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A variational method has been used to calculate the strength of the A-nucleon interaction required to
account for the observed binding of ABe®. The hypernucleus is treated as a three-body system (two alpha
particles and the hyperon), in which the spin-average of the A-nucleon interaction is effective. Results in
agreement with previous calculations of the A-nucleon interaction in sHe® are obtained without appreciable
overlapping of the two alpha particles. This absence of overlapping is taken to be a reasonable criterion for

the validity of the model.

I. INTRODUCTION

N analysis of the binding energy data for the light
hypernuclei in terms of a phenomenological spin-
dependent, two-body A-nucleon interaction potential
has recently been given by Dalitz and Downs.! In that
analysis a hypernucleus was assumed to consist of a
A particle loosely bound to a relatively undistorted
stable core nucleus. The hypernucleus ,Be’ was not
included in the analysis because of the absence of a
stable bound state for the core nucleus Be8. It is the
purpose of the present paper to present an analysis of
sBe® to complement the analysis of Dalitz and Downs.
The three-body model of sBe® in which two alpha
particles are considered to be held together by a A
particle is suggested by the observed mesonic decay
ABe’—n~-+p+Bed followed by Be?— He'4-He!; analy-
sis of decays of this type indicates a value By=6.440.4
Mev for the binding energy of the A particle.

A variational calculation is made to determine the
volume integral of the A-nucleon interaction required
to account for the observed value of By for two as-
sumed values of the range of the interaction. If the
three-body model gives an adequate description of
1Be? then the volume integrals calculated here ought
to agree with those calculated from the two-body model
of sHe®. The results do, in fact, give this agreement,
indicating that the three-body model is reasonable
while providing some confirmation of the previous
analysis of yHe®!

In the course of the analysis, an effective nuclear
interaction potential between two alpha particles had
to be introduced. Since the nucleons inside each alpha
particle form a tightly bound closed shell, the Pauli
principle for individual nucleons tends to prevent
appreciable overlap between two alpha particles. This
tendency is incorporated in our effective alpha-alpha
interaction, which we assume to be repulsive at short
distances. The details of this potential are introduced
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in a rather arbitrary manner, but it is adjusted to give
the correct energy for the Be® ground state (alpha-
alpha resonance energy of 96 kev). It will be shown,
however, that the final results are not very sensitive
to the detailed shape of the potential, provided only
that the assumed repulsion is sufficient to prevent any
appreciable overlap of the two alpha particles.? For
the variation calculation a two-parameter trial function
is employed; one of these parameters governs the
average separation of the alpha particles. The extent
of the alpha-alpha overlap is measured by a comparison
between the mean square alpha-alpha separation and
twice the mean square radius of the alpha particle. It
will be seen later that, in fact, no overlap does occur
in our model.

The A-nucleon interaction can be expected to arise
mainly from two physical mechanisms: exchange of a
single K meson and/or exchange of two pions.!* For
simplicity in these calculations, the A-nucleon inter-
action potential is taken to be of Gaussian form.®
Calculations are made for two intrinsic ranges of this
potential, intrinsic ranges equal to those of a Yukawa
potential ¢~*"/kr with ranges of the Compton wave-
length of the K meson (1/k)x=%/Mxc and one-half
the pion Compton wavelength (1/k)z2=%/2M rc,
respectively; these ranges correspond to the two
physical mechanisms mentioned above.®

3If the short-distance repulsion between the alpha particles
were omitted entirely, the resultant wave function would (in-
correctly) contain a large overlap between the alpha particles,
and would grossly overestimate the A binding energy for a given
volume integral of the A-nucleon interaction. In fact, for a (quite
unrealistic) wave function for which the overlap is complete, the
observed A binding energy of ABe? would lead to a value for the
volume integral of A-nucleon interaction only about half as big
as that obtained previously from pAHe® (or as that obtained in this
paper from a more realistic treatment of pBe?).

4 K. Nishijima, Progr. Theoret. Phys. Japan 14, 526 (1956).

5 Dalitz and Downs (reference 1) have shown that the volume
integrals of the A-nucleon potential required to account for the
observed hypernuclear binding energies are insensitive to the
details of the potential shape and also to possible exchange
character of the interaction. Although the exchange of a X meson
implies an exchange force, only ordinary forces are used here; the
two ranges used are just intended to span the reasonable ranges.

6 H. Wilhelmsson and P. Zielinski [Nuclear Phys. 6, 219
(1958) ], have recently reported an attempt to establish both the
strength and range of the A-alpha interaction by an analysis of
AHe® and ABe?. Their analysis of zBe? is similar to that pre-
sented here except that the alpha-alpha nuclear interaction is
omitted.
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II. DISCUSSION OF THE MODEL

In the three-body model, sBe’ is assumed to consist
of two undistorted alpha particles held together by a
A particle in an S state with respect to the center of
mass of the two alpha particles. Since the spin-satu-
rated alpha particle is such a tightly bound structure,
the effect of possible deformation of the individual
alpha particles is expected to be unimportant provided
that this model does not imply appreciable overlapping
of the two alpha particles.” The variational principle
for the three-body model of 4Be® can be expressed as

hZ h2
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where 1 is the alpha-alpha separation vector and g is
the position vector of the A particle from the center of
mass of the two alpha particles. Equation (1) is used
as a variation principle for the strength of the A-nucleon
interaction. The reduced masses are uo,=M,/2 and
ur=2M M ./ (M s+2M,), where M, and M, are the
masses of the alpha and A particle, respectively. The
total energy of the system is E= (0.096—B,) Mev,
the alpha-alpha resonance energy being 96 kev. Calcu-
lation has shown that an uncertainty in E is not im-
portant for this analysis, i.e., an uncertainty of 109,
in E introduces an uncertainty of about 29, in the
volume integral of the A-nucleon interaction.

The nucleon distribution in the alpha particle is taken
to be the same as that for the proton distribution
deduced from the results of electron scattering experi-
ments.! This Gaussian distribution, normalized to
unity, is

P(n)= (a*/7)* exp(—a*r?), 2

the rms radius of the distribution being 1.444-0.07
fermi [1 fermi (f)=10"2 cm] with (?)=3/2a® The
Gaussian potential taken for the A-nucleon interaction
is

63\ ?
vA,,<r')=—(—) 2 exp(— @), 3)
m

7’ being the distance between the A particle and any
particular nucleon. The volume integral of the A-
nucleon interaction  is defined by

9=— f Van()ir, @

and @ is related to the intrinsic range b of the potential

7 Dalitz and Downs (reference 1) have shown that consideration
of radial compression for the alpha-particle core of sHe® allows
an improvement of at most 3% in the volume integral of the

A-nucleon interaction.
8 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956).

KIU S. SUH

by 82=2.0604/b* which is, in turn, related to the range
parameter k by b=2.1196/«. Integration of (3) over the
four nucleons in the alpha particle distributed ac-
cording to (2) yields the A-alpha interaction potential

Viaa(r)=—4Q(g*/ )} exp(—¢*?), ©)

where ¢g=0af/(e?+8)? and r= | p==3l| in our coordinate
system. The volume integral 2 is the average volume
integral per nucleon. For spin 3 for the A particle, 2
corresponds to (3Q,+Q.)/4, where Q, is the volume
integral of the triplet interaction and €, is that for the
singlet interaction.?

In order to represent the nuclear interaction between
the two alpha particles, the following potential is
introduced to provide a repulsion at short distances
and maximum attraction at a distance of about twice
the rms radius of the alpha particle:

Veaal)=A exp(—8%2)— B exp(— €4?). (6)

The four parameters 4, B, 62, and € of (6) are fixed by
the arbitrary conditions V (2f)=0, (dV/dl)=0 for I= 3,
| V(4f) |~ |V (3f) |, and the fourth condition that (6)
provide the correct nuclear interaction energy between
two alpha particles. In order to estimate this nuclear
interaction energy, the Coulomb energy must be sub-
tracted from the known alpha-alpha resonance energy
of 96 kev.’® The Coulomb energy is estimated to be
4¢*/()~1.8 Mev where the appropriate alpha-alpha
separation is taken to be ([)~3f. The potential (6) is
then required to account for an energy —1.7 Mev
between two alpha particles. The fourth condition on
the parameters of (6) results from a variation calcu-
lation for a system of two alpha particles without
Coulomb interaction with the trial function
! exp(—a??). The four parameters thus determined are
§?=0.406 2% €?=0.116 %, 4=96 Mev, and B=30
Mev which imply that V..(0)=66 Mev and V(3f)
= —10 Mev. Because the parameters were determined
by a variational calculation, the correct potential must
be less strongly attractive than (or at most the same as)
the calculated potential (6). Calculation has shown,
however, that the total contribution of V,, to the calcu-
lated value of Q is about 39, so that errors in V,, are
to be considered relatively unimportant.
The trial function for these calculations is then
taken to be
Y=l exp(—a’?) exp(— %), 1)

where ¢ and b are the two variation parameters. The
first factor of (7) was suggested by the fact that the
repulsion of the alpha-alpha nuclear interaction (6) at
small distances prevents very close approach of the two
alpha particles; the second by the assumed s-wave
motion of the A particle.

9 Both triplet and singlet potentials are assumed to have the
same form (3); the A-neutron and A-proton interactions have
been taken to be the same.

10 R, H. Brown and D. R. Inglis, Phys. Rev. 55, 1182 (1939).
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Finally, the Coulomb energy of the two alpha
particles is obtained by taking the charge distribution
in the alpha particle to be given by (2) with the rms
radius 1.612£0.05 £ of the charge distribution® rather
than that of the nucleon distribution. With the trial
function (7), the expectation value of the coulomb

energy is then
P (1) P(n2)
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where n; and 5. are the internal radius vectors of the
two alpha particles and 1 is the alpha-alpha separation
vector. The contribution to € from (Ce.(f)) turns out
to be small but not negligible, i.e., omission of this term
would reduce @ by about 5%.

III. RESULTS

The variation principle (1) has been used with the
trial function (7) to determine the volume integral Q
of the A-nucleon potential appearing in (5). The volume
integral was minimized with respect to the two vari-
ational parameters ¢ and b. The results are given in the
first four columns of Table I.

In columns (v) and (vi) are listed the corresponding
values of U4/4 obtained by Dalitz and Downs! from the
analysis of jHe® with an undistorted alpha-particle
core; Uy is the volume integral of the total A-nucleon
interaction in jHe® so that our @ corresponds to U,/4.
The volume integrals listed in column (v) were ob-
tained from an exact solution of the Schrodinger
equation for the two-body model of y\He’. Our results
differ from these by 10-15%. This discrepancy is
largely due to the fact that our trial function (7) is not
the exact solution of the Schrodinger equation for the
three-body problem of sBe®. Our results should rather
be compared with the values of Us/4 obtained by a
variational calculation with a Gaussian trial function
for the A motion in ,He?. Such a calculation was also
done by Dalitz and Downs, whose results are given in
column (vi) of Table I. These values of the volume
integral are much closer to our results, the discrepancies
being X5%.

The values of ({i%))* given in Table I indicate the
extent of the overlapping of the two alpha particles in
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TasiE I. Values of the volume integral per nucleon required to
account for the observed binding of pBe’ for two ranges of the
A-nucleon interaction are listed in column (i). The optimum
variational parameters ¢ and b and ((?))%, the rms of a-o sepa-
ration distance, are listed in columns (ii), (iii), and (iv), respec-
tively. In columns (v) and (vi), the corresponding volume
integrals obtained by Dalitz and Downs! from the two-body
analysis of sHe?® are listed.

@ [N G YR 3] (v) (vi)

Range Q Us/4 Us/4
parameter (Mev 3) a(f-1) b@E) @FE) (Mev f3) (Mev f3)

(/) ma=h/2Mzc 254 041 050 274 231 251

(/) g=%/M ke 208 043 057 260 180 198

our model of 4Be’. These average separations are larger
than the square root of twice the mean square radius
of the alpha particle (~2 f) but smaller than twice the
rms radius of the alpha particle (2.88 f).

In addition to the principal results reported here, a
preliminary calculation of the same kind was made in
which a Gaussian alpha-alpha nuclear potential was
used with a trial function of the form

exp(—a?%? exp(—b%?).

This calculation resulted in an optimum alpha-alpha
separation of ((1%)'>~1.7 f for both interaction ranges,
indicating appreciable overlapping of the two alpha
particles. Also the volume integrals obtained there are
appreciably smaller than those listed in Table I. A
cutoff was made in this variational calculation to
provide ({/?))=22.9 {; this resulted in the volume integral
values Q=253 Mev {2 and 193 Mev f? for the longer and
shorter interaction range, respectively.

The analysis of the binding energies of ,Be® and
sHe® thus indicate the same A-nucleon interaction in
both hypernuclei provided that the alpha-alpha nuclear
interaction in ,Be® is such as to prevent appreciable
overlapping of the two alpha particles. The present
analysis of ,Be’, therefore, supports the conclusion by
Dalitz and Downs' that, if the hypernuclear binding
energies are ascribed to a two-body A-nucleon inter-
action, then that interaction must be spin-dependent.
Our results disagree with the conclusions reached by
Brown and Peshkin® on the basis of a two-body
analysis of ;3Be® in which the nucleon core was taken
to have a rms radius equal to that of normal Bed.®
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L. M. Brown and M. Peshkin [Phys. Rev. 107, 272 (1957)]
find that the volume integral per nucleon Q required to account
for the binding of ABe? is appreciably larger than that required
to account for the binding of sHe®. It seems to us that this dis-

crepancy is due directly to their assumption of an unreasonably
large nucleon core for pBe®.



