable building up of the population in #’” and there is
then no distinction between the cascade and double
photon emissions.

In the case of the metastable state of hydrogen
cascade emission 25— 2p;— 1s has a negligible in-
fluence, the probability of the transition to 2p; being
very small on account of the smallness of the transition
frequency. The transition probability corresponding to
this process is

1
A(2s — 2pp=- az_': . (2
( ? 3L Ac? _I 5X10° sec )
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Here the transition frequency of the Lamb shift levels
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is denoted by w/(27), @ is the radius of the first Bohr
orbit and the other symbols have their usual meaning.
The quantity in square brackets is the transition prob-
ability in the imaginary case of a 2s — 2p transition in
a nonrelativistic problem with spinless particles and an
energy difference equal to that between 2s and 2p;. The
factor in front allows for the statistical weight of 2p;
being 3 of that of 2p; and 2p; together. Comparison of
(2) with (1) shows that cascade emission occurs with
a negligible probability of the order of 1075.

The formula for the probability of double emission
with one photon in frequency range d»’ at »' is!
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Here »” is the frequency of the second photon related
to ¥’ by
V4" =[E(m)—E')]/k, 3.1

r is the displacement vector of the electron with respect
to the proton, 1’; 1’ are respectively unit vectors in the
direction of the electric intensities of the photons %',
hv'"" and the summation is carried out over all inter-
mediate atomic states #”. For future reference it may
be noted that Eq. (3) gives the emission probability
into a frequency range of one of the photons for a pre-
assigned photon pair and that if »’ is varied through the
whole range available to it energetically the same pair
will occur twice.

The quantities in the denominators contain transition
frequencies designated in the convention

v(n''n)=[Ex")—E(n)]/h. 3.2

The average is taken over directions of polarization
vectors 1, 1”7 and directions of photon emission. If
cascade emission is possible, one of the denominators in
(3) nearly vanishes when

v'=y(nn'). 4)

Equation (3) as it stands gives an infinite value of the
integral of the transition probability over »'. This
infinity occurs because the radiation damping broaden-
ing of the intermediate state #’’ is neglected in the
derivation of (3). If the broadening is taken into
account, then the resonance peak corresponding to (4)
contributes to the probability the amount corresponding
to cascade emission after equilibrium for the cascade
process has been established.

4 Maria Gtipbert, Naturwissenschaften 17, 932 (1929); Maria
Goppert Mayer, Ann. Physik 9, 401 (1931).
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In the general case one would thus have to calculate
by means of a modified formula with imaginary parts
in the denominators of (3). In the present problem,
however, the extreme smallness of the transition prob-
ability #— #’’ shown by the comparison of (1) with
(2) makes it unnecessary to evaluate the contribution
of this region. Since for small values of either »’ or »"
the factors »’3, »'"* depress the value of 4 (+'), the con-
tributions to the total transition probability through
the frequency region of order of magnitude »(nn'’) is
negligible. The change in the value of the transition
probability produced by neglecting the Lamb shift is
therefore negligible also. The total transition prob-
ability may thus be calculated as though the 2p; and
2s levels were exactly coincident. The ratio of the Lamb
shift frequency to the 2p — 1s transition frequency is
of the order 10° and the weighting factor »"*»'’% is of the
order 1077 of its maximum value in the frequency
region within which this alteration is important. The
error committed is therefore of no practical interest.

III. CALCULATIONS FOR THE MODIFIED PROBLEM

According to the parity selection rule the only inter-
mediate states to be considered are p states.® Rela-
tivistic effects in the positions of the levels are of relative
order o? and may be neglected. Relativistic effects on
the values of dipole matrix elements are of the same
relative importance. The mean life 7 and the total
transition probability 4, are obtained from (3) by
means of

1 v(nn')
S—d,=} f AW, 5)
0

which is Eq. (6.1) of BT, the factor  arising from the
significance of (3) mentioned between Eqgs. (3.1) and
(3.2). Averaging over directions of polarization vectors
and photon directions needed for (3) has been per-
formed by BT and gave their Eq. (6.2). Direct substi-
tution in terms of the quantity C of BT, an explicit
expression for which is written out as an unnumbered
equation on p. 233 of BT, gives
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5 If the electron should have a small electric dipole moment,
the above statement will have to be modified and the double-
photon emission probability will be slightly affected.
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Here

y=""/vpn=(8ah/3e%)v', 6.1)

Ryyic— f Ri()Roy()Pdr, (i=12), (6.2)
0

where R;;(7), Ruy(7) are radial functions for states is
and mp, respectively the normalization convention
being

f R, 2(r)rdr= f R, (r)rdr, (6.3)
0 0

and the m standing for the principal quantum number.
The quantities Ci,, Ca, are radial integrals for the
continuum and are written out explicitly as Egs. (6.8),
(6.9) of BT where references to the literature of the
subject may be found. The quantity i/« is analogous
to the principal quantum number m of the virtual state
in the discrete part of the spectrum and is related to
the energy E of the state by

E=4x%(e?/2a), (6.4)

so that —1/m? corresponds to 2% In Egs. (6), (6.2),
(6.3) -the unit of length for 7 is the Bohr radius a. The
quantity y is the frequency of one of the photons
expressed in terms of the maximum value of this fre-
quency as a unit. In the present work the emitted fre-
quencies were expressed in terms of the Rydberg
frequency through the introduction of

n=17'(2ah/e). 6.5)

Substitution in (6), making use of the equations of BT
already referred to, gives

A= (2%/3)an* (T—n) | M ()+M (3—n)|% ()

where

« R “ R,(x)d
=5 2 +[ Riad
s l—n—m2 Jy 1—pta
and
R - 523 —
(m)=—1/(253%), (m=2) 7.2)
m’ (m—1)"2(m—2)m3
- , (m>2)
(m4- 1)+ (s 2)m+s
while

2\ 1!
R.(x) =x(1+x2)_2(1+4x2)"3[1—exp(———)]
x

2
Xexp{ ~—[tan~w+tan"2x] } (7.3)
®

The subscript ¢ on R,(x) stands for “continuum”,
R.(x) playing the same role for the continuum as R ()
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does for the discrete spectrum. The quantity 4 (»') as
defined by (3) is dimensionless. The conversion to
atomic units for the radial integrals took place in BT
and yielded (6). In going from (6) to (7) dy was
expressed in terms of dv’. Thus (7) gives the dimen-
sionless A4 (¥’) defined by (3). The transition prob-

“ability A4, owes its dimensions to the factor d»’ in the

integral on the right hand side of (5). Numerical
quadrature was used to evaluate the transition prob-
ability 4, making use of (5), (7), (7.1), (7.2), and (7.3).
The integrand was calculated for values of 7 at intervals
of 0.0375 throughout the range 0<% <0.75. The con-
tributions to M () from m=2 through m=7 were
obtained by direct substitution in (7.2). From m=8§ to
m= o the approximation

1 8 1 1 8
R(m) =e“’[——+~—+0 ——)]ge‘s(——a-l--—a (7.4)

md mb m7 m m

was employed. The expansion used here is readily
obtained from (7.2) by taking the natural logarithm
of m*R(m) and expanding in reciprocal powers of ,
which yields —6—8/m?>+0(1/m*) from which (7.4)
follows on expanding the exponential of the natural
logarithm. From (7.4) one obtains

i R(n)

R O n—ﬁ], (7.5)

=ml—g—n2 1—yla=m —n n=m

which was used in the evaluation of the contribution to
M () in the part of the discrete spectrum beyond m=7,
use having been made of tables of Riemann’s { function.
Comparing values obtained from (7.5) with values
calculated without approximation from (7.2), it has been
estimated that the error caused by the approximate
character of (7.5) is ~1/23 000 of the leading m=2
term.

The contribution of the continuous spectrum to M (n)
was evaluated by numerical quadrature of the integrand
in (7.1) employing (7.3). The integrand was tabulated
for this purpose at intervals of 0.05 in the range 0 <x <1
and at intervals of 0.10 in 1 <x<2. These tabulations
were carried out at intervals of 0.0375 in the range
0<9<0.75. The integral in Eq. (7.1) was then cal-
culated by Simpson’s rule in the limits x=0 to x=2.
The integrand was sufficiently small for x> 2 to justify
the omission of the integral from x=2 to x= «. Finally
the quadrature in Eq. (5) was performed numerically
with the result (8.2264-0.001) sec™.

Equation (3) contains frequencies » with total power
5 and lengths with total power 4. Since the » depend on
atomic number Z as Z? and lengths as 1/Z, the factor
representing the dependence on Z is Z'%*=Z% and the
transition probability is

1/7=A4,= (8.2260.001)Z° sec™. ®



