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The proof of the statement "At least one of the renormalization constants in electrodynamics is infinite"
is examined in the light of perturbation theory and the gauge invariance of electrodynamics. The essential
result used to derive the statement is found not to reproduce perturbation theory at least in a simple way.
On the basis of gauge considerations a conjecture is proposed which provides a modified essential result
and which is found to reproduce perturbation theory. Even if the modified result could be rigorously estab-
lished, it would not lead to the statement that any gauge-independent quantity is infinite. In fact, the
combined results would establish only the statement that the use of gauges where the exact electron "wave
function" relative to the "wave functions" for a free electron is a constant, is not consistent.

'HE question of the consistency of quantum
electrodynamics arose because of the divergent

character of some of the parameters of the theory
("renorrnalization constants") when calculated with
perturbation solutions of the field equations. The
problem may then be stated: Is this inconsistency a
property of the method of solution or is it a character-
istic of the theory itself? Some years ago it was pro-
posed' that this question might be settled by studying
the contribution of a certain set of exact energy eigen-
states, namely the "physical pair states, "to the vacuum
polarization of the electron field. It is the property of
this set of states that it provides a lower bound on the
part of the vacuum polarization which "renormalizes"
the charge. If it could be shown that this lower bound
yieMs a divergent contribution under the assumption
that the complete charge renormalization and the other
parameters of the theory are hnite, then a fundamental
inconsistericy in quantum electrodynamics would be
indicated.

The vacuum polarization of the field is a gauge-
invariant notion and the bound on it given by the
physical pair states should likewise be gauge inde-
pendent. Thus, it is rather surprising that it was found
that the contribution to the charge renormalization
coming from very high-energy physical pairs is ex-
pressed in terms of the quantity which renormalizes
the electron field and which is well known not to be a
gauge-invariant parameter. It was implicitly asserted
that the particular gauge in which the renormalization
constant of the electron field should be calculated is

that used in the quantization of the electromagnetic
field by the method of the "indefinite metric. '" Thus,
the implicit assertion is made that no matter what

gauge is used to formulate the theory, one should
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arrive at the "wave-function" renormalization factor
of the "Gupta-Bleuler" gauge, in the gauge-invariant
expression for the vacuum polarization. This is sur-
prising in view of the fact that this physical quantity
would then apparently be expressed in terms of states
of the coupled fields which contain "longitudinal" and
"scalar" quanta in the particular proportion character-
istic of the Gupta-Bleuler gauge and that as a further
consequence this gauge is singled out of the infinite
class of gauges.

Because of this rather unexpected dependence of
the vacuum polarization on a special gauge, it was
decided to investigate this important assertion with
perturbation theory. It is found that the "exact"
expression for the contribution of the high-energy
physical pairs to the charge renormalization when
expanded in powers of e does not reproduce the pertur-
bation expression of the same quantity (in the fourth
order).

To gain further understanding of this matter, it was
decided to investigate the question of whether agree-
ment with perturbation theory is produced if one
substitutes in the expression in place of the complete
wave function amplitude, the part of it which includes
only the "physical states" in its definition. By "physical
states, "we mean those states which satisfy the supple-
mentary condition in the gauge in which the amplitude
is calculated. One would anticipate that this quantity
is in a simple way gauge invariant and identical to the
amplitude calculated by considering the electron Geld
coupled to only transverse light quanta and to the
Coulomb field when there is no supplementary condition
on the states. It is found that if this is done, the modified
form when expanded in powers of o, reproduces pertur-
bation theory (in the fourth order) in the high-energy
domain. Unfortunately, even if the modified form could
be rigorously established, no conclusion about the
consistency of electrodynamics is possible. For in
contrast to the energy-independent character of the
complete wave-function renormalization constant in
the Gupta-Bleuler gauge, the part of the amplitude
which is governed only by the states which satisfy the
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supplementary condition is energy dependent. Conse-

quently, the conclusion that the bound on the charge
renormalization given by the physical electron pairs is

infinite would no longer follow without an investigation
of the energy dependence of the part of the electron
wave-function amplitude governed by the states which

satisfy the supplementary condition.
Finally, it is discussed how the expression and its

modification could be reconciled if it could be agreed
to ignore the evidence of perturbation theory in diver-

gent expressions. The two statements taken together
could imply that it is the wave-function amplitude that
is the source of the divergence in all gauges where it is

a constant. It is pointed out that this does not carry
the implication that electrodynamics is inconsistent,
but only would mean that gauges where the amplitude
is a constant are not self-consistent. It is still an open
question as to whether or not any gauge-independent

quantity is infinite.

If E' and I. are calculated in the lowest order' of
perturbation theory, we find
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where p is an infrared cutoG introduced by the pre-
scription k'~k'+p, ' in the photon Green's function,
E,' in an ultraviolet cutoG in the particle Green's
function, and E, a similar cutoG in the photon Green's
function. Consequently, cutoG perturbation theory to
order nps yields for the exact theorem (5)
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However, the same function has been calculated directly
in perturbation theory to the same order. ' If we take
this result and let u=E'~~, we find

The charge renormalization is given by the relation'
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where
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and where the positive, gauge-invariant function,

II(—a), is defined by

The sum is taken over all exact eigenstates where the
total energy momentum vector is —p'= a=E'. It was

shown that if only states which correspond asymptoti-
cally to a physical pair are included in (3), the resulting

quantity, II„(—a), is a lower bound to II(—a),

II(—a) & II„(—a). (4)

It was then shown' with a somewhat intricate proof that

&0 ~
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where E' is the constant which renormalizes the electron
field, as deIreed sm 1j'se GruPla Bleuler gauge Acco-rding. ly,
it is expressed in terms of states which contain longi-

tudinal and scalar quanta. Since E' is a constant, and
IIo is a lower bound to II, the integral (2) must diverge
in contradiction to its assumed convergence. The latter
assumption was required to establish (5). Hence the
assertion of the inconsistency follows. It is the nature
of the limit (5) we wish to investigate.

where we have kept all terms of order ln(E/m) or
larger, and we have omitted constant terms, terms of
order (m/E) In(K/m), m/K„m/E, ', and those of
smaller orders. E, E„E,' are considered to be of the
same order of magnitude. The lack of a simple corre-
spondence between (7) and (8) is evident. Further,
(8) has a simple physical character not expressed in

(7). Namely, as p—+0, the limit in which the "physical
pair states" with no photons should formally give a
smaller contribution (all states have photons in them
in this limit), the right side of (8) indeed decreases
while in (7) we find an increasing function of u '.
Thus, the theorem (5) does not reproduce perturbation
theory, at least in an elementary way.

Finally, we ask what might be an acceptable form
for (5) on the basis of gauge-invariance considerations.
It is conjectured that one might replace E' by the
similar, but gauge-invariant, quantity which results
when only states which satisfy the supplementary
condition in any gauge are kept in its definition. This
may be done by calculating the amplitude in a gauge
where only physical states are considered and hence no
supplementary condition is required. We may use the
mass operator' of the electron field to generate an
expression for the amplitude in the customary way.
Consequently, we have calculated with standard
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methods the mass operator to the lowest order in
perturbation theory, using for the photon Green's
function the one which describes the coupling of the
electron to only the transverse field and to the Coulomb
field,

k;ktq 1

)I ('0 ks

= —1/)k(s,

) P=Zl J—1) 27 3

p, p=0, 0.

ps'' m'+ p'(1 —x')
X ln

m'+ p'(1 —x') tt'
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where p=
~ y ~, and tt is an infrared cutoff introduced in

the same way as before. The conjecture is that
1Vosx,'(E/2) should be present in (5) instead of 1V',

if we are to reproduce perturbation theory. Thus, the
6eld is quantized in the frame of the center of mass of
the virtual pair which is the proper frame of the
electron whose charge is being shielded. If we make
this replacement and approach the limit, E~~, we

obtain
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where again all terms of order ln(E/m) or larger are
kept, and terms of the same orders as those omitted in
Eq. (8) are dropped. If we assume that E, E„and E,'
are of the same order of magnitude, which is in accord-
ance with the interpretation of the cutoG as the limit
on the energy of the intermediate states, we see that
the ln(E/m) term in (8) is
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In this case we 6nd that Xppy depends upon the
momentum of the electron in the frame in which the
quantization of the electromagnetic 6eld was per-
formed, thus,

+c &(}
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and (11) in all the divergent terms. This agreement
would be rather remarkable if accidental. f

It is to be noted that since X~I,y,' is a function of
E'=a, whose high-energy character is unknown, no
conclusion about the convergence of (2) would be
possible without a detailed investigation. However, it
might be remarked that since only physical states are
used to define Ã~hy, ' and these have a normal metric,
one can prove that just as 1 ~& L ~& 0 so also 1 ~& Epi, y ~& 0.
Hence, it is at least possible that the convergence of
the lower bound to (2) given by the pair states is better
than it is in perturbation theory.

Finally, we come to the question of whether or not
the remarks here lead one to the conclusion that the
proofs given in reference 1 are incorrect. They do not
necessarily, if one agrees that the evidence of pertur-
bation theory in divergent expressions is not infallible.
Alternatively, we could say that the very fact that one
could obtain a relation such as (5) indicates a funda-
mental inconsistency in the theory.

If we assume that both results must agree, then it
would be necessary that lim„1Vps„,'(p) =1V'. Further,
if we would perform the identical calculations of
reference 1 using the covariant photon Green's function

k„k„i 1
gov= I &ov+e

p

the additional e-dependent term would introduce only
angular factors which should not effect the energy
denominators and consequently one should arrive at
the limit (5) with the constant 1V'(e) replacing 1V'.

Again, because of the gauge invariance of the left side
of (5) this would mean that 1V (0)=1Vs=1V'(e), for all
values of c. Such a statement is not in any way indicated
by perturbation theory where 1Vs(e) varies with e. The
only possible conclusion would seemingly be that
1VP=0=1V'(e) =lim„„1Vohr,s(P), that is, that there is
a divergence.

It is to be pointed out that this does not mean that
electrodynamics itself is inconsistent, if we mean by
the word electrodynamics a formulation of the theory
in a truly gauge-invariant fashion. For the parameter
31' is gauge dependent, and the only indication is that
1V'(e) is zero in the class of gauges where the amplitude
of the electron wave function is a constant. We could
renormalize the electron field with 1V,hr, '(0), and

and in (11) the same term is

E 11 E
(—4—ss 11)ln—= ——ln—.

m 3 m

Consequently, there is exact agreement between (8)

t Note added tn proof The cutoff has be.e—n used to compute
only the infinite terms. Consequently the limit E ~ ~ means, of
course, E~E,. Since neither in perturbation theory or in the
expansion of the conjecture (11) does a etttoff dependent (InIC)'
term occur, there is no ambiguity in the coeflicient of the (InE)
terms but of course there would be ambiguity in the constant
terms, since in(PX, )=(lnK, )+(lnP), and 1nIC, and In(PX, ) are
counted the same.
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nothing (except perturbation theory) indicates that
this quantity is divergent. Further, nothing indicates
that the amplitude in all gauges is divergent. It seems
that the only conclusion which would be safe to draw
is that the use of gauges where the amplitude of the
wave function is a constant does not provide for a
consistent formulation of electrodynamics. It is still

an open, and interesting, question as to whether or not
any physical (gauge-invariant) parameter is infinite.
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The dispersion relations are used to predict the values at zero kinetic energy, of the derivatives, BD~(0)/Sk,
of the real parts, D+(0) and D (0), of the forward elastic scattering amplitudes for s+ and s mesons scat-
tered by protons. The experimental value of BD+(0)/Bk' is fairly well known, and, when compared with the
predicted value, yields a determination of the coupling constant, f'=0.104&0.014. The predicted value for
BD (0)/Bk' disagrees badly with experiment, especially with an f' as large as 0.10.

The dispersion relations are modified by introducing an extra energy denominator in such a way as to
contain, as the additional constants, the derivatives BD+(0)/Bk . This enables us to check the values of
BD+(0)/Bk' obtained from the usual dispersion relations as well as the assumption that ca 'T~(ru) vanishes at
infinity. It is found that as long as the agreement with experiment obtained for the ~+ relation is retained, no
appreciable change in the values of fiD+(0)/Bk is possible and that the high-energy behavior of T+(co),
usually assumed, is correct. The predicted value for SD (0)/fik' strongly suggests a nonzero effective range
for n& and a relatively large o,».

1. INTRODUCTION

'HE discrepancy with experiment of the 7t- dis-
persion relation, which was first pointed out by

Puppi and Stanghellini' and subsequently discussed by
several authors, ' ' is examined in this paper by use of a
slightly diGerent approach. The dispersion relations are
used to predict the values, at zero kinetic energy, of the
derivatives, f)D+(0)/f)k', of the real parts, D+(0) and
D (0), of the forward elastic scattering amplitudes for
m+ and m mesons scattered by protons. The experi-
mental values of these derivatives depend very strongly
on the P-wave scattering lengths and the 5-wave
effective ranges. These quantities are fairly well known
for T= ss, and yield a value for c)D+ (0)/c)k' which, when
compared with the prediction of the dispersion relations,
leads to a determination of the coupling constant,
f'= 01 0~40. 1040n the other hand, the dispersion
relations predict a value for c)D (0)/c)k' which disagrees
badly with present w experiments, especially with an f'
as large as 0.10.

To eliminate the unknown high-energy contributions
to the integrals appearing in the dispersion relations as
well as to check the assumption that &o 'T+(oi) vanishes

* Supported by the U. S. Atomic Energy Commission.' G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957).' M. H. Zaidi and E. L. Lomon, Phys. Rev. 108, 1352 (1957).
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as co becomes infinite, the dispersion relations are modi-
fied by introducing an extra energy denominator in the
integrals. This involves the added subtraction of the
real part of the scattering amplitude at an arbitrary
energy coo. By letting ~0 approach 1, the relations can be
simplified and contain, as added constants, the quanti-
ties f)D~(0)/f)k'. These new relations have the added
advantage, then, of enabling us to check the values of
f)D+(0)/c)k' obtained from the usual dispersion rela-
tions. It is found that as long as the agreement with
experiment obtained for the x+ relation is retained, no
appreciable change in the latter values of f)D+(0)/f)k' is
possible. This result indicates the correctness of the
assumed high-energy behavior of T~(a&) and reinforces
the conviction that the values predicted for c)D+(0)/Bk'
are correct.

The value for f)D (0)/c)k' predicted by the dispersion
relations is compared with experiment and the dis-
crepancy between these two values is interpreted as
being due to the very small T= —,

' scattering cross
sections that have so far been observed. It will be shown
that a resolution of the discrepancy between the theo-
retical and experimental values of r)D (0)/Bk' could
very well involve changes in present experimental data
which would also remove the discrepancy between the
predicted and observed values of the real part of the
z. —p forward elastic scattering amplitude. It would
seem reasonable, therefore, to take the failure or success


