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Shell-model analysis is applied to configurations containing both p; and s, nucleons. Energy levels of
excited configurations (often recognized by their parity being opposite to that of the ground state) as well
as binding energies are considered. Good agreement is obtained which gives support to the jj-coupling
scheme. The results obtained are used for calculating other levels. In particular, the modes of excitation
of the first excited 0+ level in 0" and the -', —level in F" are determined.

I. INTRODUCTION obtained for calculating positions of other levels which
have not been found or have not been identified.

In the papers mentioned above, ' ' energies of both
ground states and excited levels have been considered.
However, in all those cases, all levels were members of
ground configurations, i.e., configurations to which the
ground states belong. By configuration we mean, as
usual, the numbers of nucleons in the various j sub-
shells (those in closed shells are usually omitted). The
excited states observed in the spectrum of any nucleus
belong both to the ground and to excited configurations.
The main difhculty in handling excited states is that we
do not know to which configurations they belong. We
know that configurations overlap, their levels appearing
alternately (this does not necessarily mean that they
get mixed). Therefore, even when spins and parities are
known we cannot be sure of the configuration assign-
ment. However, there are cases in which it is rather
easy to assign a configuration to excited levels. If a
low-lying level has a parity opposite to that of the
ground state we know that its configuration was ob-
tained from the ground configuration by raising an odd
number of nucleons to higher orbits of an opposite
parity. In many cases it is just one nucleon which is
excited into a higher orbit. It is easy to guess the correct
configuration since the occupied orbits in the ground
state as well as the neighboring higher orbits are known
from shell-model interpretations of experimental data.
Such low-lying levels with opposite parity are found in
nuclei where an oscillator shell is being completed. In
this case all the available neighboring orbits have a
parity opposite to that of the last orbit being filled.

In the present work we apply this analysis to energy
levels of nuclear con6gurations which contain both Opi
and 1s; nucleons. Some of the configurations we treat
are ground configurations while in others there are
nucleons excited from the p,* to the s; orbit. Of the three
subshells of the oscillator third shell, the d; subshell is

considerably higher than the s; and d; subshells and
therefore excitations into this subshell probably involve

higher energy. In some simple cases we can distinguish
between excitations into the d~ and s; subshells by the
value of the resulting spin. We can thus handle sepa-
rately the configurations with s; nucleons and those
with d; nucleons. In this paper we treat only the former
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ECENTLY a new approach to shell-model calcu-
lations has been used. ' ' This approach, is based

~

~ ~

upon the jj-coupling shell model and involves no specific
assumption on the nuclear forces. We assume only that
(a) the potential energy of the nucleus is due to two body-

forces between nucleons. Similarly, we do not take the
radial parts of the single-nucleon wave functions to be
of any specific form. We assume only that (b) these
radial functions are the same in a definite subshell
independent of the number of nucleons (at least. for all
nuclei in which the same shells are being filled). When-
ever we consider protons and neutrons together we take
the nuclear forces to be charge-independent. Ke also
assume, in these cases, the same radial functions for
neutrons and protons. We thus (c) take the total
isotopic spin T to be a good quantum number.

We treat in every case a group of nuclei, each con-
taining extra nucleons outside the same closed shells.
In these nuclei we consider the energy levels obtained
by the diferent modes of coupling of the extra nucleons.
Under our assumptions all these energies, both of ground
states (binding energies) and of excited levels, can be
expressed as combinations of a smaller number of
parameters. These parameters are expectation values of
the nuclear interaction in two-body configurations (or
linear combinations thereof) and single-nucleon energies.
The latter we interpret as the sum of the kinetic energy
of a single nucleon and its interaction with the closed
shells. We check the validity of our assumptions (and
the configuration assignment of the levels) by looking
for values of the parameters which will reproduce the
experimental energies. If we succeed in finding such a
set of values from which the energy levels can be
calculated accurately enough, our assumptions seem to
be justified. We can further use the parameters thus
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configurations. Excitations into d; orbits will be con-
sidered in a subsequent paper. Only in a few cases will
this restriction prevent us from making definite
statements.

The problem of the center-of-mass motion in the
shell model appears in the present case more drastically
than in the cases of ground configurations. The diffi-

culty encountered is that of spurious states' which
diGer from states of ground configurations only by a
different center-of-mass motion. For central fields of
arbitrary shape the center-of-mass motion cannot be
separated in shell-model wave functions. Only if har-
monic-oscillator wave functions are used can the ground-
state wave function be written as a product of a func-
tion which describes the center-of-mass motion in the
Os orbit of an oscillator potential and an internal wave
function. It could be argued that this internal wave
function describes also the ground state of a real nucleus,
in which the center of mass moves in a uniform motion.
This separation holds for all levels of the ground con-
figuration and those configurations in which extra
nucleons are excited into orbits in the same oscillator
shell. States of other configurations might well contain
contributions from spurious states in which the internal
wave function is that of states which belong to the
configurations mentioned above while the center-of
mass is raised into a higher orbit of the oscillator
potential. In particular all states of configurations in
which a p nucleon is raised into the next s or d orbit
might contain contributions from spurious states in
which the center of mass moves in a Op orbit of the
oscillator potential.
In the jj-coupling scheme this difficulty does not

appear if a P1 nucleon is raised into d; orbit. All such
spurious states can be obtained by operating with
R= (1/iV)gr, on all wave functions of configurations
with the closed Os shell and nucleons in the Op shell.
In the configurations we consider all the p*, and Os1

nucleons do not change orbits whereas a p; nucleon is
raised into the d; orbit. Obviously such configurations
cannot be obtained by operating with R. Every r; is a
vector and therefore can change the total j of a nucleon
by one unit only. A p, nucleon can be moved by R only
into d; or s; orbits.

States of excited configurations with s; nucleons con-
sidered here can well contain spurious states. In this
case there are also simple selection rules on the operation
of R which in some cases prevent the appearance of
spurious states. In all other cases we calculated the
weight of the spurious states in the shell-model wave
functions on the assumption of harmonic-oscillator
wave functions. The method of calculation is presented
in the appendix. The weight found was less than 10%
in all cases. However, the agreement obtained in the
present paper between theory and experiment is very

5 J. P. Elliott and T. H. R. Skyrme, Proc. Roy. Soc. I'London)
A232, 561 (1955).

good. We do not have any explanation for this fact.
It might indicate that a few percent of spurious states
do not do much harm to the calculation. In any case,
the difficulty of spurious center-of-mass motion is
present when using any central 6eld other than that
of the harmonic oscillator even in ground configurations.
Perhaps understanding this difficulty in our case will
have to wait for the understanding of those simpler
cases.

Our analysis show very good agreement between the
simple jj-coupling shell model and the experimental
data. As a result we obtain expectation values of the
effective two-body interaction and single-nucleon en-
ergies. These parameters can now be used to treat
others, less certain, cases. Of special interest are the
~ level of F"which is only 0.11 Mev above the ground
state and the first excited 0+ level of Ois. We find the
—,
' —level of F" in very good agreement with the calcu-
lated level obtained by exciting one p,'nucleon into the
s~ orbit. The case of 0" is more complicated. Since the
6.06 level has even parity it can be obtained only by
raising an even number of p; nucleons into s; or d;
orbits. We find that all levels due to excitation of Aeo

p1 nucleons lie a few Mev higher than the observed
level. This is a result of the large attraction of two
protons and two neutrons in the same orbit (p;, s„or
d;) as compared to twice the attraction of two such
nucleons. If two nucleons out of four are raised from
one orbit (p; say) into another one (s1 or d;), the attrac-
tion between the two pairs is rather small and does not
compensate the attraction lost by the separation.

We therefore calculated the position of an 0+ level
obtained by exciting all four p; nucleons. If these
nucleons are excited into the d; orbit the level seems
still to lie too high. But if the excitation is to the s~

orbit good agreement is obtained. On the basis of our
model we assign the first excited 0+ level of 0's to a
configuration in which there are four 1s~ nucleons and
no Op; present. This mode of excitation somewhat
recalls the o.-particle model. It is interesting to find out
whether experiments will verify or disprove this
assignment.

After completing this work we were pleased to find
that the configuration assignment we made in these
cases is precisely the one suggested a few years ago by
Christy and Fowler. ' Also the 2

—level of O'7 and F'
to be treated in Sec. IV was assigned the same con-
figuration by us as by these authors who made a rough
estimate of the energies neglecting the p; —s; interaction.

In this paper, as well as in previous work, ' ' only
the energies of states are considered. Since the energy has
a stationary value at the correct wave function, even
our approximate wave functions can give energies in
agreement with experiments. Matrix elements of other
operators, such as magnetic moments and transition
probabilities, do not have the stationary property and

6 R. F. Christy and W. A. Powler, Phys. Rev. 96, 851(A) (1954).
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are rather sensitive to small admixtures in the wave
functions. It is the authors opinion that any theory
must at least predict correct energies. If and only if
this requirement is satisfied we can hope to go to higher
approximations which will enable us to calculate more
sensitive quantities.

II. METHOD OF CALCULATION

As already mentioned, we do not calculate the energy
levels with a specific interaction or radial functions.
We have to calculate the expressions of the energy
levels in the many-nucleon con6gurations in terms of
expectation value in two-nucleon configurations. Let us
now discuss the total energy of the levels.

We consider nuclei in which the Os; and Op, subshells
are closed and extra nucleons are in the Op1 and 1s~

orbits. The sum of the kinetic energy and mutual inter-
action of the nucleons in the closed shells (the core) is

constant, according to our assumptions, and independ-
ent of the number of extra nucleons. This core energy
is equal to the binding energy of the nucleus in which

there are no extra nucleons, namely C". In order to
analyze the contribution of the extra nucleons, we
therefore first subtract the binding energy of C" from
the experimental total energies of all the levels
considered.

The result of this subtraction is the sum of the
kinetic energies of the extra nucleons, their interaction
with nucleons in closed shells and their mutual inter-
action. Because of the spherical symmetry of the closed
shells the interaction of a single nucleon with the core
is independent of the orientation of its spin j in space.
Obviously, this is true also for its kinetic energy. Thus,
the sum of the kinetic energy of the extra nucleons and
their interaction with the closed shells can be expressed
as a sum of single-nucleon energies.

The mutual interaction can be expressed in terms of
the expectation values of the eGective interaction in
the two-nucleon configurations pt2, p;s;, and siP. If
there is only one si nucleon present, there is no need
of the expectation values in the si' configuration. All

the states of the pcs;, " configurations can be written
as linear combinations of wave functions in which the
"stripped configuration" pp is in a definite state char-
acterized by T and J. The kinetic energy of the m p1
nucleons, their interaction with the core and their
mutual interaction are independent of the presence of
the s; nucleons. The sum of these energies can, there-
fore, be taken from nuclei with no si nucjeons. Energies
of pp nuclear con6gurations were analyzed in refer-
ence 2 and very good agreement was obtained. We take
these energies, due to the pp configurations, from
reference 2 and subtract them too from the total en-

ergies. If there are several s~ nucleons, their mutual

interaction can be taken care of in the same manner.

%hat finally remains is the sum of single s~ nucleon

energies and their interaction with the m py nucleons.

We now define the single-nucleon energies. Let A,
denote the sum of the kinetic energy and interaction
with the closed shells of a single s~ neutron. This will be
taken as a free parameter to be determined by the
experimental data. The corresponding single Proto'
energy differs from A, by the electrostatic repulsion
between the extra proton and the core (the difference
in radial functions of neutrons and protons also con-
tributes). In previous papers the Coulomb energy was
expressed in terms of a single parameter e'(v/m)'* by
using harmonic-oscillator wave functions. We use here
a slightly more convenient procedure. The single s;
proton energy A, ' will be taken as an independent
parameter. The rest of the Coulomb energy is due to
the mutual electrostatic interaction of the extra protons.
This we calculate from the oscillator model, taking the
value of e'(v/m) l from reference 2 to be 0.349 Mev. We
subtract also this part of the Coulomb energy from the
total energies of the levels. This way we are left with
energies equal to a combination of the free parameters
A„A,', and those of the s;—P; interaction.

Some care must be given to the Coulomb energies.
Since all the states have a definite isotopic spin we
sometimes cannot say whether nucleons excited into sy

orbits are protons or neutrons. In order to evaluate the
Coulomb energy and take the correct linear combina-
tions of A, and A, ' we have to consider the way the
states are built. We work in a scheme that the m pi-
nucleons are in a state of de6nite T» and J» and the
e s~ nucleons are in a state with definite T2 and J2.
Every state with a de6nite T and J built from such
states is a linear combination with Clebsch-Gordan
coefficients of products of states with T», Mr» and

T2, Mr2. The values of Mr» and Mr2 along with m

and e give us the numbers of p; protons and s~ protons
and so the Coulomb energy can be computed for every
term in this linear combination. For example in the
case of a single s; nucleon we can write the wave func-
tion of a state with a definite Mr= (Z—1V)/2 as

P(P; (TiJi)s;; TMrJ)

P(P; (TiMriJ)s;mi, TMrJ)

&& (TiM ri2mg i Ti ', TMr). (1)-
Thus we see that the s~ nucleon has a probability
(TiMr ——',-', PTi-', TMr)' to be a proton and (T,M&

+2-,' —P Ti2TMr)' to be a neutron. In the same way
we have to take the Coulomb energy of the pt con-

6guration in the states with the various 3fp values with

weights given by the squares of these vector addition
coefficients.

The last term to be calculated is the s~—p~ inter-

action. The calculation is almost identical to that of

reference 3. The only difference is that here states are
characterized also by T in addition to J. This means

that unlike the case in reference 3, we have to anti-
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symmetrize the wave function in the proton and
neutron coordinates, including the isospin coordinates.
However, the change due to antisymmetrization is only
the introduction of appropriate exchange terms in the
expectation values of the p;s; ttoo 22u-cleon configurations
Since we do not calculate explicitly these expectation
values we have only to characterize them with the
correct value of T.7

The formulas we get are easily obtained from those of
Sec. II in reference 3. The expressions there, where the
various J values appear, should be multiplied by the
same expressions with the appropriate values of the
isospin T. For completeness we give here the derivation
of the results in the case of a single s;-nucleon. The
configuration is pi"si and the interaction considered is

+2=2 +'Vts where nucleon number 1 is the si nucleon.
We write j for pi and j ' for s; and calculate the expecta-
tion value of the interaction in the j™j'con6guration.
We have to express it in terms of the expectation values
in the states with T and J of the jj' configuration.

We calculate diagonal as well as nondiagonal matrix
elements of the interaction in a scheme where the
m j nucleons are coupled to form a state with de6nite
Ti and J~. In this scheme we obtain

&i "(TtJt)7'TJI 2 V»l j"(Tr'Jt')j'TJ)

=m(j (T&Jt)j'TJI V»lj (Tt'J&')j'TJ) (2)

Because of the total antisymmetry of the wave function
in the coordinates of the m j nucleons, it is possible to
calculate the contribution of one term of the interaction
and multiply by m. Since we chose the term V» it is
desirable to rewrite the j wave function in order to
have nucleon number 2 in a more convenient position.
This is achieved by writing the totally antisymmetric

j wave function in terms of fractional parentage
coefficients:

4j(TrJ&)= 2 p(j" '(T2J2)jsTtJ&)

X(j™1(T2J2)jTrJr llj"T&J&) (3)

Introducing these expressions into both sides of the
matrix element in (2), we obtain the following form

m Q (j™1(T2J2)jT1Jlij T1J1)
&2J2, &2' J2'

X (j"Tr'Jr'ltj" '(T2'J2') jTr'Jr')

X(j" '(T J )j22(T 2J )jrtTJt(V ljts

X (T2'J2') j2(Tr'Jt') jr'TJ). (4)

In order to obtain the expectation va1ue of V» in
the jj -configuration in states with de6nite T and J, we
have to change the coupling scheme. On the left-hand

7 In the appendix there is a simple example of a specific calcula-
tion and there we take care of the exchange terms explicitly.

side of the matrix element in (4), Ts and Js are coupled
first to t2=»j2= j to give T&J& which then are coupled
to t&

——2,j&'=j' to give the total TJ. We go over into
the scheme where t2=-,',j2=j are first coupled to t&

=—,',j&'=j' to give some T'J' which are coupled to T2J2
to give the total. TJ.In this scheme the matrix elements
of V» can be written down immediately. The trans-
formation we have to make is a product of two simple
transformations, one for the J's and one for the T's.
Every coefficient of the simple transformation contains
a Racah coefficient. ' On carrying out these transforma-
tions on both sides of the matrix element in (4) we can
integrate over all nucleon coordinates other than 1 and
2, since only these appear in V». As a result, in order
to get a nonvanishing contribution, we must have
T2'= T2J2'= J2. Because of the invariance of V» under
rotations in ordinary and spin spaces and in the isospin
space, T' and J' must have the same values as both
sides of the V» matrix element. We thus obtain

X p (j '(T2J2) jTrJtjlj TtJt)

X(j"T'J'(i™1(T J)jT'J')
XL(2Tt+1) (2Tr'+1) (2J2+1)(2Jt'+1)j'(2T'+1)

X(2 J+1) W( T-',2T2; TrT')W(T2 2T ', ; Tt'T')-
XW(J2j Jj'; J&J')W(J2j Jj', Jt'J'). (5)

This is the desired expression of expectation values and
nondiagonal matrix elements of the interaction in the

j j' con6guration in terms of the expectation values in
the two nucleon jj' configuration. Upon using this re-
sult with j=-,'and j'=-,', all the matrix elements re-
quired for this work were calculated.

III. CONFIGURATIONS WITH ONE s~ NUCLEON

Nuclear configurations pi s*„which contain m pi-
nucleons and one s;-nucleon outside the C" core, occur
in nuclei from C" up to F". In many cases the levels
of these eon6gurations can be easily identi6ed. First by
the parity of the states which is even (or odd) according
to m being even (or odd). Then the spin of the state
often determines whether the even parity nucleons is in
a s~ or d; orbit. We first treat all the cases in which there
is no ambiguity in the configuration assignment. The
experimental data were taken from the Ajzenberg and
Lauritsen review article, from Nuclear Data Cards, "
and from Mattauch's review article. "

2 G. Racah, Phys. Rev. 63, 367 (1943), Eq. (4).
9 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77

(1955).
"Nuclear Data Cards (National Research Council, Washing-

ton, D. C.).
» Mattauch, Waldmann, Bieri, and Everling, Z. Naturforsch.

lla, 525 (1956).
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TABLE I. Experimental and calculated energies of ppsx con6gurations in Mev.

Nucleus

Position of
level above Configu-

g.s. J, parity, T' ration

Total
energy
minus

B.E.(C12)

Percent
weight of
spurious

states Energy in terms of the parameters

Exp.
energy
treated

Calculated
energy

C 18

7N6"
6C8
6C8
N 14

7N 14

7+714
7N 14

C 15

7N 16

7N 16

80g'
gp817

3.09
2.37
6.89
6.09
8.70
8.06
4.91
6.23
g.s.
0.12
0.39
0.87
0.51

0—1
1—1
0—1
1—1
0—0
1—0

0—1
1—1

Si
S)

Py Sy

Pg Sg

P~ Sy

Pg Sg

Py Sg

Pg Sy

Py Sg

P~ Sy

P' Sg

Py Sg
Px4Sx

1.86—0.42
6.23
7.03
3.79
4.43
7.58
6.26

14.33
25.87
25.60
38.72
35.53

5.1
5.1

3.2

3.2
9.5
6.3

A, '
+ Vp'

A, + V1'
4As+gAs' + Uo'

A++.As + V1'
—,'A, +-',A, '+2 Vo —Vp'

y-,'Vp'+-,'V, '
A, +Vp +-', Vp'+-', V1'

+V1+~ Vo'+)U1'

As +g Uo+-,'U1 +~Uo +)V1

1.86—0.42
0.75
1.55—0.17
0.47
3.61
2.29
1.22
2.45
2.18
3.33
1.06

1.64—0.52
0.87
1.65—0.21
0.57
3.65
2.37
1.27
2.43
2.18
3.22
1.06

In C" and N", with one nucleon outside the C" core,
we interpret the lowest —', + levels as due to excitation
of the single extra nucleon from the P1 to the s; orbit.
In C'4 and N'4, with two extra nucleons, odd parity
low-lying levels belong to the p, s1 or p,d; configurations.
Of these, states with spins J=O and J=I belong to
the former and states with spins J=2 and J=3 belong
to the latter configuration. Experimentally, there are
known low-lying 0—and 1—levels in C" (and T=1
such levels in N'4). In N" there are in addition T=O,
0—,and I—observed levels. The experimental situa-
tion is less certain in the case of C". YVe expect the
ninth neutron to be in a d; or s; orbit. Before the analysis
is completed, it is impossible to conclude from C"
(and N") that the s1 orbit is lower than the dt orbit in
C' . Similarly it would be wrong to arrive at the oppo-
site conclusion from 0'i (and F'i). The ground state of
C's P decays into the —',—ground state of N" with a
logft value of 6. This can be at most an ordinary
first forbidden transition with AJ=O, 1 but not AJ=2.
This is an indication that the ground-state spin of C"
is —,'+."The energy of this state agrees very well with
our calculated value which lends further support to
this assignment. In N" the ninth neutron is again
either in a d~ or a s1 orbit. When it is coupled to the P;
proton the resulting spin can be 2—or 3—in the erst
case and 0—or 1—in the second. In fact, the lowest
four states of N" are known experimentally to have
these spin values. In 0" and F" there is one nucleon
outside the closed shells of 0".It can therefore be in a
d; orbit (experimentally the ground state) or in the s;
orbit (experimentally observed as the first excited
state). In all these cases there is no ambiguity in the
configuration assignments. In some of the nuclei men-
tioned protons and neutrons are in different shells and
the analysis of reference 3 could have been made.
Instead, we prefer to consider all configurations to-
gether by treating protons and neutrons alike with the
isotopic spin formalism.

"This assignment is made for other reasons by G. A. Bartholo-
mew et at. , Can. J. Phys. 34, 147 (1956).

The experimental situation is summarized in Table I.
The levels are listed according to the nucleus in which
they occur (column 1), their position above the ground
state of that nucleus (column 2) and their spin, parity,
and isotopic spin (column 3). The configuration assign-
ments for the nucleons outside the closed shells of C"
are given in column 4. The total energies of the levels
(being the binding energies of the nucleus minus the
corresponding values of column 2) from which the
binding energy of C" was subtracted are listed in
column 5. The percentage weight of spurious states in
the wave function of each level, calculated with har-
monic-oscillator wave functions, is given in column 6.

As already explained, we are interested in the single-
nucleon energy in the s; orbit (2, or A, ') and in the
interaction of this single nucleon with the p; nucleons.
The actual parameters we use for this interaction are
defined in terms of the expectation values in the p,s;
configuration as follows:

Vs ———',{(p;s;T=OJ~ Vi2~ p, s;T=O J)
+(p 1Ts=1 Jl V»I p '.siT= 1 J)}, -

Vs' (p:s;T=1 Jl V——»l p;s;T=1 J).
The physical meaning of these parameters is very

simple. Vg is the interation in a state with spin J of a
P; proton and an s; neutron (or a P; neutron and an s1
proton). Vs is simply the interaction in a state with
spin J of two protons or two neutrons (or a proton and
a neutron with T= 1), one in a p~ and the other in a s1
orbit. The expression of the part of the energy we treat
in terms of A„A,', VJ, and Vg' is given in column 7.
The corresponding experimental energies are listed in
column 8. These values were obtained from the experi-
mental energies of column 4 by subtracting E(p; ),
the energy due to the pp con6guration, and the electro-
static interaction between the p; and s; protons.
Energies of p; configurations were taken from an
analysis of the experimental binding energies in the p;
shell according to reference 2. The Coulomb energy we
calculated with harmonic-oscillator wave functions tak-
ing the value of e'( / t)'* sfrom reference 2.
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We now equate the expressions in column 7 to the
corresponding experimental energies in column 8. In
this way 13 equations with 6 unknown parameters are
obtained. We look for values of the parameters which
will fulfil best these equations by a least square fit.
The best values (in Mev) obtained for the parameters
are

A, = 1.636,

Up= 1.162

Vg= 0.914,

A, '= —0.522,

Vo'= —0.770,

Vg'= 0.011.

We check the agreement by plugging these values in
the expressions of column 7. This way we obtain the
calculated energies (column 9) which should be com-
pared with the experimental energies in column 8. As
easily realized, the agreement is very good. The ac-
curacy obtained can be measured by the root-mean-
square (rms) deviation. This is defi.ned as [P, PAP/
PV—k)$&, where 6; denote the deviations of the calcu-
lated energies from the experimental, N is the number
of equations, and k is the number of free parameters.
The rms deviation computed from Table I is only
0.13 Mev.

The difference of the values obtained for A, and A, '

is well accounted for by the electrostatic repulsion.
The parameters thus obtained can be used to deter-

mine positions of levels in other, less certain, cases.
Our results can be immediately applied to the 0"
nucleus with a p ground configuration. There should
be four odd-parity levels which belong to the excited
pcs; configuration. That part of the energy which
depends on the parameters for these levels is given
below:

T=O, J=O:
T=O, J=1:
T=1 J=O
T—1 J—1

—,'A.+-', A, ' +3Ui+-', Vo' —$Vi'.

2A, joA, '+ Vo+2Vi —io Vo'+-,' Vi'.

—,'Aa+-,'As +Vo +-,' Vo +-,' Vi .
—,'A, +-,'A, ' + Vi+-',Vo'+-',Vi'.

If we insert the values of our parameters and add the
rest of the energy, we obtain the total energies. The
values of these turn out to be, in the same order, 23.55,
25.36, 22.77, and 22.53 Mev. These correspond to 0—
levels with T=O at 11.89 and with T=1 at 12.67 Mev
above the ground state. Similarly the 1—levels are
calculated to lie 10.08 (T=O) and 12.91 Mev (T=1)
above the ground state of 0".

One 0—level has been identified in 0", 12.'78 Mev
above the ground state. This seems to agree well with
the predicted 12.67 Mev. Still no isospin assignment has
been made experimentally. No other 0—level has yet
been found at 12 Mev but there are already many
levels in this region and a new one might well be soon
found.

On the other hand, 1—levels are known at 7.12,
9.58, and 13.09 Mev above the ground state. The level
at 9.58 appears as a resonance in C'o+n scattering which

probably indicates its having T=O. This would agree
fairly well with the calculated position of the 7=0 level
at 10.08 Mev. The agreement between the experimental
value of 12.91 and the calculated 13.09 Mev is rather
good. However, the experimental situation should be
better known before definite conclusions are drawn.
The main difficulty in 0" is the occurrence of a low-

lying 1—level at 7.12 Mev. This is lower by 3 Mev
than the lowest predicted value. It is very difficult to
reconcile such a big shift, if due to configuration inter-
action, with our model. This would involve extremely
large nondiagonal matrix elements. The weight of
spurious states in these 1—states of p si is not bigger
than in the previous cases. We therefore conclude that
this low 1—state of 0" is due to a different mode of
excitation.

A slightly more complicated case is that of the oi+
levels in N'5 and 0".All the states considered until now
were built from a single state of the pp configuration
(simply because m=1 and m=3 correspond to a P1
nucleon and a p, hole, respectively). Some of the low-

lying -', + states in N" and 0" presumably belong to
the pros~ configuration. Two states with T= —', and 7=-',
can be obtained by adding the s~ nucleon to the two pP
states. These are the T=O J=1 and T=1 J=O states
of the pP configuration. If there were no pi —s; forces,
the two states thus obtained would diagonalize the
interaction matrix. Since these forces exist (and are
quantitatively determined by our analysis), we have to
calculate the nondiagonal element and diagonalize the
two by two matrix. The energy matrix E, for 0", is
given below in terms of the parameters. The corre-
sponding matrix for N" is slightly different, since

E(pP) includes the Coulomb energy. Also A, and A, '

should be interchanged.

(p ( iJ,)s;7"=-', J=pEip (7','Ji')s;2'= ', J=-', ). -

10
01

10
& 59+3~.+i~.'+-'Uo+ (9/4) &i—~ &o' ——.'&i'
—,'(Vo —&i—Vo'+ Vz')

01
—,'(Vo —&i—&o'+ V&')
11.98+38'+4Vo+4VI+4Vo'+4V1'

We substitute the values we obtained for the pa-
rameters and diagonalize the matrix. The eigenvalues
which are the total energies (relative to C") of the o+
states turn out to be 11.01 and 12.59 Mev. These corre-

spond to levels 8.83 and 7.25 Mev above the ground
states of 0".The levels in N" are calculated to be at
7.55 and 9.11 Mev.

To these predictions should be added that of the
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7=s J=$ level of the same Pissy configuration. The
total energy of this level (relative to C") is

11.98+A, '+ Vi+ Vi',

in the case of 0"and

12.44+2,+Vi+ Vi',

in N". Thus these levels should lie 7.46 and 8.33 Mev
above the respective ground states.

Levels with sPins —',+ and ss+ are observed in 0"
and N". However, the experimental situation is far
from being clear cut so that we shall not attempt to
compare calculated with experimental levels. Our
model predicts also another s+ state in 0" and N" in
the same neighborhood. This state which belongs to the
sy' configuration will be treated later.

These were all the cases in which only one nucleon
occupies the s~ orbit. The treatment of more sy nucleons
will be carried in the next section. This will include the
cases of the 0+ level in 0" and the —',—level in F".

IV. CONFIGURATIONS CONTAINING SEVERAL
sg NUCLEONS

In the last section we treated p; s; configurations.
We could get information on the pi —s; interaction by
subtracting from the total energies the energies due to
the pp configurations. We would now like to consider
configurations of the type Pf si" with e& 1. To do this
we have to know the interaction energy in the s~" con-
hgurations. The values of these energies, however,
cannot be taken from reference 2. This is because the
s~" configurations treated there occur as ground con-
figurations only beyond Si'8 where the dg shell is closed.
There is no good reason to believe that the egectiee
forces between sf nucleons will be the same in the ab-
sence of the closed dg shell. In fact, if we take the inter-
action parameters from reference 2, the s~' configuration
which is probably the ground configuration" of F", is
calculated to lie 7 Mev higher than observed.

We can determine the effective interactions in s~"

configurations by analyzing nuclei with these configura-
tions outside the closed shells of 0". This procedure
will give us the necessary interaction parameters. The
difEculty is to find out where the con6guration is s;"
and not d;", say. In 0" and F" the single nucleon -', +
states are well known. We compare the level schemes
of F" and F" (or Ne") to those of AP' and Al" (or
Mg") with corresponding numbers of holes in the d;
shells. From the fact that there is no similarity we con-
clude that the J=1 ground state of F" belongs to the
sy' configuration. Similarly, we take the ground state
of F' (and Ne") with J=-,' to belong to the s con-

'3In our model configuration interaction is assumed to be
negligible and thus s~' must be the ground configuration since it
is energetically preferred to dg'sg. Also in other treatments, where
rather strong configuration interaction is assumed, the s~3 con-
figuration is postulated to lie rather low and it has a large ampli-
tude in the ground-state wave function of F".

6guration. These cases are sufhcient to determine the
interaction parameters. However, apart from the
Coulomb energy there are as many equations as un-
knowns. The s~" interaction parameters thus obtained
are, in the notation of reference 2, in Mev,

a=3.57 and b= —1.91.

These values are considerably bigger than the values
1.98 and —0.32 obtained in reference 2 from nuclei
beyond Si'8.

With these parameters the T=1 J=O state of the
sy' configuration is calculated to lie 3 Mev above the
experimental ground state of 0".This result is, how-

ever, satisfactory. There are indications (e.g., position
of the 2+ excited state) that the 0" ground state as
well as the corresponding T=1 state at 0.95 Mev in
Fis belong predominantly to the de conhguration i4, I5

The s~' T=1 J=O level in F" is calculated to lie 3.8
Mev above the ground state.

We can also calculate with these parameters the
energy of the J=O state of the s~4 configuration. The
result, 33.00 Mev, is in excellent agreement with the
experimental binding energy of Ne" which is 33.05
Mev (these energies are relative to 0").This might be
a strong argument in favor of our procedure here. How-
ever, we do not know the correct configuration assign-
ment for the ground state of Xe". We hope to return
soon to this discussion in more detail. Nevertheless we

shall tentatively use the quoted values of the inter-
action parameters. As we shall presently see, the rather
strong interaction between the s; nucleons gives rise to
interesting modes of excitation.

The procedure adopted can be simply described as
using the experimental binding energies of F's, F's (and
Ne") and Ne". In dealing with these energies it does
not matter what the exact configurations are. However,
in addition to these binding energies we must use the
parameters of the interaction between the pi nucleons
and nucleons in the next higher shell. The values of
these parameters for s~ nucleons are diferent from those
for d; nucleons. Thus the results depend on the pre-
dominant configurations assigned to the states. This is
the reason for the preceding discussion. In the cases
treated below, fair agreement is obtained only with the
previously determined pi —s, interaction parameters.
We have enough information on the Pf—d, parameters
to exclude the possibility of getting similar agreement
by using them.

The first nucleus in which two s~ nucleons can occur
is N" (or C" with levels corresponding to the T=1

"O. M. Bilaniuk and P. V. C. Hough, Phys. Rev. 108, 305
(1957).

'5The experimental values for configuration mixing given in
reference 14 are obtained by assuming that 81% of the 7=4
state in 0'8 belongs to dg', whereas the rest belongs to the d;d~
configuration. Having in mind the large d; —d~ separation and the
pairing efFect, we can assume instead an almost pure d~s' con-
figuration for the 7=4 state. Then the experimental weight of the
d;~ configuration in the J=o ground state of 0'8 turns out to be
about 95%.
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levels of N"). If the two py nucleons are raised into the
sy orbit, the configuration is simply s~' and there are
two levels with T=O J= 1 and T= 1 J=O. The total
energies of these are simply

T=O, J=1:A,+A, '+a ,'b—=—7.54 Mev,

T=1, J=O: A,+A, '+a+ ,'b=-3 73 .Mev.

The numerical values were obtained by inserting the
values of the parameters. The corresponding levels are
at 4.95 (T=O J=1) and 8.76 Mev (T=i J=O) above
the ground. state of N'4. Experimentally there are
levels with J=1+ at 5.10 and with T=i J=O+ at
8.62 Mev. It is tempting to identify these levels with
the predicted ones. The agreement obtained is, thus,
very good and encouraging to treat in this manner
further cases.

The next pair of nuclei to be considered is the
0"-N" pair. The ground configuration of these is
pp. The posy configuration was treated in the previous
section. If one more p; nucleon is excited the configura-
tion becomes p;s~p. The states of this configuration lie
rather high where there is not enough experimental
information. If the last py nucleon is also excited the
sy' configuration is obtained. The energy of the only
state T=—', J=-',+ can be easily calculated with the
values of A„A,', and the s;" interaction parameters.
This -',+ level in 0" is calculated to lie 6.52 Mev above
the ground state. This would agree fairly well with the
experimental level at 6.82 Mev with positive parity
and possible spins —,

' and —,'. On the other hand, in N"
the corresponding —',+ level turns out to lie 7.00 Mev
above the ground state. Again there are experimentally
even-parity levels with possible spin -', at 7.16 and 7.31
Mev. However, there is in N" an additional low-lying
level, 53k Mev above the ground state, with a possible
spin -', +. Therefore, it is not yet possible to conclude
whether there is agreement in this case. The experi-
mental situation should be cleared up first and par-
ticularly the correspondence between the mirror nuclei
0"and N".

A more interesting case is 0" in which the first ex-
cited state, at 6.06 Mev, is a 0+ state. If two p;
nucleons are raised into si orbits, two states with
T=O J=O can be formed. In the scheme we use, these
two states are pP~(Ti= 1 Ji——0)sg(T~=1 A=O)T=O
J=O and pp(Ti 0J,=1)sp(T,=O J,=——1)T=O J=0.
The energy matrix defined by these states has a non-

diagonal element due to the pi —sg interaction. The
eigenvalues of this matrix give two 0+ states, 13.81
and 16.91 Mev above the ground. state of O' . Both
these values are much higher than the experimental
6.06 Mev. Preliminary calculations show that also the
excitation of two p~ nucleons into dy'orbits gives levels

in about the same range.
These energies turn out to be so high because of the

following reason. The attraction between a pair of

nucleons in the p~ orbit and a pair in the s~ (or d~)
orbit, as determined by our parameters, is much smaller
than the attraction of two pairs in the same orbit.
Thus we were led to try the excitation of all four p;
nucleons into the si orbit. The total energy (relative
to C~) of the resulting T=O J=O state turns out to
be 28.54 Mev. This corresponds to a 0 level at 6.90
Mev above the ground state of 0".This is reasonably
close to the experimental value. If the four p; nucleons
are raised into the dg orbit the resulting level is much
higher. We thus adopt the assignment of the first ex-
cited 0+ state in 0" to the sy' configuration with no
p~ nucleons present. It would be very interesting to
verify or disprove experimentally this mode of excita-
tion. The occurrence of the electric monopole transition
from the excited 0+ level to the ground state indicates
admixtures to our wave function. However, it is rather
dificult to determine quantitatively such admixtures.

A related mode of excitation gives a low-lying state
also in 0"and F".In these nuclei the -', + state, of the
p s; configuration, is the first excited state. The lowest
state (J=-', —) of the pgsP configuration is calculated
to lie 6.69 Mev above the ground state of 0" (and 6.32
Mev above the ground state of F").However, a still
lower —,

' —level belongs to the p;s configuration. The
total energy of this level is easily calculated from the
interaction parameters and turns out to be 35.58 Mev
in 0'i and 31.67 Mev in F'' (relative to C''). The corre-
sponding —,

' —levels should therefore be at 4.01 Mev in
0'~ and 4.37 Mev in F".Experimentally, there are ~~—
levels in O" and F" at 3.06 and 3.10 Mev above the
respective ground states. The agreement, although sig-
nificant, is not very good, the deviation being about 1
Mev (which should be compared to the calculated value
of 36 (or 32) Mev). If we would take for this level the
p;d configuration, the agreement would turn much
worse. Still this result might be considered satisfactory
since this mode of excitation causes a great change in the
occupation of orbits in the nucleus. These consider-
ations should be applied also in the similar case of O".

In view of the previous cases, the occurrence of the
very low-lying ~

—level in P' could be well understood.
The ground configuration of F" is p si' and its total
energy (of its only level -', +) is 55.61 Mev (relative to
C").The simplest excited configuration is p~'st and its
energy can be simply calculated in the same manner as
before. This energy turns out to be 55.79 Mev which is
even slightly bigger than the ground-state energy. The
—,
' —state would thus be predicted to be 0.2 Mev
below the ~i+ ground state. Actually it lies 0.1 Mev
above it. In the mirror nucleus Ne" the ~

—state is
calculated to lie 0.23 Mev above the —',+ ground state.
Experimentally it lies 0.26 or 0.29 Mev above it. These
-', —states were usually interpreted as due to a p~ hole. '
Now this interpretation has been given a quantitative
basis.
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APPENDIX

There is a simple way to calculate the weight of
spurious states in the wave functions used in this work.
In the ground state the center of mass is moving in a Os

oscillator orbit and its total energy is -', A~. If one nu-
cleon is excited into a higher oscillator shell there might
be some motion of the center of mass in the Op orbit.
If x' is the weight of the spurious states it is also the
amount of the Op motion. Thus, the energy of the center-
of-mass motion will be (1—x')(sfuo)+x'( —,')'ice). H we
calculate the energy of the center-of-mass motion, we
can, in these simple cases, obtain right away the weight
of the spurious states.

Instead of calculating the total energy we calculate
the expectation value of the potential energy. This is
well known to be equal to half the total energy in the
harmonic-oscillator motion. This potential energy V has
no cross terms between states with Os motion and Op
motion and therefore it can be used in the cases we
treat here. Let S denote the number of nucleons and m
the mass of each. We then have

V=-,'(1Vnz)te(gr;/cV)'= (1/ Ã)nste(Pr. )' (A1)

This is equal to a sum of potential energies of single
nucleons and simple two-body terms:

Sec. II give any two-body interaction in terms of the
expectation values in the two-nucleon con6guration.
Thus, we have only to calculate these for the special
type of interaction we deal with here.

Only t/'z' contains exchange terms and therefore we
have to consider its value. Writing explicitly the
nucleon coordinates 1 and 2, we have

(jj 'T=1 J
I ri rsl jj'&=1J)

=(jijs'~l ri rsljijs'~) —(jijs'~lri reljsjt'7). (A4)

We change the order of j and j' in the right-hand side
of the exchange term in order to get an ordinary matrix
element. %e obtain from the symmetry properties of
the Clebsch-Gordan coefficients the expression

V~'=(i ifs'J(rt rsli res'~)
—(—1) +'-'(jtjs'~l r, r,

I
jt'is~) (A5)

Here nucleons 1 and 2 appear in the same order through-
out and we can drop these indices. We get from the
second term, only which contributes, by use of well-
known techniques:"

1)'+" ~+'(jj'Jl r, rslj'P)
= (—1)'"' "'(-1)"'-'(jllrllj') (j'llrljl)

XW(jjj'j'' ~1)=—(jllrljl')'W(jj j'j'; J1) (A6)
BSG0

V=—P res+I(og (r; r;) .
2

(A2) The value of the reduced matrix element is readily
given by"

The first term within the brackets is one half the sum
of the energies of the single nucleons in the various
orbits of the oscillator potential. The second term can
also be easily evaluated.

In practice, things are even simpler when we take
into account the fact that in ground states (V)=ss&.
If there are Ep nucleons in closed shells and lowest
unfilled shells, we can rewrite t/' as

Np

V= y, /X) (1/ZV, )m~(g r;)'

(ntsjffrlfn'1' —',j')= (—1)~' ' '(nl ffr ffn'1')

XI (2j+1)(2j'+1)P'W(/jl'j'; rs1). (A7)

Obviously 2n+1 must differ from 2n'+1' by one only
for the matrix element not to vanish. Because of the
parity, t' and /' must di6'er by one and e and e' can
dier at most by one. For such values of the single-
nucleon quantum numbers we have

(«llrlln'1')=(&ll(:"'ll&')Jt R l(r)R i(r)«r, (Ag)
0

mGO Np N 52or

+ (Zr;) ( Z;)+ ( Z r;).
i=1 j=Np+1 2g i=Np+1

(A3) where E~E are the harmonic-oscillator wave functions'" "
and the angular part is"

The first term is simply (Es/E)(saba&). The third term
represents single-nucleon terms and two-nucleon terms
of the nucleons in excited orbits, while the second term
represents their "interaction" with the Ep nucleons in
the lowest orbits.

The "interaction" r~ r2 has very simple selection
rules. Taken between nucleon states l&j&, l2j2 and
1&'j&', l2'j2' it vanishes unless the triangular conditions
are satisfied by (jrji'1), (jsjs'1), (lilt'1) and (4ls'1).
Furthermore the parities of l~ and l~' must be opposite
and the same must hold for /2 and l2'. This means that
only exchange terms contribute to (V). Our results in

(~lf(:"'ll1') =I (21+1)(21'+1)-,'« ~ ji. (A9)

We write down the final expression

V~'= —(2j+1)(2j'+ 1)(21+1)(21'+1)s(-ll 1

XW(jjj''j; J1)W'(i&7'p'; —,'1)
J~

R &R i rdr . (A10)

"G.Racah, Phys. Rev. 62, 438 (1942)."I.Talmi, Helv. Phys. Acts 25, 185 (1952).
's R. Thieberger, Nuclear Phys. 2, 533 (1956/57). In this paper

there is a slight error on page 534: V&& should be equal to
1 [ (4v/2l j3)r'.
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The term which has the form of the interaction of an

excited j' nucleon with the closed shells can be written

down in a close form. We have to add contributions
from the appropriate shells and only from nucleons

identical to the excited one. We get for a closed shell

with 2j+1 identical nucleons, by using the technique

of Sec. II,

&j"+'(0)j'I(E r~) r'lj"+'(0)j')

= (2j+1)(j'&+'(0)j'I rt r'lg&+'(0) j')

=(2j+1) (j"(j)jr(0)j'Ir, r'Ij (j)j,(0)j')

= (2j+1)Q(2J+1)W'(jjj'j'; OJ)VJ'

p (2J+1)VJ'. (A11)
2j'+ 1

Inserting the values of Vq' from (A6) and (A7), we

obtain

2 (2J+1)(~~llr llrs'l')'(2 j+1)(2j'+1)
2j +1
XW (ljt'j'; ', 1)W—(jj'j'j;J1)
= —(2j+1)(«II~III'~')'w'(~j~'j', l1)

XP(2J+1)W(jjj''j; J1). (A12)

Using Eq. (43) reference 16, we can carry out the sum-
mation over J:
QJ(2J+1)W(jj'j'j; J1)=—

I (2j+1)(2j'+1)7&
X (—1)'+' Q&(—1)~+rW(jjj'j'; OJ)

XW(jj j'j'; J1)= —(—1)'+"I (2j+1)(2j'+1)7&
XW(jjj'j'; 01)=1. (A13)

Thus the interaction of a eVj' nucleon with the closed
elj shell is

—(2j+1)(~~II~II~ t )'Ws(/jl'j', -,'1). (A14)
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Gamma-Ray Threshold Method and the 0"(d, n ~)F" Reaction

J. W. BUTIXR AND H. D. HOLMGREN

QNcleonics Division, United States 5'ava/ Research Laboratory, Washington, D. C.
(Received June 19, 1958)

A neutron threshold technique involving observations of the gamma rays from the de-excitation of the
residual excited states is described. A study of the 0"(d,ep)F" reaction with this technique has resulted
in the observation of neutron thresholds at bombarding energies of 346&8, 525+8, and 584&10 kev. These
thresholds correspond to states at 6.048&0.014, 6.210&0,014, and 6.262&0.015 Mev in the F" nucleus,
respectively. A detailed gamma-ray spectrum was obtained at a bombarding energy of 1.00 Mev using a
single-crystal spectrometer, and another detailed spectrum was obtained at 1.40 Mev using a three-crystal
pair spectrometer. Coincidence measurements were made for several of the cascade gamma rays.

I. INTRODUCTION

"EUTRON threshold techniques have been used

to observe a number of nuclear reactions' in order

to determine the energies of excited states in the residual

nuclides. The essence of the neutron threshold method
is the use of a detector which discriminates against the
"fast" neutrons in favor of the "slow" neutrons (a few

kev of energy) which are emitted just above their
threshold. Since these techniques generally have utilized

enriched BF3 or boron-lined proportional counters sur-

rounded by a small amount of paragon moderator, this
discrimination against the faster neutrons is purely a
statistical matter involving the 3" neutron-capture
cross section as a function of neutron energy and the

' T. W. Bonner and J. W. Butler, Phys. Rev. 85, 1091 (1951).
T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954).Brugger,
Bonner, and Marion, Phys. Rev. 100, 84 (1955).Butler, Dunning,
and Bondelid, Phys. Rev. 106, 1224 (1957).

scattering cross section of hydrogen, also as a function
of neutron energy. ln addition, the fractional energy
loss of the neutron per collision in the paragon is also a
statistical function, but is independent of neutron
energy. Thus the ratio of "slow" to "fast" efficiencies
is never large, as contrasted with electronic pulse-height
discrimination employed in modern scintillation de-

tectors. A further complication in the above method of
threshold detection is that a neutron which leaves the
target as a fast neutron might enter the detector as a
slow neutron because of degradation of its energy by
the Qoor and walls of the laboratory, or by the target
assembly and the detector equipment.

A technique which involves the observation of the
resulting gamma rays instead of the neutrons obviates

many of the inherent disadvantages of neutron detec-


