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Correlation of Annihilation Radiation in Oriented Single Metal Crystals~
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Precision measurements of the two-photon annihilation in crystals of Al and Cu are presented. These
show relatively small variation with crystal orientation. This is interpreted to mean that the strong high-
momentum tail in the Cu distribution is due to annihilation with the 3d electrons and that the Fermi surface
in Al is very nearly spherical but has slight bulges in the $1007 and L1117 directions. One-electron calcu-
lations of the distributions for Cu and Al agree quite well with the experiments and further confirm the
importance of core annihilation in Cu. The calculated positron lifetime in Cu does not disagree with previous
experimental observations by more than a factor of two. Electron-positron correlation by any factor much
larger than this is therefore precluded.

1. INTRODUCTION

INCR the 6rst measurements by DeBenedetti et ul. '
on the angular distribution of annihilation radiation

in Au, a number of investigators have applied the same
method to a variety of solids and liquids. ' It has been
pointed out by these workers that a study of anni-
hilation of positrons in metals could provide direct
information on the momentum distributions of valence
electrons in these metals, since the probability of
observing a certain angle between the two annihilation
photons depends directly on the square of the Fourier
transform of the positron-electron wave function.

Most existing measurements of the angular distri-
butions have been performed on polycrystalline
samples, ' so that only the spherical average of the
momentum distributions could be determined. The
possibility of measuring momentum anisotropies in
oriented single crystals was demonstrated by us in a
previous paper on the angular correlation of annihilation
radiation in oriented graphite. 4 In this paper we present
more recent measurements on single crystals of Cu and
Al, to examine how well this technique can be used in
the determination of electron properties in metals, par-
ticularly the shape of the Fermi surface. The bulk of
the paper is, however, of a theoretical nature. Com-
putations are presented in an attempt to explain the
details of the measured angular distributions, using
computed Hartree-Fock positron wave functions. '

hilates' (it has ~10 "sec). We may therefore suppose
that the electron-positron system annihilates from its
ground state. A simple estimate of the positron lifetime
using constant positron wave functions and annihilation
with the valence electrons only, yields values that are
longer and vary more from metal to metal than the
measured lifetimes. Calculations have been performed
emphasizing the importance of strong correlations
between the positron and the electrons. ' It is well
known, however, that many properties of metals can be
understood in terms of one-particle —uncorrelated-
wave functions, and it seems to be worthwhile to inves-
tigate quite thoroughly whether this may not also be
true for positron annihilation. Indeed before this is
done, it will not really be clear what eGects have to be
attributed to correlation. For this purpose it is im-
portant to make calculations on several metals that
have as diGerent angular distributions of the anni-
hilating photons as possible.

Roughly speaking, the angular distributions fall into
two classes. There are those that appear very nearly
parabolic with a fairly sharp cutoff at an angle 8 given
by hk'/rotc, where k' is the wave vector corresponding
to the Fermi surface of the valence electrons as calcu-
lated by the free electron approximation; the alkalis,
alkaline earths, and aluminum are examples. The other
class has angular distributions that extend way beyond
the expected Fermi cutoG and do not show any promi-
nent break; the noble metals are examples. One example
from each class is discussed in this paper: aluminum
and copper. DeBenedetti and PrimakoG, ' who first
observed the wide angular distribution (in gold), at-
tributed it to the sharp cutoff of the positron wave
function at the core of the Au ion. This suggestion of
the "excluded volume eGect" was again proposed by
Ferrell. ' On the other hand, from an examination of the
distributions obtained by Stewart from annihilation in
the series Ni, Cu, Zn, and Ga, Berko and Hereford'
proposed that the large momenta were due to anni-
hilation with the 3d electrons.

2. NATURE OF THE THEORETICAL PROBLEM

There seems to be no doubt that a positron has
reached thermal equilibrium in a metal before it anni-
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It will be shown that, independently from the theo-
retical computations (that clearly indicate that the
excluded volume e6'ect is too small and that 3d anni-
hilation is quite adequate to account for the large
momenta) one can distinguish experimentally between
core annihilation ~s "excluded volume eGect" by doing
angular correlation experiments on oriented crystals of
copper. This then was another reason (besides that
outlined in the Introduction) for performing experi-
ments on oriented metal crystals.

After a brief discussion in Sec. 3, of the experimental
setup and procedure, the details of the theoretical com-
putations are described in Sec. 4. The results of this
computation are then discussed and compared with the
new experimental data in the final paragraph of this

paper.

3. EXPERIMENTAL SETUP AND PROCEDURE

Let I'(y)dp be the probability that a positron anni-

hilates with an electron via two photons having total
momentum between p and p+dp in the laboratory
system of coordinates. This momentum p is then di-

rectly related to the angle of emission between the two

photons. Two kinds of angular correlation setups have
been described in the past to obtain a measure of I'(y).
In the setup as used by DeBenedetti et ul. ,

' two parallel
slits are used as collimators in front of the photon
counters; the angular distribution thus measured is

F,(8) =A I'(p„p„,mc8)dpgp„,

where the integration is in rectangular coordinates

(x, y, s). A is a normalization constant.
More recently a cylindrical geometry has been used

independently by Millett' and Hannah. ' One collimator
defines a narrow cone originating at the sample, while

the other defines a thin conical shell between 8 and
8+d8 coaxial with the cone defined by the first. Thus
the angular distribution obtained by varying the aper-
ture of the second collimator measures

~oo 2m

G, (8) =8 I'(p„p„mc8)dpgp„,

in a cylindrical system of coordinates (x, 9, r).
Despite some advantages of the cylindrical setup as

outlined by Millett, we decided to use the parallel slit
system for the following reasons: (a) We wanted to
have an automatic setup in order to be able to take
data over long periods of time; the parallel slit can be
moved on an arm, thereby changing 0 without dis-

turbing the angular resolution, instead of having to
insert a new conical collimator for each angle. (b) When

8W. E. Millett and R. Castillo-Bahena, Phys. Rev. '108, 257
(1957).

s S. S. Hannah and R. S. Preston, Phys. Rev. 109, 716 (1958).

oriented single crystals are used and the momentum
distribution is not isotropic, a plane geometry that
conforms to the crystalographic planes is easier to
interpret than a cylindrical geometry.

The experimental setup was very similar to that
described by Lang. ' It consisted of a positron source
shielded by lead, a target holder, a stationary and a
moving counter and the associated collimators. The
positron source was 4—5 mC of Na22 deposited in a
stainless steel cup and covered with a thin Mylar
window. The steel cup was inserted in the face of a
lead brick that served as a source holder and shield.
The target holder consisted of a precision turret which
could hold four difkrent metal samples that could be
rotated, one at a time, with their Rat faces parallel to
the Mylar window of the source. This setup allowed one
to change to various crystalline faces without removing
the Na22 source. The turret was mounted on a microm-
eter screw used to adjust with precision the distance
between the source and the sample. All metal samples
were 0.5-inch diam cylinders. The single-crystal
samples were grown for us by the Virginia Institute for
Scienti6c Research, Richmond, Virginia, and were
oriented within ~0.5' with their crystallographic axis
parallel to the axis of the cylinders. This orientation
and also the condition of the surface was reached by
standard x-ray techniques.

The scintillation detectors consisted of 1g 15&(15 cm
slabs of NE102 plastic scintillator mounted on Lucite
light pipes. The light pipe was designed to couple eKc-
iently to the 1.5-inch diam circular face of the photo-
multiplier tube (RCA 6342), operated at 1250 volts. The
two counter assemblies rested on two horizontal steel
arms pivoted under the sample. The slits in front of the
counters had machined lead faces and subtended an
adjustable angle lN to the sample. In the measurements
on Al we used an angle of 0.56 milliradian; for the Cu
curve 1.1 milliradians was used.

The electronics consisted of a standard coincidence
setup having 10 ' sec resolving time. Much care was
taken to use ultrastabilized components in view of the
long time that was necessary to accumulate counts. The
whole apparatus was made fully automatic, the moving
arm being mounted in a carriage moved by a precision
screw driven by a motor; this was activated at the end
of each preset count cycle. The stops of the carriage
could be adjusted to every half or every full milli-
radian. The whole range of the angular distribution
curve was adjustable by properly spaced reversing
microswitches. The data were printed in terms of elapsed
time, thus furnishing counting rate es angle with points
having constant preset statistics.

The various factors that enter the geometrical reso-
lution have been discussed at length by Lang. "With
the large scintillators used, the vertical resolution could

"L.G. Lang, Ph.D. dissertation, Carnegie Institute of Tech-
nology, 1956 (unpublished).
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where the integral is taken inside the Fermi surface
and the factor EQ/(2sr)s is the density of eigenstates,
k, in the wave vector space. We find

Z $'sfP)
2.0

according as there is or is not a reciprocal lattice vector
e that makes p —0. lie inside the occupied region of the
wave-vector space. I.O

Tightly Bound Electrons

I et us apply this result to the Bloch tight-binding
functions in which or/2

MOMENTUM

spy 2+ ~2lv

ps*(r) po(r —~)dr&&1, ~40.

It is readily verified that for this Bloch function

A (k)=
space

expL —i(n+k) rjq (r)P~(r)dr.

If we have a full zone, then it will always be possible
to find an e such that p —0. is inside the occupied region
and we return to our formula in Sec. 4.2:

pe(p) =2 IA (p —n) I'=E e '&'po(r)f+(r)1V Idr

Pearly Free Electrons

As another interesting example let us calculate what
the momentum distribution should look like for elec-
trons that are close to a zone face. This should presum-
ably be important for the hexagonal face of copper"

.02

,0 I

2.0
MOMENTUM IN

3.0 4.Q

FIG. 4. Momentum distributions of the wave-function products
for the I.-shell electrons in Al.

e'"' Ng(r)=Q, exp(ik ~)q (r—~),

where fo(r) is a normalized atomic function and, in
order that we should have the Bloch function correctly
normalized, the overlap integrals have the property

Fin. 5. Angular distribution near a zone face (o/2) computed
in the "nearly free electron" approximation. The energy gap is
4( V

~
ry. Fermi surface at zone face.

k'+2Vp —E 2V Bp(k)
=0.

(k—n)'+2Vp —E B (k)

The energy gap between the two bands given by this
equation is 4I V

I ry at the zone face. If we define x
by the equation

(-,'n —k) n=2I V Ix,

so that x is proportional to the distance of k from the
zone face, then

-IBp+(k) Is-

I B.+(k) I' -', a-', x(1+x')-I

The upper and lower signs refer to the upper and lower
bands, respectively. If we assume that the positron
wave function is a constant,

I
BpI' and

I
B I' will give

the momentum distributions of the photon pair pro-
duced on annihilation. The distributions when (a) the
lower band is filled up to the zone face, (b) the lower
band is not quite filled, and (c) there is overflow into
the upper band are shown in Figs. 5, 6, and 7, respec-
tively. In the examples (b) and (c) the wave vector
corresponding to the Fermi surface was taken as
sin —

I
V I/n, It will be observed that when the Fermi

surface is bigger than 4
I
V

I /n away from the zone
face, the momentum distribution is within 5% of its
constant free electron value. Furthermore an insulator
should show no sharp breaks in its momentum dis-
tribution.

and of course occurs in aluminum. To get a rough idea
of the magnitude of the eRect, we use the nearly free
electron approximation. "When k is near the zone face
defined by the plane k n =n'/2, the Bloch wave function
is

e'"'L B(pk)+B (k) exp( in —r)],
where Bo and 8 are determined by the secular equation

"H. Jones, Proc. Phys. Soc. (London) A68, 1191 (1955).A. B. "N. F. Mott and H. Jones, Properties of ltfetals and Alloys
Pippard, Trans. Roy. Soc. (London) A250, 325 (1957). (Clarendon Pr'ess, Oxford, 1936), p. 61.
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2,O -~f'«(P-)

I.O

b) LOWER BAND NOT QUITE FILLED

sphere in this integral. The values of A (0) computed
in this way for Cu are shown in Table I for the erst
four shells of u's surrounding a=0. It is seen that the
momentum distribution due to the electrons near k=0
is almost all concentrated at p= 0. In fact the proportion
of the momentum outside the Fermi surface to the
whole distribution (for k=0 electrons) is

P IA Is/P IA Is=0.193/1.101=0.175.
0.+0 CL

~/2

MOMENTUM

I

~/2 + 2IV~I

Fio. 6. Angular distribution near a zone face ( /2ce) computed
in the "nearly free electron" approximation. The energy gap is
4 ( V ( ry, Fermi surface below zone face.

8'i gner-Sei to E/ectrons

Since the correct Np(r) is known by a Wigner-Seitz
calculation, it is possible to see what the momentum
distribution is for annihilation with the valence elec-
trons near k=0. The momentum distribution at the
point p=e is

2

2IA (0) I
=2 e 's'sop/+dr

~ cell

If all the copper valence electrons behaved in this way
they would give rise to a momentum distribution 18/o
of which would be outside the Fermi surface. The
angular distribution computed as though

I
A (k) I'

= IA (0)I' for all electrons in the Fermi surface is
shown for various orientations in Fig. 8. For the method
of computation see Sec. 5. Part of the high momentum
distribution of this figure can be attributed to the
"excluded volume effect."The fact that along the

I 110$
direction this distribution shows a secondary maximum
can be used to check independently by experiment the
assumption that the large momenta in copper are due
entirely to this eGect. The area under this distribution

TABLE I. Table of Fourier components. (Z4 means the sum-
mation over the Grst four shells of 0."s surrounding n=0.)

~ cen
e '&'No/+dr

Some caution must be exercised in evaluating this
integral. It is quite incorrect to replace the region of
integration by the Wigner-Seitz sphere. We write

(27I.ja) 0! I 000j 5111j L200

A~(0) 0.953 —0.127 —0.087
8 + 0.1086 —0.0077 —0.0055
8 (0) 0.0983 —0.0140 —0.0110
g (0) 0.953 —0.128 —0.088
8/ 0.0915 —0.0164 —0.0105

$220) t3111 0 Z4( B+~ &

—0.009 +0.006—0.0010 —0.0001 0.994—0.0041 —0.0019 0.976

+0.0018 +0.0039 0.925

is in itself of course much too small to explain the
experimental copper curve. Of course electrons near a
zone face must be expected to give a bigger contribution
outside the Fermi surface, as we saw in the free electron
approximation. This 18/o figure is therefore presumably
an underestimate.

It is interesting to inquire into the relative importance
of the electron and the positron in producing these high
momenta. In the same Table I we show the Fourier
components of the positron and electron (upper and
lower signs, respectively):

e '& '(IpP+ Np lay')—dr+No'P~'Q5so, ,
~ cell

where Ip'f~' is just the value of NolJ+ at the Wigner-Seitz
radius. The integrand of the integral on the right is now
zero and has a zero derivative at the Wigner-Seitz
radius and we replace the region of integration by a

Zfz(P)
2.0— c) OVERFLOW INTO

SECOND BAND

cell
exp( —in r)ll(~dr.

f

r/2

Fio. /. Angular distribution near a zone face (cc/2) computed in
the "nearly free electron" approximation. The energy gap is
4( V

~
ry. Fermi surface above zone face.

0 Q I8 +I'=0.059, 0 2 I~=I'=0.230.
a+0a+0

We can check these integrals since we must have
& P I

8
I

'= 1 by Parseval's theorem. Similarly we
should have A =0g 8 +13 . The sum on the
right, called /I, is also shown in the table. All these
checks are adequately satisfied. The answer to our
question seems to be that the electron plays a bigger
role than the positron (by a factor of four); in fact,
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FzG. 8. Calculated angular distribution from annihilation with the 4s electrons in Cu for various orientations and also for a polycrystal.

DeBenedetti et al. and Ferrell have proposed that the
momentum components might be entirely due to the
positron with a plane-wave electron. They used a
positron wave function that was zero inside some
radius ro and was a constant everywhere else. In the
same table we show the Fourier coef6cients, 8 ~, of
this function normalized to 1 in the unit cell and with
r, =1.85 atomic units (Ferrell's value for Cu). It is
seen that this positron wave function gives bigger
Fourier components than the 4s electron. It is clearly
a much better approximation to imagine the positron
wave function to be a constant. It is to be noticed that
Ferrell thought that this positron wave function would
explain the observed high-momentum components in
Cu. However, this is not so because

0,
0

is very nearly attained (within 9%) by the valence
electrons near k=0 for the momentum p=0.

5. RESULTS AND DISCUSSION

The momentum distribution of the electron-positron
product wave function that we have worked out in the
preceding sections gives directly the annihilation rate
of the particular electron considered. In fact, if the
normalized electron (doubly occupied) and positron
wave functions are f; and P+, then the annihilation
rate into the momentum region dp centered at p, is

ns cP
r;(p)dp= P, (r)P~( ) r'&c'dr dp= p;(p)dp,

SX2

where 0, is the 6ne structure constant and the rate i.s in
atomic units (the atomic unit of time is 2.42)&10 "
sec). The annihilation rate into any momentum is

not (1—2Q,/Q)/(] —Q,/Q) as stated by Ferrell
I Eq.

(26)j.Here Q.=4sr, '/3.
We have not thought that it was worth while to do

similar calculations for Al because of the limited number
of valence electrons near k=0.

It is a very obvious fact, but is perhaps worth
pointing out, that

2

IA (k)l'=
~

exp( —in r)g~f+dr &1,

~ p, (p)dp=2s'n'~ If'I'if+I'«
8s' "

Now the angular distribution measures, as outlined in
Sec. 3, the rate of annihilation F.(8)d8 (the actual
measured distribution is of course an arbitrary counting
rate) into the momentum region between the planes
defined by p, = c8 and p,+dp, =c(8+d8), i.e.,

F*(8)=P c I''(P* P~ c8)dPQP~

by Schwartz s inequality. As we have seen, this upper Clearly I';= J'F„d8 is the total annihilation rate for
limit on the momentum distribution for any electrons the wave function f;.
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FIG. 9. Calculated angular distribution in Cu. Lower curve for
the 3f-shell electrons (with exchange); upper curve for the 4s
electrons.

This integration has been carried out numerically for
the 1"(p) as computed in Sec. 4. The final results have
been plotted in units of sec ' per milliradian in Figs. 9
and 10. It is evident that twice the area under the
curves (for e and —0) is directly the predicted anni-
hilation rate in sec '. These curves are in reasonable
agreement with experiment, as will be shown later. It
is to be emphasized that no adjustable parameter has
been introduced in the computations. The calculations
show therefore that annihilation does occur with the
outer shell of the metal ion (the 3E shell of Cu and the
L shell of aluminum) and that this annihilation is
mainly responsible for the very broad part of the an-
gular distributions. Superimposed on this broad dis-
tribution is the parabolic distribution due to annihila-
tion with the valence electrons which is very prominent
in aluminum and less signi6cant in copper. At this
point it is worth while checking the annihilation rates
predicted from the area of the distribution curves. The
introduction of large correlations between positrons and
electrons was done~ because of the discrepancy of the
measured rate and those computed by assuming con-
stant positron wave functions and annihilation with e
free electrons per atom. This rate is given by

s.nsn/0,

evident that more precise experimental values are
needed. It does seem clear, however, that the enhance-
ment of the valence electron rate in copper by a factor
23, as calculated by Daniel and Friedel, 7 is too high.
Furthermore, there must be the same order-of-mag-
nitude correlation between the positron and the valence
electrons and the positron and the M(Cu) and L(Al)
electrons; otherwise the shapes of the angular distri-
butions will be destroyed.

Our conclusion that electron-positron correlation
must be very small in copper is entirely dependent on
attributing most of the annihilation to the M-shell
electrons. If an explanation of the broad angular dis-
tribution could be found in terms of annihilation with
the valence electrons only, and if, in addition, it could
be shown that we have tremendously overestimated
annihilation with the M shell (for example because we
took the free-ion 3d wave functions), then it would be
necessary to introduce a large correlation.

This hypothesis is, however, untenable. The high-
momentum components due to annihilation with the 4s
electron (present due to the nonconstancy of the
positron wave function or to the 4s electron not being
a plane wave) can only lie inside the Fermi surface or
inside translations of the Fermi surface by reciprocal
lattice vectors {that the possible momenta of a wave
function in a periodic potential must di6er by reciprocal
lattice vectors is a statement of Bloch's theorem). This
means that the only "occupied" regions of momentum
space are a set of nonoverlapping spheres (roughly) of
radius (5.25X10 ' ttsc) that are centered at reciprocal
lattice points. Now if the copper crystal is oriented so
that the L110) component of the momentum is meas-
ured, then out to (5.25X10 ' mc) we cut through one
set of spheres, and from (4.25X10 ' @ac) to (14.75X10 '
mc) we cut through another set, and so on. With the

t 110) orientation we should therefore see a minimum
in the angular distribution at about 5 milliradians and
a maximum at about 9 milliradians. Furthermore these

I I I I I

where 0 is the atomic volume, and 0. is the 6ne structure
constant. For Al this rate is 0.14X10"sec '; for Cu it
is 0.063)(10"sec '. The calculated area for the L shell
in Al is small compared with the area of the parabola,
but for Cu the area for the 3f shell is about four times
the area of the parabola; this makes our computed
total annihilation rate for Cu about 0.3&10" sec—'
The experimental values for the annihilation rates are
(1.0~0.5)X10" sec ' (Bell and Graham)" and. (0.37
&0.04)X10' sec ' {Gerholm") for any metal. Nothing
very conclusive can be said about the agreement
between these calculated and experimental rates. It is
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"R.E. Bell and R. L. Graham, Phys Rev. 90, 644 .(1953).
's T. R. Gerholm, Arkiv Fysik 10, 523 (1956).

Fro. 10. Calculated angular distribution in Al. Lower curve for
the I.-shell electrons (with exchange), upper curve for the three
valence electrons.
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Fxo. 11. Experimental
angular distributions in Cu
oriented along the L111j,
L110j, and L100j direc-
tions. The experimental
points are included only for
the L100j curve.
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maxima and minima should shift with crystal orienta-
tion (the maxima are farthest apart with the t 110]
direction and so should be easiest to detect in that
direction, e.g., they are only 4 milliradians apart in the
L111]direction). See also Sec. 4.3 and Fig. 8.

We have measured the angular distribution from the
L111], L100], and (110] in copper out to 25 milli-
radians. The distributions obtained are plotted in Fig.

11. It is evident that within approximately 5% the
angular distributions are the same and that no large
secondary maximum is observed around 9 milliradians
for the L110] direction. These results rule out the
excluded volume eGect on purely experimental grounds.
The difference between the L110]and the t 100] curves
does seem to indicate a slight hump at these angles;
this eGect, if real, would be the reQection of the small
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Fro. 12. Angular distribution for aluminum; The points are the experimental points for the L111$ direction in
aluminum, and the solid curve is the theoretical curve of Fig. 10 normalized to the experimental counting rate at 0'.
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Fro. 13. Experi-
mental angular dis-
tribution in Al ori-
ented along the L111j
direction Lmomenta
perpendicular to the
(111) plane). The
solid curve is a parab-
ola Gtted to the ex-
perimental points as
described in the text.
The boundary of the
Brillouin zone is in-
dicated.
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tails as computed in Sec. 4.3 superimposed on an
isotropic distribution due to the M-shell electrons. A
comparison between any of the three curves on Fig. 11
and the theoretical curve for Cu of Fig. 9 shows that
the theory overestimates the M-shell contribution. A
doubling of the theoretical parabola contribution would
give a good 6t to the experimental data. This effect
could be then attributed to a somewhat stronger corre-
lation with the valence electrons than with the M
electrons. A slight change in the computed positron
wave function would, however, easily introduce the
same desired effect; we have seen how sensitive the
momentum distribution is to the shape of the positron
wave function in Sec. 4. (Compare ps' with psq' in
Fig 3.) Such a change in the positron wave function
could result, for example, from a cellular computation
instead of the Wigner-Seitz method used in this paper.

In Fig. 12 we plot the measured angular distribution
of aluminum (the [111jdirection) and compare it to
the theoretical curve of Fig. 10 normalized to the
experimental counting rate at 0' (in arbitrary units).
The agreement between theory and experiment as
regards the shape and magnitude of the high-momen-
tum component in Al is excellent. The experimental
points were taken with a 0.56-milliradian slit opening
at intervals of 0.5 milliradian.

Finally it may be asked whether deviations of the
Fermi surface from a sphere can be detected by vari-
ations of the position of the cutoff in the angular dis-
tribution corresponding to measuring a component of
momentum in different directions. Also the exact shape
of the distribution would reflect such an anisotropy.
This is clearly very difFicult in the case of copper or any
other metal that exhibits a strong high-momentum dis-

tribution. We have concentrated therefore to measure
more precisely the shape of the Al distribution, where
the tail has but a small effect on the central "parabola".
The question was: how will the experimental points fit
a parabola and to what extent are there deviations
along different orientations' In Figs. 13 and 14 we
have plotted the distributions obtained from —7 to +7
mrad in steps of 0.5 mrad for the [111jand [100j
directions. It can be easily shown that if one folds a
parabola with a cutoff into a triangular resolution of
base A, , the resulting curve deviates from a parabola
only within X/2 from the cutoff angle. We have per-
formed a least-squares fit to the experimental points
between —5 mrad and +5 mrad using the method of
orthogonal polynomials. "The result of this computa-
tion clearly indicated that the data can be Gtted well
(within the statistical variation of the individual points—one percent) by a parabola, after automatically
obtaining the true zero of the distribution. These
parabolas are also plotted on Figs. 13 and 14. Using the
theoretical value of the contribution of the I. shell
distribution one obtains for the cutoff angles 6.88 mrad
and 7.02 mrad for the [111j and [100$ directions.
These angles are to be compared with 6.767 mrad
computed from the free electron model. Along the
[100$ direction the Fermi surface seems to be bulged
out by about 4%%uq. This result is in qualitative agreement
with the conclusions of Heine" on the Fermi surface in
Al. We estimate the precision of these experimental
cutoffs to be about 1—2%%.

The arrows on the curves of Figs. 13 and 14 indicate

ss R. T. Birge, Revs. Modern Phys. 19, 298 (1947).
s' V. Heine, Proc. Roy. Soc. (London) A240, 340 (1937).
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tribution in Al ori-
ented along the $100$
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(100) plane). The
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ola fitted to the ex-
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described in the text.
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the position of the Brillouin zone faces. There seems to
be an indication that the experimental points deviate
from the central parabola slightly along the $111j
direction starting at the zone boundary, but this quali-
tative deviation will have to be studied much more
thoroughly with better angular resolution.

That the combined momentum distribution of the
two bands in aluminum is just the same as for free
electrons, that nothing violent happens to the momen-
tum distribution on going through a zone face, and
that there is not a break in the angular distribution
corresponding to the Fermi surface in the reduced zone
scheme, may seem odd. We gave a rough explanation of
these peculiarities in terms of the nearly free electron
approximation in Sec. 4. We have also shown that the

angular distribution will not have a sharp cutoG at a zone

face if the Fermi surface happens to coincide with a por-
tion of the zone face. The momentum distribution

extends beyond the zone face to a distance proportional

to the enery gap in the zone face. This explains why

insulators never have a sharp cutoG and should enable

one to determine on which zone face there is overlap and

on which there is contact if the angular resolution can

be made sufficiently small (probably better than tsmrad
for energy gaps of the order of 0.15 ry).

In their paper on the importance of positron-electron
correlation, Friedel and Daniel predict deviations from
a parabola in the angular distribution near low mo-
menta. In order to search for such a deviation, we hive
made a separate run in the region from —2.5 mrad to
+2.5 mrad in Al, and have accumulated at each 0.5
mrad 20000 counts. We found that within this pre-
cision (0.7%) the experimental points fall on a parabola.

Further measurements are in progress on oriented
metal crystals, with improved resolution and higher
counting rates due to a larger Na" source. It is obvious
that hexagonal crystals have a greater promise to show
anisotropies than the cubic metals discussed in this
paper. In view of our discussion, however, it is evident
that it will be hard to detect eR'ects of the shape of the
Fermi surface in metals that exhibit large momenta
distributions due to annihilation with core electrons. "
A paper describing measurements on oriented Mg will

follow shortly.
~ This might be the reason for the negative results presented

recently by Lang on Cd crystals: L. G. Lang and N. C. Bien,
Phys. Rev. 110, 1062 (1958).


