
PHYSICAL REVIEW VOLUME 113, NU M HER 4 FEBRUARY 15, 1959

Dependence of Geometric Magnetic Anisotropy in Thin Iron Films
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Thin iron 61ms produced by vacuum deposition are observed to display a magnetic anisotropy dependent
on the geometric location of the evaporating filament. A fiber axis structure is induced during the evapo-
ration. If the direction of incidence of the metallic Qux varies from a normal to the substrate this fiber axis
tilts in a similar direction. As soon as the 6ber axis is no longer normal to the plane of the 61m, magnetic
anisotropy is produced. The variation of the tilt of the fiber axis correlates with and can be shown to account
for the geometric dependence of the observed anisotropy. Calculations of the magnetic anisotropy expected
in a 61m with a 6ber axis structure and an anisotropic tensile stress in the plane of the 61m agree with the
experimental observations for those 6lms which show only rotational switching. Anisotropies of 3)&104
ergs/cm' have been observed in iron Alms about 350 A thick prepared without the use of applied magnetic
fields either during deposition or during a subsequent thermal anneal.

INTRODUCTION

'HIN ferromagnetic films prepared by vacuum
deposition are found to display various types of

magnetic anisotropy. ' ' The authors would like to
point out that the references listed here are merely
indicative of the work being performed and are in no
way intended to be a comprehensive listing. Most of
the work has been done in specimens evaporated in a
strong magnetic held or subsequently annealed at high
temperatures in such a field. These conditions are
known to induce uniaxial anisotropy in the films, but
the exact reason for this is not, as yet, clearly defined.

Magnetic measurements are taken dynamically in a
loop tracer or statically in a torque magnetometer.
Anisotropy has also been determined by observing
domain walls in the specimen with the familiar "Bitter
technique. "

In recent years considerable interest in thin ferro-
magnetic Alms has developed because of the advantages
of employing these films as memory storage units in
high-speed computational devices. For this application
films possessing a uniaxial anisotropy are desired.
Hence, most of these investigations have been performed
in films in which such an anisotropy has been induced.
An easy direction of magnetization is established
parallel to a magnetic field applied during the depo-
sition or during magnetic anneal of the specimens.
Observations have indicated that the strength of the
field necessary to produce such uniaxial anisotropy in
iron films is in the range of a few oersteds if not the
earth's field, itself. '

*Now at the University of Dayton, Dayton, Ohio.
' R. L. Conger, Phys. Rev. 98, 1'152 (1955).' M. S. Blois, Jr., J. Appl. Phys. 26, 975 (1955).
e K. Zaveta, Czechoslov. J. Phys. 6, 473 (1956).
4S. Chikazumi and T. Oomura, J. Phys. Soc. Japan 10, 842

(1955).
e R. L. Conger and F. C. Essig, Phys. Rev. 104, 915 (1956).
e D. O. Smith, J. Appl. Phys. 29, 264 (1958).
7 See, for example, Proceedings of the Conference on 3IIugnetism

and Magnetic Materials, Boston, October, 1956 (American Institute
of Electrical Engineers, New York, 1957};also Proceedings of the
Conference on Magnetism and Magnetic Materials, Washington,
D. C., November, 1957,J.Appl. Phys. 29, 237—548 (1958).

In the experiments to be described, the origin of
magnetic anisotropy in thin films is in itself studied
more extensively than any effects that might arise
from such an anisotropy. The films are produced under
carefully controlled conditions and the change in
anisotropy is observed as these conditions are varied.

EXPERIMENTAL PROCEDURES

The films used in this investigation were formed by
vacuum evaporation of iron from hot tungsten fila-
ments. The metal was deposited at a rate of 60 angstrom
units per second, on glass substrates held at 75'C.
Pressures during the deposition were 1.5)&10 ' mm of
Hg or less, obtained after overnight outgassing of the
complete vacuum system and using liquid nitrogen and
charcoal trapping during the evaporation. Upon re-
moval from the vacuum system the iron films displayed
a bright shiny metallic appearance and have retained
this luster for two years. This results from the oxide
layer which quickly forms on pure iron as reported by
Nelson. '

Magnetic measurements were made in a separate
60-cycle loop tracer under normal atmospheric condi-
tions. These measurements were begun as soon after
the deposition as possible and within fifteen minutes
after the sample was exposed to atmospheric pressure.
Nelson reports that an oxide layer about 15 A thick
forms rapidly under such conditions and that any
further oxidation is negligible. Measurements of the
electrical resistivity in this laboratory during the
opening of the vacuum system and weeks later agree
with Nelson's observations that most of the oxidation
occurs immediately upon exposure to atmospheric
pressure. Hence, the necessity of exposing the sample
to room conditions for the magnetic measurement
actually results in a study of iron films covered with a
thin layer of oxide. The only eGect this oxide layer has
on the magnetic properties of the underlying film is a
decrease in the film's "magnetic thickness. " If the
specimen is thin enough, a decrease in the value of the

s H. R. Nelson, J. Chem. Phys. 5, 252 (1937).
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saturation magnetization is observed' and this decrease
would then change the magnitude of the anisotropy.
The 6lms observed for this report are well within the
range of thickness to possess "bulk" magnetic proper-
ties. Therefore, this oxide layer in no way eRects the
results of this particular investigation.

Vnder these conditions of evaporation the magnetic
properties of the iron films are reproducible. The
samples show the bulk value for saturation magnet-
ization in iron of 1700 gauss. ' Bozorth reports a value
of 1714 gauss at 20'C for iron crystals. The value of
1700 gauss is well within the error of this investigation
and is therefore used for the computations. The field
necessary to saturate these specimens is about 45
oersteds. The magnitude of this field is aRected by the
conditions of preparation. Lower rates of evaporation,
higher pressures, or dirty substrates increase the value
of the field necessary for saturation signi6cantly.
Annealing of the specimens decreases the value to
20 oe or less.
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FIG. 1. Evaporation system viewed parallel to long
dimension of sample.
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EVAPORATION GEOMETRY

The methods of preparing the samples are similar to
those discussed elsewhere' " but will be repeated here
briefly.

Figure 1 is a schematic drawing of the vacuum system
showing the parts of most interest to this experiment.
The tungsten evaporating filament is located in the
bottom of the system in a five-sided copper box, 3.8 cm

by 5 cm by 5 cm, which is water-cooled during an
evaporation. Two specimens are deposited in each
evaporation, a rate strip which monitors the thickness
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F&G. 2. Evaporation geometry viewed perpendicular to
long dimension of sample.

and the sample whose thickness is controlled by a set
of mechanical shutters. Each specimen is mounted in
a furnace which allows temperature control of the
substrate. The sample furnace is a copper block 0.7 cm
by 2.3 cm by 6.4 cm through which two longitudinal
holes are bored. Stainless steel tubing is inserted in the
lower of these borings and used as support for the
block as well as a path for coolants to the sample
furnace. The other hole holds a 100-watt light bulb
6lament which serves as a source of heat to the block.
The rate furnace can only be heated. This is accom-
plished by means of a set of coiled tungsten 6laments.
There are four coils wound in series electrically such
that each pair produces magnetic 6elds in opposition.
All heater currents are supplied by ac power including
the current to the evaporation 6laments.

The glass substrates are clamped into the furnaces
by means of chamfered steel jaws which also define the
width of the deposited specimens. The rate films are
0.39 cm in width while the sample films are 0.36 cm
wide. The jaws holding the sample are a nonmagnetic
stainless steel alloy. The other parts of the sample
furnace are also nonmagnetic. This type of material is
employed to minimize the eRects of magnetic 6elds in
the vicinity of the sample 6lms. The substrates are
backed into the furnaces with lead fuse wires to insure
a good thermal path. With this clamping arrangement
the temperature rise of a film and substrate during
exposure to the hot filament has been shown to be less
than one degree Centigrade using an annealed film as
a resistance thermometer.

Both the rate and the sample furnace are tilted such
that the Aux of metallic vapor is normal to the glass
substrate at the center of the film. However, since the
deposited film is about 6 cm in length and the 6laments
are less than half that value, the lines of Qux of the
vapor near the ends of the film are considerably inclined
with respect to a normal of the substrate (see Fig. 2).
The distance from the evaporation filament to the
sample substrate is 9.5 cm.

The tungsten filament incorporated in an evaporation
is fabricated from 30-mil tungsten wire bent to produce
a Rat area of 6ve "legs" which will eventually hold the
iron charge. The "legs" are crinkled slightly to prevent
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motion of the iron on the filament after it has melted.
The "legs" are mounted parallel to the long dimension
of the substrate. About 50 mg of No. 36 gauge, 99.9%
pure iron wire is wound into a helical form and slipped
over each of the five "legs" of the 6lament. The total
charge is about 250 mg. With this charge and the
filament design employed here, little alloying of the
iron with the tungsten hlament is observed in preparing
samples in this thickness range. A new 61ament and
charge is used for each sample.

A second tungsten filament, referred to as the coating
filament, is located to the west side of the evaporating
filament. It consists of a loose helix of 30-mil tungsten
wire placed so an inactive coating can be evaporated
onto a metallic film after deposition. The side wall of
the 61ament box prevents cross transfer of material
between the two filaments during depositions. A coating
about 200A thick is used to inhibit oxidation of the
specimens: MgF2 is used for iron films. Most of the
6lms measured for this report were uncoated. However,
the application of a MgF2 coating did not inQuence the
quality of the observed anisotropy in the iron specimens.

The samples used in this investigation were made
with the glass substrates held at 75'C for comparison
with other results obtained in this laboratory. The rate
films were held at 200'C for reasons pertaining to
thickness calibration. The films employed here are
roughly of constant thickness with nominal variations
ranging from 320 to 390 angstrom units. The character
of the e8ect discussed is not affected by a change in
film thickness. Iron Alms between 100 and 2500A
possess the same type of magnetic anisotropy as the
films reported. Specimens outside this thickness range
have not been measured.

is a saturation value of M less than the bulk value and
a value of saturation which varies greatly with the
sample size. The reason for this decrease in saturation
is that some Qux closure lines do not link the pickup
coil due to the smaller size of the sample. Cutting the
specimens to this size lowers the observed saturation
but does not change the shape of the magnetization
curves. Before cutting, long samples were measured
and this saturation magnetization was compared with
bulk. In all measured cases the value agreed with the
1.700 gauss bulk iron value. The data for the small
samples is, therefore, reported as normalized to the
bulk saturation value of M. This eliminates any size
eGects and allows comparison of the results.

Preliminary investigations of domain walls in these
specimens with the "Bitter technique" have shown
relatively narrow cigar-shaped island-like domains. This
shape of domain is in agreement with the observations
of Williams" and others"" on thin iron films. Stress
jn fi}ms' limits the possjbility of domajn wall motion. ~

With the presence of stress, the energy considerations
are such that domain rotation is more favorable at
lower fields. Magnetic saturation is observed in iron
films at relatively low applied fields. Therefore, the
resultant switching is most likely accomplished by a
magnetic rotation process. This fact has been observed
experimentally in other investigations. " Smith has
calculated theoretical hysteresis-loops for 61ms similar
to those studied here. ' The model consists of a thin
ferromagnetic 61m, possessing uniaxial anisotropy, in
which switching is accomplished by rotational processes
only.

Magnetization curves can easily be inferred from
Smith's hysteresis loops. A comparison between these

MAGNETIC MEASUREMENTS AND
INTERPRETATION

The magnetic measurements were made in the 60-
cycle loop tracer discussed by Crittenden" and modjhed
by Rosette. The H field was applied in the plane of
the film and the magnetization was measured parallel
to the applied H. Anisotropy is determined from
magnetization curves obtained by plotting the tips of
the 8-II loops as the drive field is decreased. This is
done in various directions and the difference in the
area between magnetization curves in djGerent direc-
tions is here designated as the magnetic anisotropy.
This area is measured with a planimeter and multiplied
by the appropriate calibration to determine the value
of the anisotropy energy.

The specimen had to be cut because of limited space
in the pickup coil and because the measurements were
required in at least two directions. The measureable
sample size was approximately a square 0.6 cm on a
side. Thus, the resultant samples were smaller in
dimension than the length of the pickup coil. The result

+ Crittenden, Hudimac, and Strough, Rev. Sci. Instr. 22, 872
(1951).
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magnetization curves and a typical set of experimental
curves is shown in Fig. 3. The similarity in the character
of these curves is the basis upon which the perpendicular
direction in the 61m is termed the easy direction of
magnetization and the parallel or long direction of the
61m is termed the hard direction. The similarity of
these curves with the calculated curves also suggests
that the rotational process is in effect. These are the
extreme magnetization curves so the films investigated
here do display uniaxial anisotropy in the plane of the
61m.

RESULTS

In general, magnetization curves were measured in
two perpendicular directions, parallel and perpendicular
to the long dimension of the evaporated specimens
(hereafter referred to as

~~
and J, respectively). This

results in a set of M Mrsls H curves as themeasurements
were made at various positions along the specimens.
A typical set of curves is presented in Fig. 4. The solid
curve is the J direction while the dashed curve is the

~~
direction. A single curve indicates that both directions

coincide. The numbers designate location of the meas-
ured sample in the specimen. Number 1 is the east end,
increasing to 10 at the west end. The area between
these two magnetization curves is converted to a value
of anisotropy and plotted as a function of film location;
see Fig. 5. The location of the filament is indicated in
the anisotropy plot by the heavy line on the abscissa.

The specimen shown in Figs. 4 and 5 is representative
of the observed phenomenon. The film appears isotropic
in the region directly over the 6lament and displays
an increasing anisotropy toward both ends of the
specimen. Measurements in directions other than

~j
and

& yield magnetization curves that fall between these
directions in the anisotropic regions of the specimens.
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FIG. 4. Experimental magnetization curves (i8 vs FF) at various
locations along the length of the sample.

40
K
lal

O

0
I
O
lK
I0
EO

a
0

M Fe 4I

0 0
j ~ I ~ S

I 2 5 4 5 6 7 8
POSITION OF HEASURKMENY

(I IS THE EAST END)

L.OCATI ON OF F I I AMENT

FIG. 5. Measured magnetic anisotropy at difI'erent locations
along the length of the sample. The heavy line on the abscissa
indicates the position of the evaporation Glament.

Hence these directions are the extremes, the easiest
direction of magnetization in the case of the J meas-
urements and the hardest direction in the case of the ~~.

In the isotropic region measurements in many directions
result in magnetization curves that coincide with the

~~
and J curve, and every direction is equivalent. The

specimen is, therefore, magnetically isotropic in this
region.

A single condition of evaporation was changed at a
time, to test its effect on the resulting anisotropy. The
substrate glass was cut before the Glm was deposited
to check any mechanical effect. The substrate of
another specimen was not clamped in the furnace
during deposition to eliminate any stresses induced in
the clamping process. To check eRects of stray magnetic
6elds, the sample heater was off during the time of one
evaporation, the rate heaters during another, and both
during a third. The evaporation filament was rotated
in another deposition and in fact, changed to a helical
coil with its axis vertical in still another. These changes
checked all fields present except the Geld due to the
wires leading into the evaporating 6lament and the
earth's 6eld. Xone of the above situations change the
anisotropy configuration in any significant manner. A
sample was made at a temperature of 200'C in the
location of a rate specimen. The resultant magnetization
curves showed a slight increase in the field necessary
to saturate. Another specimen was annealed at 250'C in
the vacuum system before removal. This decreased the
anisotropy slightly. But again, neither of these changes
aRected the quality of the anisotropy configuration
whatsoever.

The evaporating filament was then moved, first,
below the west end of the substrate and then for
another specimen, below the east end. The resulting
anisotropy curves are presented in Fig. 6. The isotropic
region of the specimen has moved to be directly over
the filament. This eliminates the lead-in wires to the
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evaporating filament as the possible cause of the eRect.
They remained constant during the evaporations listed
above and the changes in anisotropy. The conclusion
seems to be that the cause of the anisotropy is dependent
on the location of the 6lament, or in other words,
depends on the angle the incident Qux of metallic vapor
makes with a normal to the substrate. With normal
incidence, the result is isotropy; with inclination of the
vapor to the normal there results anisotropy.

An eRect with similar geometric dependence is the
formation of a 6ber axis in thin evaporated 6lms
reported by Evans and Wilman, " and others. ''~"
Their observations show that as a film is formed by
condensation from vapor, a 6ber axis structure is
developed. The 6ber axis is inclined toward the direction
of the arriving vapor stream but is not necessarily
parallel to it. Fiber axes are even observed in iron films
thinner than 100A. In iron the fiber axis is a $111j
crystallographic direction. Hence, the induced structure
is such that L111j directions are inclined toward the
evaporating filament while there is random orientation
about this axis. Evans and Wilman also report that the
tilt of the fiber axis starts from zero at normal incidence,
reaches a maximum, and then decreases slightly as the
angle of the vapor incidence continues to increase.
These angles are measured with respect to a normal to
the substrate. In the case of iron films evaporated on
glass substrates, the maximum tilt of the 6ber axis is
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FIG. 6. Magnetic anisotropy vs position, showing effect of
moving the evaporation 6lament.

's D. M. Evans and H. Wilman, Acta. Cryst. 5, 731 (1952).
"G. I. Finch and A. G. Quarrell, Proc. Roy. Soc. (London)

A141, 398 (1933).
'0 K. R. Dixit, Phil. Mag. 16, 1049 (1933)."S.Konobeevsky and J. Vmansky, J. Phys. U.S.S.R. 10, 388

(1946).

about 10' at a vapor incidence of around 20'. Evans
and Wilman have also observed that the rate of
evaporation and the substrate roughness do not eRect
the formation of the fiber axis structure. ReQection
electron diRraction patterns of several of the iron films
used in the magnetic investigation show the same fiber
axis structure observed by Evans and Wilman.

The magnetic anisotropy in the plane of the 61m
owing to this fiber axis structure can be calculated from
the difference in energy necessary to saturate in the J
and

~~
directions. For the details of this calculation see

the appendix. The results of the calculation show an
average anisotropy of 1.7X10' ergs/cm' for iron with
a 100'%%uo L111j fiber structure tilted 10', with a skin
stress of SX10' dynes/cm'. The average anisotropy is
exactly zero at 0' tilt. An anisotropy in 61m stress has
also been observed. Finegan and HoGman" report a
stress anisotropy in iron films prepared similarly to
those reported here. The stress in the hard direction is
about 17% lower than the stress in the easy direction,
at the ends of the film. Applying this stress anisotropy
to the calculation yields a value for the average ani-
sotropy of 3X 10' ergs/crn' when the fiber axis structure
is tilted 10'.The calculated values must also be modi6ed
by the amount of 6ber axis orientation. Arcing on the
electron diffraction plates suggests a very strong but
incomplete fiber axis structure, perhaps about 75 to
90%%uo. This would lower the calculated values somewhat.
A higher temperature of evaporation would increase the
percentage of 6ber axis structure while annealing some
of the imperfections. Annealing imperfections would
lower the stress and thus lower the magnitude of the
anisotropy. As listed above a specimen evaporated at
200'C displayed a slightly higher anisotropy. After
annealing at elevated temperatures the anisotropy is
observed to decrease significantly. Some of the speci-
mens investigated displayed evidence of wall motion
processes; in these the observed anisotropy is not
expected to agree with the above calculation. All of
the films studied, that show only rotational switching,
have anisotropies which agree with the calculated
values.

In general, the magnitude of the effects of these
various conditions on the anisotropy are quite de.cult
to predict. The resulting calculated values should
therefore be considered only as indicative of the antici-
pated experimental results. The magnitude of the stress
anisotropy is correlated with the tilt of the fiber axis.
Hence, the observed magnetic anisotropy should be
describable in terms of the qualities of the fiber axis
present in the iron specimens. This is indeed the
situation. As the fiber axis becomes normal to the
substrate the observed magnetic anisotropy becomes
zero as is required by the calculation. The anisotropy
becomes zero in this region even in specimens which
display wall motion.

The only remaining consideration is the eRect of the
earth's field on the observed anisotropy. To test this,
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a substrate was clamped into the sample furnace but
tilted relative to the arriving Qux of metal vapor. This
was accomplished by modifying the fuse wires backing
the glass substrate into the furnace. On one side the
fuse wire was Qattened while on the other side the thick-
ness was doubled. The net eGect was a tilt of about 15',
so the metal Qux arrived inclined at this angle in the
center area of the 61m. This resulted in a 6ber axis
structure which produces a hard direction of magnet-
ization in the J direction at the center of the specimen.
Nearer the ends of the film the hard direction was in.
neither the

~~
nor J direction but somewhere in between

The change in location of the substrate was so slight
that the 6eld con6guration due to the earth's 6eld
must have been effectively the same in the specimen
region as in an untilted specimen.

Considering the fiber axis structure produced in this
specimen, the location of the hard direction of magnet-
ization was calculated and is shown as the crosses in
Fig. 7. Angles are measured relative to the long dimen-
sion of the specimen, where 0' is the

~~
direction of the

61m. The circles are the location of the hard direction
as determined by observing magnetization curves in
four different directions. The maximum anisotropy
observable depends on the tilt of the fiber axis. As the
6ber axis of this specimen had a tilt of about 9.5' in
the center and about 10' near the ends (the direction
of the tilt changes, of course) the largest observed value
of anisotropy should increase slightly in moving from
the center to the ends of the specimen. The anisotropy
between the extreme magnetization curves in this tilted
specimen was 6.6X104 ergs/cm' at the center and
increased to 7.1X10' ergs/crn' at the ends of the film.
Agreement of the data with the predicted results defi-
nitely indicates that the fiber axis structure was pro-
ducing the anisotropy effect. The inQuence of the
earth's field was apparently quite small, if not negligible.

Finch and Quarrelli9 have shown that exposure to a
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Fio, 7. Comparison of observed and calculated hard directions
of magnetization in a Glm condensed on a substrate rotated 15
about an axis parallel to the long dimension.

hot 6lament will produce 6ber axis structure. They
observed that a weak fiber axis could be enhanced by
exposing the specimen to a hot filament. Also a com-
pletely unoriented specimen displayed a strong fiber
axis structure after exposure to heat from a small
61ament. The filament they employed for this heating
was the filament designed to discharge the specimen
in their electron diffraction camera.

This e6ect of exposure to a hot 6lament has also been
observed in the magnetic measurements made for this
investigation. The resulting change in anisotropy can
be explained by considering the 6ber axis structure
formed, not by a Qux of metal vapor as such but, by a
Qux of energy which. is incident on the substrate. As
the angle of incidence of this energy varies, the 6ber
axis tilts in the same direction. For example, a region
of isotropy near the east end of a film becomes ani-
sotropic when exposed to heating provided by the
coating 6lament which is below the west end of the
specimens. The geometry of the anisotropy is exactly
the same as that produced in regular deposition from
the evaporating filament. The eGect of heating from
the coating filament is superimposed on the original
anisotropy. The additional heat Qux is apparently
sufhcient to reorient the 6ber axis structure of the
crystallites in the specimen.

CONCLUSIONS

The results of this investigation indicate that the
formation of a magnetic anisotropy in thin evaporated
iron films results from a fiber axis structure which
developes as the specimen is being deposited. If the
incident direction of metallic Qux varies from the
normal, the fiber axis tilts in a similar direction. As
soon as this occurs a magnetic anisotropy is produced.
An anisotropy of 3X10' ergs/cm' has been produced in
regions of iron films without the use of applied magnetic
fields either during the evaporation or during asubse-
quent "magnetic" anneal. It is not suggested that the
application of such fields will not produce anisotropy,
indeed, they will. The conclusion is that such fields are
not necessary and might not necessarily be the factor
causing the observed magnetic anisotropy in thin
evaporated films. The earth's field clearly does not
produce this anisotropy. The factor which is the signifi-
cant cause of the observed anisotropy in films prepared
without the application of large fields is the geometric
variation of the metallic vapor or heat Qux incident on
the substrate.
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APPENDIX. CALCULATION OF MAGNETIC
ANISOTROPY DUE TO FIBER

AXIS STRUCTURE

The fiber axis structure in iron can be represented by
fixing a L111) direction of the body-centered cubic
structure and allowing arbitrary rotation around this
fixed direction. In the region of isotropy in the speci-
mens, the Aber axis is normal to the substrate. In the
region of anisotropy the fiber axis is tilted such that it
has a component in the film only in the

~~
direction.

This component is sing, where y is the angle of tilt.
The energy necessary for saturation magnetization

considering rotational processes only is given by KitteP2:

f +1(Ql 422 +&2 423 +mrs rri )+Ifs(rrl 422 422 )
+~i(&i & +cr2 &IIII+&2 &* )
+A(rri422~NII+rrws&II +42242Ã* )
+ 2Cii (e„'+e»'+e„')+ 2C44(e „'+e„.'+e,„')

+C22 (e»e„+e„e„+e„e»),

where E~ and E2 are the crystalline anisotropy con-
stants. B~ and 82 are constants related to the magneto-
striction constants, and the C's are the elastic constants.
n~, e2, 0.3 are the direction cosines of the saturation
magnetization with respect to the crystallographic
L1001 axes. The e's are the strain components relative
to the same axes. Anisotropy will be the diGerence in
the energy as calculated for two directions of a specimen.

The method employed for the calculation is to estab-
lish a new coordinate system in the plane of the film,
with x' as the J direction, y', the

~~
direction and s',

normal to the 61m. o.~, o.2, 0.3 are first transformed into
a new coordinate system with its s axis parallel to a
L111j direction. An arbitrary rotation, P, around the
new s axis (the $111j direction) is then performed.
A final rotation, y, around the x axis resulting from
this second rotation above, accounts for the tilt of the
6ber axis. The complete transformation is

422 0.707
+2= 0
.cy3. L

—0.707

—0.408 0.577' '
cosP sinP 0' '1 0 0 ui'

—0 816 0 577 —sinp cosp 0 0 cosy sing n2'
—0.408 0.577. . 0 0 1. .0 —sing cosy. .ns'.

l2

Sg j f82

.Sl e2

/w

/
m3 y
83 J

As P is varied, holding y fixed, the effect is precisely
that of rotating a crystal around its L111j.direction,
which is tilted the axed angle y. The transformation
can be put in the form:

IO-

X
C3

lA
CO
C.'
.LLI

e 00
AVERAGES

Yi.

IIE IN DEOREEE

g=Yy& 800 X lO DYNE

XIt-" 8.00 X lO DYNES/
'Yy 6 64 X l0 DYNES/

where, for example, li, l2, l3 are the direction cosines
between the x axis and x', y', s', respectively.

The e's must also be calculated from constants in the
new system. Here the known quantity is a skin stress
applied in the primed system, which is the plane of the
film. The stress considered is of the form X '/0, I'„'@0,
with all other components equal to zero. The resulting
expressions for the unprimed stress components are

X =lPX '+l22Y„'=a,

F'„=222PXN'+22222FN'= bI

Z, =22PX,'+ 2222F„'= C,

F,=2222222X, '+2242NEF„'= e,
Z = riliiX,' +22l2F2'„'= ,v

X„=limiX, '+ l22r42F„'= tv.

The stress components can be given in terms of the
strains and reduced by the application of,the cubic
symmetry. The strain components are then determined
from these expressions.

The, 'calculation can now be performed. A plot of
f(J )—f(~~) verses P for iron is shown in Fig. 8. Owing

22 C. Kittel, Revs. Modern Phys. 21, 541 (1949).
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FIG. 8. Calculated magnetic anisotropy in iron 6lms with a
6ber axis tilted 10' from the normal to the plane of the film.
Both isotropic and anisotropic stresses are shown.

to the threefold symmetry about a L111j direction in
the cubic system, the function repeats itself every 120'.
The constants for the calculation displayed in Fig. 8
are as follows:

Ei= 450X 102 ergs/cm' at 20'C,

X2= 200X10' ergs/cm' at 20'C,

8,= —2.9X10' ergs/cm',

82= 6.4X 10' ergs/cm',

Cii= 2.29X 10"dynes/cm',

C44= 1.14X10" dynes/cm',

C»= 1.34X10"dynes/cm'

y= 10',

X,'= 8.00X 10' dynes/cm',

F„'=6.64X 10' dynes/cm2.
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The function is calculated in 10' intervals of P and
averaged. E2 and X2 are taken from Bozorth"; 82 and
B2, from Kittel."C22, C2~, and C44 have been measured
in this laboratory by Daniels. "

An isotropic skin stress of 8)&10' dynes/cm' in iron

'3W. B. Daniels, M.S. thesis, Case Institute of Technology,
1955 (unpublished).

would yield an average anisotropy of 1.7X10' ergs/cm'
for a fiber axis tilt of 10'. The variation of f(J )—f(~~)
with P for the condition of isotropic stress is also
shown in Fig. 8.

The anisotropy goes roughly as the sine' of the
angle of tilt. The function f(J )—f(~~) averages exactly
to zero at a zero angle of tilt; this corresponds to the
isotropy produced by normal incidence.
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Model for Lattice Thermal Conductivity at Low Temperatures
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A phenomenological model is developed to facilitate calculation of lattice thermal conductivities at low
temperatures. It is assumed that the phonon scattering processes can be represented by frequency-dependent
relaxation times. Isotropy and absence of dispersion in the crystal vibration spectrum are assumed. No
distinction is made between longitudinal and transverse phonons. The assumed scattering mechanisms are
(1) point impurities (isotopes), (2) normal three-phonon processes, (3) umklapp processes, and (4) boundary
scattering. A special investigation is made of the role of the normal processes which conserve the total crystal
momentum and a formula is derived from the Boltzmann equation which gives their contribution to the
conductivity. The relaxation time for the normal three-phonon processes is taken to be that calculated by
Herring for longitudinal modes in cubic materials. The model predicts for germanium a thermal conductivity
roughly proportional to T & in normal material, but proportional to T ~ in single-isotope material in the
temperature range 50'—100'K. Magnitudes of the relaxation times are estimated from the experimental
data. The thermal conductivity of germanium is calculated by numerical integration for the temperature
range 2—100'K. The results are in reasonably good agreement with the experimental results for normal and
for single-isotope material.

INTRODUCTION

A LTHOUGH an exact calculation of lattice thermal
conductivity is possible in principle, lack of

knowledge of crystal vibration spectra and of an-
harmonic forces in crystals and the difhculty of ob-
taining exact solutions of the Boltzmann equation are
formidable barriers to progress. It is interesting to
investigate the consequences of a simple model which
is more amenable to calculation. It is assumed in this
work that all the phonon scattering processes can be
represented by relaxation times which are functions of
frequency and temperature. It is further assumed that
the material is elastically isotropic and dispersion in the
vibrational spectrum is neglected. As a small concession
to reality, the relaxation time for normal three phonon
processes is taken to be that characteristic of longi-
tudinal modes in a cubic crystal. ' No distinction is
made between longitudinal and transverse phonons.

It is well known that normal processes (scattering
processes which conserve the total crystal momentum)
cannot by themselves lead to a finite thermal conduc-
tivity. Consequently, it cannot be legitimate just to

' C. Herring, Phys. Rev. 95, 954 (1954).
~ R. E. Peierls, Quantum Theory of So/ids (Oxford University

Press, Oxford, 1955), Chap. 2.

add reciprocal relaxation times for the normal processes
(1V processes) to those which do not conserve the crystal
momentum. Examples of the latter type of process
include umklapp processes, impurity scattering, and
boundary scattering (we shall designate all such
momentum-destroying processes as U processes). U
processes tend to return the phonon system to an
equilibrium Planck distribution, whereas E processes
lead to a displaced planck distribution. An investi-
gation of this point is made in some detail to allow the
eGect of normal processes to be included more exactly.

Existence of the following scattering processes is
assumed: (1) Boundary scattering, described by a
constant relaxation time I./c, where c is the velocity of
sound and I is some length characteristic of the ma-
terial. (2) Normal three-phonon processes whose
relaxation time is taken to be proportional to (co'T') ',
where co is the circular frequency and T is the absolute
temperature. For further discussion of this choice, see
the Appendix. (3) Impurity scattering, including
isotope scattering, whose relaxation time is independent
of temperature and proportional to &v '. (4) Umklapp
processes with a relaxation time proportional to
(e ~ rsPTs) ' where 0" is the Debye temperature and
u is a constant characteristic of the vibrational spectrum


