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The distribution function correlating the electron and neutrino momenta with the spin orientation of the
parent or daughter nucleus is calculated for forbidden transitions with Coulomb effects included. Attention
is focused on the B-decay interaction law form and behavior under time reversal. The near equivalence of the
VA and STP forms is noted and a generalized substitution law relating the VA, STP, and VASTP forms is
derived. A number of experiments distinguishing between the VA and STP. forms are discussed in detail.
Lastly, experiments testing time-reversal invariance are discussed with special emphasis placed on those
terms in the distribution function which are not due to Fierz-like interferences and are not obscured by

Coulomb effects.

I. INTRODUCTION

O specify completely a four-body process in which
all four bodies may have nonzero spin, one should
specify the linear momentum and polarization tensor
of each of the four bodies. Because of conservation laws
following from invariance under proper Lorentz trans-
formations, it is actually sufficient in the center-of-
momentum reference frame to specify any two momenta
and any three polarization tensors. Thus the most
general distribution function describing 8 decay should
have these five quantities as arguments. In practice,
only experiments involving at most three of these quan-
tities have ever been done. Various such three-argument
distribution functions (independent of any assumptions
about invariance under space inversion, charge conjuga-
tion, or time reversal) have been published in the
recent past.!

The purpose of this paper is to add one more set of
such three-argument distribution functions to the
literature, namely the functions correlating the two
linear momenta with a nuclear polarization tensor. This
has been given by Jackson, Treiman, and Wyld! for
allowed transitions ; we consider forbidden (in particular
first forbidden) transitions. Forbidden transitions in-
volve in general many unknown nuclear matrix elements
making the analysis of experiments ambiguous. How-
ever, for some judiciously chosen experimental arrange-
ments the analysis can be considerably simplified. The
interest in this particular distribution function is
twofold:

(1) Observation of certain terms in this distribution
function can answer the question whether the g-decay
interaction law is VA or STP.

* Work performed under the auspices of the U. S. Atomic
Energy Commission.

1 Jackson, Treiman, and Wyld, Nuclear Phys. 4, 206 (1957);
M. E. Ebel and G. Feldman, Nuclear Phys. 4, 213 (1957); R. B.
Curtis and R. R. Lewis, Phys. Rev. 107, 543 and 1381 (1957);
M. Morita and R. S. Morita, Phys. Rev. 107, 1316 (1957);
Berestetsky, Ioffe, Rudik, and Ter-Martirosyan, Nuclear Phys.
5 464 (1958); A. Z. Dolginov, Nuclear Phys. 5, 512 (1958); S. B.
Treiman, Phys. Rev. 110, 448 (1958) ; Frauenfelder, Jackson, and
Wyld, Phys. Rev. 110, 551 (1958); R. R. Lewis and R. B. Curtis,
Phys. Rev. 110, 910 (1958) ; Morita, Morita, and Yamada, Phys.
Rev. 111, 237 (1958). The above list is not claimed to be compiete.

(2) Observation of other terms can answer the ques-
tion whether 8 decay is invariant under time reversal
or not, provided the interaction law is mainly V4 or
mainly ST'P (as is most likely).

We note that other three-argument distribution
functions are usually not suitable for testing both
questions (1) and (2). Thus the distribution function
correlating neutrino momentum with the electron’s
momentum and polarization is suitable for testing
question (1) ; however, it cannot test question (2) if the
interaction law is pure VA or pure STP. On the other
hand, a measurement of the beta-gamma angular
correlation for decays from oriented nuclei will test
question (2) but not question (1).2

II. FORMULAS

We take for the 8-decay interaction Hamiltonian the
expression given by Lee and Yang.? The calculations are
done explicitly for the process in which an electron and
an antineutrino are emitted. To obtain the results for
positron emission (or K capture) one should make the
following substitutions in all formulas:

(CV;CT7CSI:CP,:CAI>_> (CV:CT;CS,7CP,7CA/)*7 (1)
(Cv',Cr',Cs,Cp,Ca) —=— (Cv',Cr',Cs,Cp,Ca)*.

For proton emission, in addition Z——Z.

We choose as the two independent linear momenta
the electron momentum p and the antineutrino momen-
tum q. These symbols are used throughout this paper
to denote unit vectors in the specified directions. The
nuclear polarization tensor may be chosen to be either
that of the initial or of the final nucleus. In the latter
case one might in an actual experiment observe instead
the circular polarization of a subsequent ¥ quantum.

For the distribution in electron and antineutrino
momenta for decays from oriented nuclei, we find (the

2 These statements are exactly valid for allowed, and approxi-
mately valid for first forbidden, transitions.
3T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956).
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TasLE I. The factor 4 (lo,M,) defined by Eq. (A-13).
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Tasie II. The factor Qy(k.,%,) defined by Eq. (A-15).
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TABLE III. The parameters bz(0,0; &,k;). These parameters contribute to AJ =0 transitions.

k ke ky 0%(0,0; ke k)
0 0 1 Re{assK1i4-2[3qRass+ase JM 1144 (gR)%ess+ 2qRasr+ass 1K 11}
0 1 1 $3)iRe {assM 11+2[FqRass+as5 1K 11+ (gR)?as5+3qRasa+as M 11}

TaBLE IV. The parameters bz(0,1; &e,%») and bx(1,0; k.,k,). These parameters contribute to AJ=0 (except 0—0) transitions.

k ke k, 00,15 ke,ky) +bi (1,05 ke k)
1 1 0 —% Re{[Bss+Bs1 1M 11+ [2851—Bss JM 12+ [39R (Bs1+B15+Bas— B54) +Bra+Baz+Bss 1K 11
+[3¢R (2851~ B54) +2821—B24 1K 12+ [3 (¢R)* (B51—Bss) + 3R (B21—B2a~+Bs6) +B26 M _1_1}
1 0 1 —% Re{[Bss+B51]K 11+ [39R (38514-B15-Bus) +B12+Bae+Bs6 JM 11+ [ (gR)B51gR (3B21-+Bs6) +3B26 1K —1-1}
*1 1 1 & (8)¥ Im {[2 (asatas) IM 11~4-[esa— 25 1M 1-2+ [3gR (2aus+ 2015 — 3ase) + 2 (a2 +eartase) JK 11
+L3gR (asa—2051) +e2a— 2091 JK 12— 3[ (¢R)ass+gR (— 2056+ 3atas) — 6o 1M _1_1}
1 2 1 —3(1/V2) Re{[Bss—2B511K 12+[3gR (Bsa—2851) +B2a— 2821 1M 12}
1 1 2 #(1/V2) Re{[3¢R (Bss+2851) IK1-1+[§ (qR)?*(B54+2851) +3gR (Baa+2821) IM 11}

TasLE V. The parameters b5(0,2; k.,k») and 0(2,0; k.,k,). These parameters contribute to AJ=0 (except 0—0, 2—2) transitions.

3 ke ky b:(0,2; ke,ky) +bi (2,05 ke k)

2 2 0 — 75 (3 Re{3a5s K12+ [gRass+3ass JM _1_s}

2 0 2 —70(3) Re{gRassM1_1+3qR[qRas;+3a2s 1K 11}

2 1 1 —(1/12)(3)* Refoss[qRK11+3M1_s]+3[qRass+3cs JLgRM —1-1+3K _1_2]}
*2 2 1 1o (3)¥ Im {3B53K 12+ 3[qRB53+3825 1M 12}
*2 1 2 75 ()% Im {gR3B5aK 1 1+3[qRBss+3B2s 1M 11}

details of this calculation can be found in Appendix A)
W (10| p,9)d2.4Q=4F (Z,E)dQ.49,
X Z (—_')k+HL'hk(IO7M0)Fk(L7L,;If7[0)

KLL
X2 bk(L,L' 5 keyks)Qr(kesks),  (2)

Feky
the absolute transition rate being given by

N(IO ] p)qu)ddeedQv
= (2m)7W (10| p,0)$°¢*dpdQ.dQ2,.  (3)

Here Iy and I; are the nuclear spins before and after
B decay; F(Z,E) is the Fermi function* with E=the
total energy of the electron. The functions /%, Fy, and
QO are of geometrical nature whereas &, is the char-
acteristic parameter of the f process, independent of
geometry. It is assumed that the initial nucleus is in a
definite substate with magnetic quantum nvmber M,
the entire dependence on M, being contained in the
factor %x(Lo,Mo). In general a weighted average over
hi(Io,M,) with respect to M, should be taken. The
entire dependence on the electron’s and antineutrino’s
angular variables is similarly contained in Qu(k,k.).
The exact definitions of %;(Zo,M0o) and Qy(k.,k.) are
given in Appendix A, Egs. (A-13) and (A-15), and they

1 See, e.g., J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear
Physics (John Wiley and Sons, Inc., New York, 1952), p. 682.

are tabulated in Tables I and II for values of arguments
of interest for allowed and first forbidden transitions.
Fy(L,L'I;1o) depends on the multipole orders L and
L' of the g radiation as well as on the initial and final
spin values 7o and 7;. It is symmetric in L and L’ but
not in 7 and 7. It has been tabulated® for most values
of the arguments of interest. Its exact definition is
given by Eq. (A-14), Appendix A.

Similarly, the distribution in electron and anti-
neutrino momenta in correlation with circular polariza-
tion of a subsequent ¥ quantum is found to be

W (Dy,7 | 0,0)d2u42, = 4F (Z,E) (214114042,
X 2 (= m) 8o FeWN L I F (L, L' To,I7)
KA LL’
XX bi(L,L; ke,kv)Qk (ke:kt'): 4)

Eeky
the absolute transition rate being given again by Eq. (3)
with W (Zy|p,q) replaced by W (pv,7+|p,q). Here I;; is
the nuclear spin after the v transition, py is a unit
vector in the direction of the ¥ quantum momentum
and 7v is +1 for right- and —1 for left-handed circular
polarization. The ¥ may be a mixture of multipoles A
and A" with amplitudes 8, and 6»-. The other symbols are
the same as in Eq. (2).

5 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957) and
references cited therein.
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TABLE VI. The parameters b;(1,1; k.,k,). These parameters contribute to AJ=0 (except 0—0) and AJ=1 transitions.

2 ke k, (L1} Raky)
0 0 0 i Re{[ost+2an+en 1K1 —2[3¢R (ass—an+ais—an) —ass—are JM 11+ (s — 200+ 2011 1K 2o
4[5 (@R (Gaustair) —3¢R (@ss—are) tags 1K 11}
0 1 1 2 (3)? Re{[aat 20 +an]M 11— 2[R (castaun+taitan) —ag—ais JK1-1
F4Lass— 2041+t 01s— 2001 JM 1 — 2[ qR (Fous— s —a1a+-2a11) + 2060 — dersr JK —1-2
—[Bous—2au+2001 )M 2o+ (gR)? (Gaas+an1) — 2gR (cuss+are) +ees JM 11}
2 2 — 5 (3 Re{[aas— 204+ 2a1—4a JgRM _1_»}
1 1 0 —§ Re{[Bas+280+B11M11—2[3¢R (Bss—Bu+B1a—B11) —Bes—Pre 1K 1-1
+[B1a—2B41+B14—281: 1M 12— [3¢R (Bas— 2841 —B1a+2B11) —Bea+ 2861 1K _1»
F[EB1u—Bu+BulM _o_o+[3(¢R)? (5814~ Ba1) —3qR (Bss—Br6) +Bes JM 11}
1 0 1 % Re{[Baut2B8u+B111K 11— [3¢R (Baa+2Bs1+B1a+2811) —2B846— 2816 M 11
—3qR (Bas—Bau+Bra—B11) K1o1— (Bss—Bau+B11) K 2o+ [%(qR)?B4s—9gRBss+Bos 1K -1_1}
*1 1 1 — (3% Im {[oaa—2an+ais— 201 1M 1_2+3qR (ss+2au+ais+2011) K1y '
- [%QR (%mm‘ﬂm— 2a14+4l¥11) _a64+20l61]K-1—-2‘_ [% (qR)z(a44+2a41-(¥14 - 20111) - %QR (aﬁ4+2a61) :’M—-l—l }
1 2 —5(1/V2) Re([Bus—2Bu+B1a—2811 1K 12— [qR (3814—Ba1) —Bos+2B61 1M 12+ [3B14—281u+281 1K _o_2}
1 1 2 —§(1/V2) Re{3¢R{ (Baa+281+B14+2811) K11+ (3B1s—Ba+Bra—2611) K12
—_ 1 _ —
“ ) 5 34 Tm (3R (hess—avir--arns— 2e0e) M 1s] [gR(3B1s+Ba1) —Bss—2B61 1M _1_1}}
2 0 3 Ref{[ous—20u4-a1a— 2011 1K 1_o— [3qR (css— 2au1— ara+2011) — asst-2a61 IM —1 s — Gass—aarta11) K _g_s}
0 2 3 Re{§7R {[eas+20n+a1st201 1M1 14-[ (¢R) Gass—an1) —ass— 2061 1K 121} }
1 1 —3(8)* Re{[ous+2as+an M n—[gR (baun—an+iais—ai) — 2ass— 216 ]K 11
—[bau—an+tiaun—anIMia—[gR Gous— saa+a1s— 2a11) +Fass— s JK 12
—3[hau—antaulM_s o +[3(qR)? (Fous— Jan~a1) —¢R Gass—are) +ase 1M _1_1}
*2 2 1 $(1/¥2)i Im{[B1s—2B4+B14— 2811 1K1-2— [¢R (3841 —Ba1) —Bes+2861 1M 12}
*2 1 2 —3(1/V2)i Im {3gR{[B1s+28u1+B14+2811 1K 1-1—[3B1s—Bau+B14— 2811 1K _1-2
T —Bi— —Be—
) 3 3034 Re{[hass—astanTH —as] [3gR (Bus+284—B14—2B11) —Bos— 2801 1M 11} }
2 1 3 2(HE Re{d (R [Fowutantan M 11}
2 2 —3(1? Re{3¢RGasstan—aa—2an 1M 1o}

III. PARAMETERS b:(L,L’; k.,k,)

The dependence on the physical (as opposed to
geometrical) structure of the 8 process is contained in
the parameters by(L,L’; kc,k,) and the main contribu-
tions of this paper lies in the calculation of these b;.
They are given for a transition of arbitrary order of
forbiddenness by Eq. (A-16), Appendix A. For first
forbidden transitions they are displayed explicitly in
Tables III-VIII under the assumption that the -decay
interaction law is VA. If the interaction law is of the
most general VASTP form, the parameters b; will have
additional terms due to STP as well as due to VA-STP
interferences. In Appendix B a substitution law is
formulated which allows one to obtain the contribu-
tions due to STP and VA-STP interferences once the
VA contributions have been calculated.

The following are the physical quantities that enter
into the makeup of the parameters b;: the B-decay
coupling constants, the nuclear reduced matrix ele-
ments, the electron’s radial functions and Coulomb
phase shifts, and the antineutrino’s radial functions.
In the tables the dependence on the coupling constants

and the nuclear reduced matrix elements is given in
terms of the combinations a., and B.,, the dependence
on the electron’s radial functions and Coulomb phase
shifts is given in terms of the functions K, and M,
and the dependence on the antineutrino’s radial func-
tions is exhibited explicitly.

The combinations a., and B, are defined by

ter=TLy*+T /T, Be=TT,*+T./T ¥,

5

F6=C€J‘@E0art., I‘E’:Ce'f@eCart.. ( )

We note that ae=ae,*, Bre=_PBe"; hence a., and G, are
real if C.=C, ¢ and in addition .. is non-negative. The
J 0.Cart- are the nuclear reduced matrix elements given
in the familiar Cartesian notation. The operators O,%art-
are exhibited explicitly for first forbidden transitions
in Table IX. This table also gives the relation between
C,, C/ and the coupling constants in the notation of
Lee and Yang.? The presence in the d; of terms contain-
ing B, indicates violation of space inversion invariance
6 We assume, for simplicity, Im (/" OCart-)=0, which implies

that the nuclear wave functions are eigenfunctions of a Hamil-
tonian invariant under time reversal.
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TasrE VII. The parameters bx(1,2; ke,ky) and bx(2,1; k.,k,). These parameters contribute to AJ=1 (except 0«>1) transitions.

k ke By B(1,2; hodey) F0 (2,15 k)

1 1 0 1(10/3)% Re{[Bss+B151M 12— [3qR(Biz—B13) —Bos JK 12— 1[3Bas—B1s 1M —o_2+3(qR)![3Bes+B1s]M 11}
1 0 1 1(10/3)% Re{3qR[Bus+B1s 1M 1-1+[3Bs3—B1s 1K 22— 3¢R[ 2R (3B43—2B13) —Bes 1K —1-1}
*1 1 1 — (1/12) (8)% Im{ (cus+aus) (M1-2+3gRK 1) — [3qR (Soas—as1+3orz) — s JK —12

— 3qR[3¢R (cus—301s) ~res IM 11+ 3 cts3— 2013 ]M a2}

1 2 1 1(18)7F Re{ (B1a+B13) K12 — [3qR ((9/2)B1s+ 615+ Ba1— 3B34) —Bes JM _1_o-+[Bas— 2815 1K _a_2}

1 1 2 118"t Re{3¢R{ (Bss+B13) K11 — (3815+B1s+7B31— B34) K_1_a—[3gR (2B45+B13) —Bes IM 11} }
*1 2 2 (1/20)i Im {gR (berss+a1s—asi+3as) M _1_s}

2 2 0 —3(%)? Re{ (essta13) K1 2— 3R (ass—a1s) —aes JM —1_ 2+ (bass—a13) K_2_s}

2 0 2 5(%)% Re{3¢R[ (assta1) M 11— (3qRaus—aes) K_1-1]}

2 1 1 i Re{ (eustass) (My_2— %qRKl—l) - [‘:}QR (Baus—asi+3ass) —ae:;]K_l_z

+ (Baus— Bars) M _o_2+3qR[2qR (2a43—or13) —cuss JM 11}

*2 2 1 1(15)7% Im { (Bas+B13) K12+ [qR 3843+ 2B13+Bs1— $B3) +Bes JM _1_a+ (2843 —4B813) K 2}
*9 1 2 —1(15)7% Im {3¢R{ (Bas+B13) K1-1— (38ss—3B15+ 5851 — §854) K_1_2— [qR (Bas~B1s) —Bes 1M _1_1} }

2 3 1 — 10 () Re{ (ass—2a13) M _5_s}

2 1 3 — 10 ($)? Re{3(¢R)?(aus+2013) M 11}

2 2 2 — (21)¥(40)~* Re{3¢R (cus+2c13— 2a31+ase) M_y s}

3 3 0 (%) Re{ (Bis—2B13) M 55}

3 0 3 —3( %) Re{§(qR)?(B1s+2815) K11}

3 2 1 —(7/30) Re{[Bss+B131K 1-2—[3qR (3Bss—Brs—Ba1+4B3s) — Bos IM _1_os— (2B13— 2B815) K_s_s}

3 1 2 —(7/30)% Re{3qR{[B1s+B1:1K1-1—[3¢R (3815—B1s) —Bos IM 11+ 1[3B13+ 6813+ 2831 — B3 1K 12} }
*3 3 1 —(3/40)% Im{ (aas—2c13) M _2_»}
*3 1 3 (3/40)% Im {3} (¢R)?(as+2a13) M_1_1}

*3 2 2 15 21 Im {3¢R Goustons—asi+Ias) M_1_s}

in the 8 process, the presence of terms containing Re(8.,)
or Im(a.,) indicates violation of charge conjugation
invariance, and the presence of terms containing Im (a,)
or Im(B.,) indicates violation of time reversal invariance.

The functions K and M, are obtained by taking
the upper sign in the defining Eq. (6):

Kxx’
( )={gxgﬂeiw~>—A<~'ﬂﬁ:S(—K>S<~x’)
L

KK Xf_xf—l('ei[A(—K)_A(_K,)]}/F(ZjE)y
(6)

Mmc’
( ) = {S(—'K,)g,‘f_x,gi[A(x)——A (—«")1
Nxx'
£S5 (— k) fgue 8 O=26D1Y /R (Z ).

If the B-decay interaction law is VA4, the functions
Ly and N,,, defined by the lower signs in Eq. (6),
do not appear. The notation in Eq. (6) is standard:
S(x)=sign of k, A(x) is the Coulomb phase shift, and
g« and f, are the radial functions of the electron (see
Appendix A). Since g, f« are real we have K,,=K ¥,
Lyx=Ly*, Moy=M* and Ney=—Nu*. In par-
ticular K, L, My, and tN,, are real, as well as M,_,
and N,._.. The relation of these functions to other com-
binations appearing in the literature, as well as their
values under certain approximations, are given in
Appendix C.

The following properties of the parameters &, are
useful to note:

bu(L,L' 5 koshes) = (=) *thetbob * (L', L koks),  (7)

(8)

where b,(L,L’) are the parameters tabulated in refer-
ence 5 (except for the cases L=2, L's42, which those
authors omit). Each of Tables III-VIII gives the
parameters b, for a given pair of values of the multipole
orders L and L’; within each table the parameters are
further classified according to the values of %, £., and &,.
Thus for unique transitions one needs only Table VIII
for which L=L'=2; for 0—0 (yes) transitions one
needs only Table III for which L=L'=0, etc.

bk (L:LI 5 ke,O) =0 (k;ke)bk(L:Ll)7

IV. FORM OF INTERACTION LAW

It follows from the substitution law formulated in
Appendix B and summarized in Table X that the V4
and ST'P forms of the 8-decay interaction law may, in
principle, be distinguished whenever a measurement is
performed which selects from the Tables ITI-VIII terms
proportional to

(a) aqM o and @K, (except that for e=y it is
sufficient to observe just @M ), or
(b) ﬁu)Mxx’ and ﬁenKrr'-
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TaBLE VIII. The parameters 8z(2,2; k.,k,). These parameters contribute to AJ=0 (except 0—0, 3—3),
AJ=1 (except 0—1) and AJ=2 transitions.

k ke ky b.(2,2; ke/ky)
0 0 0 75 Re{ass[K_ s o+5(qR)?K_111}
0 1 1 (V3/80) Refoss[ M _s o+ (10/3)gRK _31,+§ (R)2M _1 1]}
0 2 2 — (40+/5)"1 Re(asagRM _1_s)
1 1 0 — 1% Re{Bss[EM _o_»+3(¢R)2M _1_1]}
1 0 1 Ts Re{Bss[K_o o+ (15)"1(¢R)?K 11}
*1 1 1 75 (6)% Im (assgRK _1-2)
1 2 1 (3/40) (1/v2) Re{Bss[ K_2-2+gRM _1_2]}
1 1 2 —(3/40) (1/v2) Re{BssqR[K _12+3gRM _11]}
*1 2 2 (40)71 (%)% Im (azsgRM _1_2)
2 2 0 (21/80) Re (3K _2_2)
2 0 2 (21/80) Re[assd (qR)2K _1-1]
2 1 1 (7/40) () Re{ass[ M_s—2+ (5/3)gRK 12+ (qR)* M _11]}
*2 2 1 (7/40) (1/v2)i Im (B35qRM _;_2)
*2 1 2 — (7/40) (1/v2)i Im (BsagRK —12)
2 3 1 (9/80) (3)* Re(assM _s_s)
2 1 3 (80)71(3)* Re[ass(qR)2M 1]
2 2 2 — (40)(7/10)* Re (ssgRM —1_s)
3 3 0 —(9/80) Re(BasM ;)
3 0 3 (80)~ Re[Baa(¢R)K 117
3 2 1 (3/80) (7)* Re{Bss[ K o 2—3qRM _;_2]}
3 1 2 — (74/80) Re{B3sqR[2qRM _1_1—2K_1_2]}
*3 2 2 (20)71(7/10)% Im (s3gRM _1..2)
4 3 1 — (9/80)V3 Re(assM_s_o)
4 1 3 — (V3/80) Re[as3(gR)2M 11
4 2 2 —(3/20)(7/10)* Re(assyRM _1_2)

Observation of both a term proportional to M and a
term proportional to K is needed to establish the phase
of @y or Be,. This phase depends on the unknown (in
the absence of a theory of nuclear structure) relative
phases of the nuclear matrix elements and, in the case
of B, also on the relative phase of C. and C,’. The
exception noted in (a) follows from the fact that a.. is
always non-negative.

As mentioned in the introduction, forbidden transi-
tions involve in general a multitude of nuclear matrix

TasBrE IX. The tensor operators (in spherical and Cartesian
notation) and coupling constants in the B-decay interaction
Hamiltonian.

€ (‘),LM Ce Ce (_f( C, ¢ Oec" t Ne
1 &Ym Cy Cy Cs Cs& irfr V3
2 SysYiu —Ca —C4' Cp  CpP v 1
3 i{Lg®r M —Cq4 —Cs —Cr —Cr’ iBij/r (Hh
4 Lo®r M —C4 —C4 —Cr —Cr rXe/r (3t
5 itHg®g M —Ca —Ci —Cr —Cr' (/dr-ofr 1
6 iLlyyo®L M Cy Cy —Cr —Cr vs0 1
7 Lyse®r 1M Cy Cy' —Cr —Cr

8 iLtly;0®r LM Cy Cy' —Cr —Cr

elements. In this section we shall discuss in some detail
those cases for which the analysis can be simplified.
The general case can be obtained from Eq. (A-16) and
from the Tables III-VIII.

1. 0—0 (yes) Transitions

We briefly consider this well-known case because of
its simplicity although it does not properly belong in
this paper since no nuclear polarization is involved.
We see from Table III that 5,(0,0;0,0) (which meas-
ures the simplest of all properties of 8 decay, namely,
the spectrum shape) can distinguish between V4 and
STP. Specifically,

50(0,0;0,0)0=2%| Sio-1|?
X{E(eaatarr)+3E[(p*/E+q—3x)asa
+(*/E—q)arr—3(&/M)(Re arp) ]}
—3| Sio-r|*{(&/E) (Re asr)
+(/E)[x(Re aar)— (#/M)(Re axr)]}. (9)

Equation (9) was obtained by evaluating the Coulomb
wave functions in the approximation of Appendix C
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TaBLE X. The substitution law relating p(VA), p(STP),
and p(VA-STP).

p(VA) p(STP) p(VA-STP)
Pqu*ch’ t‘ei‘u*ch’ (]_T_‘ern*'*‘rejjrl*)Lxx'
I‘EI",,*LK,(r E‘:E”*L“’ (]:ery,*‘f‘re:_[_‘q*)Kxn’
PCI‘,,*MKKI _‘I_‘e];'q*Mm(’ (Eﬁyﬂ*-rﬁyﬂ*)N“‘f'
FGI‘"*N“' - I‘qu*NKK' (Fern*_‘rerﬂ*)MKn’

and keeping only terms of order £ and & where
¢=(aZ)/(2R) (R=nuclear radius). The a4, etc,
differ from the ass [Eq. (5)], etc., by the reduced
nuclear matrix elements (i.e., @aa=CaCa*+Cs'C4'%,
etc.). p and ¢ are the magnitudes of the electron and
antineutrino momenta, respectively, and x=(/"vs)/
(S io-1). (We use units such that i=c=m=1.)

For heavy nuclei £>1 and so the major contribution
to Eq. (9) comes from the £ terms which do not dis-
tinguish between VA and S7P. One must therefore
look at the ¢ terms which are, unfortunately, a small
correction. Since for heavy nuclei (£/M)~1, where
M =nucleon mass, the contribution from interferences
with the pseudoscalar covariant is of order £ and we
have included it.” The second curly bracket in Eq. (9)
contains contributions due to VA-STP interferences
and displays the 1/E dependence characteristic of
Fierz terms. If one assumes the Fierz terms to be
absent, the dominant £ terms as well as the 7-P inter-
ference will give rise to an allowed spectrum shape and
a measurement of the deviation from allowed can decide
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between the 4 and 7" covariants. The lighter the nu-
cleus, the more favorable the situation.

The remaining parameter in Table III, 4,(0,0; 1,1),
measures the electron-neutrino angular correlation.
Here it is the leading £ term that distinguishes between
A and 7. This leading term is

00(0,0; 1,1)
=—(V®|Sio-x*8(p/E) (@aa—arr). (10)

To this order there are no Fierz-like terms, nor are
there any contributions from the /s nuclear matrix
element. If we write the electron-neutrino angular
correlation in the standard form

14X (v/¢) cosbes, (11)

then A=1 for 4 and A=—1 for 7 (only & terms
included).

2. Unique Transitions

Another case not obscured by the nuclear matrix
elements is that of unique transitions for which the
spin change equals #+41 where » is the order of for-
biddenness. Since % is equal to the rank of the nuclear
polarization tensor, if no nuclear polarization is meas-
ured only the b for which 2=0 can contribute. For this
case we havein Table VIII three parameters: 50(2,2;0,0),
00(2,2; 1,1) and 50(2,2; 2,2). The first of these measures
the spectrum shape; in contrast to the 0—0 (yes) case
it does not distinguish between VA and STP. The
second and third measure the electron-neutrino angular
correlation and do distinguish between VA4 and STP.
Specifically,

X 50(2,2; koks)Qolkeks) = (1/240) | SiB3; | {5 (p*+ @) (@aatarr) — (p/E)
X[ (p*+10gE+ P ass— (*—10gE+g)arr] cosbet (p/E) pglasa—arr) (3 cos®e,—1)}
+(1/240) | S'iB:;|*(1/ E){10(p*+¢*) (Re aa) —[20pg(Re aar)+aZ(p*+2¢*) (Im aar)] cosbe,

keky

3aZpq(Im aar) (3 cos¥.,,—1)}, (12)

where the second curly bracket contains the Fierz-like terms, the Coulomb functions have been evaluated in the
approximation of Appendix C and the Qo(k.,k,) have been taken from Table II.

When nuclear polarization is measured (either by having the initial nucleus oriented or by observing the circular
polarization of a subsequent gamma8) one also has contributions from the &5 with £520. The electron angular
distribution relative to the nuclear polarization is measured by 5:(2,2; 1,0), 2(2,2; 2,0) and 53(2,2; 3,0) ; the corre-
sponding antineutrino angular distribution is measured by 8:(2,2;0,1), 82(2,2;0,2), and 43(2,2; 0,3). Using Table
VIII we find (in the approximation of Appendix C)

51(2,2; 1,000:(1,0) = — (1/48) | SiB:; |*L Ep*+¢») (p/ E) (Baa—Brr)+ (3p*+2¢%) (aZ/E)(Im Bar)Ip-j, (13e)

51(2,2;0,1)01(0,1) = (1/48) | SiBi;|*(3¢*+ #)[Baa+Brr+(2/E) (Re Bar)a i, (13»)
82(2,2; 2,0)04(2,0) = (7/240) | S 'iBs; | *pLaaatarr+(2/E) (Re aar) [3(p-3)*—3], (14e)
52(2,2;0,2)02(0,2) = (7/240) | S iB;; | *¢Leaa+arr+(2/E) (Re aar) (3 (q-3)*—3], (14»)
05(2,2; 3,0)05(3,0) = — (1/160) | S "iB;|*p*[ (p/E) (Baa—Brr)+ (Z/E)(Im Bar) I[5(p-3)*—3p-i],  (15¢)
55(2,2;0,3)03(0,3) = (1/160) | S"iB;;|2¢*[Baa~+Brr+ (2/E) (Re Bar)[5(a-3)*—3q-7]. (15»)

7 See discussion at the end of Appendix B.
8 It is, of course, understood that for even % all of our formulas apply equally well if instead directional correlation with the
gamma is measured (or the initial nucleus is aligned and not oriented).
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Here j is a unit (pseudo) vector in the direction of the nuclear polarization axis. Thus the combined information
obtainable from, for example, an experiment of the type performed by Ambler et al.? [Egs. (13e)~(15¢) ] with that
obtainable from an experiment of the type performed by Goldhaber et al.® [Eqs. (13»)~(15») ] can decide between
the 4 and T covariants.

Finally there remain to be discussed in Table VIII the parameters by, with all three of the arguments &, k., and &,
different from zero. It is these by that describe a truly three-argument distribution function since they will con-
tribute only if one measures simultaneously the electron momentum, the antineutrino momentum, and a nuclear
polarization tensor. An experiment measuring these by is accordingly more difficult to perform than the “simple”
experiments measuring any of the previously discussed d:’s. For §*-emitting (or K-capturing) nuclei several of the
“simple”” experiments have been carried out and they indicate that the interaction law is V.4 .1°4 Although there
is no reason to believe that 8~ emitters behave differently from g+ emitters, as yet no “simple” experiments on 8~
emitters giving unambiguous results have been performed.!? Accordingly, we complete this section by listing (in the
approximation of Appendix C) the remaining 6x(2,2; kc,k,)Qx(ke,k,) involved in a first forbidden unique transi-

tion with k=1:

61(2,2; 1,1)Q:(1,1) =75 | S'iBi;|*(¢/ E)[«Z (3 E2+1) (eaatarr) = 2p(Im aar) JpXq-],

b1(2,2; 2,1)0:(2,1) = — (1/80) | S'iBi;|*[ (3+¢/ E)p*Baa~+ (3— 4/ E) p*Brr

51(2,25;1,2)0:(1,2)= (1/80) | S "iB;|2[ (14-3¢/E)gpBaa+ (1—%q/E)gpBrr

(16)
+3(*/E)(Re Bar)+39p(aZ/E)(Im Bar)1(3p-q p-i—q-3), (17)
+2(gp/E)(Re Bar)+3¢*(aZ/E)(Am B4ar)](3q-p q-j—p-3), (18)
(19)

01(2,2; 2,2)01(2,2) = (3/320) | SiB:;|*qpaZ (casa—arr)q-p ¢Xp-J.

It is clear that the above &: distinguish between the
A and T covariants. The structure of the remaining
bxQr with > 1, k.20, k,70 is not essentially different
and we omit them here. It should be noted that al-
though in Table VIII entries for £< 4 are listed, in any
particular case not all these %2 values need appear.
The value of % is limited not only by the order of for-
biddenness » [by the relation #<2(z+1)] but also
by the nuclear spin I (by the relation £<2I). Here
I=1Iy[Eq. (2)]or I=1I; [Eq. (4)]. Thus, if one deals
with a nucleus for which 7=1%, all the entries in Table
VIII with £>1 may be ignored. Finally, in the case of
Eq. (4), k is also limited by the multipole order of the
gamma radiation (by the relation [A—X'| <ESAHN).

In order to apply our results to an experiment of
the type performed by Goldhaber et al.® (however with
a [-emitting, not K-capturing, nucleus), one must
integrate over the electron and antineutrino variables
subject to the constraint that the recoil momentum be
held fixed. Since qXp is perpendicular to the recoil
momentum, terms proportional to qXp-j will vanish
and the-only remaining dependence of the b on oZ will
be in the terms proportional to Im a7 or Im 847. We
shall ignore these terms as very small (if not zero) be-
cause (a) they are proportional to aZ, (b) they require

® Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 106,
1361 (1957).

(1;’5(8})oldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015

11 Hermannsfeldt, Maxson, Stihelin, and Allen, Phys. Rev. 107,
641 (1957).

2 With the excepcion of the spect:um shape measurement of
Pri#. D. A. Bromley in Proceedings of the Rehovoth Conference on
Nuclear Structure (North-Holland Publishing Company, Amster-
dam, 1958), p. 457.

time-reversal-invariance violation, and (c) they require
the interaction law to be a mixture of V4 and STP.
Thus all Coulomb effects are contained in the Fermi
function F(Z,E). It is shown in Appendix D that if one
sets F(Z,E)=1 the necessary integrations can be per-
formed analytically, with the curious result that if the
interaction law is 7' the gamma will be circularly polar-
ized but if the interaction law is 4 the circular polariza-
tion will be exactly zero (for unique transitions only
T and 4 are relevant). This result is valid for any
unique transition independent of order of forbiddenness.
In practice, since the Fermi function differs from unity,
the above result is only approximately true; neverthe-
less the observation of a large circular polarization in
light nuclei would necessarily imply that the interac-
tion law is 7'. In any case the sign of the circular polari-
zation, in light or heavy nuclei, can distinguish between
A4 and T (see next section).

3. Coulomb Transitions

In this section we consider transitions that are domi-
nated by Coulomb effects. All forbidden transitions
involving heavy nuclei fall into this category except
unique transitions. Let us take as representative a
0—1 (yes) [or 10 (yes)] transition for which only
the entries in Table VI are needed. A glance at this
table shows that even if the interaction law is pure V4
(or STP), six different products of nuclear matrix
elements appear. Thus an analysis of these transitions
is virtually impossible unless some additional approxi-
mations, beyond those of Appendix C, are made. We
shall assume that it is sufficient to keep for éach nuclear
matrix element only the terms of highest order in &;
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for heavy nuclei the error involved in this approxima-
tion is only a few percent.®® Furthermore we shall ignore
entirely contributions due to VA-STP interferences
(Fierz terms).

We define, in analogy to Eq. (5), the following com-
binations of coupling constants and nuclear reduced
matrix elements:

avnyvy=L ol vy T v Twa'™;

Bvaywva=Twaolwas*+TwaTwa’,

(20)
ey =Tnlen™+Ten'Ten'™;
Bestyst=Tsnl sn*+Tsn'Tisn®

where
I'wvay=&(CaS e X1+Cy JSir)+Cy S vs0, 21)

T'sry=(CrSeXr+CsSir)+Cr S Bys0,

and I'(v4y’, (s’ are obtained by replacing in Eq. (21)
every C by C'. If one takes in Table VI £=0, one ob-
tains the spectrum shape

00(1,1;0,0) =% (evay vy tawnsm),  (22)

and the electron-neutrino angular correlation
bo(1,1; 1,1) = (Fev/®) (#/E) (ev iy vy —asmysm)- (23)

Thus the spectrum shape is insensitive to the form of the
interaction law whereas the electron-neutrino angular
correlation [when expressed in the standard form—
see Eq. (11)] gives A= —1% for VA4, A\=+3 for ST.

For k=1 and 2 we have

> b:(1,1; ke,kV)Ql(keakV)

Kok
=3[q-i(Bwayway+Besrsm))

—p-i(p/E)Brayvay—Bwsmsnl, (24)
kzk: ba(1,1; keyky)Q2(Reks)
’ ~1Gp-ja-i—p-0) (/)
X(awaywo—asnsn). (25)

Clearly the k=2 term distinguishes between VA4 and
STP; it measures the electron-neutrino angular distri-
bution either from aligned nuclei [Eq. (2)] or in corre-
lation with the direction of a subsequent gamma
[Eq. (4)7]. The two parts of the k=1 term measure
separately the antineutrino and electron angular dis-
tributions either from oriented nuclei [Eq. (2)] or in
correlation with the circular polarization of a subsequent
gamma [Eq. (4)]. To apply our results to an experi-
ment on a 8~ emitter of the type performed by Gold-
haber et al.? we again assume that the Fermi function

13 Unless an accidental cancellation occurs among these leading

terms, as for example, in RaE; the present analysis does not apply
in such a case.
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may be replaced by unity. Then, as in Appendix D, we
get circular polarization for ST but not for V4. Now
in the present case it is a very poor approximation to
set F(Z,E)=1, and in fact the circular polarization can
be very nearly as large for V4 as for S7T. However,
because of the preceding argument we can now de-
termine the sign of the circular polarization. For g~
emitters the Fermi function emphasizes the q-j term
over the p-j term in Eq. (24) and if we ignore the p-]
term Eq. (24) goes over into the corresponding equa-
tion for K capture except for an over-all minus sign
[see Eq. (1)]. Hence, if the interaction law is VA4 we
should get the opposite sign, and if it is ST the same
sign, as the actual sign observed in the K-capture!
experiment.* For 8 emitters the situation is unfavor-
able because the Fermi function emphasizes instead the
p-J term over the q-j term, with the result that circular
polarization of the same sign is predicted for both V4
and ST.

V. TIME REVERSAL

As stated before, noninvariance under time reversal
manifests itself in the presence of terms containing
Im ae; or Im Be,. There are many such terms in the
Tables IIT-VIII and various experiments can be
designed to measure them. However, because the
Coulomb functions are complex, an experiment designed
to measure Im a., or Im B, will usually also measure
contributions from Re a., or Re 8¢,, and unless the latter
can be regarded as small the results of such an experi-
ment will be ambiguous. An examination of the Cou-
lomb functions in the approximation of Appendix C
reveals an important difference between those involved
in pure VA (or pure STP) terms (the functions K,
M,,/) and those involved in Fierz-like terms (the func-
tions Ly, New). For the former the imaginary parts
are at most of order aZ compared with the real parts.
For the latter this is not necessarily the case.'® Thus,
if the interaction law is pure VA (or pure STP) one
can make the (unwanted) contributions from Re a.,,
Re B., to be of order «Z compared with the contributions
from Im @, Im B, by measuring only the entries
marked in Tables ITI-VIII with an asterisk. In this
section we consider just those terms (for simplicity we
approximate the Coulomb functions as in Appendix C,
and write out the V4 contributions only).

The entries marked with an asterisk are those for
which k-+k.+%, is an odd integer. The corresponding
Qu(ke,k,) are the only ones to change sign upon reversal
of direction of all three vectors p, q, and j. Thus the
experimental arrangement that will pick out the
asterisk-marked terms consists in measuring the differ-
ence in counting rates between a given orientation of

14 We assume here that either Ce’=C. and the interaction law is
VA or C/=—C¢ and the interaction law is STP.

15 This statement remains correct for the contributions from the
P covariant even though all four functions, K, L, M, and N con-
tribute to STP terms as well as to Fierz-like terms.
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p, 4, 3, and its reverse. We note that the effect will be
largest if p, q, j are taken mutually perpendicular and it
vanishes if p, q, j are coplanar.

One sees immediately that 0—0 (yes) transitions, as
well as unique transitions, cannot test time reversal
invariance. In fact, this is true regardless of any assump-
tions about the Coulomb functions and follows from
the observation that Im ae,=Im B,=0 if Cc=C,. In
other words, if the interaction law is such that there are
no interferences between the five covariants V, 4, .S, T,
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and P it is meaningless to ask questions about time
reversal invariance. Since 0—0 (yes) transitions are
caused by 4, T, and P and unique transitions by 4 and
T, the assumption of pure V4 automatically eliminates
all interferences between different covariants.

The other first forbidden transitions, i.e., AJ=0
(except 0—0) and AJ=1 with parity change, can test
time reversal invariance. We take as representative the
case 0—1 (yes) or 1—0 (yes). For this case we need the
asterisk-marked b; from Table VI only. They are

b:1(1,1; 1,1) = —i(§v/3) (9/E) Im aav){[£(g—3E)—p*—¢* 1S ir— (¢+E) S vs} S oo Xr
—i({5V/%) (@Z/ E) (3aaa[ £ BE+1) —3q(B*+3)+p*E)(S o X 1)?
+3(Re aur)[BE+1) (S vso—ESin)+p*(3g— E) Sir] S o Xx

—ayy[ BEH-1) (S yso+£S i) +2q(E+-1) Sir-+p*E S ix ] Sir},
bi(1,15 2,2) = —i(3¢/7%) (¢¢*/ E) (Im aav) S it S oX1+i(5/15)gpaZliaaa(S o X ) —ayv(Sir)],

(26)
@7

ba(1,1; 2,1) = —i(§v/3) ($*/E) (Im Bav)[Bé+E—g) Sir+Svs0]S o X1

+i(3v/3) (8/E)aZ{Baa(EE—3¢E+5"1(S o X1)?

+ (Re Bav)[E(S vso— £S i)+ (Eq—3p) Sit]S o X x—28vy[ E(S vso+ESi0) +5p° S ix] S in}, (28)
b2(1,1;1,2) = —i(5v/3) (gp/E) (Im Bav)L(§+E—q) S ir— S vs0 ]S o Xx

+i(3v/3) (¢/E)aZ[§844B+EY) (S o X 1)*+ (Re Bav) S o X1 Sir—3Bvv* (S ir)*].

If neither the initial nor final spin is zero we have
additional terms from Table VII. Their structure is
similar to Egs. (26)-(29). They involve interferences
with the nuclear matrix element 4B;; of unique
transitjons and may be ignored whenever /iB;; is ex-
pected to be small. If the transition is AJ=0 (yes)
(except 0—0), we have in addition to Egs. (26)-(29) a
single contribution from Table IV which can give large
effects as well as contributions from interferences with
JSiB;; (Table V).

It is seen that no detailed quantitative statements
can be made because of the large number of nuclear
matrix elements involved. However, in all cases the
time-reversal testing terms are at least by a factor
(aZ)~ larger than the unwanted terms. Hence observa-
tion, in light nuclei, of a reasonably large effect would
imply violation of time reversal invariance.
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APPENDIX A

We write the g-decay interaction Hamiltonian in a
multipole expansion!® as follows:

16T,. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25,
729 (1953), and reference 5.

(20)
H=H(VA)+H(STP), (A1)
0 L
HVA)=F 3 5 (=)s(g,roi-my,)
I=0 M—L 1
X[‘Pe*GeLM(Ce‘I'CeIYE)‘PVJa (A-Z)
0 L
HSTP)=3 % ¥ (=)P(,80.b-y,)
L=0 M=—L e=1
X9 80,4 (- Clvawn].  (A-3)

Not all values of e contribute to transitions of given
order of forbiddenness. In fact, in standard 8 theory
e="7 and 8 are always neglected as small corrections.!”
The operators O are listed in the second column of
Table IX in the notation of reference 16. The next four
columns of Table IX give the relation between the
coupling constants in our notation and in that of Lee
and Yang.? In the last two columns the operators 0L
involved in first forbidden transitions are given in the
Cartesian notation according to the following definition :

NS o0ort= (4m)}(2Lo+1)"HIs[| 05| To). (A-4)

The spherical wave expansion of the electron wave
function is given by?

lpr)=(4m) 2 [(214+1) (254+1) (=)

XV(5j; 0r—1)eb®WD,,.i(p) | km), (A-5)

17 See, however, M. Gell-Mann, Phys. Rev. 111, 363 (1958) and
B. C. Carlson and G. B. Henton, Bull. Am. Phys. Soc. Ser. IT, 2,
358 (1957).
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where
Kme
=it ),
L X ™
2 (=)m(2i+1)t

m/+m!'=m
XV (Bj; m'"m' —m)xs™ V'

X m=

—k+iA

E) —argl (v,+iAE)
+arll(— )=,
ve=[K2—a2Z2]h,

A=} arg(

Y t1A

A=aZ/p,

Here /=I(x), 7 is the spin component along p, and
Dm-7(p)'? describes the rotation from a fixed coordinate
system to one whose z axis is along p; X,” and ¥, are
the usual two-component spinor and a sperical har-
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monic; V is the vector addition coefficient in the nota-
tion of Racah.® Finally g, and f,, the electron radial
function, are (up to a phase) the same as defined by
Rose® normalized in a box of unit volume. The wave
function of the antineutrino is similar, with A(k,)=0.-

Any information desired about the 8 process may be
obtained from the density matrix p:

p=p(VA)+p(STP)+p(VA-STP),  (A-6)
p(VA)=3 (I[;M;pr|H(VA)|IMqgr,)
XM pr' |H(VA) [ ToMogr,)*,  (A-T)

and p(STP) is obtained by replacing in Eq. (A-7) both
of the H(VA) by H(STP) whereas the interferences
p(VA-STP) are the sum of the two terms obtained by
replacing first the first H(VA) and then the second
H(VA) by H(STP). Explicitly, p(V4) is given by

p(VA)= (4m)? 3 (=) LHM+My=MyHkb +u=i'=1(2f+-1) (2k,~+1) (2k,+1)
XLQH-1) 21A41) (25+1) 25,+1) (20 +1) (28 +1) (25" +1) (25 + 1) W (k30 ;5 5,'1)
XV (kA1 50000V (I57; 0r— 1) V(U555 0r' = )YV (§i'ke; 7—1'5)
XV (kokly; ' — ')V (L' Lk — M'M — ")V (I;IoL; — M Mo— M)V (I;IoL'; — M,/ Mo—M’)

ke k& & ]
X7 L g
]'I L/ ]'yl

where the summation is over L, M, ¢, «, k,, ke, ks, £,
LM, €, &, &/, u,u', ", and s, and
B (k) = (Irl| 0| Lo} k]| 0F (CA-Cvs) || s),  (A-9)
all reduced matrix elements being defined according to
<]IMII OJMIJ”M">
=(=)I*MYV(JT'T; —M'M"M)
XJ'e’[|J7).  (A-10)
W is the Racah coefficient” and the 9-j symbol is
given by
Jus
Jos =225 2+ DW (jujefsfs; jsg)
733
XW (j12730f23721; J227)
XW (237337127115 J137)-

Ji2

Ju
Jor g2
Js1 Ja2
(A-11)

The phases of the lepton wave functions have been so

hie(Lo,Mo)= (21 0+1)*(2k+1)% (=) Io+Mol/ (I ok 1 ; MO—M,),
Fuo(L, L', I, 10)=[(2I+1)(2k+1) QL1 L +10) (=)W (RL'Tol s LIV (LL'E; 1— 10),
Qr(koky) = (2k.+ 1>%(2kv+ 1)% 2 (_“)ke+sv(kekkv; '—SOS) Dso*(p) Deo"*(—0q),

j Syske(p) iDp'ﬁk”*(_ q)BeL (KK,,)BerL'* (K’K,.') giA (k) —iA (m)’ (A-S)

chosen that (k||0%x,) and {x||OLvs||,) are real. Simi-
larly, an appropriate choice of phases will make
(I7l|0L||Io) real if the nuclear wave functions are
eigenstates of a Hamiltonian invariant under time
reversal.

The distribution function correlating the electron
momentum, the antineutrino momentum and the spin
orientation of the parent nucleus is given by

W(hlp@= > 8(rr)o(MM/)p
77/ My My!

=4F(Z,E)

LL'kekyk
Xhy, (IO,MO)Fk(L;L,)I/)IO)
X bk (L)L, 5 ke7kV)Qk (ke)kv):

(__)L+L'+Ic

(A-12)

where the z axis of the coordinate system has been
taken along the orientation axis and

(A-13)
(A-14)
(A-15)

18 See, e.g., A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton University Press, Princeton, New Jersey,

1957), Chap. IV.
19 Giulio Racah, Phys. Rev. 62, 438 (1942).

» M. E. Rose, Phys. Rev. 51, 484 (1937). For finite nuclear size effects see, e.g., M. E. Rose and D, K. Holmes, Phys. Rev. 83, 190

(1951).
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bi(L,L'; kess) =4’ F(Z,E) (2104-1) QL+1)} 2L +1)}V (LL'k; 1—10)
X (=)rrteivi] (2o 1) (2k,41) (2741) (2,41) (204-1) (2,41) (27'+1)
X (27, 41) (21+1) 2/ +1) TV (Rl ; 000) V (E,1,L 5 000)W (G505 k)W (Gu /L' k)

When either L or L' equals zero, V(LL'k;1—10)
vanishes; the b, in Tables IIT-VIII were computed for
this case asif V(0L'k;1—10)=V (L0k;1—10)= (—)**,

The same parameters b are involved when a correla-
tion with the spin orientation of the daughter nucleus is
observed. In practice this means a correlation with a
subsequent gamma ray. Alder, Stech, and Winther®
give for the density matrix py of the gamma transition

2k+1
=22 (
o \2I5+1

) sy

XV (IiIsk; My— M 0)Fx(NN Lip ) 8xdx,  (A-17)
with the z axis of the coordinate system taken along the
direction of propagation of the gamma. Then the dis-
tribution function correlating the electron momentum,
the antineutrino momentum, and the direction and
circular polarization of the gamma ray is given by

>

MoMygMys'rr!

2 @+

LL'\N kekyk

X (= 7y onon LN, I11,17)

W (py,7y|0,@) = (2I0+1)71 8(r7")ppy

—4F(Z,E)

XFk (L)L’)IO:If)bk(L7L/; ke:k")

XQux(ke,ky).  (A-18)

APPENDIX B

In Appendix A a formula was given for p(V4). It is
clear that p(STP) and p(VA-STP) differ from p(VA)
only in the reduced matrix elements BeZ (kk,) B ¥ (x'x,").
For example, for p(S7'P) these reduced matrix elements
must be replaced by B (kk,)Bo~"*(x'«,’), where

BEL(KKV)E <If”606L|i10><K|!6®eL(Os+éel75) HKV>- (B'l)

The nuclear matrix elements are in general unknown,
and the only thing that can be said about them without
resorting to models is that, if 8 commutes with 0.,
then it is an excellent approximation to ignore it in
(I||BOXE|| Iy (this is the case for e=1, 3,4, and 5). The
lepton matrix elements, on the other hand, can be
evaluated explicitly. One finds

255
ke kv k
i 3 L BA)BA ()o@, (A16)
i g
(kO ks)= X = (k,k0) g few
+XE(—k, — &) fegrs, (B-2)
(K[| OcLys|| k)= V& (k,k0)geger
- YEL(—'K: —Ky)f"f"l': (B"S)

where XZ(k,k,), V(x,x,) are independent of the
radial functions f and g. Since g, and f-«, are equal
to each other (up to a sign) and the coefficient of
B.XE(kk,) B2 *(k'x,") expi[A(k)—A(x’)] in the expres-
sion for p(VA) [Eq. (A-8)] is invariant (up to a sign)
under the substitution (,ky,«’ k" )—>— (k,ksk',k,"), it
follows that the dependence of p(VA) on the electron
radial functions can be expressed in terms of the four
functions K, L, M, and N defined by Eq. (6).

Since 8|pr) is the same as |pr) with f, replaced by
— f« [see Eq. (A-5)7], we can formulate a substitution
law relating p(VA), p(STP) and p(VA-STP) as follows:
whenever p(VA) contains a combination of coupling
constants, nuclear matrix elements, and electron radial
functions given in column one of Table X, p(STP)
contains the corresponding entry given in column two,
and p(VA-STP) contains the corresponding entry given
in column three. Furthermore, the same substitution
law holds if either one T' or both in column one is re-
placed by I’ (with corresponding replacements in
columns two and three). I'c and T are defined by Eq.
(5); the corresponding definition for T, and T. is
given by

1"e=05f30502“~; Fe’zée’fﬁeeCart.. (3_4)

Several special cases of this substitution law have
been given in the literature.”* Thus, if a given experi-
ment involves, for specified values of € and 7, only the
entries in the first row of Table X, or only the entries
in the third row, then it will not distinguish between a
pure VA or pure STP interaction law for 8 decay.??
This, for example, is the case in experiments involving
allowed @ transitions in which the neutrino momentum
(i.e., recoil) is not observed.® This particular result,
as well as some more general ones relating p(VA4) and
p(STP), follows much simpler from the observation:

2R, R. Lewis and R. B. Curtis, Phys. Rev. 110, 910 (1958)
and references cited therein.

22 See Sec. IV for a more rigorous statement.

2 Tt should perhaps be emphasized that in forbidden transitions
observation of the neutrino momentum is not necessarily required
to distinguish between VA and STP; see, e.g., 0—0 (yes) transi-
tions, spectrum shape.
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B¢.(a) =¢,(—q). The advantage of the present formula-
tion consists in permitting one to relate in a simple
manner the interference p(VA-STP) to the pure p(VA4)
and p(STP) in addition to relating p(VA) to p(STP).

The substitution law, as formulated so far, would be
rigorously correct if both 0.2t and B0O.C2rt- could be
treated in the same manner, i.e., as adjustable param-
eters independent of the lepton variables. This is true
to a high degree of accuracy except in first forbidden
transitions with e=2.24 Although the axial vector con-
tribution /"y; can be treated as an adjustable parameter
independent of the lepton variables, the corresponding
pseudoscalar contribution /Bys cannot. By application
of the Foldy-Wouthuysen? transformation, /"8ys can
be transformed into 2(2M)~' /"o V, where M =nucleon
mass and the gradient operator acts on the lepton wave
functions only. Thus, in the absence of Coulomb correc-
tions, the contribution of the pseudoscalar to first for-
bidden transitions is of the order of magnitude of third
forbidden transitions. Coulomb effects change this result
and one finds that in order to obtain from P contribu-
tions of the same order as those from T or 4, it is
necessary that (Cp/Cx)~(M/&) where X=A4 or T.
In the present work we assume instead that Cp~C7r~C4
and consequently the pseudoscalar’s contribution is in
general ignorable. In those few cases where the pseudo-
scalar’s contribution is of the same order as other terms
considered, it was evaluated separately and not by use
of the substitution law.

APPENDIX C

Since in B decay the assumption pRK1, ¢RK1
(R=nuclear radius) is well justified, we shall calculate
the radial functions in that approximation. For the
antineutrino we have (omitting the subscript » on «

and /)

K>S mn(2pR)V e [t 26A (m— ) 2/ E,
LS mn (2pR) Y Ay | F,

M w—Smn(2pR)mH D [dimnp/ E+2iA (m—n)p],
Nemn—Smn(2pR)FMHED YA (m4-1) p/ E,

ADAM M.

BINCER
8= (1/V2)11(gR)—(1/V2) (¢R)"/ (21+-1) 11, (C-1)
=(1/V2)S(=1)j(gR)—
ANDS(=K) (gR)Y/ 2+1) 1, (C-2)

where (2/4-1) l!=(2i4+1)(21—-1)- -
of .

For the electron we take the radial functions as given
by Rose,® except that they are multiplied by .S(k)
and normalized in a box of unit volume. If one ignores
finite-nuclear-size effects (and in the approximation
pRK1), the combination of radial functions and
Coulomb phase shifts of interest is given by

fe\ 1FE\ T (y«—iAE)
( gK)em(x)—%(zZ> Ry l( 2B ) T'(2v,+2)
Xexp{(r/2)[AE+i(l—1—v.)]}
X {(142y,+ipR) (—k+i4A)
F (142v—ipR) (v«—iAE)},

-3-1 and S(x)=sign

(C-3)

where the notation is the same as explained following
Eq. (A-5).

From Eq. (C-3) the functions K/, L, M, N
defined by Eq. (6) may be obtained for any values of
the subscripts that may be needed. In many cases it is
sufficient to have these functions in the approximation
(aZ)*<1 [but £¢=(aZ)/(2R)Z 1] and we therefore list
them explicitly in this approximation. Three cases have
to be distinguished: (1) both x and ' are negative
integers, (2) « (or «’) is a positive integer and ' (or «)
is a negative integer, and (3) both k and «’ are positive
integers. In the first case we have only terms propor-
tional to the zeroth power of £, in the second case the
first power of £ appears, and in the third case the second
power of £ also appears.

Let m and » be positive integers. Then

r& 2mn m—n
Ko S mn(2pR) 1m0 2y ‘JA(

E 2m+1

Lm—n"')Smn(sz)l(m)'H(—n)

——1

L 2m+1 E
[ ¢

(2mn T (m—i—ns

Mm—n_')Smn(sz) 1(m)+1(—n)

[ p 2m

2 M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954).
% L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950).

2mn
2p——+—— —-—I—zA(m— 7) (
41

(C-4)
(C-5)
(C-6)
(C-7)
» m—n 32_ 2n 1 ‘l (c8)
m - 2m+1E 2mtlE
2n
m E+2m—l—1)]’ (C-9)
m E—I_Zm-l—lp )] (C-10)



NUCLEAR SPIN-ELECTRON-NEUTRINO CORRELATION 257

g m—n p
N,,,_,,——>S,,m(2pR)l(m)+’<—">[— 2n——FiA ]

£z C-11
pE  2m+1E (C1D)

& m no\ £ mn
Kmn__)Smn(ZPR)l(m)+l(n) ..__|_( } ) +
2 \2mt1 2m+1/E @mt+1)@nt1)

Lin( )[1 o (— L ! At ! 1 1} C-12
ahlm=m| -t ((2m+1)n'(2n+1)m)iE |(2m+1)(2n+1)( +)]}§’ (©12)

Lmn—’Smn(ZPR)l("‘)H(")’—E2+ o siNm—n)
£ Cm+t)ntl)
1 1 2 1
x[( : )z: E]}— (C-13)
Cm+Dn  (2n+1)m @2m+1)(2n+1) HE
M S 2HR) (¢ )+l()l _|_( " 1 " E- mn 2v1~A
i Snn(2PR) ¢ 2m+1l2n+1)$ Comt) @’ (m—n)
><[152EL ! (4F2— p2) e+ 2E]}1 (C-14)
mn mA1) (2041 P iyt e
NS (2pR) >+l<>( M
mn—>Smn(2pR) mE 2
m+n+1 mt+n 1
x[( = )s2+4 o ;ﬂ]]—, (C-15)
m n m+1)2n+1)  Cm+1)@a+1)" 1 pE
where
—(m_l)!(n_1)11 AL C-16
—W{ —iAE[Y1(m)—¢1(n) ]}, (C-16)
Yi(m)=T"(m)/T (m), Y1(m+1)=¢1(m)+1/m. (C-17)

Certain of the functions discussed in this appendix spins is readily obtained by the standard trace methods.
can be found in the literature in various notations. The TFor example, for a pure 4 interaction law one has
relation between our notation and, for example, that

of Rose? is p=1344M(e) XM (0)- (q—pp/E)
+aa4[M(0)-M(e)(p-ap/E—1)
= R22k — R2—2k

Lo = K s, D= B s —~2M()-q M(o)-p$/E

My—1=R**Kpr, Qr—1=R*Lyy, (C-18) —2M (vs)M(o)- (a+pp/E)

Nia=—R"2%M_4, Ripy=—R2N_y, ‘ —M (vs) M (vs)(p-qp/E+1)]. (D-1)
and for the additional functions of, for example, Equation (D-1) contributes to all orders of forbidden-
Curtis and Lewis,! ness, no retardation expansion having been carried out.

The nuclear matrix elements M (o), M (vs) are assumed

Ly /'=R*72M_ 4, My =R*M}, real®; they are defined by

Nia'=—R"Re K_pi, Rp'=R"Im K_j. M(0)=,*|0e™®*|¢n),
APPENDIX D (D-2)

, _ . o M(0)=Wr*| Oei®x[Yn),
Consider the @ interaction in the approximation
Z=0. The density matrix p summed over the lepton where P is the recoil momentum.
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Only the 844 term of Eq. (D-1) contributes to a
resonance fluorescence experiment of the type per-
formed by Goldhaber ef al.® More generally, if the inter-
action law is pure VA or pure ST the following terms
can contribute:

i[ByyM(e) XM (&) +B44M(0)
XM(e)]- (a—pp/E)— (Bva+Bav)
XM (vs)M(a)+M (1)M(0) - (a+pp/E), (D-3)
or

—iBr7[M(Be) X M(Ba)+-M (Bo)
XM(Bo)]- (a+pp/E)+ (Bsr+Brs)

XM (B)M(Bo)- (q—pp/E). (D-4)

For application to a 8 emitter, Egs. (D-3) and (D-4)
must be integrated over the lepton momenta for a fixed
direction and magnitude of the recoil P, followed by an
integration over P subject to the resonance condition.
For these purposes it is convenient to write the phase
space factor as

(2m)—8P2%d PdQpdw, D-5)
dw=q*(dq/dW)dQ= @*E(W — Ep-+ P cosf,)dQ,,

ADAM M.

BINCER

where W is the total energy available, Ep is the total
energy of the recoil, and 6, is the antineutrino angle
measured relative to the recoil. Expressing all quanti-
ties in terms of 8, and P, we find?6

J9do= Sp(p/E)dw

T 2m?
=—P(W—Ep)[1+————]
3 (W= Ep)i— P?

X[l_(WT:)LpzT' (D-6)

Hence, for example, unique transitions will give
vanishing circular polarization for the resonant fluores-
cent gamma if the interaction law is V4, large polariza-
tion if the law is S7'. On the other hand, allowed transi-
tions in which the Gamow-Teller-Fermi interference
dominates the Gamow-Teller part would give the
opposite result.

In practice Coulomb effects should be taken into
account and the considerations of this appendix ap-
propriately modified, as discussed at the end of Sec. IV.

26 Tn this appendix only, to avoid confusion, we do not set the
electron mass m equal to unity.



