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small for our purposes and was neglected. Putting
z= x+-', r, we obtained

I„,=(2 )*y (-', Ko+K'))"y -()
X V(s)e' "0+&"'&'zdz. (11)

Upon evaluation, the contribution to 3f from I»
turned out to be about 15'Po of the contribution from
I„„at9-Mev bombarding energy. This result is then in
agreement with the notion that the main contribution
to the high-energy neutron scattering results from the
sz-p interaction.

Figure 3 gives a comparison of the calculations of
this section with experiment at 8.9 Mev. The calculated
values are too high, although the discrepancy is not as
large as with the F-G- model. Figures 4 and 5 illustrate
the progressively poorer fits to the magnitude of the
peak as the bombarding energy is decreased.

As with the previous calculation, the shape and
position of the high-energy peak is given quite accur-
ately. One can conclude from this that the shape and
position of this part of the neutron energy spectrum is
primarily dependent on the final-state interaction of the
two protons —particularly the Coulomb interaction. If
there were no Coulomb interaction, as would be the

case for the (e,d) reaction, then this peak would occur
practically at the maximum-energy position and have a
very narrow width. It is the Coulomb interaction which
causes the shift in position to roughly 0.5 Mev below
the maximum-energy position and increases the width.

It is apparent that as the incident energy is de-
creased, it will be a less and less good approximation to
consider separate energy regions in which either the
e-p or p-p Anal-state interaction is dominant. Rather,
both will be effective in distorting the final-state wave
function, which, of course, becomes difficult to treat.
This is a consequence of the fact that when the velocity
of the incoming nucleon becomes equal to, and less (at
about 7 Mev) than, the internal velocities of the
deuteron, there is a polarization of the deuteron, which
must be taken into account in order to obtain any
quantitative agreement with experiment. In the method
of F-G-, these effects seem to be partially taken into
account by their use of the impulse approximation.
This accounts for the fair agreement of Frank and
G-ammel's calculation with a substantial part of the
experimental results.
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The C"(d,d)C's scattering is analyzed at two levels in N", one at 12.42-Mev excitation and the other at
12.60 Mev. The lower level is assigned as 4 and the upper as 3+. A nuclear radius is assumed and reduced
widths are obtained for the two levels. With the aid oi the reactions C"(d,P)C" and C"(d,P)C"* (3.09-Mev
level), partial level widths for the three modes of decay of N'4* are obtained. Both {d,p) reactions are shown
to be consistent with the presence of stripping amplitudes and resonant compound nuclear amplitudes and
also consistent with the H' +n data of Shire et g/. for the same excitation region in N'4. The (d,p) angular
distributions are analyzed to obtain the reduced neutron widths of the ground and erst excited states of C'3.

An appendix gives an explicit partial-wave expansion of the differential cross section for reactions involving
incident spins of 0 and 1 and outgoing spins of —,

' and —,'.

INTRODUCTION

~ ~HE rijfferential cross sections for the C' (d,d)C
C"(d,p)C" (ground state), and C"(d p)C"* (erst

excited state) reactions have been measured and pub-
lished. ' The present paper gives a partial analysis of
those measurements.
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by the Graduate School from funds supplied by the Wisconsin
Alumni Research Foundation.

t Now at University of Kentucky, Lexington, Kentucky.
McEllistrem, Jones, Chiba, Douglas, Herring, and Silverstein,

Phys. Rev. 104, 1008 (1956), henceforth referred to as I.

Recent attempts to obtain a more complete treatment
of the (d,p) and (d,n) reactions than has been provided
by the Butler approximation have introduced the
Coulomb interaction, the nuclear interaction of incident
deuteron with the target and the interaction of liberated
particles with the residual nucleus (references contained
in I). The formulations of Tobocman, ' Grant, ' and also
that of Thomas4 include all of these modifications. The

~ W. Tobocman, Phys. Rev. 94, 1655 (1954);W. Tobocman and
M. H. Kalos, Phys. Rev. 97, 132 (1955).'I. P. Grant, Proc. Phys. Soc. (London) A67, 981 {1954).

4 R. G. Thomas, Phys. Rev. 100, 25 {1955).
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parameters introduced into the (d,p) and (d,n) ampli-
tudes by the deuteron-target and liberated particle-
residual nucleus interactions may be determined from
the elastic scattering of deuterons by the target and the
elastic scattering of the liberated particles by the
residual nucleus, respectively. Therefore, if one should
include the elastic scattering of protons by C" with the
cross sections of I, one would have enough information
to attempt a rather complete analysis of the C"(d,p)
reaction, ' at least away from resonances. Such analysis
should yield a reliable value for the neutron reduced
width of C".

Of the formulations mentioned above, Tobocman's'
neglects the compound-nucleus amplitudes in the (d,p)
reaction and treats "resonances" as the result of the
scattering of (stripped) protons by the residual nucleus.
On the other hand, Thomas's4 formulation is specifically
concerned with both compound-nucleus and stripping
amplitudes in (d,p) and (d,e) reactions. Our analysis
shows that the cross sections of I are consistent with the
point of view adopted by Thomas in. the vicinity of
resonances. Although the C"+p scattering cross sec-
tions are not available in the desired energy range ( 5-
Mev protons), we are able to obtain many of the proton
parameters from a comparison of the cross sections of I
and the 8"(n,P)C" cross sections of Shire e1 a/. s The
parameters of the C"+d interaction are obtained at the
two most prominent resonances from an analysis of
C"(d,d)C". This analysis yields the spins, parities, and
deuteron widths of the two corresponding N" levels.

A detailed quantitative analysis of the C"(d,p)C"
cross sections has not been attempted. Instead, the
neutron reduced widths of the C" ground and first
excited states are determined by an approximate analy-
sis of the (d,p) angular distributions. For this analysis,
the method of Bowcock' is employed. This method is
expected to yield widths in which one might place
greater confidence than one usually attributes to values
obtained from a direct comparison of Butler's formalism
and the experimental cross section.

C"(d)d) C" ANALYSIS

The deuteron scattering data present two resonances
which are quite strong, and which one might hope to
analyze as "isolated" resonances. These occur at
8~=2.502 Mev and 8~=2.735 Mev. The differential
cross section for the elastic scattering of spin 1 particles
by spin 0 nuclei has been published. ' The formulas and
notation of reference 8 are used throughout this a,nalysis.
In this scattering, levels of a given total angular mo-
mentum (J) and parity may be excited by two values of

'This statement requires the additional assumption that all
competing reactions other than the CI2(d,p) reaction are small
compared to the two mentioned elastic-scattering cross sections.' Shire, Wormald, Jones, Lunden, and Stanley, Phil. Mag. 44,
&tW (~953).

r J. E. Bowcock, Proc. Phys. Soc. (London) 68, 512 (1955).
'A. I. Galonsky and M. T. McEllistrem, Phys. Rev. 98, 590

(1955).

the orbital angular momentum (l) of the deuterons.
However, we begin the analysis by assuming that only
one / value enters a given resonance, or that orbital
angular momentum is conserved as well as total angular
momentum. We shall see that this assumption is rather
reasonable for these particular resonances.

The apparent complexity of the analysis is greatly
mitigated by several features of the scattering formula
of reference 8. As mentioned there, for example, if the
resonant cross section at 90' should dip below the cross-
section level near the resonance, then the compound
nuclear state must have even parity. Another restriction
is placed on the resonance by the Wigner limit, which
speci6es that yg, .'&~-', (h'/pa), where s denotes a particu-
lar mode of formation, p, denotes the reduced mass of
the deuteron and u denotes the nuclear radius. Since the
penetrability (1/2 P) decreases rapidly with increasing I,
an upper limit on the possible l value of the resonance is
obtained from the experimental width (-,'I"=kyP/AP).
Data taken at angles near 180' simplify the analysis
because at 180' the spin-orbit coupling terms in the
scattering formula, which contain sine as a factor,
vanish. Also the resonant amplitude has its maximum
value at 180'. Finally, in this energy range the Coulomb
phase shift 0,~ varies rapidly with /. Consequently the
interference of the resonant amplitude with the non-
resonant ones changes rapidly with l. By studying the
scattering at forward angles, where the interference of
the resonant amplitude is quite apparent, one may place
quite restrictive limits on the l value of the resonance.
In fact, since both the Rutherford amplitude and the
Coulomb phase shifts are well determined, the forward-
angle data may uniquely fix the l value.

2.502-MEV RESONANCE

The first problem is the determination of the orbital
angular momentum of this resonance. To put an upper
limit on the I value, we use the Wigner limit. From a
comparison of the (d,d) data and Shire's 3"+n data,
we see that the most important mode of N" formation at
this resonance is deuteron formation. Consequently, we
assume that I' s/I'& 0.5. This assumption together with
the Wigner limit tells us that for 3=4, I'~& 12 kev and for
t=3, I'&~175 kev. The experimental value is I',=47
kev (lab. ) =40.3 kev (c.m.); consequently we can cer-
tainly say that l&~4. With this restriction, the pro-
nounced dip at 59' (c.m. ) plus the following arguments
permit only t=3. First, l=0 would not enable us to
reproduce the large back-angle (169.3') cross section,
even if I'~/I' =1. For I= 1, we get both constructive and
destructive interference at 59' (c.m. ), and the destruc-
tive interference is much too weak to fit the data. For
l= 2, we would have very little resonant effect and very
little interference at 59', because I' s(0) =0 at 55', and
is still very small at 59'. For /=4, we would have too
large a resonant eB'ect at 90' unless I'q/I' &0.2; for such
a small I'~/I', the back-angle cross section would be too
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equal the measurements at the back angle. Such a large
I'd/I' here is impossible, in view of the fact that the
resonant (d,p) cross section to the first excited state of
C" is as large as the (d,d) cross section. (See Fig. 10 of
I.) In addition, this assumption (l=0, I'~/I'=1) would
produce a pronounced dip followed by a slight "hump"
at 59' (c.m. ), neither of which is observed. For /=4, the
cross section at 96' (c.m. ) would begin with a rise or
hump followed by a dip, just the opposite of what is
observed. The only remaining even t value is 2. This
value is further supported by the lack of appearance of
the resonance at 59' (c.m. ), because we have already
noted that the angle factor I'2 is very small at this angle.
With I=2, there are three possible J-values, 1+, 2+, and
3+. With J=1+, in order to fit the back-angle data we
must have I'z/I') 0.9, which (we have already seen) is
not possible. For 5=2+, we have (at 96') the difhculty
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P/Q. i. Deuteron elastic scattering resonance at 0= 169.3' c.m.
The solid points represent the data, and the curve is the theoretical
6t for J=4 and pure ti-wave excitation.

small by about an order of magnitude. Consequently
1=3.

The allowed J-values (for an /=3 resonance) are 2,
3—,and 4 . For 2, the large back-angle cross section
observed cannot be reproduced, even if we assumed
I'q/I' =1.As can be seen from the scattering formula of
reference 8, there is a large resonant, spin-orbit inter-
action amplitude for J=/ (term labeled E).' Such an
amplitude cannot interfere with the Coulomb amplitude.
At 59' (c.m. ), therefore, we find it impossible to obtain
the large dip observed if J=l. The only remaining
single-level possibility for this resonance is J=4—.

The calculated ht to the cross sections for J=4 is
shown for the back angle and for 59' (c.m. ) in Figs. 1
and 2. The parameters which have been deduced from
the 6t to the cross sections are listed in Table I.

TABLE I. Level parameters from C"(d,d) C" analysis. Re-
duced widths are calculated on the assumption that rp=4. 25,
X10 '3 cm.

Bg (Mev) r (c.m. )
vl2 ~2—

2.502
2.735

0.55
0.63

0.40
0.03

2.7'35-MEV RESONANCE

The Wigner limit in this case limits the t values such
that once again /~&4. Here also we obtain qualitative
help from the data near 90' (c.m. ) (Fig. 9 of I). Since
the cross sections at the beginning of the resonance dip
well below the value expected from Coulomb+potential
scattering, the / value entering this resonance must be
even. For l=0, if I'q/I'=1, the cross section can just
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FIG. 2. Deuteron elastic scattering resonance at 8=59' c.r..
The solid points represent the data, and the curve is the theoretical
fit for J=4 and pure F-wave excitation.

we mentioned for the J=l possibility at the 2.502-Mev
resonance, namely, that the large spin-orbit term for
this case reduces interference e6ects at the resonance.
In fact, we would need I' q/I' = 1 at 96' (c.m. ) in order to
reproduce the interference observed there, and this
ratio is not possible. The only remaining possibility is
7=3+. This possibility has been checked at 59' (c.m. ),
96' (c.m. ), and the back angle 169.3' (c.m.). It is found
that it does reproduce the shapes and cross-section
variations at these angles. A detailed fi.t to the cross
sections over the region of the resonance has not been
calculated; however the parameters of the level (listed
in Table I) have been extracted from the magnitude of
the cross-section variations at the angles mentioned.

At the beginning of the analysis, we assumed that
orbital angular momentum was conserved, and then
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where

Go 1
8

ZG0 kg

(r„r„)-:
Ag ——C(~ A, , ~,s,s') sinPe'~.

r
A~ is the nonresonant amplitude, defined in terms of the
A... (A.. . is the nonresonant amplitude for a given
state of incident and outgoing channel spins and
polarizations; s, s' are indices specifying the channel

' E. S. Shire and R. D. Edge, Phil. Mag. 46, 640 (1955).

fixed the two resonances analyzed as l=3 and l =2 at
2.502 Mev and 2.735 Mev, respectively. If we do not
assume conservation of l, then we could have additional
contributions from l =5 and l =4 at 2.502 Mev and 2.735
Mev, respectively. At the lower energy resonance, how-
ever, the Wigner limit on the width restricts the l=5
contribution to less than 1% of the total, so that i
conservation seems a very good assumption here. At the
higher energy resonance this restriction would allow the
l=4 contribution to be &25%. For this case, however,
we have already noted that an l =4 amplitude would be
shifted in phase from the l= 2 amplitude by an angle
near 180'. An l=4 contribution would then tend to
cancel the l =2 interference observed at 96'. In order to
fit the magnitude of this interference, it was necessary
to make F~/r quite large. Adding an. appreciable /=4
term would force us to take r q/F appreciably larger to
fit 96', and this does not seem very reasonable.

We note also that the "potential" phases which we
found necessary to 6t the data depart radically from the
"hard sphere" phases usually employed in this type of
analysis. We assume that this is the effect of several
nearby resonances which are not specifically treated in
the analysis. Since we do not deduce our "potential"
phases from hard-sphere scattering or any other po-
tential, we are not able to fix a nuclear interaction dis-
tance from the data. For this parameter, we have
arbitrarily assumed that rp=rp'A:, where rp'=1. 22

X 10 "cm. The reduced widths listed in Table I depend
on this choice of fp.

Shire et al. ' and Shire and Edge' have observed all of
the resonances of I in their study of the 8"+4r reactions,
including the two analyzed above. They were able to
assign a spin of 4 to the lower energy resonance, and
our assignment is in agreement with theirs,

(d,p) RESONANCES

We have noted, in I, the close correspondence between
the anomalies in the elastic scattering data and in the
C"(d,p) reactions (see Fig. 10 of I). In order to test
whether these (d,p) "resonances" could be interpreted
as the result of single levels in the compound nucleus
(N'4), the C"(d,p)C" (ground state) data at the 2.735-
Mev resonance was separated into a resonant and non-
resonant amplitude via the following formula:

QC

f-LJ 2P.

CCl
i5 ~

X

~I%

o ~o ia 6'O jO fOO iiO iiO tiO iSO

ANGLE(C. W.)
Fzo. 5. C»(d, p)Q» (ground state) data at 84= 2.735 Mev. The

"remainder" cross sections (1/k'IA & I') after the resonant ampli-
tude has been subtracted from the data are shown as box points
(dashed curve). The circle points (solid curve) represent the
measured cross sections at the 2.735-Mev resonance.

spins and polarizations), and [(F„rq)'/F] sinPe'~ is
the familiar Breit-Wigner amplitude with tanP=sr/
(Er4 E). This f—ormula has been shown to be a valid
expression for the cross section in the vicinity of a single
resonance. "

The separation was undertaken with the parameters
listed in Table I for this resonance: [F=47 kev (c'.m.
system), E&——2.735 Mev (lab. system)]. It was found
possible to 6t the data at all angles to well within the
experimental error. Figure 3 shows the C"(d,p)C"
angular distribution on the resonance, and also shows a
"remainder" distribution, after the resonant amplitude
(A~) has been extracted from the data. The latter
distribution is similar to one obtained away from
resonances (see Fig. 5 of I).

The angular dependences of the resonances in the
C"(d,p) C"*reaction are consistent with the assumption
that they are the result of compound-nucleus ampli-
tudes. To discuss this, we must know the orbital angular
momentum (t') of the outgoing protons as well as that
of the incoming deuterons (i). The intrinsic parity of
C"*+p is the same as that of C"+d, and there are only
two possible outgoing channel spins, j'=0 and 1 (for
notation and formulas see Appendix). From the two
analyzed scattering resonances we found X=i+1, and
hence in this (d,P) reaction only j' =1 can contribute to
the resonances. The j'=1 part of the cross-section
formula has a spin and orbital angular momentum
dependence identical to that of the C"(d&d) C" formula '
Also the outgoing proton energy is approximately equal
to the incoming deuteron energy, and thus the argu-
ments which suggested orbital angular momentum
conservation in the resonant deuteron scattering would

apply also to this (d,p) reaction.
At the 2.502-Mev resonance we found the assignment

» W. Haeberli, Phys. Rev. 99, 640(A) (1955).
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TABLE II. Ratios of partial widths to total widths, compound-nucleus intensity factors, and (r„/F) .'

Reaction
P 0 (lab)

(Mev)
Rex 1n

N14 (Mev) r»/r
(rdry]/r ) (rdr»/r )

X1o' X102
(r„/r)~

X102

CI2+d

BI0+O.

2.502
2.735
1.51.
1.64

12.41
12.60
12.69
12.78

0.55
0.63
0.065
0.14

0.04
0.4
0.012
0.006

0.01 (0.007) b

0.06
0.045
0.013

2.25
25
0.078
0.09

0.55
3.8
0.29
0.18

0.16
16
0.01
0.004

0.01
0.36
0.20
0.01

& Eine (incident energy) =B~ for B«+n, =Ed for C»+d. Po—Proton grouP to ground state of C». P1—Proton grouP to first excited state of C».
b Obtained from 8«+u data and data on elastic scattering of deuterons from C».

J=4, l =3 from an analysis of the deuteron scattering.
For /'=3 protons we expect the resonant effects near
140' (c.m. ) and also near 90' (c.m. ) to be small, because
the amplitude of this orbital angular momentum com-
ponent is zero at these angles. Ke see that the data
(Fig. 8 of I) have this behavior. At the 2.735-Mev
resonance we found the assignment 1=3+and 3=2. For
l' =2 protons we expect reasonably large resonant ampli-
tudes near 90' (c.m. ), larger effects there than at any
angles except those well beyond 125' (c.m. ). This is
observed in the data. That is, the 90' (c.m. ) (d,p) data
show the resonance more strongly than any other angle
except the two largest angles, 141'(c.m. ) and 169' (c.m. ).

We would like now to discuss the resonant magnitudes
in more detail. To do this, we shall need the formulas of
the appendix and a notation for partial widths:

Fo ——partial width for formation by C"+d,
F„s——partial width for formation by C" (ground state)

F»=partial width for formation by C"* (first excited
state)+p,

F =partial width for formation by 8" (ground state)
+n)

ore=differential cross section for C"(d,p)C" (ground
state),

o i i——differential cross section for C"(d,p) C"*(3.09-Mev
state).

The stripping amplitudes indicated in the appendix are
not explicitly written down here, but may be obtained
from the paper of Thomas4 or that of Tobocman and
Kalos. ' With the aid of the formulas and the resonant
parameters determined in the elastic scattering analysis,
we are able to fix the proton partial level widths for the
two prominent resonances of I.

Shire et a/. ' have covered the same excitation region
of N" in the 8"+u reactions as we have in the C"+d.
They have analyzed their data to obtain N'4 level
parameters for levels near the two we analyzed. The
partial widths for four N'4 levels, the two we analyzed
and two analyzed by Shire et al. , are tabulated in
Table II. We have also tabulated the relevant factor
FoF„/F' for compound nucleus formation in the (d,p)
reaction.

In the analysis of the elastic scattering, no effort was
made to obtain a unique set of potential phases which

would insure a ht to the cross sections at all angles, and

it is not clear that there is a unique set. Consequently
all of the partial level widths in Table II are uncertain
by about 10 to 15% of the quoted values. In addition,
For/F at the 2.502-Mev resonance was obtained from
data at angles such that the "off-resonant" cross section
was comparable to the cross section on resonance. These
angles were 56'58' and 122'28' (see Fig. 8 of I). Since
the nature of the interference between the "oG reso-
nant" amplitude and the resonant amplitude is not
known, the value quoted in Table II (0.04) could be too
large by as much as a factor of 2. This value was
extracted assuming that the interference mentioned was
negligible.

The relative sizes of the Fz/F from 8"+n analysis
and those from C"+d analysis explains why the former
two resonances appear so weakly in the C"(d,d)C"
reaction (at Es=2.954 and 2.986 Mev, Fig. 10 of I).
The compound-nucleus factors for the (d,p) reactions
also explain the fact that the two higher-energy reso-
nances are not even identified in the (d,p) reactions.

A quantitative comparison can be made between the
partial widths obtained for the two levels analyzed by
us from the C"+d data and the data of Shire ei a/. for
the same two levels, although the 8"+n data have not
been analyzed at those levels. We have noted earlier
that at these two resonances the spins and parities are
such that the spin and orbital angular momentum de-
pendences of the C"(d,d) C" and C"(d,p) C"*(3.09-Mev
level) are the same. For the same reasons the spin and
orbital angular momentum dependences of the 8"(n,d)C"
and 8"(n,p)C"'* must also be the same. Consequently
the ratio of these two 8"+n cross sections at 90' (c.m. )
gives us directly the ratio of their "compound-nucleus
intensity factors. "For 8"(u,d) C", the factor is I' Fe/F',
and for 8"(u,p)C"* the factor is F Fr i/Fs. These ratios
are Fr i/Fo ——0.082 at the 2.502-Mev resonance and
Fir/Fo=0. 92 at the 2.735-Mev resonance. From the
C"+d partial widths in Table II, extracted assuming
compound nucleus formation, we find For/Fo=0. 073 at
2.502 Mev and For/F o=0.64 at 2.735 Mev. Since our
ratios are uncertain by as much as 20 to 30%, and since
there is some uncertainty in the 8"+n data, ' these two
sets of ratios are in good agreement. We may make one
additional test of our compound-nucleus assumption for
the (d,p) resonances. We may obtain a value for Ft e/F
at the 2.502-Mev resonance from the data of Shire et al.
for 8"(n,p)C" (yield at 90' and angular distribution)
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(d,P) reaction, and the resonance expected at Eq= 2.954
Mev should have been as prominent as the 2.735-Mev
resonance. In C"(d,p)C"* (3 09 Mev), the 2.735-Mev
resonance should have been 100 times as important as
the 2.502-Mev resonance, which would mean that we
should not have seen the lower energy resonance in this
reaction either. Since these expectations are all incon-
sistent with the data of I, we do not think that our
resonances could be explained in this manner. To ex-
plain the relative magnitudes of the resonant effect in
the (d,p) data of I, it seems necessary that they be
proportional to I'~i'~.

ANGULAR DISTRIBUTION ANALYSIS AND
C" REDUCED WIDTHS

The stripping cross section has been shown to be pro-
portional to the reduced nucleon width of the residual
nucleus. " The calculations of Tobocman and Kalos'
have shown that the extraction of these widths from the
measured angular distributions can result in large errors
if the relatively simple formalism of Butler is the basis
for the extraction. Recently Bowcock' has introduced a
method for extracting the widths which would tend to
remove some of the uncertainty noted by Tobocman
and Kalos. Bowcock's method is an approximation
which is based on the assumption that only low-angular-
momentum components of the reaction amplitude are
appreciably distorted, either by nuclear interaction
between the outgoing proton and the residual nucleus or
by compound nucleus formation. In order to make use
of this assumption, it is necessary to obtain the reaction
amplitude from the experimental cross sections. This is
not simple, since in general the amplitude will be com-
plex, and the cross section will be the square of its
magnitude. Bowcock has developed an approximate
method for extracting the real part of the reaction
amplitude from the data. He then expands this ampli-
tude and the Butler amplitude (which is real) in terms
of the angular momenta of the outgoing protons. Instead
of comparing the total extracted amplitude with the
total Butler amplitude, only the higher angular mo-
mentum components are compared with each other.

For deuteron energies not well above the Coulomb
barrier, the Coulomb distortion of both deuteron and
proton wave functions will also be important. The
most useful calculations of this effect for light nuclei
are the approximate calculations of Voccoz."He finds
that the principal part of the effect is a reduction
in magnitude of cross secti.ons at all angles, with
only a slight distortion of the angular distribution.
Yoccoz writes an expression for the reduction factor f:
fq=p(rf&, 8)[gee ~""/sinh(rrrfq)], where rf=Zze'/bv and
the dependence on 0 represents the distortion of the

I' R. Huby, Progress in Xnclear Physics (But terworths-Springer~
London, 1953), Vol. 3, p. 177; F. I.. Friedman and W. Tobocman,
see reference 2; S. Voshida, Progr. Theoret. Phys. (Japan) 10, 1,
370 (1953)."J.Yoccoz, Proc. Phys. Soc. (London) A67, 813 (1954).
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FIG. 6. Approximate real part of the reaction amplitude Pin
unit of (mb/steradl&j and Butler amplitude of Fig. 5, normalized
to the data at the smallest angle. The solid points represent the
data extractions and the solid curve has been drawn to join three
points smoothly.

distribution. Neglecting the 0 dependence, p may be
expanded as a power series in p'. %e find empirically
that if we set p=rf2, the factor f correctly extrapolates
from one of Yoccoz' numerical calculations (rf=0.7) to
another (rf=1). Since our 4f's were within the range
defined by the p's of Yoccoz calculations, we have
interpolated between his calculated reduction factors
for Be'(d,p) and Be'(d, r4). We used f with p=rP for the
interpolation. In addition there is the assumption that,
aside from the difference in g, the Coulomb effects for
the Be'(d,p) reaction will be the same as those for
C"(d P)

We have used Bowcock's methods in analyzing the
C"(d,P)C" (ground state), C"(d p)C"* (3.09-Mevlevel)
and C"(d,fr)N" (ground state) angular distributions.
Figure 5 shows the data and two Butler distributions for
the C"(d,p) C"*reaction. It is clear that the distribution
for the smaller radius provides the better fit. The (ap-
proximate) real part of the reaction amplitude e~(8) and
the Butler amplitude b(8) normalized to the data at
forward angles are shown in Fig. 6. The expansion of
ea(8) in terms of the outgoing proton angular momenta
(l') is

eg = —0.17Pp+7.67Pr+3.25Pz+0.35Pz
+0.95P4+0.39P5+0.26P4+0.30Pr,

and the expansion for b(8) is

b =0.80Pp+ 4.16Pr+3.88Pz+ 2.06P3
+1.08P4+0.55P5+0.39P4+0.45Pr,



ANALYSIS OF C''+d REACTIONS 603

where the P;=—P;(cos8) are Legendre polynomials.
Bowcock suggests that a criterion for the validity of his
assumptions and approximations is the constancy of the
ratio of coeKcients of corresponding terms in the two
expansions beyond some minimum value of /'. Ke see
that for /'&~ 3, the coefBcients are certainly not in con-
stant ratio, but for /'&~4, the ratio is reasonably con-
stant. The average of the ratios for I'&~4 is b/e~ 1.3——8.
Thus, if we extract the reduced width of the C" ground
state from the total Butler angular distribution nor-
malized to the total experimental cross section at the
Butler peak, then this width must be divided by
(1.38)'=1.9 to allow for the high angular-momentum
comparison.

Figure 4 contains the angular distribution to the
ground state of C" as well as two Butler curves for the
radii shown. Here, the larger radius seems to fit best.
This radius is also the one used by Holmgren et a/. " to
fit their data. It would seem surprising that the ground
state of C" should require a much larger radius than the
first excited state, especially since the relative cross
sections to the two states indicate that the neutron
width is much larger for the excited state. Benenson
et al."found that the C"(d, rs) N" (ground state) reaction
is well fitted with a radius of 4.7X10 " cm. Many
stripping reactions in the light nuclei have been fitted
with radii of 5)&10 " cm or less, including this one
LC"(d,P)Crs (ground state)j at a bombarding energy
E~=8 Mev."In order to determine what could cause a
need for a larger radius at Eg=2.5 Mev, a proton
angular momentum expansion was carried out for both
Butler curves of Fig. 4. For rp=6.5&10 cm, we obtain

6 =0.75Pp+2. 78Pi+1.70Ps —0.32Ps
—0.99P4—0.88Pg —0.65P6—0.52P7.
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Fro. 7. C"(d,p)C" (ground state) amplitudes. The solid curve is
the approximate real part of the reaction amplitude minus the
l'=0 term. The dashed curve is the Butler amplitude minus the
l'=0 term.

"Irolmgren, Blair, Simmons, Stratton, and Stuart, Phys. Rev.
95, 1544 (1954).

"Benenson, Jones, and McKllistrem, Phys. Rev. 101, 308
{&956)."J.Rotblat, Nature 167, 1027 (1951).

0-I
~»

I

Q a)
I

Lal

-2-

012(d p) CI3

——- 8UTLER AMP.

EXP. AMP.

lp= 5,6,7'

Ed*2.6S MEY

I.O
I

.5
I

0
Cos(e)

-.5 -to

FIG. 8, Amplitudes of Fig. 7 with all l'&4 terms subtracted from
both, and Butler remainder renormalized to experimental ampli-
tude remainder. The experimental amplitude remainder is plotted
as solid points.

Bowcock has mentioned that if the cross section at large
angles is large compared to the Butler cross section, as is
often the case for I„/0 (I„=angular momentum of the
captured neutrons), the individual expansion terms may
not agree well, even for large /'. He then adopts the
alternative procedure of subtracting terms for small /'

until the remainder curves agree well with one another.
This procedure was adopted here. Figure 7 shows the
remainder curves (renormalized to one another at the
peak) after the I'=0 terms have been subtracted from
both expansions. Good agreement was not obtained
until all of the terms for /'&&4 had been subtracted from
both curves. Figure 8 shows this final agreement at
forward angles. We require agreement at only forward
angles, since we expected that most of the cross section
at large angles was not stripping. A similar analysis was
carried out for the C"(d,p)C" angular distribution at
Eg=3.26 Mev.

The two C"(d,n)N" angular distributions of Benenson
et a/. "were measured at Ed=2.68 Mev and E~=3.26
Mev. Figure 9 shows the (approximate) real part of the
reaction amplitude extracted from their data and also
the Butler amplitude, normalized to their data at the

For rp=4. 7&(10 "cm, we obtain

b =1.49Pp+2, 85Pi—0.88Ps —0.88Ps
—0.90P4—0.77P5—0.58P6—0.45P7.

The principle difference between the two curves is in the
components for /'~&3. These are just the ones expected
to be strongly affected by compound-nucleus amplitudes
and nuclear distortion of the incoming- and outgoing-
particle wave functions. We note also that Butler curves
for rp=4. 7)&10 "cm fit both reactions which prefer this
radius LC"(d N)N" and C"(d,p)C"*j better than any
Butler curve fits C"(d,p)C". For the reasons outlined
we have assumed that the correct radius for all three
reactions is rp=4. 7&10 " cm. The proton momentum
expansion yields, for the distribution of Fig. 4,

es,'= 0 36Pp+5.43.Pi+0.23Ps 0.55Ps-
+0.36P4—0.96Ps—0.17Ps—0.505Pr.
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Sutler peak. The two curves are brought into good
agreement (Fig. 10) by subtracting a 6xed amount of
the I'=0 term from the experimental data and re-
normalizing the Butler curve to the remainder of the
data. The angular distribution at Ed=3.26 Mev is
treated in the same way, except at this energy it is
necessary to adjust both the l'=0 and /'=1 terms to
obtain agreement between the Butler curve and the
remainder of the data. Table III contains the results of
the angular distribution analysis, the reduced widths in
Mev-cm, the fraction they represent of the Wigner
limit, the Coulomb factors (C=1/f), and the normal-
ization factor (I) resulting from the application of
Bowcock's method. The factor e is the ratio of the width
which would have resulted from a direct comparison of
the data to Butler's theory to the width as modified by
Bowcock's analysis. The Coulomb factors (f) and the

Fn. 9. C'2(d, n)N13 (ground state) amplitudes. The solid curve
is the approximate real part of the reaction amplitude and the
dashed curve is the Butler amplitude. The Butler amplitude is
normalized to the data at the stripping peak. The "point" at 150'
is not a measurement, but an extrapolation from the trend of the
data below 90'.

angular momentum analysis factors (n) partially cancel
each other. A value for both the C" and N" ground
state reduced widths of (0.09&0.03)X2(h'/aa) would
include all of the four ground state measurements. In
addition, the average of the two reduced width measure-
ments for each nucleus yields the same value, (0.09)
X 2 (A'/pa). As we can see from the table, the procedures
for obtaining the individual width measurements yield
results which are uncertain by approximately a factor of
two. The measurements of the ground state widths do
not indicate a difference between the mirror nuclei C"
and N", and are therefore in agreement with the as-
sumption of charge symmetry. Our measurement of the
ground state reduced width is in excellent agreement
with the value obtained by Bowcock from the C"(d,p) C"
angular distribution of Rotblat et ul."at Eq =8.0 Mev.
Bowcock quoted (0.09)X ~3 (5'/pa) for this width.

The value obtained here for the C"* (3.09-Mev level)
reduced width is (0.3)X-', (h'/pa). This may be compared
with the value (0.53)X~(h'/pa) obtained by Jackson
and Galonsky' for the mirror level in N". They ex-
tracted this width from an analysis of the scattering of

C13

Residual
nucleus

N13

C"* (3.09 Mev)

Deuteron
energy
(Mev)

2.68
3.26
8.0
2.68
3.26
2.89

3.58
2.98

3.58
2.98

10.4

A)2 -1
p2 )(]013 p2

n (Mev-cm) pa

1.28 1.77 0.12
1.58 0.77 0.05

1.56 0.09
0.96 0.07
1.6 0.11
3.9 0.3

2.08
1.0
1.9

protons by C". Within the accuracy of our analysis,
these two results are not in disagreement. This is
especially so since the Coulomb factor is very large in
this case (10.4) and obtained by an approximate method.

TABLE III. Reduced nucleon widths of residual nuclei as
inferred from a Bowcock-type analysis of stripping. C= Coulomb
factors; n is the ratio of width from simple stripping theory to that
from Bowcock's prescription.
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FIG. 10. Experimental amplitude of Fig. 9 with a fixed amount
of the P=O term subtracted out, and the renormalized total
Butler amplitude.

NOTES ON FURTHER ANALYSIS

We have analyzed two resonances in the C"(d,p)
reaction. For this analysis we have relied upon the
magnitude and energy dependence of the cross sections
at a few angles. We have also shown that the angular
dependence of each resonance is in rough agreement
with our analysis. For the C"(d,p) C"* (3.09-Mev level),
additional information from the angular dependence of
the resonances can be easily obtained. Since this reaction
proceeds with 1„=0, it can be shown that a stripping
amplitude can only enter the terms F and 6 of the
formula in the appendix. Thus the importance of inter-
ference between stripping and compound-nucleus (reso-
nant) amplitudes can be estimated. We are especially
interested in data at two angles approximately equi-

' H. I.. Jackson and A. I, Galonsky, Phys. Rev. 89, 370 {1953).
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distant from 90'. At such angles, if the interference
between the resonant and stripping amplitudes does not
change much, the size and shape of the resonance ought
to be quite similar. The data of I (Fig. 8 of I) at 56'58'
and at 122'28' provide a test of this suggestion.

At the 2.502-Mev resonance, 1'=3, and the resonant
amplitudes of F and G contain the factor Po(cose). Thus
the amplitudes change sign from one angle to the other,
but retain the same magnitudes. Figure 6 shows the
Butler amplitude for this reaction, and we see that it
also changes sign from one angle to the other, but
retains approximately the same magnitude. Conse-
quently we might expect that the interference at the two
angles would be similar. The data show that the shape
and size of the resonance at the two angles is quite the
same, although the "oG-resonant" cross section changes
from one angle to the other by the factor 1.5.

At 2.735 Mev, the resonant 1'=2 and the amplitude
is proportional to Po(cos8). This amplitude has the same
sign at angles equidistant from 90'. Thus the relative
phase of the stripping and resonant amplitudes might
change by something like 180' from 57' to 122.5', with
quite large changes in their interference. The data at
this energy (see Fig. 8 of I) show a resonance size which

changes by a factor of three for these symmetric angles.
However, P2(cos8) =0 at 125.2' and 54.8', and is not
very large at our angles. Thus little of the resonance can
result from the terms Ii and G, which alone contain
stripping amplitudes. We have made detailed calcula-
tions to see if the interference can be great enough so
that changes in it could be used to interpret the data.

The resonance parameters needed for the calculation
have been determined in our analysis of the C"(d,d) C"
scattering and the analysis of C"(d,p)C"~ at the back
angle (168.7'). We have found these parameters to be
consistent with the B"+n data of Shire et a/. o We there-
fore regard the resonant amplitude at both angles as a
known quantity. The calculations show that stripping
amplitudes of such size are required that the "o6-
resonance" cross sections would be 4.7 times as large as
they are. We conclude that it is not possible to interpret
the data entirely in terms of a single compound nuclear
resonant amplitude plus a stripping amplitude. A pos-
sible explanation for the data would be the presence of
compound-nucleus amplitudes other than the single
resonant amplitude. They would result from the pres-
ence of resonances observed in the data of I "near" this
resonance. This suggestion would be consistent with our

earlier observation that the ratio of the two (d,P)
reaction cross sections "away" from the analyzed reso-

nance was that to be expected from compound-nucleus

formation. We had "predicted" the ratio from the data
of Shire et al.

SUMMARY

The analysis of the data of I has yielded spins, parities,
and partial level widths for two levels in N". With the

assumption of a nuclear radius, we have also obtained
N" reduced widths. The resonances analyzed have been
shown to be consistent with the assumption of com-
pound-nucleus resonant amplitudes in the (d,p) reac-
tions. An approximate analysis of the (d,p) angular
distributions has yielded reduced widths for N" and C"
ground states and the 3.09-Mev level in C". Our values
are all consistent with the assumption of charge sym-
metry in nuclear forces.
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APPEND&X

We wish to express the differential reaction cross
sections for the reactions C"(d,p) C" (ground state) and
C"(d,p)C"* (3.086-Mev level). The differential scat-
tering cross section for C"(d,d)C" has already been
expressed in reference 8. Certain quantities contained in
both reaction formulas are defined:

A, , &'; 8, , &' are stripping vectors for given outgoing
channel spin (j') and states of incoming and outgoing
polarizations (s,s'). See Thomas (reference 4).

Uz, g are components of the collision matrix and are
obtained from the one-level approximation of the dis-

persion formalism.

l

p, = P arc tan(q/s) =-,'n(.
s='1

n~ is that of reference 8."
tan(p') =—(F~/G~), for the incident particle. p' is the
corresponding phase for the reaction product.

All other quantities are defined in reference 8.
In general, the reaction cross sections contain contri-

butions from outgoing channel spins of 0 and 1. For the
ftrst excited state (d, p) reaction, only resonances whose

7= l can contribute to the channel of spin 0. Therefore,
since J=/+1 for both resonances analyzed in this work,

only the channel of spin 1 is important in the (d,p) to
the first excited state. This limitation is of importance,
because it means that the spin dependencies of the
Bso(n d)C' and Bio(n P)Cio+ (3.086-Mev level) are the
same.

For the (d,p) cross section to the 3.086-Mev level, we

require the formula for incident spins of 0+, 1+, and

outgoing spins of ~+, ~+. For the outgoing channel spin

"The ag are erroneously de6ned in reference 8, but the nu-
merical values of them used in the analysis of the He4+d scat tering
were obtained from the correct expression given above.
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of 1 (i.e., 1/2++1/2+=1+) the reaction cross section in
terms of the collision matrix is formally identical to the
scattering formula' with the Rutherford amplitude (R)
excluded. In addition there is the outgoing channel spin
0 contribution. The entire cross-section formula is

written below.

3k2(i/o/dio) =&2[PI'+4 IGI'+4 sin'(8){ IHI'y III'}
+22 sin'(8) [Jl'+sin'(8)

I

EI'
E is the contribution of outgoing channel spin =0.

F=P e'P'{e'P'Pl[(/+2)Ul, l'+'+(2/+1)Ul, l'+(/ —1)Ul, 1' ']
—e'Pl+2P, +,[(l+1)(l+2)]&Ul, 1+,'+' e'»—2pl-, [l(l 1)7—'Ul, l 2 '}+81,1',

G=g e'"{e'«P [1(/+1)U 1'+'+lU ' ')+e'P'+'Pl 2[(/+1)(/+2))&

x Ul, l+2'+'+e'"-'pl 2[/(l —1)7'Ul, l 2' '}+&o o'

H=+ e'pl
l

[l(l+ 2) U 1
1'+' —(2l+ 1)U 1 1' (P —1)U 1

—1' '7
l(l+1)

Ul, l 2

(l+1) l l
+pipl+2pl U' /+1 ei P/;2P

(/+2) . . (l 1)—
(l+1) 2 l

I—Q dipl giplp [U 1+1 U l—1) dipl+op Ul, '+'+e'Pl Ppl 2'-
-(/+2)- -(l—1)-

, , I,Ull 2, —

J—Q pipt
spy' Ii

l e ~/'/+2p )+2
[/U, , '+' —(2/+ 1)Uil'+ (/+1) U'1 1' ']- U), )+2'+'—

l(l+1) [(/+ 1)(/+2)]'

gs/ ~-2y'
l—2

Ul, l—2

[l(l—1)]l

(2/+1)
E=Q e"p'

[l(l+ 1)7'*

where
&P'~'&2 1')'

2i sinP exp(iP ) exp[i(ops'+ oo21')7.

For the (d,p) cross section to the ground state, we need the formula for incident spins of 0+ and 1+, and outgoing

splns of g+ and g

»(d./d-)=-:ILI+ "(8){-:l~l'+-:l~l}+""(8)IoI'+-:[PI+-,'lel""(8)
P and Q are contributions of outgoing channel spin =0.

L=Q e'P'{e'P'+'[[/(2/+1)]**pl+1Ul, 1+1'+[(/+2)(2/+3))~P1+1Ul, 1+1'+')

e'« '[[(/—+1)(-2l+1)7'Pl,Ul, l 1'+[(l—1)(2/+1)7&pl 1Ul, 1 1' '7}+A1,1',

M=+ eip' eip'+'
[l(2l+1)]' [2/+3]&

Pl+1 Ul, l+1 + I'i+i'Ui, ~+~'+'
l+1 (/+1) [l+2]p

[(l+1)(2/+1))2 (2/ —1) & Pl, '

+ +A 1, o',
t t

pip! pip!+1
l

Q —P pipl eiPl+1

(/+2) .

(2l+1) & Pl+1" (2l+3) ' Pl+1"
Ul, l+1 Ui i+~'+'

l l+1 . l+2 l+1

(2l+3) ' (2/ —1) -*'

Pl+1 Ull+1 + , Pl 1Ul, l 1~ +——A 0, 1

(l-1)

—g&lsl —1
(2/+1) &Pl,"

Ul, l—1
- l+1

(2/ —1) &Pi 1"
Ul, /

(l—1) . l
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P=p e' t't(e' t't+tp(2E+3) (E+1)7&P1+1Ut, 1+1'+1+ et t't-tt (2E—1)E]&Pl tv t, 1 1' 1),
l

Q
—Q etttt e~ttt+t

L

where

(2l+3) '
I' )+g'U), )+g'+' —e'p'-'

. (l+1)

(2E—1)
Pl-1 Ul, l 1 — +~1, 0 t

~L1'dt1'uo']'
2i sinp~ exp(ip~) expLi(00qt+ pt 0')].
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