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Degenerate n- and p-type germanium samples were irradiated at 4.2 K with polonium alpha-particles.
The irradiation removed carriers at a rate of 2.84)&10' electrons/n-cm in n-type samples and 1.32)&10'
holes/n-cm in p-type samples. Thermal recovery was studied up to 78'K. No measurable recovery was
observed below 22'K. Upon warming to 78'K the irradiation-induced changes of Hall coefficient decreased
by about the same fraction, 25% and 22%, respectively, in n-type and p-type samples, showing that the
same fractions of donor and acceptor defects were annealed out. Experiments made with various annealing
procedures, using electrical resistivity as a measure, indicated that there were two distinct regions of thermal
recovery, with maximum rates of change occurring near 33'K and 67'K. The low-temperature process
appears to follow a first-order reaction with a unique activation energy of about 0.02 ev. It may be due to the
recombination of interstitials with nearby vacancies. The higher temperature process does not yield to simple
analysis.

I. INTRODUCTION

HE general features of irradiation-produced
changes in the electrical properties of germanium

have been well established by experiments at Purdue'
and Oak Ridge. ' The results of these experiments led
James and Lark-Horovitz' to postulate a model for the
energy level scheme of the defects introduced by irradia-
tion. According to the model, the interstitial atoms of
the Frenkel defects act as donors while the vacancies
act as acceptors. The model allowed for deep-lying
levels corresponding to multiple ionizations of the
defects and indicated that only the first two ionizations
of each type of defect fell within the energy gap.

The assumption is usually made that interstitials and
vacancies are created in equal numbers by irradiation.
In degenerate samples, all defect levels are either
occupied (rt type) or unoccupied (p type). Hence on
the basis of the James-Lark-Horovitz model, carriers
should be removed at the same rate in rt-type and p-type
samples. However, it has been observed experimentally
that carrier removal rates, as determined from Hall
coefficient and resistivity measurements, are signifi-
cantly lower for p-type germanium than for ts type. In
the case of deuteron irradiations at 90'K, the observed
carrier removal rates for rt-type and p-type samples
differ by a factor of about four. 4

The possibility that. this difference might be due to
selective annealing of defects of one type indicates that
experiments should be performed at the lowest possible
temperatures. Low-temperature (T 15'K) irradiations
and subsequent annealing experiments have been re-
ported for copper, and silver, ' and recently for ger-

* Work supported in part by U. S. Signal Corps.
'H. Y. Fan and K. Lark-Horovitz, Report of the BristoL Con-

ference on Defects in Crystalline Solids, July, 1954 (Physical
Society, London, 1955)~' Cleland, Crawford, Jr., Lark-Horovitz, Pigg, and Young,
Phys. Rev. 83, 861 (1951).' H. M. James and K. Lark-Horovitz, Z. physik. Chem. 198, 107
(1951).

4D. Kleitman, Ph. D. thesis, Purdue University, 1958 (un-
published).

5 Cooper, Koehler, and Marx, Phys. Rev. 97, 599 {1955).
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manium. ' In the metals, extensive annealing was
observed near 40 K but in neutron-irradiated ger-
manium the major effect reported was the disappearance
of minority carrier traps at temperatures above 95'K.

The present report concerns irradiation of germanium
samples at 4.2'K and the study of annealing up to
78'K. Polonium alpha-particles were used for the irra-
diation because the irradiation source simplified low-
temperature instrumentation. A special method of
preparing the samples was necessary in view of the
short range of the alpha-particles in germanium.

II. EXPERIMENTAL PROCEDURES

The alpha-particle source used in these experiments
consisted of a ~-in. diameter stainless-steel disk upon
which 494 mC of s4Po'" (T,=138.4 days, E =5.30
Mev) was deposited. The active area was covered with
a thin stainless-steel window and the energy of alpha-
particles incident on the sample was thereby reduced
to 3.73 Mev. The alpha-particle Aux was found by
determining the absolute intensity of the source and
multiplying by a geometrical factor which took into
account the broad area of the source. This simple
technique has been found to be in agreement with Aux
values determined by collection of the alpha-particle
current. 7

The very short range of alpha-particles in germanium
(12.3 microns for alpha-particles of 3.73 Mev') necessi-
tated a special technique for the preparation of ex-
tremely thin samples. It has been shown' that the
electrical properties of such thin germanium layers
prepared by etching and grinding from bulk material
are the same as those of the parent material at all
temperatures down to 1.3'K, provided extreme care is
taken to avoid straining of the thin sample. Because

' J. W. Cleland and J. H. Crawford, Jr., J. Appl. Phys. 29, 151
(1958).

'W. M. Becker, Ph. D. thesis, Purdue University, 1957 {un-
published).' G. W. Gobeli, Phys. Rev. 103, 275 (1956).

9 C. M. Kellett, Jr. , M. S. thesis, Purdue University, 1956
(unpublished).
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of their extreme fragility, it was necessary to support
the samples firmly on a substrate. The thermal expan-
sion coefficient of this substrate had to be the same as
that of the sample to avoid strain during temperature-
cycling.

Special germanium Qats for sample supports were
prepared from impure e-type material. These sub-
strates were irradiated until the resistance between
surface points separated by 1 mm was greater than 10'
ohms at 78'K. The electrical properties of germanium
so treated are insensitive to the additional moderate
cruxes received from the polonium source during the
irradiation experiment.

All samples used in the irradiation studies were cut
from germanium single-crystal ingots doped with
antimony (n type) or gallium (p type). The samples
were chosen to be extremely impure, with initial m-type
Hall coeKcient values of the order of —8 cm'/coul and
initial p-type Hall coefficient values of the order of
+3 cm'/coul, so that the Fermi level remained deep
within the carrier band throughout the irradiation
experiments.

The samples were carefully ground, polished, and
etched in a hot (75'C) mixed acids bath and were
firmly glued with Armstrong C-1 cement to the sub-
strates previously described during the final preparation
stages and throughout the experiments. The final
thickness ranged from 3.5 to 8.0 microns. Electrical
contacts were made by soldering No. 40 gauge copper
wires directly to the sample.

The cryostat employed for the irradiations at liquid
helium temperature is of the gas exchange type used by
Fritzsche' with a modification allowing mechanical
motion of a shutter for controlling the progress of the
irradiation. The sample-source chamber served as the
bulb of a helium gas thermometer which was used to
measure the temperature during annealing experiments.
The rapidly changing temperatures encountered in the
warm-up annealing experiments were measured with a
lead wire resistance thermometer. Liquid helium could
be retained for 16 hours with the alpha-particle source
in position and for about 30 hours without the source.
The power dissipation of the source approximately
accounts for the decreased helium retention time with
the source in position.

III. IRRA.DIATIONS

Experimental measurements of Hall coefficient and
resistivity at 4.2'K were made as a function of the
integrated alpha-particle flux. In both n-type and p-type
samples these parameters increased monotonically.
Following the completion of the irradiation, the samples
were held at 4.2'K for as long as 20 hours, and during
this time no changes in the electrical properties were
observed.

For a degenerate semiconductor, in which the Fermi

"H. Fritzsche, Phys. Rev. 99, 406 (1955).

The proportionality factor, r, for degenerate carriers is
equal to unity in the case of a simple energy band with
spherical constant energy surfaces in momentum space.
For e-type germanium the appropriate value is r=0.79
due to the multi-ellipsoidal structure of the conduction
band. In p-type material the holes are distributed in
two overlapping bands. The expression for the Hall
coefficient for this case has the familiar form

Ps (Ps'l
1+

Pie - Pl 1rl i
pcs y

'
i 1+

Pijjr ) (2)

where the subscripts 1 and 2 refer to heavy and light
holes, respectively. The ratio ps/p& is determined
simply by the ratio of effective masses to the —,

' power.
However, the value of the mobility ratio, mrs/pr, is un-
certain for our case where the carriers are degenerate
and the effect of ionized-impurity scattering is im-
portant. In view of this uncertainty it is not possible
to determine the hole concentration reliably. For the
case of lattice scattering, ps/pr has been estimated as
eight. "With this value, the quantity in curly brackets
in Eq. (2) is 2.0.

Figure 1 shows results obtained for typical n-type
and p-type samples where the carrier concentrations
were computed from Hall coe%cient using r=0.79 for
m-type samples and r= 2.0 for p-type samples. In both
cases the change of carrier concentration increased
linearly with the alpha-particle Aux over a considerable
range. From the slopes of the curves in Fig. 1, a rate of
carrier removal per incident alpha-particle per cm' can
be determined and Table I shows the removal rates for
three m type and -two p-type samples which were
irridated at 4.2'K.

The ratio of the maximum carrier removal rate for
n-type to that for p-type germanium is about 2 to 1.
Although this result depends on the arbitrary choice
of r=2.0 for p-type samples, it seems that a higher
removal rate for e-type material is indicated.

The number of lattice displacements created per
incident alpha-particle was calcuulated by the method of

"B.Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954).
'2 Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954).

level remains deep in the carrier band throughout the
irradiation, the probability of occupation of states
introduced into the energy gap does not change. There-
fore, if the defect production rate is constant, the carrier
concentration should change linearly with Qux. The
reliable calculation of carrier concentration from meas-
ured values of Hall coefficient and resistivity is neces-
sary for quantitative interpretation. Some uncertainties
exist in such calculations, particularly in the case of
P-type germanium. "

For an extrinsic semiconductor with carriers in a
single energy band, the Hall coefficient maybe written as

R= +r/rse.
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TABLE I. CRI'I'Icl' removal rRtcs ln RlphR-pal'tlclc-llradiated gcI'mRnlum.

Sample

Ge(Sb)—No. 2
Ge(Sb)—No. 3
Ge(Sb)—No. 5

Sample

Ge(Ga) —No. 2
Ge(Ga)—No. 3

ninitiai
(carriers/cm3)

7.36X101z
8.02X 10»
6.25X10»

P initial
(carriers/cm')

6.500X 101s
012X 10'8

n-type
nfina1

(carriers/cm3)

4-11X10»
3.81X10»
3.38X10»

P-type
P final

(carriers/cm3)

5.626X 10"
5.068X 10"

—an/y
(carriers/a-cm)

2.75X 104
2.94X 104
2.84X 104

-~P/4
{carriers/a-cm)

1.30X104
1.35X104

L —~n/e lAv
(carriers/u-cm)

2-84X 104

t
—~P/4 3Av

(carriers/tx-cm)

1.33X104

Seitz to be 2.79X10' defect pairs/n-cm, when a dis-
placement threshold energy of 30 ev, given by Klontz
and I.ark-Horovitz, I3 was used. This value is close to
the removal rate of 2.84X10' carriers/n-cm obtained
for e-type samples. Experiments of various groups
have shown that defects in germanium may be produced
with energies as low as 14 ev."If this value is used, the
calculated number of lattice displacements is 5.94X10'
defect pairs/n-cm. Thus for high-energy nucleon irra-
diations, the value of 30 ev may be an average value
which yields good agreement.

The Hall mobility is reduced by the irradiation.
Figure 2 shows the variation of Hall mobility with the

alpha-particle flux for e-type and p-type samples. No
region is observed in which mobility changes are
negligible, so that the estimation of carrier removal
rates from resistivity changes alone, neglecting the
mobility variation, would be in error. Another important
feature of the data is that the mobility in n-type
samples is very much more sensitive to the Aux than is
the mobility in p-type samples. The change in reciprocal
Hall mobility may be taken as a rough estimate of the
additional scattering introduced by irradiation. For
n- and p-type samples the ratio is 17.5 per unit flux.
The eftective mass difference for electrons and holes
can hardly explain this large difference if the scattering
centers introduced were of the same nature in e-type
and p-type specimens. The stronger e-type mobility
dependence on Aux is probably due to a greater degree
of ionization of the defect sites in n-type samples.

IV. ANNEALING
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In the course of the study of annealing, it was im-
mediately established that appreciable thermal recovery
of the irradiation-produced changes in electrical proper-
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FIG. 1. Change of carrier concentration vs alpha-particle Aux.
The irradiations and measurements were made at 4.2'K,
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'3E. E. Klontz and K. Lark-Horovitz, Phys. Rev. 82, 763
(1951).

'4 J. J. Loferski and P. Rappaport, Phys. Rev. 98, 1861 (1955).
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FIG. 2. Hall mobility vs alpha-particle Qux.
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ties occured between 4.2'K and 78'K. Three types of
annealing experiments were carried out: isothermal,
isochronal, and warmup. For isothermal annealing,
the sample was maintained at a constant temperature
and the changing value of resistivity was measured as
a function of time. For isochronal annealing, the elec-
trical properties of the sample were always measured
at a reference temperature (4.2'K or 20.4'K). The
sample temperature was raised to successively higher
values for 20 minutes, with measurements being made
between each heat pulse by quenching to the reference
temperature. For warmup annealing, the sample tem-
perature was changed continuously, but not uniformly,
between 20.4'K and 78'K. The resistivity was measured
as a function of both time and instantaneous sample
temperature.

All samples, regardless of the type of annealing ex-
periments performed, were eventually raised to a
temperature of 78'K and allowed to stand (anneal) there
for 10 hours or more. Such a period was found to be
long compared to the times in which measurable changes
in the electrical properties were detectable. These ex-
periments yield a quantitative comparison of the
annealing in e-type and p-type samples. Table II
gives the results of long-time annealing at 78'K for
I-type and p-type samples.

A signihcant feature is the similarity in the amount
of the thermal recovery observed in e-type and p-type
samples. This means that the annealing removes
acceptors and donors in the same proportion that they
were produced by the irradiation. Since a preferential
annealing of defeqts associated with either acceptors
or donors would be manifested by a significant difference
in the recovery of p-type and e-type samples, this
result indicates that such selective annealing does not
occur.

Similarities were also found in other features of the
annealing experiments. The result of an isochronal
annealing experiment is shown in Fig. 3, where the
recovery behavior of a p-type sample is shown. The
resistivity measured at a reference temperature follow-

ing 20-minute heat pulses is plotted as a function of the
annealing temperature. As indicated in Fig. 3, thermal
recovery is not detected for annealing temperatures as
high as 22'K. In order to further substantiate this
result, long-time isothermal annealing was performed
at 20.4'K, the normal boiling point of liquid hydrogen.
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No measurable change in resistivity was observed during
the 14 hours that the sample remained at 20.4 K.
Thus, it was permissible to use 20.4'K as the reference
point for annealing temperatures between 20.4'K and
78'K, a result which greatly facilitated the ease and
accuracy of the experiments in this region. Thermal
recovery was experimentally detected after a 20-minute
anneal at 26'K and the recovery proceeded more
rapidly at higher temperatures. The annealing behavior
of the n-type sample followed this same pattern.

The similarity in the annealing processes for e-type
and p-type specimens is further confirmed by the
warmup annealing experiments carried out with both
types of samples. The sample temperature varied
smoothly, although not uniformly, from 20.4'K to

,055

.050
le Ge(Sb) +3

.045

.040

E .035

FiG. 3. Isochronal anneal es temperature of anneal. The measure-
ments were made at, 4.2'K after 20-minute heating periods.

TABLE II. Comparison of 78'K annealing of n-type and p-type
samples. All samples were irradiated at 4.2'K, then annealed for
10 hours or more at 78 K. Measurements were made at 4.2'K.

.03

.025-

Sample
~&@f total

(carriers/cm3)

t~ type Ge(Sb)—No. 2 3.25 )(10»
Ge (Sb)—No. 3 4.21 X1p»
Ge(Sb)—No. 5 2.87 )&10»

&+anneal
(carriers/cm3)

8.8 &(10'6
10.4 X10'6
5.7 X10's

Average
hng/b, my ratio

(%) (%)
27
25
24

I

3O 4O
Time {min)

I

Io
I

20.OI 5

I I I I I I I

3246 58 65 675 70 73 77 78
Temperature ( K)

I

50

P type Ge(Ga)—No. 2
Ge(Ga) —No. 3

8,72 )(10»
19.44 &(10»

2.0 &(10»
4.12 )&10»

23) 22 FIG. 4. Resistivity of irradiated germanium
during warmup to 78 K.
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6- by annealing at 78'K reveals that 45% of the total
annealing occurs in the lower temperature process.
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V. DETERMINATION OF ANNEALING
ACTIVATION ENERGY

The theory of kinetic rate processes has been applied
with considerable success to the description and inter-
pretation of the thermal recovery of irradiation effects
in solids. The theory has been formalized recently by
Primak, "who considered processes with unique activa-
tion energies and with a distribution of activation
energies. Consider an annealing process which proceeds
according to the relation

dN/dt—=cN", 0&N&Np,

FIG. 5. Plot of dp/dt vs time during warmup anneal
of n-type germanium. T=20.4'K at t=0.

78'K after the coolant (liquid hydrogen) was allowed
to evaporate from the inner Dewar. Figure 4 shows the
results of such an experiment on an e-type sample. Two
distinct regions of thermal recovery can be distinguished,
one with the maximum recovery rate near 33'K and
the second with the maximum recovery rate near 66'K.
The two distinct regions of annealing are more strikingly
exposed in Fig. 5, where the time rate of change of the
resistivity (dp/dt Dp/At) is plotted as a function of
the instantaneous sample temperature. A similar curve
was obtained for a p-type sample. The irradiation in-
duced changes were not large in the p-type case and con-
sequently the accuracy of the data was not so good as for
the e-type sample. The two annealing stages can how-
ever definitely be identified.

The warmup curve of Fig. 4 suggests that two
separate and distinct processes are active in the
annealing which occurs between 4.2'K and 78'K.
Establishing whether or not the two annealing regions
are completely separable and thus allowing each to be
considered independently, is important for the inter-
pretation of the experimental data. Isothermal anneal-
ing at appropriate temperatures was employed to
establish this point and to determine the order of the
kinetic reaction for the lower temperature recovery
process.

Figure 6 shows the results of isothermal annealing of
an e-type sample at 26 K, 33'K, and 50'K, the latter
temperature being midway between the two suspected
annealing temperature regions. The small, sharply
curved region of the 26'K curve of Fig. 6 was caused by
temperature instability in the first two minutes of this
anneal. The data clearly indicate that the two regions
of thermal recovery are independent and separable, as
evidenced by the absence of additional thermal recovery
at 50'K following the completed isothermal anneal at
33'K. The asymptotic value reached by the resistivity
in annealing at 33'K as compared to the value reached
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FIG. 6. Isothermal annealing of alpha-particle-
irradiated e-type germanium.

"W. Primak, Phys. Rev. 100, 1677 (1955).

where E is the defect concentration at time, t, during
an intermediate stage of the annealing, c is a tempera-
ture-dependent coefficient, e is the order of the reaction
(not restricted to integer values), and Np is the con-
centration of defects immediately after irradiation which
are annihalated or other wise undergo a reaction during
the annealing process being considered.

In this work the measured sample parameter was
the electrical resistivity, p, because of experimental
limitations which precluded the reliable measurement
of the Hall eBect during the course of the annealing
experiments. The problem which now arises is to deter-
mine a method of relating the experimental data on
resistivity changes to the quantity of physical interest,
the defect concentration changes.

In metals, the irradiation-induced changes in the
residual resistivity can be assumed to be proportional
to the irradiation-produced defect concentration. This
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assumption is based on the observation" that the
residual electrical resistivity of a metal increases linearly
with increasing impurity concentration. Therefore the
interpretation of the data is quite straightforward in
such cases.

In semiconductors the changes of resistivity due to
irradiation arise from changes both in carrier concentra-
tion and in mobility, and therefore the evaluation of the
data is not so straightforward as in the case of metals.
The problem of physical interpretation of the data
reduces to the determination of the behavior expected
for resistivity changes when the defect concentration
changes obey a kinetic rate equation as given by Eq. (3).

The effect of the changing mobility and carrier con-
centration on the interpretation of annealing-caused
resistivity changes is investigated in Appendix I, using
a method suggested by Fan. For the small values of
Dp/p encountered in these experiments, a defect con-
centration variation which obeys Eq. (3) will, to a good
approximation, result in a resistivity variation given by

loo

50-

Vl

C

IO

O
K

C

o8

I

l.5 5.0 35 4.0
lo /T ('K}

dp/dt= h—(p—p~)", (4)

where h is a constant, p~ is the asymptotic value of
resistivity, reached after completion of the annealing
process being considered, and e is the order of the
reaction. Resistivity variations will thus be interpreted
on the basis of this equation, which will be considered
equivalent to Eq. (3). For the case in which rs is unity,
a plot of log(p —p~) vs time for isothermal annealing
will give a straight line. For other values of e, a plot
of log(p —pg) ws log(time) will yield a straight line of
slope 1/(1 —rr).

Fro. 8. Semilogarithmic plot of annealing rate rs 10'/T
for isochronal annealing data.

Figure 7 shows a plot of log(p —p~) vs time for the
isothermal annealing data of Fig. 6. The data indicate
that the proper value for n is unity. Thus Eq. (4)
becomes

(5)dp/dk= h(p—pg). —

It is generally assumed that the temperature de-
pendence of the rate constant, h, is given by the
usual exponential dependence involving an activation
energy,

$x lo.'
h=Ae —'i' (6)

lo 2

TA=26 K where c is the thermal activation energy and A is a
constant.

For isothermal annealing at two different tempera-
tures, T& and T2, the activation energy can be deter-
mined from Eq. (5) and Eq. (6). For the data of Fig. 7,
the value so obtained is

E

IO~

lO-4
0

l

20
I

40
I l

60 80
Time (min )

I l

l00 l20

e= 0.018 ev.

Isochronal annealing may be considered as short-
duration isothermal annealing at various temperatures.
Since the total resistivity change which occurs upon
the completion of the given kinetic process has been
determined, the data may be analyzed from Eq. (5)
and Eq. (6). From Eq. (5) a plot of lnh as a function of
1/T gives a straight line with a slope of —e/h Such a.
plot is shown in Fig. 8, the value obtained for the
activation energy being

&=0.017 ev,

Fro. 7. Semilogarithmic plot of (p —pg) vs time for data of Fig. 6.

"J. O. Linde, E/ektrische TViderstandseigenshuffen der Ver-
dnnnted Legierlnf;en des ENpfers, Silbers Nnd Goldes (Haken
Ohlssons Buchdruckerei, Lund, 1939).

which is in good agreement with the value obtained
from isothermal annealing.

If Eq. (5) is assumed to describe the low-temperature
annealing rigorously, then it is possible to compare
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rates of change expected at various temperatures. By
using the above value of e (0.017 ev) and comparing
the known rates at 33'K to the expected rate at 20.4'K,
it is found that a measurable change in resistivity
(about 2-,"%) is predicted for the 14-hour period that
the sample remained at 20.4'K. As pointed out earlier,
no such change was observed. The conclusion is that
the annealing data are qualitatively well described by
the use of such an equation but that quantitatively
complications can arise, in the interpretation of what
must be complicated phenomena on the basis of such a
simple theory.

The warmup curves can be analyzed easily because
of the near temperature independence of resistivity of
the samples. For such samples, the value of h is deter-
mined directly from the plots of Fig. 5 and Fig. 6 by
finding corresponding values of dp/dt and (p —p~) for a
given temperature. The activation energy may then be
easily obtained, the value for the low-temperature
process being

e—0.014 ev.

Since the annealing changes are so rapid in this tem-
perature region, this value must be regarded only as
approximate. Thus it is concluded that this low-tem-
perature process follows a first-order kinetic rate equa-
tion with a unique thermal activation energy of about
0.02 ev.

Analysis of the warm-up curves does not yield a
unique value for the activation energy when applied
to the higher temperature recovery. The value obtained
was in the region of O.i ev to 0.2 ev. The data in this
temperature region are, however, insufficient for a
complete analysis.

This low-temperature annealing might be attributed
to the recombination of interstitials with certain types
of nearby vacant lattice sites at temperatures too low
to permit appreciable interstitial duffusion through the
lattice. Such a configuration of vacancies and inter-
stitials would be less probable and hence fewer in
number than interstitials displaced some distance from
the vacancy. This would then explain the small fraction
(10%) of the irradiation-produced damage which

anneals in this process. The explanation of the annealing
as mutual annihilation of vacancies and interstitials
is further supported by the fact that the annealing is
the same in n type and p--type samples. If either
vacancies or interstitials were selectively annihilated
or if clustering of one of the defects occurred, then the
annealing should produce distinctly different eGects in

n-type and p-type samples rather than the observed
symmetrical behavior.

APPENDIX

The electrical resistivity is written as

= 1/(n ),

After completion of the annealing process (t= ~), the
annealable defect concentration has been reduced to
zero and the 6nal state of the semiconductor is described
by an asymptotic value of resistivity p&, carrier con-
centration ez, and mobility p&, where

p g ——1/(n~ et'~) .

Assuming a direct proportionality between changes
in carrier concentration and changes in defect concen-
tration (nz n= b'N—) yields

n= ng —(bN/N p), b = ng no. —

It is logical to assume a direct proportionality between
changes in the reciprocal of mobility and changes in
defect concentration (1/p —1/p& ——c'N), which yields

1 1 cN-=—+
p pg No

Using Eqs. (7), (10), and (11),one obtains

eegNO
(p —p~),

c+ebp
(12)

and

Po+P+P~) No&N&0,

dN eeaNO dp
(c+ebp~)

dt (c+ebp)' dt
(13)

Substituting Eqs. (12) and (13) into Eq. (1) yields

—dp aen~NO c+ebp' "
( p~)"—

dt c+ebpg en~No

Therefore, if changes in (c+ebp)' "caused by annealing
are small, i.e., if [(c+ebp)/en~NO]' " is almost a
constant, then Eq. (14) may be considered as being
the same type as Eq. (3) and the resistivity data can
be analyzed on the basis of a kinetic rate equation.
Since c+ebp is a linear function of p, its variation may
be established by evaluation at the extrema of the
variable(p= po and p= p~).

For the annealing experiments under consideration,

where e is the carrier concentration, e is the electronic
charge, and p is the carrier mobility.

Immediately following the irradiation (t= 0) the con-
centration of annealable defects is No. The initial state
of the semiconductor is described by a resistivity po,
carrier concentration no, and mobility po, where

po ——1/(noepo).
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c+ebp varies by about +3% from its average value
over the complete experimental range. For small values
of the reaction order, e, it can be stated that for experi-
ments considered in this work, a defect concentration
reaction of the type of Eq. (3) will result in a variation
of resistivity which obeys Eq. (4).

ACKNOWLEDGMENTS

The author wishes to express his appreciation for the
encouragement and guidance of the late Dr. K. Lark-
Horovitz throughout the course of this work. He is also
indebted to Dr. H. Y. Fan for valuable comments and
suggestions.

PH YSICAL REVIEW VOLUME 112, NUM BER 3 NOVEM BER 1, 1958

Theory of the Hall Effect in Ferromagnetic Substances

J. M. LUTTINGER
Ecole Xormale Superieure, Laboratoire de Physique, Paris, France

(Received July 2, 1958)

The Hall effect in ferromagnetic substances is computed on the basis of a simple model, making use of the
transport theory of Kohn and Luttinger. The calculation is rigorous, but assumes a slowly varying scattering
potential, a simple band, and very few conduction electrons. None of these assumptions are very realistic
for a true ferromagnet, but we are interested here in only giving a discussion of the types of contributions
which can occur, Terms related to those previously found by Smit and by Karplus and Luttinger, and some
new ones, are found. In addition, some comments of Smit on the general problem of the ferromagnetic Hall
effect are discussed.

1. INTRODUCTION

''N recent years there has been considerable dis-
~ - cussion of the anomalous Hall e6ect in ferromag-
netic substances, from several points of view. All
serious attempts to explain this phenomenon have
used as a basic model magnetically polarized electrons
moving under the inhuence of an external field, and
have attributed its origin to the presence of spin-orbit
coupling. The difference has been in the effect of the
spin-orbit coupling considered. Karplus and Luttinger
looked for contributions which arise from a modificatio
of the acceleration effects due to the electric field, and
from off-diagonal parts of the density matrix. Smit,
on the other hand, considered the modification which
occurs in the scattering processes within the framework
of conventional transport theory. Both of these theories
give results which are not in contradiction with experi-
ment, though neither of them fits all the data. On the
other hand, some of the conclusions of the theory of
Karplus and Luttinger have been seriously questioned
by Smit, so that the entire subject has recently been
shrouded in a thick fog.

For this reason, we thought it worth while to con-
sider the subject anew, from a somewhat diferent
point of view. There exists a model (for impurity-
limited resistivity) in which the entire transport theory
can be put on a rigorous and systematic basis. This is

the theory of Kohn and Luttinger, ' which develops the

* Permanent address: Department of Phys" cs, University of
Pennsylvania, Phi1adelphla 4, Pennsylvania.

' W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957).
We shall refer to this paper as KLI in what follows. As in KLI,
we shall not indicate explicitly here the vector character of k or
r. Thus e'~'" means e'"' and k&k' means krak' throughout.

stationary-state density matrix of the system in powers
of the strength of the scattering potential. Using this
model, we have calculated the entire anomalous Hall
e8ect. Terms of the Smit type, the Karplus-Luttinger
type, and some others, all appear automatically in this
treatment. Although the model itself is not very real-
istic, and the further simplification necessary to com-
plete the calculation makes it even less so, we still
believe it is of some interest in showing the types of
contributions which can occur.

The paper is organized as follows. In Sec. 2 the theory
of KLI is summarized and reduced to a usable form
without any further approximations. In Sec. 3, the
contribution of the spin-orbit coupling (which gives
rise to the Hall current) is separated out. In Sec. 4
the equations are solved, and the Hall current is calcu-
lated rigorously in the effective-mass limit. In Sec. 5
we discuss the results and compare them with the
previous ones. Finally, in Appendix A, some of the
criticisms of Smit are considered within the framework
of the present theory.

2. GENERAL THEORY

In this section we shall develop the general formulas
which enable us to calculate the contribution of spin-
orbit coupling to the Hall effect. From KLI, we can
expand that part of the density matrix which is linear
in the external field (f), in ascending powers of X

(which is some dimensionless measure of the strength
of the scattering potential). The leading term in f is
of order A, ', and to this order conventional transport
theory holds. The new features of KI.I (corrections to
transport equation, coritributions from off-diagonal ele-


