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Six complete sets of readings were taken. These in-
cluded readings of three different temperatures and of
both directions of the field. In all of the runs the cur-
rents to the two edge plates dropped rapidly to zero,
and were negligible for fields greater than 300 gauss.

In three sets of readings no variation in total plate
current was noted, except for the random error of 1.5%,
or less, as the magnetic field was increased from zero to
6000 gauss and then decreased to zero. Other runs
showed a slight decrease of 1.5 to 49, in total current.
This decrease was caused by losses of electrons after
emission. The overlapping of the plates was sufficient
to insure collection of all electrons only when the fila-
ment remained in or near its equilibrium position on
the tube axis. But under the force exerted on it by the
applied magnetic field, the ribbon was displaced from
its axial position, and a small fraction of the emitted
electrons escaped through the gaps between the plates.

GREENBURG

This displacement problem is difficult to avoid when a
filament is heated in a strong magnetic field.

The negative result that was obtained in several sets
of measurements taken under very favorable conditions
is interpreted as sufficient evidence that no magnetic-
field effect on the saturation electron emission exists, at
values up to the maximum of 6000 gauss which were
attajnable in this experiment. We therefore conclude
that the discrepancy between Shelton’s result and the
results of the earlier observations of Nottingham and
Hutson was not caused by any modification of the
probability of emission by the magnetic field.
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A generalization of the random-phase approximation of the theory of Coulomb correlation energy is
applied to the theory of superconductivity. With no further approximations it is shown that most of the
elementary excitations have the Bardeen-Cooper-Schrieffer energy gap spectrum, but that there are col-
lective excitations also. The most important of these are the longitudinal waves which have a velocity
vr{3[1—4N(0)| V| ]}? in the neutral Fermi gas, and are essentially unperturbed plasma oscillations in the
charged case. Other collective excitations resembling higher bound pair states may or may not exist but do
not seriously affect the energy gap. The theory obeys the sum rules and is gauge invariant to an adequate

degree throughout.

I. INTRODUCTION

ECENTLY Bardeen, Cooper, and Schrieffer pro-
posed a theory of superconductivity! which has
been successful in explaining experimental results of
many kinds. The theory is founded on the idea that in
superconductors there is a net attraction between
electrons caused by the phonons. The ground-state wave
function used is a product function designed to have
the maximum number of pairs of electrons of zero total
momentum taking advantage of this attraction. This
ground-state function is

V=11l (1—hw)t+Irtext*c_iy ¥ 1%, 1)

where ¥, is the vacuum, and cx,* is the creation operator
for electrons of momentum k and spin ¢. % is a number

* The final stages of this work, and all of the manuscript
preparation, were done at the University of California, Berkeley,
California, during a very pleasant stay made possible in part by
a grant from the National Carbon Corporation.

1 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957).
We abbreviate this reference B.C.S. hereafter.

determined so as to minimize the energy. The approxi-
mations most necessary to the theory are the use of
screened Coulomb and screened second-order phonon
interactions according to the scheme of Bardeen and
Pines?; and the neglect of all interactions except those
between pairs with zero total momentum and spin.

Bogoliubov?® arrived at practically the same result by
an apparently different method, using from B.C.S. only
the zero-momentum pairing idea. He formed pairs by
introducing a new set of fermions, composed partly of
an electron with (k, spin up) and partly of a hole with
(—k, spin down):

Q0= UpCit — VCiy ¥
’ (2)

k1= UrC_i T VpCt™,
and defined the ground state as the “vacuum” with

2 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955).

3N. N. Bogoliubov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 65
(1958)[ translation: Soviet Phys. JETP 34(7), 41 (1958)]; J. G.
Valatin, Nuovo cimento 7, 843 (1958).



THEORY OF SUPERCONDUCTIVITY

respect to the new set of “particles”:
axo¥ord¥ ;= ax* ¥, =0. 3)

By this trick he was able to eliminate certain terms in
perturbation theory which diverged, essentially because
of the presence of the attractive interaction which is
responsible for the binding of pairs.

It is easy to show that the B.C.S. state (1) and the
Bogoliubov state (3) are identical if

Less obviously, the basic assumptions of the two
theories are actually very close, as are the “energy gap”
spectra of elementary excitations.* Bogoliubov treats
the phonons only in second order, and his limitations
to the lowest-order energy and to the “most divergent
terms” (meaning those which cause binding of Cooper
pairs®) are equivalent to the B.C.S. reduced-Hamil-
tonian assumption.

It was demonstrated® that the most serious question
in regard to these theories is that the sum rules and
gauge invariance are not obeyed, so that a consistent
explanation of the Meissner effect requires, at the very
least, that the whole interaction Hamiltonian be taken
into account. If this is done and the long-range Coulomb
forces are neglected, a new set of states of nonzero
momentum must be present in the energy gap, which
not only would have experimental effects but might
well lead to large perturbations in the ground state.
When long-range Coulomb forces are included, the gap
again becomes empty, and one is led to the conclusion
that the success of the zero-momentum pair theories
may only be a consequence of plasma effects.

Both for this reason, and because it seems optimistic
to assume that the collective and screening effects
(which are vital even in determining the phonon
spectrum) will be necessarily unaffected by the radical
changes in the Fermi sea embodied in (1) or (3) (and
vice versa), it is desirable to have a theory of the ground
state of a superconductor which can simultaneously
handle these collective effects in the best available
approximation, that of Gell-Mann, Brueckner, Sawada,
and Brout,”-® and yet lead to (1) or (3) and the Bardeen
energy-gap excitation spectrum. Such a theory is the
subject of this paper.

This theory also has a few by-products which com-
mend it as an alternative to the earlier ones. First, it
shows in a natural way why the restriction to a fixed
number of electrons must be relaxed and how to handle
the projection back onto V= const ; second, it is capable

V= kk%,

4N. N. Bogoliubov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 73
(1958) [translation: Soviet Phys. JETP 34(7), 51 (1958)].

5L. N. Cooper, Phys. Rev. 104, 1189 (1956).

6 P, W. Anderson, Phys. Rev. 110, 827 (1958).

7K. A. Brueckner and M. Gell-Mann, Phys. Rev. 106, 364
1957).
( 8 K. Sawada, Phys. Rev. 106, 372 (1957); Sawada, Brueckner,
Fukuda, and Brout, Phys. Rev. 108, 507 (1957); see also J.
Hubbard, Proc. Roy. Soc. (London) A243, 336 (1958). ;
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of computing the correlation corrections to super-
conductivity—or vice versa—and showing that they
are small; third, it gives a good account of other col-
lective effects such as phonons and higher bound pair
states; and finally, it seems to give a simpler and more
physical picture of the nature of the superconducting
state. The method we use may also have more general
interest as an approach to the many-body problem, in
particular in reconciling collective and individual-
particle behavior.

The basic, and almost the only, assumption is a
generalized form of the random-phase approximation.?
Sawada, Sawada ef al., and Brout? have shown that the
R.P.A. of Bohm and Pines and the diagram-summing
method of Brueckner and Gell-Mann’ both lead to a
certain set of linear eigenvalue equations or “equations
of motion” for the elementary excitations in terms of
the quantities

P, UQ__—' Cx4Q, a*ck, o (5)

Sawada and Brout® showed that the Gell-Mann and
Brueckner ‘high-density” assumption, that excited
particles interact with the unperturbed Fermi sea only,
is equivalent to a certain effective Hamiltonian together
with altered commutation relations for the p’s of (5),
which then lead to the equations of motion; they then
showed how to derive the energy and other results from
these equations. The same equations were arrived at—
without realizing how nearly full a solution to the
correlation problem they were—by Bohm and Pines,?
first by physical reasoning and then by a method of
direct linearization of the full equations of motion. The
method of this paper is a natural generalization of this
last way of arriving at the “equations of motion” to the
case in which the unperturbed state is not the Fermi
sea but the B.C.S. state (1).

The high-density (“weak coupling”) limit is the only
proven domain of validity of the R.P.A., and even in
that limit a consistent theory of superconductivity is
interesting. However, the R.P.A. gives results in the
correlation problem which appear to be satisfactory
even in the intermediate range,® and other entirely
different domains.! A full discussion of the domains of
validity of these methods is, however, beyond the scope
of this paper; in any case they represent the only
approach known to be effective in studying collective
effects in the many-body problem.

Briefly, the Bohm-Pines technique linearizes the
full equations of motion by observing that in the Fermi
sea the quantities 7x= cx*cx and 1—#n,=cyc* may have
finite “c-number” average values. These average values

?D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). We shall
abbreviate “random-phase approximation’’ as R.P.A. hereafter.

10 When supplemented by a treatment of exchange terms which
falls rather naturally out of the more general method of the present
paper. See P. Nozieres and D. Pines, Phys. Rev. 109, 1009 (1958),
and Nuovo cimento (to be published); and especially Hubbard,
reference 8.

11 E. Montroll and J. C. Ward, J. Phys. Fluids 1, 55 (1958).
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are taken as zeroth order, while the px@=cy q*cx act
like first-order infinitesimals. In the B.C.S. state (1)
not only #yx but d*=ci*c_* and bx have c-number
averages, so that correspondingly we must derive
equations of motion for first-order quantities cxq*c_i*
=50, etc. The unperturbed B.C.S. state is itself
determined, in our method, by finding equations of
motion for the bx*s and #y’s themselves and taking
their stable solution; this is then equivalent to both the
B.C.S. and Bogoliubov definitions. Physically it means
that we construct the zeroth-order state so as to be
stable against the formation of any more zero-mo-
mentum bound electron pairs.

The most direct results of the theory are the solutions
of the equations of motion. These are the elementary
excitations, and they fall into two groups: individual-
particle-like excitations, the spectrum of which is
practically the same as the B.C.S. energy-gap spectrum,
but which include many of the effects of scattering; and
collective solutions.

The collective solutions are calculated for two cases.
The usual models implicitly ignore the long-range
Coulomb forces; we may call this the “neutral” case.
In this case there is, strictly speaking, no gap: we find
a collective excitation of longitudinal type, which has
resemblances to a longitudinal wave as well as to a
bound pair of electrons of nonzero momentum, with a
velocity

v=0p{3[1—4N(0)| V| J}%

The velocity 3~%r was obtained by Bogoliubov? and
is a kinematical effect; the N(0)| V| term represents
the effect of interaction in this weak-coupling limit.
Other collective excitations, describable physically as
other bound-pair excitations orthogonal to the Cooper
bound pairs, may or may not exist depending on the
form of the interaction, but lie near or above the top

of the gap in any case.

In the physical case of the charged Fermi gas, the

longitudinal excitations have a spectrum identical with
the plasmons of the normal Fermi gas, and thus the
gap really exists; we see that the gap in a strict sense
is enforced only by the long-range Coulomb effects.
Fundamentally, also, in this case the R.P.A., with its
automatic separation of the equations of excitations of
different total momentum, may be expected to be more
accurate, because these long-range forces single out
momentum zero as having special properties. In an
appendix we go on to calculate the effect of super-
conductivity on the long-wave phonons, and show that
their spectrum is changed only to the order of the ratio
of electron to ion mass.

22 Bogoliubov, Tolmachev, and Shirkov, New Method in ilhe
Theory of Superconductivity, (Academy of Sciences of the U.S.S.R.,
Moscow, 1958). See also V. M. Galitskii, J. Exptl. Theoret. Phys.

U.S.S.R. 34, 1011 (1958) [translation: Soviet Phys. JETP 34 (7),
698 (1958)].
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II. DISCUSSION OF THE INTERACTION
HAMILTONIAN

If the interaction between electrons is given, the only
approximation of the method is the R.P.A. The inter-
action responsible for superconductivity is, however,
the rather complicated interaction through the lattice
phonons, and fundamentally the calculation of this
interaction is outside the scope of the R.P.A. In this
paper we shall assume the essential correctness of the
results of Bardeen and Pines for this interaction.!

In a later paper this assumption will be justified by
means of the renormalization methods of Hubbard."
Although this justification is not a part of the present
paper, in view of its importance a brief qualitative
description will be given here. Hubbard shows, in the
free electron gas problem, that the effect of certain
apparently divergent terms of perturbation theory is
to replace each Coulomb interaction between electrons
by a new, “effective’” interaction, which may be thought
of as having been modified and screened by the fre-
quency- and wave-number-dependent dielectric con-
stant of the electron gas.'® '

The effect of superconductivity, like that of the
Coulomb correlations, can be expected to be merely a
“smearing” of the properties of the surface of the Fermi
sea, while (as the present paper will show) there is no
serious effect on the collective modes, which primarily
determine the dielectric constant in the long-wave
region where the smearing might be important. Thus
in interactions of secondary importance to the R.P.A.,
like exchange and phonon exchange, it is a good approxi-
mation to screen using a dielectric constant computed
according to the unperturbed R.P.A. (including of
course the phonon contribution'®). The direct Coulomb
interactions, which have the major effect on the col-
lective modes and thus on the dielectric constant, must
on the other hand be left in explicitly in deriving the
excitation modes.

The procedure is thus a kind of successive approxi-
mation method, checked by demonstrating its self-
consistency. In stage (1), we imagine that we have
calculated the dielectric constant of the free electron
gas with phonons, using only the direct interactions in
the R.P.A. In stage (2), we recalculate the properties
of the free electron gas including the phonon and ex-
change terms. These must be screened by the stage (1)
dielectric constant because the corrections in stage (1)
are large (in fact formally divergent). Stage (2) is the
present theory of superconductivity, but also includes
Hubbard’s? method for the second-order exchange
correction. In stage (3) we might recalculate the
dielectric constant from stage (2) and insert it in the

% See Bardeen and Pines, reference 2. See also D. Pines, Phys.
Rev. 109, 280 (1958), for a probably more accurate expression.

¥ J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957).

15 See also Noziéres and Pines, reference 10.

16 See G. Wentzel, Phys. Rev. 108, 1593 (1957) for the calcu-
lation of phonons by the method of Sawada and Brout.
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screened terms; however, this correction is small and
stage (3) is unnecessary. The resulting interaction is
similar to that of reference 2, although it must be
slightly complex to allow for real inelastic scattering;
the screening is not by a cutoff as in Bardeen and Pines
but smoothly decreasing, and the subsidiary condition
is irrelevant to the present scheme.

We shall, then, write down as our Hamiltonian the
Bardeen-Pines result. This already implies the relatively
minor (at this stage) assumptions of the free-electron
gas model for Bloch electrons and of the neglect of
transverse phonons, as well as of the residual, real
scattering interaction of electrons and phonons. It is

H=FHr+Ivr+3c. (6)
Here (5=1)
Hr= Y. €k, o™ Cx, 0, (7
k,o
wk—-k’Mk—k'2
Ly=—3% 2

k=k’,q 0,0’ (wk——k')z_ (ek——-ek,)2
X Cx’, v’*c—k’-{»—q, v*c—k-l-q, oCxk, o'+ (8)

JCc¢ is a somewhat more complicated thing, because
(according to the above discussion) we must understand
its terms differently depending on whether we use them
as direct or exchange terms. We shall write down the
full Hamiltonian and simply understand that the ex-
change terms are to be screened:

o= Y, X 2re(k—k')2

k#k’,q 0,0’
Xxt, o C—xrtq, o C—k +q, 0Cx, 0t (9)

In (8), Bardeen and Pines give

My=2v,(146mne*/kPer), (10)

where v;? is the true electron-phonon interaction without
screening, approximately

wyie— 2w Zek (n/ M)}, (1)

The actual values of these constants will be of little
further importance to us except in Appendix I.

In principle the description of our method implies
that the direct phonon interactions should also be
included, so that we calculate correctly both collective
modes, the phonon and the plasmon. To avoid com-
plication we do not do this in the main paper, but only
in an appendix. In that case for direct interactions one
must include the following two terms in the Hamil-
tonian:

Rph=zs: 5 (Pep—st 124s9-), (12)

and

Ii=— zs: (Qsp_"‘ﬂs i+ Q—eP“'Ue 1‘*) 5 (13)

where p and ¢ are the phonon coordinates, p® is the s
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Fourier component of electron density fluctuation, and

f2=4aneZ2M-+ v,

w;—0 as s—0. (14)
(ws includes any interactions between the ion cores.)

One further point must be made with regard to (8).
An instantaneous space interaction is a function of
k—k’ only; but the phonon (and actually even the
screened Coulomb) interaction is not instantaneous,
and must in some sense depend on the time difference
between the creation and destruction of the longitudinal
photon or phonon, or in Fourier-analyzed form on a
frequency variable.

Our approach is to understand the particles as being
embedded in a medium with a certain frequency- and
wavelength-dependent dielectric constant. The fre-
quency which enters is the energy difference between
the initial state and the intermediate state of the
particle system “‘after’” the phonon-photon is emitted.
This is usually well enough approximated by e,— ex
in (8). As we shall see in Sec. IV, the important thing
for gauge invariance and the sum rules is that there be
no ¢ dependence in (8), which is ensured by the fact
that the initial and final states always have the same
energy, so that the difference from the intermediate
state, whatever it be, is fixed. We shall take advantage
of this fact by discarding any apparent ¢ dependence
wherever it may appear.

Thus our equations will always automatically satisfy
the basic sum rule [3Cy,0?]=0, which ensures that the
usual perturbation theory will give gauge-invariant
results.$

III. IMPROVED TREATMENT OF THE B.C.S.
REDUCED HAMILTONIAN

The R.P.A. theory which we use might be thought
of as a generalization of the Sawada-Brout?® theory to
the superconductor. It also follows naturally as a
generalization of a certain slightly improved description
of the B.C.S. theory of the “reduced” Hamiltonian.
There exist in the literature elegant treatments of the
Sawada-Brout theory®!7; since the alternative calcu-
lation of B.C.S. is new, and is of some interest in itself,
we present it here in full.’®

The first step of the B.C.S. theory is to neglect in
(8) and (9) all terms involving ¢ and ¢’ parallel, as well
as all terms with ¢>#0. This step may be justified in
terms of the worst instability of the Fermi sea being
caused by binding of zero-momentum pairs, and the
considerations of reference 6 reinforce this point; but
since we intend to relax this assumption later no
extensive discussion is necessary. Then the Hamiltonian

17 See Wentzel, reference 16.

18 A similar treatment has recently appeared in N. N.
Bogoliubov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 73 (1958)
[translation: Soviet Phys. JETP 34(7), 51 (1958)], although
different in detail and interpretation.
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becomes
Hrep=_ ex(xt+n_x)— > Viwcw¥c_x*c_xcx, (15)
k k=k

where we have used the convention that an explicitly
negative £ has a down spin and vice versa. (This
convention will be used hereafter in this paper.) Vi
is the resultant interaction obtained by subtracting the
screened Coulomb exchange matrix element from the
phonon exchange:

dme?
(k—K'y?

X (screening factor).

wk—k’Mk-—k’2

(wr—k)?— (ex— exr)?

ka’ =

(16)

Basic to the whole theory of superconductivity is the
idea that, for small enough (ex— ex)?%, Vi is positive
on the average. Pines® has discussed qualitatively
whether and when this may be true.

It is convenient to use as the zero of energy that of a
particular Fermi sea of N° electrons, Fermi level ez°;
and to sum only over k’s with e, <2er°. Then (15)
becomes

Hrep=—2_ (e&x—er) (1 —n1—n_x)
k

— 2 Viwew*c_w*e_xer+ eFD(N—NO),

k#k’

(17

where

N=3x (ntn_x). (18)

B.C.S. pointed out that the appropriate algebra for
dealing with (17) involved the operators

1, bk=6_k6k, bk*=ck*c—k*, and 1—(nk—|—n_k). (19)

Their importance lies in the fact that in the subspace
defined by
(20)

nr—n_x=0

they are a complete set, while it is easy to show that
the lowest eigenstate of (17) is in this subspace.

The properties of these operators become clear by
writing them [in the subspace (20)] in the represen-
tation in which the basis functions are (k and —k
empty) and (k and —k full). The operators (19)
commute for different %, so only the k, —k subspace

need be written down:
empty full

empty ( 1 0 )
full o -1/
(21)

10 0 1 00
O Y S
01 00 10

The further manipulation will be much clearer using
the following set of Pauli spin matrices which are fully

1—nx—n_yx

1 D, Pines, reference 13.
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equivalent to the &’s:
28 =1—nx—n_y,

(22)

SartiSy= bk*, Sak——1Syx= .

These s operators are not to be confused with real
physical spin-operators; they act in an imaginary space,
where z component of spin up means “empty,” spin
down means “full,” and spin sidewise simply implies a
certain phased linear combination of up and down.

In terms of the pseudospins (22), the Hamiltonian is

HrEp=—22 (es— er*)S.x—2€r° Y Sux
K X

— 2 Viw (Szkszk'+syksyk')'

.20 34

(23)

The second term on the right changes only when the
total number of electrons changes, and may be ignored.

In the theory of magnetism such a spin problem is
attacked by the so-called “semiclassical method,”’2
which is actually a perfectly well defined quantum-
mechanical approximation scheme. The similarity of
this scheme to the “intermediate coupling” methods of
field theory is not widely appreciated but has been
mentioned by Gross.?! Later in this section we shall
discuss the scheme from a fully quantum-mechanical
point of view, but in the meantime we shall describe it
more or less from the semiclassical viewpoint. The first
approximation is to take the spin vectors sy and rotate
them into the best possible classical arrangement, i.e.,
parallel to the field acting upon them. This, we shall
see, is the same as taking the optimum product wave
function. In the next approximation one finds the small
oscillations about this classical equilibrium and quan-
tizes them; then the ground-state energy and wave
function are corrected for the zero-point motion of the
small oscillations, the basic assumption being that these
are actually small.

The field Hy which s sees is, from (23),

Hi=2(ex—er)3+2 X w0 Viwsuw,

where sx is that portion of s perpendicular to 2.

In the unperturbed Fermi sea, only the z component
is present, and each spin is either up or down, with a
sharp break at er [see Fig. 1(a)]. It is easy to see that
because of the small fields at ep, only a small V is
necessary to turn a few spins sidewise and make the
configuration of Fig. 1(b) more stable: a “domain wall”
in % space with states rotating smoothly from “full” to
‘lempty'7)

This configuration is determined in terms of the angle
0 between the new direction of the spin k and the 2
axis by Hg||sk:

Szk/szk= tan&k——-%(ek— EFO)‘I Zk’ V xx sinfy-. (25)

2 G. Heller and H. A. Kramers, Proc. Acad. Sci. Amsterdam
37, 378 (1934); M. J. Klein and R. S. Smith, Phys. Rev. 80, 1111
(1951); P. W. Anderson, Phys. Rev. 86, 694 (1952).

2 E. P. Gross, Phys. Rev. 100, 1571 (1955).

(24)
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This may easily be shown to be the same as the B.C.S.
integral equation; the correspondence is

It is also obvious that the product wave function of
B.C.S. is of the same form as our wave function: a
product of rotated factors, one for each k& vector.

It is also interesting to make contact with the
Bogoliubov theory. To do this we consider the spin
components in the new direction:

Sz k= COSOxS ,x~SINOLS 2,

Sz k= —SINfxS,x+ COSOkS rx. 27)
On the other hand, if we set
25x=1— (axo*axotaxr*ax), (28)

in correspondence with the definition of s,x, and use
(2), we get

28 = (ukz—vkz)(1—nk—n_k)-i—Zukvk(bk*-l-bk).
This is the same as (27) if
(29)

Thus the first approximation gives exactly the B.C.S.-
Bogoliubov results. The first approximation to the
excitation spectrum is obtained by taking the energy
to turn over the “spins” in the effective fields Hy:

2E,=|Hy|=2[ (ex— er")2+ 31w Vi sinfur)? 3,

cosbr=u?— %, sinfp=2u,vy.

(30)

which is the energy of excitation of “real pairs” in the
B.C.S. theory.??

An improvement on the B.C.S. theory comes when
we study the true excitation spectrum modified by the
interaction between “spins.” First, however, we observe
that this improvement can be expected to change the
result for 3Crep only to order only 1/N. The reason is
that the field Hy, insofar as it involves the other spins,
is a sum over a number of the order of NV other spins.
Thus we expect the quantum fluctuations to average
out, and the semiclassical theory to be nearly valid, in
contrast with the theories of reference 20.

In order to study the modified excitations we must
write down the equations of motion. This is most
simply done by observing that since the si’s obey the
usual spin commutation relations,

sXs=1s, (31)
the usual spin equations of motion are valid:
[C‘C,Sk]=i(dsk/dl) =1:[Hk>< Sk]. (32)

Now we allow each spin sx to have, besides its static

2 Bogoliubov’s fermions give a more complete excitation
spectrum for practical calculations. It is easily shown that in this
approximation [JCrep,are®]=3%Hrar*, etc. The o’s are the
“singles” of the B.C.S. theory, and all thermal etc. effects may be
calculated using them alone.
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(a)

IHI

TS

F16. 1. Configurations in the pseudospin analogy to the electron
gas. (a) Normal Fermi sea. Spin arrows up represent empty states.
Also given are the effective field H} acting on the spins, and its
absolute value. (b) The superconducting ground state, showing
the gradual rotation, like a domain wall, of the pseudospin vectors.

—
€

71|

component s;° an increment ds,. Then (32) is
8(dsy/df) = [H,*X 881 ]+ [6H X 8"+ [6H X 881 ], (33)
and the last term is neglected as nonlinear. Here

Hy=23 1w Viwdsyw. (34)

Let s, and H,? be in the x-z plane; the components of
s will be és, and 8s)), the latter meaning the component
perpendicular to s in the x-z plane. Then (33) is

8 (dsky/dt) = H %8sy — 16H ., cosby,

(35)
8(dsk) )/ dt)= — Hi 285wyt 30H vy

Equations (35) are easily solved only if we make the
B.C.S. assumption that Vi is a constant over a region
in k space, and otherwise zero. That case has been
worked out in detail by Suhl.® Using Suhl’s solution
as a guide, one can see some rather general properties
of (33) or (35).

The unperturbed, “individual particle” solutions
result from neglecting the §Hy term. Then dsy simply
precesses about H,? at the frequency H,?, which is the
energy of the ‘“real pair” excitation. The great majority
of excitations are of approximately this form, because,
from (34), if only a few dsy are large (Vi is of order
N1, 6H is indeed of order N—! and may be neglected.
Actually, there is a solution of (33) between every pair
of unperturbed solutions, for which és for some few
particular %’s is of order IV larger than all other és’s.

Collective solutions may be defined as solutions for
which the sum (34) is replaced by an integral, which is
understood in a principal part sense; they will usually
lie outside the unperturbed spectrum. A collective
solution always comes at the frequency »=0. Such a

2 H. Suhl (private communication).
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solution has, from (35),

2051y= 5Hky(Hk°)_l 0sk|| =0. (36)

To check this we must be sure (36) is compatlble with
(34). To do this we try

(37

2051y= € sinfy,.
Then (34) becomes

6Hky= 2e Zk’ kal sinﬂk', (38)
or

2H ¢ sinf,= 4e(ex— er°) tandy,

by (25). Use of the value of H,® checks (36).

With the B.C.S. assumption that Vi, is a constant,
there are no other collective solutions of any interest.
More realistic ¥’s may have other solutions, but these
will not lie low in the gap, at least in the weak-coupling
case in which V varies much only over an energy range
large compared with the gap, and thus with the energy
range of variation of the wave function. The demon-
stration of these statements follows.

It is a good approximation to assume the problem
symmetrical about er, and then sy, is either an even
or an odd function of ex,—ep. If sy is even, 6Hy, is
finite and even, the second equation of (35) makes
sk even, thus 8sx, odd and 6Hy,=0. Similarly the
odd solutions have 6Hy,=0.

Two types of solutions may occur: angle-dependent
solutions, physically like bound pairs of p, d, etc,
symmetry; or s-like solutions orthogonal to the »=0
one. The lowest of the latter is necessarily the lowest
odd solution; because of (35) and (34) these obey the
equation

dsiy=[(H)?—v*T7 costi 2w Viw Hurs"sxry.
When V is roughly constant this is equivalent to

ViwHy®
1=

—————— cos%ly,
x (HO)2—1?
which may be quickly verified to have its lowest
solution precisely at the top of the gap.

We may expect the lowest angle-dependent solution
to be an even one. The fundamental equation for the
even solutions is

[(H9)2— 2105y =21 ViewSiry.

If V does not vary rapidly with angle the sum on the
right will be quite small, and » must approach H;
closely to allow a solution.

It is physically obvious (also from the discussion of
reference 6) that any such solutions.which actually
occur in the gap are simply bound pairs of Cooper type
in excited states. We shall discuss the corresponding
(050 excitations in a later section.

The »=0 solution could have been expected from the
first, and serves a very useful and important purpose.
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Equations (36) and (37) show that it represents a
uniform rotation of the whole “wall’’ about the pseudo-z
axis. Now the original 3Crep [Eq. (23)] was axially
symmetric about z. The reason for this symmetry is of
course that

S ot=N'—N, (39)

must be a constant of the motion, as particles are not
really created or destroyed.

On the other hand, the product solution in the semi-
classical, ‘“naive’” approximation does not have a
definite value of S, because s,x does not commute
with the other components of sy, which are assumed
constants of the motion. Correspondingly, the product
solution is not axially symmetric but picks a particular
direction in the x-y plane, which must be unphysical.
The »=0 mode is the free rotation of this solution about
the 2z axis. We can expect that proper inclusion of the
zero-point ‘motion of the »=0 mode will repair this
situation by projecting our solution onto the space of
S.tt=constant. In fact this can be verified using the
B.C.S. representation. An eigenfunction of the »=0
rotation about the 2z axis is just

f dos.0.5.(¢) expling), (40)

where ¥p.c.5.(p) is the B.C.S. solution rotated to a
new direction ¢ in the x-y plane. It can be shown that
(40) is

Vo= f dg ene TT [(1—he)le~ioP-hideiel b, ¥ TW,,  (41)
k

which quite clearly is just such a projection.
- A few final remarks will close this section. First, the
correction to the energy could be calculated,

AE=%3 v—3 3 HY,

just the difference of the perturbed and unperturbed
zero-point energies (a special case of a relationship we
will prove later). The largest part of (42) will be an
amount —H;? from the mode »=0; but the whole
correction is only of order N~' relative to the total
energy so need not be calculated.

Second, note the existence of two formal solutions of
the equations of motion:

[3CreD, #x—7_x =0, [3CrED,0s.x]=0,

where 2z’ is the direction along which s;° points. The
assumed ground state satisfies
(mx—n_x)¥o=0,
85, ¥e=0 (i.e., 0sx 1 8:0),

(42)

43)

(44)

and (43) assures that these conditions remain satisfied
throughout the zero-point motion.
These conditions are the conditions that essentially,
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nonphysical excited states do not enter the problem.
Our calculation can be thought of in the following way!7:
starting from the exact ground state ¥¢¢, we make all
possible zero-momentum excitations of pairs of elec-
trons, such as §b,¥¢°. Certain linear combinations

2”=2 k(axdnx+ Budn_x+vyi0bx+ 0:dbi™),
satisfy commutation rules

- [se,a”]=var,
so that
3 (27¥ %) = (v4 Eo) (277 %),

and our attempt is to calculate the » and the x” approxi-
mately by assuming the commutators to have the values
appropriate to some zeroth order ¥’. There are, how-
ever, certain pair excitations which are not possible
from our unperturbed ¥¢’: we cannot destroy electrons
in states which are empty, or create them in full states.
The procedure is consistent only if the equations of
motion are compatible with these restrictions, i.e., if
the conditions (44) are indeed solutions of the equations,
as we see from (43). We will show in the next section
that this is more generally true.

This point of view may be clearer if we see that (44)
may be expressed in Bogoliubov notation as

(axo*axo—axr*ax) ¥o=0,
(axo*axotaxr*ax) ¥o=0.

A little algebra with (28) and (2) shows that this rather
convenient expression is the same as (43).

(43)

IV. RANDOM-PHASE APPROXIMATION TREAT-
MENT OF THE FULL HAMILTONIAN:
EQUATIONS OF MOTION

What we shall now show is that there is a single
approximation scheme, starting from the full Hamil-
tonian and not paying undue attention to the ¢g=0
part, which leads to the equations of the last section as
an integral part, while reducing to the usual R.P.A.
treatment of correlation energy and of plasmons in
appropriate limits. In fact, in the absence of phonon
attractive forces it is the same in principle as Hub-
bard’s! inclusion of Coulomb exchange.

In this scheme, as in the second approximation of the
last section, we calculate equations of motion of quanti-
ties which are bilinear in the original fermion operators.
We generalize in two ways: we calculate the full
equations of motion, by commuting with the full
Hamiltonian ; and we calculate equations of motion for
quantities with momentum Q as well as momentum
zero:

ka= C—x—QCk, BkQ‘—‘ Ck+Q*C_k*,

(45)

- pf=ciiq¥cr, A= cx*c_xq,

as well as by, by*, 7y, and n_. Note that

GV *=bxa7?,  (x*=p_i"%;
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these Hermitian conjugates of our quantities have
momentum — Q.

These full equations of motion are of course useless.
However, what can be done is to linearize them, as
we have done in the preceding section for 3Crep, and
as Bohm and Pines,? and Sawada and Brout,® have done
for the Coulomb problem. The linearization used in the
usual R.P.A. ignores the exchange terms, which are of
the form of the terms we discussed in Sec. III; but
there is no need to do so, as Hubbard has shown in a
slightly different way, so long as the exchange terms
are correctly screened. The method of linearization we
use is straightforward in the extreme: each term in the
interaction part of the equations of motion is a product
of four fermions, and thus a product of two bilinear
combinations & or p (or #) in a number of ways. We
assume that the state about which we linearize is a
B.C.S.-Bogoliubov product state, so that it may have
finite zero-order values of b, bi*, or [1— (nxt7n_x)].
Then we keep only terms which contain one of these
quantities.

When & and b* are zero, the resulting equations are
those of Bohm and Pines with exchange added.? The
equations of motion for b and # themselves are just (32)
itself. We shall go on to discuss the solutions of various
kinds and to show that the individual-particle solutions
give just the B.C.S. spectrum, while the longitudinal
collective solutions are such as to insure the validity
of the sum rules and of gauge invariance, as suggested
in reference 6.

The full nonlinear equations of motion are of almost
no interest in themselves. We shall write down the one
for px? and then show briefly how the various terms of
the linear approximation follow from it. Then we shall
give the linearized equations of motion for all of the
quantities (45).

Let us lump together the Coulomb interaction (9)
and the phonon term (8) with a common matrix element
V (k,k’) (which is a function of k and k’ only, for the
reasons put forth at the end of Sec. II). Then for the
Hamiltonian we have

=%zt X X V(kk)

kK’ ,q 0,0’
X, a¥C_xr4q, 6% C—ktq, o0k 0t (46)
The full equation of motion of px® is
[5C,ox¥]= (exta— ex)px?
+kZ [V(EK+Q, K)c—kiq, o™ c-x—atq, oCx™cx
T YRRk e o], (1)

or

[3¢,0x%]= (ex+q— ex)px+ 21 [V (K+Q, k)
X pE 5 Q¢ *cpe — V (K k) p*Kex o¥cx |

2 The equations for px® are the Bohm-Pines equations; those
for b and b, on the other hand, are the Bethe-Goldstone equa-
tions [H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London)
A238, 551 (1957)].
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We have used p® for the Qth Fourier component of
density :
pY= 2 pk,o?
k,o

(The second form above, though brief, is actually quite
inconvenient for calculations of all but the “direct”
term.)

If we sum (47) over K, and in the first interaction
term replace k by K4+Q and K by k (both are now
dummy variables), we see that the interaction terms
in [3C,p?] vanish. Thus our equations of motion are
such as to automatically satisfy the sum rules (this is
maintained throughout) and the most important con-
sequences of gauge invariance. The equation of motion
(47) contains five types of linear terms:

[3¢,0x? ]=kinetic+direct+exchange self-energy

+exchange scattering+-superconductivity. (48)
The kinetic-energy term is simply the first term:
Kinetic: [3CK,pKQ:|= (exyq— §K)pKQ. (49)

The direct terms are those terms which result directly

from the interaction with the components of fluctuation.

of electron density of wave number Q, i.e., from the
term V(Q)p%% 9+cc. The linear part is, from the
second half of (47):

[3¢p,px¥]= V1 (Q)p® (nx—nx4q). (50)

(We put the subscript D on V to indicate that only in
this term should the “direct,” unscreened interaction
enter; this is primarily a function of k—k’=Q alone.)

The exchange self-energy terms come from the usual
exchange terms,

Jcexse”=% Z V(k, _k+q)nk,¢n——k+q,q,
k,q,0

Direct:

(1)

in (46). There is a phonon contribution here to V(g),
and it was this contribution which was the basis of the
old superconductivity theories of Frohlich and
Bardeen?®; the assumption now is, however, that this
coupling is far too weak to have a visible effect. The
appropriate terms are as follows:

Self-energy: [3Cex™'f,px%]
=—px? Xo[#g-xaV (K+Q, ¢—K-Q)
—nexV (K, q—K)].
The “exchange scattering” terms are the exchange
terms which Hubbard includes by a device similar to

ours, and follow from those exchange terms (with
parallel spin) which contain p®’s:

Exchange scattering: [JCex,ox®]
= — (nx—nx1qQ) 2q pe-x-?V (K+Q, g—K). (53)

Note the formal similarity to the direct terms (50), just

(52)

26 H, Frohlich, Phys. Rev. 79, 845 (1950); and J. Bardeen,
Phys. Rev. 80, 567 (1950).
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as the exchange self-energy is similar to the kinetic
term (49). For small Q, (53) is negligible compared to
(50), and we shall neglect it because it has no relevance
to the superconductivity problem. However, for
consistency we must then also neglect the exchange
self-energy terms (52). That is justifiable as a “weak-
coupling” approximation.

Finally we come to the superconductivity terms.
These are of two types: ‘“individual-particle” terms,
rather like self-energy terms, which come from the
B.C.S. reduced Hamiltonian [¢=0, ¢’=—¢ in (46)7];
and “collective” terms which follow from q=-—Q,
¢’=—0¢ in (46). The terms are:

Supercond.: [3Cs,0x?]=>"x V (kK) (briq*bx® ‘
’ - —bibx®+bxbi®—bryo*bx?).  (54).

[We shall normally take Q small, so we neglect the

small difference of V(K+Q, k+Q) and V(K )k).]

. This method of presentation shows why the “super-
conductivity” terms have not appeared in previous
types of theories: they come in only when & and &* are
treated as number operators are in usual theories. The
relationship—or lack thereof—of superconductivity
and ferromagnetism is also rather clear in this scheme.
Exchange interactions involving a repulsive inter-
electronic potential act like an aftraction between
parallel spins—compare (53) and (50)—and the
resulting self-energy-like terms (52) are responsible
for ferromagnetism, if they are big enough to outweigh
the kinetic energy. The corresponding ‘“‘superconduc-
tivity” terms are repulsive, whether between parallel
or antiparallel spins (as could be verified by writing
down equations of motion of c¢_x_qpcxt). The inter-
electronic attraction caused by the phonons is thus
detrimental to ferromagnetism, and the interactions
responsible for ferromagnetism are correspondingly
detrimental to superconductivity.

Now we shall write down without further explanation
the linearized equations of motion for the remainder of
the pair quantities (45), classifying the terms as before.

Kinetic: [3Cx,px®]= — (exi1q— €x) k<,
[3Cx,bx¥]= — (ex+ex+q)bx?,  (35)
[3Cx,bx )= (ex+ex1q) bx®.
Exchange self-energy: [3Ce™!,5x?]
= I-’KQ[Z q V(K+ Q, q— K- Q)n—q+K+Q
—V(K, q=K)n_x].  (36)

These terms may be simply taken into account by
inserting into (55) an exchange self-energy

dex;o=—2_q VK, a—K)nx_ ..
Direct: [3Cp,px?]=Vp(Q)p?(n_x_q—n_x),
[3Cp,bx %)= — Vb (Q)p?(bx+bx+a), (58)

[5¢,bx%]=Vp(Q)p?(bx*+bx+q*).

(57
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Exchange scattering:
[3Cex,px¥]= — (#-x—Q—7-X)
X2 VIK+Q, ¢—K)5e-xq9,
[GcexabKQ] =bx Z q f’—K~Q—qQ 14 (K; —q— K- Q)
+bxio 2q V(K+Q, —q—K)
XP—K—Q-QQ:
[JceX;BKQ.]z - bK* Zq V(K’ —q— K- Q)p—K—Q—qQ
—bx+q* 2 ¢ V(K+Q, —q—K)px 2
Superconductivity :
[3¢s,px%])= 2« V (KK) (bi*bx?— by 1qbx®
+0x1qbi¥— bx*biR),
[9€5,0x9]=2x V (KK)[px Wi+ pxis+q
= (1—ng—n_x-)bi&],
[3¢5,bx%]=— 2« V (KK) [brsq*px®+bi*ox®
—biQ(1—n_x—nxq)].

(59)

(60)

It is clear why this method can be called a “random-
phase” method: it has the effect of decoupling ex-
citations of different momentum Q, because the only
zeroth-order quantities have zero momentum. For this
reason the Q=0 equations are decoupled from the rest,
and are in fact almost exactly those of Sec. III. We
can thus write down the Q=0 equations without
distinguishing zeroth- and first-order quantities.

['I}cKanka [men—k:l: 07
[3Cx,bi]=—2exbi; [3Cx,bi*]=2erbi*,
[Mmself’nk]: [gcexself,n_k]: 07
[gcexself,bk:lz - 25ekbk; [gcexself’bk*jz 256kbk*.
The “direct” terms all vanish because Vp(0)=0. The
exchange scattering terms have coalesced with the
exchange self-energy (62); they would reappear, if we
separated out first-order effects, as terms involving
o.1%8(8ex) (this is why a consistent treatment must
include both or neither exchange terms). Finally, the

two parts of the superconducting terms coalesce, also
to reappear upon applying &’s as in Sec. III:

[Bes,mx]=2"x V (kK) (bu*bx— bibx™) = [3Cs,n_x ], (
[3cs,0x]=—2"« V (k,K) (1—nx—n_x)bx,
[3Cs,bx* =2« V (k,K) (1—nx—n_x)bs*.

Using the definitions (22) we find, as we expect, that
(63) may be written

[GCSrSZK]: —1 (HuKszK_HzKSyK>,
[3(33, Sa:K"l"'l:syK]: Sk (HxK+iHyK>-

These equations may be thought of as determining the
zero-order values of the quantities &, b*, and #:

(61)

(62)

63)

(63"

|0,°| =% sinfx, (1—nr—n_g)°= cosbz.

Henceforth we write b;, for 5;°, etc., so that the &’s and
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n’s appearing in the equations without superscripts are
just numbers.

Thus, except for the exchange self-energy terms,
which we explicitly neglected in Sec. III, (61)—(63) are
identical with the equations of the spin model of the
B.C.S. theory.

Equations (61)-(63) demonstrate the first feature of
our method: that the equations of the B.C.S. theory
separate out automatically as the zero-momentum
component of a random-phase approximation. The
B.C.S. equations have also the effect of determining the
stablest ground state about which to linearize the rest
of the theory.

This connection with the B.C.S. theory of the last
section shows us the meaning of the equations we have
called “equations of motion.” Our attempt is to find a
complete set of “‘elementary excitations” #,2 involving
pairs of particles, and having momentum Q, analo-
gously to the zero-momentum excitations of Sec. ITI:

69=23"x (akPkQ+ﬂkka+7kka+5k5kQ), (64)
such that
[5C,x, 9] = »a,9, (65)
because then
‘I/yQZ ny‘I’o, (66)

will be an excited eigenstate of energy Eo+v. To find
the » and «,9 it is a valid scheme to replace the com-
mutators by time derivatives, and assume all quantities
have frequency ».

The » give immediately the most important ob-
servable phenomenon, the excitation spectrum. The
properties of the ground state must be found more
indirectly. Since the system is one with time-reversal
symmetry, we can expect—and do find—that the
secular equation is a function only of »% so there are
eigenfrequencies ==». If ¥y is the true ground state,

2, Q=0 (67)

[it will be useful later to note that x_,°= (x,79)*], and
this is the simplest expression of the modification of
our assumed ground state W, the product wave
function, by the zero-point motion. In the absence of
scattering terms (67) is trivially satisfied, being simply
the condition that particles cannot be destroyed in the
vacuum, or created within the Fermi sea; but the
coupling terms make (67) a definite modification of the
product function.

In Appendix IT we will show how to compute the
energy using the x,%’s, and particularly the condition
(67). In the simple cases of the pure plasmon theory,
or the theory of the B.C.S. 3Crep, the energy is corrected
simply by the sum of the zero-point shifts of the fre-
quencies »; but that requires that the Hamiltonian as
well as the equations of motion be separable into parts
identifiable with the separate momenta Q, which is not
in general so. The more general expression for the energy
correction which we give in the Appendix is very com-
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plicated and usually can be only approximately
computed.

In the next section we will discuss the actual solutions
of Egs. (48)—(60); here we are concerned with various
generalities about them, and particularly their con-
nection with other theories. For this purpose we might
examine their structure more closely.

Let fx®, (f)x? be any of the quantities px®, px€,
bx?, or bx?, and f° be any of the zeroth-order, zero-
momentum quantities. The equation for fx? contains
two general types of terms: self-energy-like terms like
(55), (56), and the first two terms on the right in (60),
which have the form

(M= 2k V' (68)

and scattering (or collective) terms such as (58), (59),
and the last terms on the right of (60), which have the

form
fe* 22 V(o

These two types of terms come from two types of
terms in the Hamiltonian: the self-energy terms (68)

come from terms
2 i fwt (70)
KK

(69)

which are (aside from kinetic energy) the exchange-type
self-energy and the B.C.S. reduced Hamiltonian. That
is, the term (f")x? in (68) comes from commuting fx©®
with one of the two f’s in (70) having k or k==K or
+(K+Q), the remaining sum giving the self-energy
sum of (68). Thus the reduced Hamiltonian gives all
terms (68) correctly (aside from exchange self-energy,
which was neglected in B.C.S. as well as Bogoliubov,
as a weak-coupling assumption). On the other hand,
the scattering terms (69) come from terms in the

Hamiltonian
2 [ (f D, (71)
kK

and result from commuting fw?* (k'=+K or
+(K+Q)) with fx® to give the zero-order fx° the
remaining k-sum being the sum in (69).

Just as in the last section, there are two possible types
of solutions: “individual-particle’” and “collective.”
Individual-particle (i.p.) solutions have only one or a
few fiQ finite, so that terms of type (69) are of order
1/N relative to terms {(68). Thus the frequencies of all
individual-particle modes are correctly given by Crep,
which is the basic reason behind the success of the
B.C.S.-Bogoliubov theories. As Bogoliubov has shown,
energies of type (70) may be rewritten in terms of self-
energies of the transformed Fermions axe, axi, and in
that scheme the o’s act like independent particles. Thus

also for independent-particle modes with Q0 our

scheme is fully equivalent to B.C.S.-Bogoliubov. On the
other hand, the scattering as well as any collective modes

require the inclusion (at least) of all terms of type (71).

There is one last point to be made about the formal
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structure of the theory. To understand the difficulty,
let us take the simplest case of the unperturbed Fermi
sea, and for definiteness take K <kr, |K+Q|>kr. We
have equations for four excitations (we give also the
corresponding excitation for the general case in terms
of Bogoliubov operators):

Pr?:  v=exiq— x>0 axrqotaxi™,
bxQ: v=— (exrqtex) <0 <> axi*axiqi,
Y v=ex—ex1Q<0 > axwxiqi,

bx?: v=exiqtex>0 axiqotexo.

The »’s of course come in == pairs, and obviously (67)
is satisfied for b and 5. In the coupled theory, there will
still be two conditions (67) on the ground state elimi-
nating the new coupled version of 4 and 3.

There is as yet no condition built into the theory to
eliminate the nonphysical positive-frequency quantity
b. The product wave function, of course, automatically
satisfied

BKQ‘I’O(’: O,

but we have no guarantee that this condition is main-
tained throughout the motion, once coupling is intro-
duced. This means that we have to prove the theorem
that even in the presence of coupling the “unphysical
modes”

(72)

(#,9)u=axqi*axo

are eigensolutions. We know this to be identically so as
far as the self-energy terms (68) are concerned, but
must prove the theorem in regard to the coupling terms.

This is easily done. In terms of the o’s, the only
finite zero-order quantities are

{axoaxo™)'=

(73)
The collective terms come [see (71)] from commutators

L (fxY* axrqo*axo])’; (74)

but by simple enumeration we find that none of these
commutators can result in quantities (73), so that
(74)=0. Then there are no coupling terms in the
equations of motion of axyqi*axo, or for that matter the
corresponding —» quantity axiqi¥ex;. This proves the
theorem: the equations of motion are compatible with
the requirement

<OZK1OZK1*>O= 1

ax+qo¥axo
(cas) 0= | fe=o, 9
: ax+qriax:
because
["}C; (x:va)u]= =+ (VKQ)u(x:i:rQ)u- (76)

The analogous requirement in the spin theory was of
course (43’), and that analogy shows us the nature of
(75) as opposed to the similar (67). (75) is a linearized
version of a kinematical condition, automatically satis-
fied by the equations of motion; we do not know the
nonlinear equivalent, although it must exist. On the
other hand, (67) is simply a defining condition for the
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ground state, which is not satisfied even in infinitesi-
mally excited states, and also differs in that it defines
a true change in the wave function from the simple
product result. Equation (75) says kinematically that
the motion involves only the simultaneous excitation of
pairs; while (67) expresses the dynamical extent to
which this occurs in the ground state. (75) will be a
useful result in finding the solution of our equations.

Now let us briefly note the second limiting case: that
(48)-(60) reduce to the R.P.A. theory of Coulomb
correlation in the normal case in which b,0=8,"*=0.
The Sawada-Brout theory corresponds to keeping only
(49) and (50) [(55) and (58)], and to including the
effect of exchange only by perturbation theory. As
Sawada shows, in terms of diagrams this amounts to
summing, besides exchange diagrams to second order,
all diagrams of the form of Fig. 2(a).

Our theory in its complete form, including the
screened exchange terms (51)-(52) [(56) and (59)], is
an equation-of-motion equivalent of the diagram
method of Hubbard, which is more accurate than
Sawada-Brout.

This method sums automatically also all the diagrams
of the form of Fig. 2(b), in which the interaction lines
for the exchange scatterings themselves imply complete
sums of terms like Fig. 2(a). A more complete dis-
cussion of the relationship of this method to other
treatments of Coulomb correlation and other many-
body problems?® will be given in a later publication.

V. PARTIAL SOLUTION OF EQUATIONS
OF MOTION

In this section we shall attempt a discussion of the
solutions, and particularly the collective ones, of the
equations of motion (49)-(60). As we pointed out in
the last ‘section, the individual-particle modes will
automatically agree with the B.C.S.-Bogoliubov theory;
we shall, however, verify that also. Let us first write
down the equations, making use of the following
abbreviations, and neglecting the exchange terms
(which have the effect fundamentally of simply altering
slightly the kinetic energy and the direct scattering
terms, without changing their character) throughout:

WRQ= €K+QT €K, {IKQ= €k e€x,
- IK:Zk V(K7k)bk=Zk V(K)k)bk*:

NKQ=MK+Q— MK,

an
ZKQ= 1—ng— 7K4+Q.

Here we have chosen, with no loss in generality, b= b;*
(the domain wall in the 4« direction). Ik is then half
of the x component of Hg, and is defined to be positive

26 Note the presence in Egs. (60) of terms like
(1—ng—n_g-—@)bxQ,

by means of which the scattering of excited pairs of electrons or
holes in the presence of the Fermi sea may be calculated. Thus
these equations reduce to the Bethe-Goldstone ones for the case
of the normal Fermi sea.
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oMW COULOMB
q INTERACTION
} ELECTRON * HOLE

(@)

(b)

Fic. 2. Perturbation-theoretic diagrams summed by the
random-phase method. Plain arcs represent electrons and holes,
wavy lines Coulomb interactions (“longitudinal photons”); the
momentum and momentum transfer, respectively, are given next
to the lines. (a) Typical chain-type diagrams summed by the
Sawada et al.-Brout equations. (b) More general diagrams
summed by full method. Use of dielectric constant screening
causes exchange interactions (like that labeled s) to imply full
sums of diagrams like 2(a).

(V is negative). With (77), we get

[3C,0x¥] = wkapx®— Vppmxq— I qbx?+ Txbx®
+bx Xk VbiR—briq >k VEiS,

[3C,px %] = — wkpx®+ VppUxq— Ixbx?+ Ik qbx®

(78a)

FbxiQ Xk Vbi8—bx Tk VB, (78b)
[3€,6x¥]= —Qrbx®— V pp? (bx+bx1q) — [xpx®
—Ixiqpx®—2rq 2k V0i?, (78c)
[¢,6x%]=0xqbx ¥V pp® (bx+bx1q)
+ (Ix+apx®+Txpx®)+2xq 2k Vo2 (784)

Here we have V=V (K,k) for brevity, and Vp=V5(Q).

The time-reversal feature of (78) may be seen by
noticing that if we take p 2= (p0xQ)*, b= (b)*, (78b) is
(78a) and (78d) is (78c). Interpreting [3C,f] as if, this
means that (78) connects the real parts with time
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derivatives of imaginary parts and vice versa; thus it
is basically an equation in (d/df)?.. Our method of
solution will be to derive the two second-order equations
for the (say) imaginary parts. For instance, we write
down

[3C, px®+px¥]=wkaq(p— A)x2— (Tx+Ix+q)

X (b—0)x®— (bx+bxi) 2k V(0—0)i2, (79)
and
(3¢, [3¢, (p— p)x ] ]=wka[ 3, (p+5)x]
-2 VD”KQ[:}C;PQ] - (IK+Q - IK) [JC» (b+ E)KQ]
+ (bx—bx1)[3C, i V (0+0):R].  (80)

In (80) we substitute from (79) and the corresponding
equation for b+b, except in the last sum, which is most
conveniently left in its present form:

[3¢,[3C,20x? ] = r*wx?=[wrq*+ ([x1q— Ix)* Jwx®
-2 (€K+QIK_ GKIK+Q)yKQ— ZVD%KQHQ
—[wkq(bx+briq)+axa(Tx—TxiQ) ] 2k Vol

+ (bx—bxq) Bx%.

Here we have made some further abbreviations:

(81)

ka:ka—EkQ; ka:ka_ﬁkQ;
Bx®=[3C, i V (b:2+b:¥)];
2= [3€,p%]=2_x wkqwi?.
This last equality is the all-important sum rule.®
The equation for yx? is obtained similarly:
Yyx?=[0xe’+ (Ix+7x+q)* Jyx?
-2 (IK€K+Q" IK+Q6K)ZUKQ'—- 2VD (bK+ b]{+Q) HQ
+[Qxazrq+ T x+Ix+q) (0x+0x1q)]
X2k VyuQ—zxqBx®.

(82)

(83)
First note that, because

nKQ bx—bxiq

bx+bdxiq

2KQ
wWKQ (bx+ bK+Q) —2xQ (IK+Q - IK)
Oxazxat (TxtTxr) (bxtbicia)

the collective parts of the two Eqgs. (81) and (83) are
simply proportional. This is the result of the condition
(74)-(75): one solution factors from the secular
equation.

Second, we derive the spectrum of the individual-
particle solutions. This too we know must come out
right, but we shall do it as a check on our reasoning.
Leaving out the collective terms, the secular equation is

QP+ (Tx+1x1q)*— 1

—2(Ixex+q—Ix+qex)

(84)

—2(Ixex+q—I'x+qex)
wxa*+ (Txsq—Ix)?— 2|
which indeed has the solutions

(rxV?=[ (ex®+ 1k (exr@*+Txso)V P,

(85)
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of which those with the — sign are exact solutions
because of (76), but must be discarded because of (75).

Now we shall go on to discuss collective solutions.
To avoid complications we make some assumptions
which are valid in the weak-coupling limit or in the
“cutoff”’ theory of B.C.S. in which V is a constant. In
some cases we assume small Q, the case we study
primarily (for large Q the overwhelming majority of
pair excitations of momentum Q are obviously un-
affected by superconductivity).

We assume Ix=17 independent of K, as it will nearly
be if e<Kwp. yx@ will be small except within € of the
Fermi surface; then we can assume

>k V(Kk)y®= A9 independent of K.  (86)

We shall find that the most important collective
modes have y even; in that case

(3¢, Xk V(o+b)x¥]~2—3 x VOxqyx®=B2  (87)

is also zero. However, for the sake of completeness we
shall retain B?, also assuming it to be a constant with
varying K. Then the Egs. (81) and (83) become

(VZ—‘ wKQ2)‘wKQ =— 2wKQ[yKQ -2 VDnKQHQ

—wkq(bx+bx+q) A9+ (bx—bx1q) B, (81')
and
[»— (Qxq®+41%) Jyx®= — 2wxqlwx?
-2 VD (bK+bKTQ>HQ+ [QKQZKQ
+21(bK+bK+Q)]AQ_“ZKQBQ. (83/)
To take advantage of (84), let us define
wKQ (bx—bx+q)
D=2V pHO+—(bg+briq) 40—~V Ba_ ()
nKQ 7KQ
Then (81’) and (83’) may be rewritten
(Vz‘“wKQ2)WKQ+2wKQIyKQ =— nKbeKQ,
[:V2"" (QKQ2+412)]yKQ+2wxqfwKQ (89)

=— (bx+brsQ)Px®.

WePmay solve by multiplying the first by 2wxql, the
second by (»®—wxq?), and subtracting, or vice versa.
In that case we get

{[*— Qxa*+41%) J[v*— wxo?]— dwxa**} yx°
= —[(*—wkq") — 2nxquxal (bx+bx1q)™]
X (bx+bx1q)Px®.
With the collective terms (the right-hand side) left out,

this equation must have the solutions (85), and so the
left-hand side must simply be

[v*— (22— (vx9) 2 Ty,

where vx@ is the physical (positive-sign) root of (85)
and (vx®), the unphysical, negative-sign one. The only
way, then, to satisfy the requirement (76) is for
[v*— (vx¥).7] to be a factor on both sides; canceling
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this factor out, we obtain

[ — (rx9)*Jyx¥= — (bx+bx+)Px. (90)
By a similar procedure we can also arrive at
[VZ— (VKQ)ZJ‘ZUKQ—: ——1’LKQ¢KQ. (91)

[So far we have not used our simplifying assumptions
in any essential way, and (90) and (91) could be used
to obtain complete spectra of collective modes if the
resulting integral equations could be solved.]

From (90), (91), and the definition (88) of ®, we can
form the sums II, 4, and B, and arrive at the integral
equations which determine the frequencies:

9= {3 x wranxql (ve®)?—»* 171} 2V pIIQ
F {2k 0k (OrtbrrQ)[ (k) —? ]} A9
—{ Xk wrq(br—br)[ (nk¥)?—v*]1} BQ.

A= {31 V (bxt+biy o) [ (ve¥)?—»* 171} 2V pIIQ
F{Ek Vora(butbiy) kgL (k)2 — 1?71} A
—{ Xk V(b= by )miq [ () —»* 17} B, (93)

BO=— {31 VQiq(bxtbir)[ (ve®)?— 21} 2V pI1Q
— {2k VoraQuq(bxtbi1@)*niq™
XLt —= A {2k Vi
X (02— i) gL () — 2]} BO

(92)-(94) are a set of three simultaneous linear
equations in II, 4, and B. Symmetry about the sphere
|k+(Q/2)| =kr makes the cross-terms coupling B to
A and II vanish. Thus there are, as in the Q=0 case,
two independent types of collective solutions: the odd
ones involving B®, corresponding to 6H, in (33) finite
(limg,oBR < 8H ), and the even ones, with finite A°
and 1 (like the 8H, solutions). The odd solutions obey
(94), which by use of (84) is

1=—'Zk (— V)QszkQ[(ka)Z_. ,,‘e]-—l.

As in the Q=0 case, all solutions lie in or close to the
continuum, and approach as Q — 0 the corresponding
solution of (34)—(35).

As for the “even” solutions, our assumptions have
been equivalent to the V=constant assumption which
eliminates any higher bound states for Q=0. These
higher states may also exist for Q5%0, for physical V’s,
but we shall ignore them, simply observing that p, d,
etc. states, or if you like, transverse and more com-
plicated collective waves, may exist but will be near
the continuum, and their energies will approach the
corresponding Q=0 energies as Q — 0.

This leaves the coupled Eqs. (92)-(93) to determine
the physically important longitudinal collective modes.
The dispersion equation is a determinant

92)

(94)

(95)

1-2V l
l of (96)

2Vph
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where after some algebra we define
=2k okt (c9)*— 1],
£=Tu (= VI o Tt L —4T, o

h=3%"x (= V) (bxtbir)[ (12—,
Z=Zk kaQ(bk+bk+Q)[V2_ (VkQ){]‘l-

The collective modes have entirely different behavior
depending on whether we consider the charged or
neutral cases. In the charged case, Vp is singular and
large, II is the important variable, and f determines
the frequencies; in the neutral case 42 (a variable
which closely resembles the “rotation” of Sec. III) is
the important variable and g mostly determines the
frequency. We shall analyze the two cases separately.

Case I. Neutral Fermi Gas

This case is defined by Vp=const as Q —0 (we
might as well let Vp=V, the ordinary interaction).
Since fa« (Q? 1—2Vp =21 in the long-wave limit except
very near a »@; in a principal-value sense, f is small
everywhere. This limit of small Q is the interesting
region, since in reference 6 we proved that in this case
states with Q — O lie at the bottom of the energy gap;
thus we use a perturbation procedure suited to this case.
Since also [ (?) in all terms except 1—g we can make
approximations; in particular, we neglect f and get

1—g=2Vih. (98)

In the limit Q=0, this has, aside from the individual-
particle solutions, only the »=0 collective mode which
we discussed in Sec. IIT; g=1, »=0 leads to precisely
the equilibrium condition for the ground state. Our
task here is to get the dispersion of this mode to lowest
order in Q. For this purpose it is adequate to expand %
and / to lowest nonvanishing order in (? and »2, and g
to first order:

W2y (= V) sinfx (i) 2=21 3" (— V) (v)3;
12— wiq? sinfy (v®) 2
=—3kPQm2 3y sinfy (vi?)2;
=1+ 2k (= V) (") *
ok (V) () cos?[3 (Oxiq—0x)]
=32k (V) )+ 2k (= V) (riera®) 1}
The calculation of this last difference follows:
{ )=2x (= V) (sinfx+sinbiiq) [ cos?(5 (Brrq—0x))
X sinfy sinfiyq—% (sinfy+sinfy,q)?]
== (= V)(@I)"(sinfy+sinfy q)!
X (sinfy cosfryq— sinfy.q cosfy)?
==k (= Vox?(n") .
Thus the dispersion of this mode is given by
1=[1+5 s (= 1) 00— T (=) () Senc’]
=2V[—2I T« (— V) (») ][k wia? sinfix (v) 2],

(99)
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or
V2=%WF2Q2[1+4IV Sk sinﬂk(Vk")‘ﬂ
—horQ1— 4N (O)] V|1

Apparently the “phonon” velocity 3—%vp is strictly a
kinematical “ideal gas” effect, the N(0)V correction
being a result of the coupling to the direct interaction
in the present weak coupling case. The kinematical
term has been obtained in a different way by
Bogoliubov.??

(100)

Case II. Charged Fermi Gas

In this case

Vp(Q)=27eQ?, (101)

and in the important Q — 0 limit, the cross-coupling
2V plh as well as the term involving f are rather large
constants unless » is large. First let us satisfy ourselves
that there are no low-lying collective modes. For such
modes » could be neglected in estimating 7 and %; we
calculated in Case I that lh(y=0)=2I2N?(0)V{wxa?) so
we find
2V plh(v=0)=20 2N (0)V>>1.

Thus the collective mode with »=0 near 1—g=0
disappears without trace; we can only hope for a
solution at very large ». We expect such a solution to
lie near w,; we shall find there that now /, %, and g are
small and in them we assume v=w,. What we then seek
are the corrections to w, of lowest order in the energy
gap eo=21.

Near w,, g is small, if we assume that the exchange-
phonon interaction, when averaged over attractive and
repulsive regions, is small compared to the direct
interaction. In any case 1—g is only coupled in by small
terms, so we can neglect ¢ and write

1—2Vpf=2Vplh. (102)
Near v=w,, 0=0, we have
2V plh= —ZVD(Zk ka2wp—2 sim?k)
X (Zkl 14 l w2 sinfly)
= —'ZVD<ka2>Ava—4412| Vl_l. (103)

The correction to f may be calculated as follows:

S=E—v2 Pk wkatre—wp ™t 2k wkaftk (7x?)?,
so that

2V pf=w v 2—(wxg®n2V pwy
X2k mrqurq  (vx?)?
=022V p(wre)nw, 42| V| (104)

We see that the corrections in (103) and (104) cancel,
leaving the plasma frequency as Q — 0 unchanged,
even to the very small terms which we are calculating:
It seems likely that the dispersion of the plasma mode
is also unchanged, since w, must be the same also for

large Q.
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Thus, in conclusion, the predictions of reference 6
are in large part borne out: that the charged Fermi gas
has no low-lying collective modes because of the strong
plasma effect, while the neutral gas has a low-lying
branch. The present weak-coupling theory gives no
correction to the plasma mode, and derives a phonon-
like mode for the neutral case with a small interaction
correction. The presence of the interaction correction
represents a definite improvement of the present
method.
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APPENDIX I. INCLUSION OF DIRECT
INTERACTIONS WITH PHONONS

In the actual physical superconductor there always
remain a group of excitations in the energy gap : namely,
the lattice phonons. According to our discussion of Sec.
IT, it should be feasible to study the effect of super-
conductivity on the phonons by introducing explicitly
only the direct electron-phonon interaction; if the
phonons are not seriously perturbed by the difference
between normal and superconducting states, then their
contribution to the dielectric constant, and thus to the
superconducting interaction V, can be studied as though
the electron wave function were normal.

Clearly it is only important to include phonons in
the physical, charged case; the neutral case is of possible
physical interest only in such problems as He?® or the
nucleus, where there is no lattice.

The inclusion of phonons simply involves including
among the excitations of momentum Q the coordinate
and momentum ¢q and pq, and the terms of (12) and
(13) involving these:

(3Con+3C)°= (pap—q+ fo*9ag—a)

— (gaprWoi+g-qe ™). (A1)

The equations of motion for the new variables lead
rather simply to

[5¢,[5¢, pal]= fa’pq+2ive™TIC. (A2)
Now we must calculate the effect of 3¢; in (A1) on the
various electron coordinates. The results are
[5Cs,px?]= — gave*(nx—nx+a),
[5¢:,px%]=gqve*(nx—nx+a),
[3C:,bx¥]=gqua* (bx+bx+a),
[5¢;,bx%]= — gave* (bx+bx+q)-
The extra terms (A3) lead to an extra term on the right
of Egs. (81) and (82) for w and y:
[3C;+3Cpn, [3C;, wx¥]]=2ipque*nxa,
[3C:+3Con, [3C;, yx¥] 1= 2ipquei(bx+bxia)-

(A3)

(A4)



THEORY OF SUPERCONDUCTIVITY

Thus the effect of including the phonons appears
(appropriately, since the phonons are collective
variables) entirely as an extra term in the collective
part ®x° of Egs. (90) and (91); we must define a new
$x? which is given by

w (b —b )
BxQ= 2V IO (bgtbicr ) AQ— 2 B

nKQ nxQ

—2ivg’pq, (AS)
while pq is related to IIQ by (A2).

Again we find that symmetry about the Fermi
surface allows us to decouple B? from the rest of the
equations, so we may assume B? zero. Then we are
left with a three-by-three set of equations for II®, 49,
and s instead of the two-by-two determinant (96).
The calculation is so similar that one needs only to
write down the final determinant:

fQ?— 2 Z'il’Qi* 0
2ivg'f 1—2Vpf 1 |=0, (A6)
—2ivgh  2Vph 1—g

where the symbols f, g, %, and / are the same as they
were in (97).

The result for the normal metal would be the limiting
case of (A6) in which % and 7 are zero, decoupling 49,
and »x® — wikq in f. Then the secular equation is

4o’ |?f

Vnorm2=f02 — . (A7)
1-2Vpf

This is exactly the same as the secular equation [his

(7a)] of Wentzel,'8 if we note that our fis his f,; our
vg?, his u,; our Vp, his A,. Using (14) and (11), we find

r=wg*+ (drneZtM 1) ————
1-2Vof

w3 (m/M) 2 Q,  (A8)
using the fact that f=2—2N(0). This is a well-known
result in this approximation.?

Now we shall study the effect of superconductivity
on the phonons. Adding gV~ times the second
column to the first simplifies the determinant to

f@—»—2|0gi|2Vp  Zivg* 0
'ivqi/VD 1‘—2VDf ! =0,
0 2Vph  1—g

which, expanded, is
Vg =2|0gi [V 51— 2V o[ [+ I/ (1—g) [} (A9)

In this form the analogy with (A8) is clear: we have
simply replaced the damping factor (1—2Vpf)~! by
{1—-2Vp[f+Iik/(1—g)]} . In the normal case, f is a
constant and the singularity in Vp makes the second
term the large one; now fo«Q? and if the phonon fre-
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quency is to remain similar /4/(1—g) must have the
correct value. Fortunately, in the “neutral case”
calculations of Sec. V we have the values of /, #, and
(1—g) in the appropriate limit, and we get

!
—h—=——2N(O)(1+

—p ) (A10)

kaZ Av
{

Since phonon frequencies are quite small relative to
wkq, this agrees well with the normal value (A8). The
velocity change caused by superconductivity, given by
the last term, is of order m/M or ~10~%, Whether this
is physical depends on whether our calculation is really
accurate for these very small terms.

Note added in proof—Dr. A. W. Overhauser has
pointed out to me that an effect agreeing with this
correction in order of magnitude and sign was measured
on Sn and Pb by B. Welber and S. L. Quimby, Acta
Metallurgica 6, 351 (1958).

APPENDIX II. TOTAL ENERGY CALCULATIONS

As Wentzel has pointed out, in the simple Sawada-
Brout method the energy change caused by the inter-
actions is given simply by the change in zero-point
energy summed over all the excitations. Unfortunately,
even the inclusion of phonon and photon exchange
effects complicates this simple prescription very much.
We shall show briefly here how the energy might be
calculated on our method, but since it is relatively
unimportant physically—representing only a small
change from the B.C.S. result—we shall not make any
attempt at evaluating it. This appendix is included
primarily just to show that the equation of motion
method is a complete and satisfactory substitute for
the diagram method, for the energy as well as for the
excitation spectrum which it exhibits so naturally.
Since this is the purpose, we confine the calculation to
the case of an ordinary space potential:

V=22q V(Q)p¥*p?, (A11)

and then the potential energy (the kinetic can be
obtained by the trick of integrating with respect to

@) is
P.E.=3q V(Q) (o%¥0,0%%y).

The essential point of the method is to expand p® in
terms of the eigenexcitations x, (64) (we shall work
entirely with momentum Q alone, so we omit the Q
index where possible hereafter) which we expand
[instead of (64)] for convenience in Bogoliubov form:

(A12)

Xy= Z k ()\vkak+Q0*akl*+Nykak+Q1ak0),

(A13)
X—p= Z k (kaak+Qo*0tk1*— )\vkak+Q1ako) .
We also shall need the inverse transformation
ak+Q0*ak1*= Zv (lkvxv""’mkvx—v), (A14)

rQiek0= 2y (Miydty—liy®_y).
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Simply by substitution of (A14) in (A13) we get
Zk (Avklkv’_{_ﬂvkmkv’)zayy'- (AIS)

Let us define two quantities which relate p and x,,
and which could if necessary be written out in terms of
the expansion coefficients:

U, = (2:%0,0%0) = (o, (20— p2,*)W0);

A16

>, Vx,=p. (A16)

Then clearly the term in the energy (A12) for mo-
mentum Q is

V() > UJY.. (A17)

>0

[U, is zero for v<0 by (67).]

We find that the equations of motion, together with
(A15), give us a relationship for U,Y,. Suppose, for
example, that we assume that (90) and (91) are the
correct equations of motion. A little manipulation leads
us to the following equations for the a’s:

Vak+Q0*ak1*= VkQOlk+Q0*Olk1*+ (I/ZV)fl (k)(I)kQ’ (Alsa)
Vak+QIAK0 = — VkQOlk+Q101k0—' (1/2V)f1 (k)(I)er (Algb)

where fi(k) is the complicated but known function

f1(k)=cos[} (Oxrq—0x) I bx+briq]
+sin[$(Orrq—0x) Jreq. (A19)

Note added in proof.—G. Rickaysen has pointed out
to me that Eqs. (A18) are in error, and that only their
consequence

[v2— (n)*] (arsqo*onr™ — axpquone) = f1 (k) 2,0

is valid. The principle of the energy calculation is not
affected by this error, and also (A24) is still correct.

Now we can derive equations both for the A’s and
the I’s from (A18). We take the average value in the
ground state of the commutator of «,* first with (A18a)
and then (A18b). This gives

Mok (r— i) = (29) 71 f1(K) (0, 0,23 ),

(A20)
o (v Q) = (20) 71 f1 (k) (%% 0,2 0).
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Second, we expand (A18) by means of (A14). Then if

Qszzr Pkv¥yy (AZ].)
we have
(V— VkQ)lkv= (ZV)_lfl(k) Prr= — (V+ VkQ)mkv-

The only remaining task is to study ®4?. To show
what might be done with this let us take the simple case
of Sawada-Brout, where

@kQZZV(Q)HQ

(A22)

Since
(xy‘I’o,HQ‘I/o) = VU,,, (A23)

(A20) becomes

M= f1(k) (v =) ULV (Q),

== F1 ) 50,V (Q),
while, using (A16) and the definition of II9,

Or=2VyY,,
so that (A22) becomes
lo=VY,(r—rn,
mi,=—VY,(r+r9)L

Then (A15) gives us our desired relation for U,Y,:

UY, 2 V? (Q)le(k)[(”_' i)
— (r+nd)]=1.

Eventually this leads to exactly the simple result of
Sawada, when we insert the correct value of f;(k).

In the more general case 9 does not consist of II9
alone. In any soluble case, however, it consists of a
finite number of sums like 49 and B® which we must
perforce consider as constants, and the solution of the
problem involves finding a linear equation set like
(92)-(94) connecting the parts of ®. If this is so we can
solve (92)-(94) for the A%, BQ, and any further such
sums in terms of II?; then the only change in the theory
is a redefinition of the k- and »-dependent quantity
f1(k), which will have to contain factors coming from
the solution for ® in terms of II.

(A24)



