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A classical and quantum mechanical derivation of cyclotron resonance in metals is given. The classical
result differs slightly from that obtained by Azbel and Kaner. The quantum derivation yields the same result
as the classical calculation except that in the limit of low quantum numbers or high magnetic fields a de Haas-
van Alphen type of variation of the surface impedance occurs rather than the resonance behavior.

I. INTRODUCTION

IPPARD! has indicated the importance of micro-

wave surface impedance measurements for obtain-
ing information concerning the electronic energy band
structure in metals. When the electron mean free path
is much greater than the skin depth, the collision term
can be neglected in the transport calculation, and
measurements can be interpreted directly in terms of
the anisotropy of the Fermi surface. By measuring
anisotropies in the surface impedance in the anomalous
skin effect region, Pippard! has given a detailed picture
of the Fermi surface in copper. Azbel and Kaner?
suggested that the application of a dc magnetic field
parallel to the surface of the metal and to the ac electric
field should yield a periodic variation of the surface
impedance, Z(0), from which one can determine an
average effective mass for electrons at the Fermi sur-
face. The derivation of the Azbel and Kaner result in
terms of Pippard’s “ineffectiveness’ concept has been
given by Heine.? An effect like that which Azbel and
Kaner predicted was first observed by Fawcett! in
samples of tin and copper, and later in tin by Kip ef al.®
with better resolution of the resonance lines.

Past theoretical treatments of the skin effect in a
magnetic field are not quite satisfactory for the follow-
ing reasons. One might suspect that a periodicity of
Z(0) should occur in any metal showing a de Haas-
van Alphen effect, as electronic transport processes like
the Hall effect and the magnetoresistance are affected
by the quantization of the electronic levels and show de
Haas-van Alphen periods in high magnetic fields. The
quantum transport treatment enables one to show that
at high magnetic fields, i.e., at fields where de Haas-
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van Alphen periods are observed in the susceptibility,
the cyclotron resonance data are not easily inter-
pretable, as the de Haas-van Alphen periods dominate.
Secondly, Azbel and Kaner solve a Boltzmann equa-
tion, the validity of which is questionable at high mag-
netic fields, i.e., fields such that w,7>1 where w,=eH/
mc and 7 if the relaxation time. Argyres® has shown that
one predicts appreciably different results for the mag-
netoresistance in the region w,s>1 by a quantum-
mechanical calculation as opposed to a solution of the
Boltzmann transport equation.

Section IT of this paper contains the solution to the
Boltzmann equation for a simple parabolic energy band
and the assumption that a relaxation time exists. This
case can be solved exactly. The result differs slightly
from that obtained by Azbel and Kaner. In Sec. III
the quantum mechanical problem is formulated and in
Sec. IV application is made to anomalous skin effect
problems. The result for the skin effect without applied
magnetic fields is precisely the same as that obtained by
the solution of the Boltzmann equation. A detailed
quantum mechanical treatment of anomalous skin
effects with applications to superconductors will be
given in a paper by Mattis and Bardeen.” Section IV also
makes the application of the results obtained in Sec. ITT
to the longitudinal and transverse cyclotron resonance
problem. The resonance result is the same as that ob-
tained in Sec. IT for the longitudinal case, provided
fuw~hwL8Ep, where 8p is the Fermi energy of the
metal and w the applied rf field angular velocity. The
case, iw<hw,~ 8r shows a de Haas-van Alphen type of
periodicity. The case fw~#w,~8p is quite complex,
and in this region one must be quite cautious in inter-
preting the resonance data.

II. CLASSICAL TREATMENT OF LONGITUDINAL
CYCLOTRON RESONANCE

The problem is solved first by means of the Boltz-
mann equation, which serves to introduce the means
of handling the specular reflection boundary condition
and of outlining the form which the later quantum

6 P. N. Argyres, Phys. Rev. 109, 1115 (1958).

7D. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958), follow-
ing paper.
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Fic. 1. Coordinate system and configuration of electric and
magnetic fields for longitudinal cyclotron resonance. The xy plane
is the surface of the metal which occupies the space for z>0.

calculation will assume. The diffuse reflection case,
though favored by experimental results, does not seem
to give appreciably different results from the case
treated here, and the mathematical simplicity obtained
for specular reflection is considerable.

The field configuration and coordinate system are as
shown in Fig. 1. The Boltzmann equation is

d 9
(14-iwr)éf+v7 sind sin og—0f+w.7—0f
03 do

= —efy'TE(z)v cosf, (1)

where v, 8, ¢ are the polar coordinates in velocity space,
the distribution function f=fo+dfe’?, fo'=09f0/d8, 7 is
the relaxation time, E(z)e®! is the rf electric field which
damps out in the metal, and w,=eH/mc. In terms of

3 Né&E,
I,= [1 exp( ) J
47r MW, WT

00526 sinfdf
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the Fourier transforms

2\t p»
of o= (—-) f e729fds,
T 0
2\ p®
E,= (—) f ¢'E(3)dz,
T 0

Eq. (1) becomes

)

0
[1 —1gv7 sinfd singa—l-wﬁ—]éfq: —e¢fd’ Egvr cos, (3)
d

12

where

7=1/(141iwr).
Equation (3) has the solution

Of e=efo'v cosﬂEqwc_lf d¢' exp{(w.7)!
@

X[ (¢'— @) +iv7g sinf(coso’—cosp) }.  (4)

The constant of integration has been determined by the
boundary condition &f,(¢=42m)=08f,(¢). The Fourier
transform of the # component of the current is given by

I,=2em’h™ f 8f ¢ ¥’dv cosf sinfdbd . (5)

The integration over the velocity is accomplished by
use of the relation

® o 3 /2wh\3
f —¥g(v)dv= ——(—) Ng(vr), (6)
0 dv 87!‘ m

where vr is the velocity at the Fermi surface and NV is
the electron concentration. Substituting (4) into (5)
and making use of (6), one obtains

el
Xf d(pf d¢’ exp{(w.7) [ (¢'— ¢)+ivr7q sind(cos¢’—cosp)]}. (7)
0

The change of variable

a=%(¢’— §0)7

enables one to write (7) as

B=3(¢'+¢)

3 ]\762Eq 211' —1 T T at2m
I,=— [1 —exp ( —)] f cos?d sinfdo f da f dB exp{2(w.7)"[a—1ivp7q sinf sing sinc |}, (8)
0 0 a

2T mw, weT

which upon integration gives

—3
Iq_Z

'K 7q), 9
o »(1vr7q) 9

where oo=Né?r/m, b=w.7, and

S?n

Ka(s)=4 Z (2n+3)(2n+1)1;1
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ANOMALOUS SKIN EFFECT IN MAGNETIC FIELD

In the limit of high magnetic fields, w.m>wr and
w1, only the =0 term of the series is important
and one obtains Ohm’s law

I1,=[oo/ (14iwT)]E,. (11)

The case of zero magnetic field can also be handled
easily. In this case the summation yields

ro-ta-on(2)]

which gives, for small s (vpgr<K|14iwr| or A/d
&K|14iwr|; N is the mean free path and 6 the skin
depth),

(12)

K0(0)=%

resulting once again in Ohm’s law for the current. In
the extreme anomalous limit (vpq7>3>|144w7]|), one has
the asymptotic expansion

(13)

Ko(s)~—1ir/s, (14)
which yields the current
NeE,
I,=im (15)
MmyIrq

independent of the relaxation time. The asymptotic
expansion of (10) for large sb™! (vpg/w>1 or 7,/63>1;
7. 1s the cyclotron radius) is

Ky (s)~—1i(w/s) coth(x/b), (16)
giving the current
NéE, 1+twr
Iq:%W' COth(n ), (17)
MIFq WeT

which for wr>>1 shows periodic oscillations.

Following a method outlined by Serber,? one can use
expressions (11), (15), and (17) to obtain the surface
impedance for the case of specular reflection in a rather
simple manner. Maxwell’s equations give

@PE o  Ariw

dz¢ ¢ c

1, (18)

the Fourier transform of which is

[— ¢+ (/) JE = (4miw/cH) ,. (19)

EWO0) 2 p~ w?
__=_f dq[—q2+——
0

2

E0) = c

where

wZ
S
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An electron which is specularly reflected from the sur-
face will follow a trajectory after reflection which is just
the mirror image of the trajectory which it would have
followed if it had been allowed to cross over into the
other half-plane. When magnetic fields are present the
dc magnetic field must be reversed in the upper half-
plane, as a magnetic field is an axial vector which
reverses sign upon reflection. The problem may now be
considered in an infinite medium if the following exten-
sions are made:

E(—2)=E(z), E_,=E, I_(—we)=14(w.). (20)

The latter is true in (17) by virtue of the reversal of
sign of w, for plus and minus ¢. In addition, the solution
of E vs z must show a discontinuity in the first deriva-
tive at z=0. This is accomplished by adding the term
2E'(0)8(z) to the right-hand side of (18) or (2/m)*E’(0)
to the right-hand side of (19), where E'(0) = (dE/dz).—o.
The equation relating the Fourier coefficients in which
the boundary conditions are already contained is

w? driw 2\ }
[Fe+ = () ron
C C

™

This procedure is equivalent to introducing a current
sheet on the 2=0 plane of the infinite medium. The
medium has been made infinite to account for the
specular reflection of the electrons from the surfaces,
after which a current sheet must be introduced at
z=0 to produce the correct boundary conditions for the
electric field.
The surface impedance is defined as

dr E,(0)  driw E(0)
Z(0)=R+iX=— =— . (22)
¢ H,(0) @ E(0)

The quantity E(z) is given by the inverse Fourier

transform
o0

E(z)=(2m)"} E ey,

—00

(23)

where E, is obtained from (21) and the expression for
I, obtained by a solution of the transport equation.
The high field limit, 7,&8, gives, using (11), (21),
and (23),

dmiw o0 -l —1
()] -= (24)
¢ \1+iwr ge
driwey 1}
e @
(14iwT)

and the sign of the square root is such that the real part of ¢, is positive. This is identical to the skin effect problem

8 R. Serber (unpublished). The authors are indebted to M. H. Cohen for calling this work to their attention.
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in the absence of a magnetic field with E(z) following the exponential law e¢~%2 The low-field limit, #.>>§, is ob-
tained in a similar manner using the current expression (17). The ratio E(0)/E’(0) is

E(0) 2 w?  3r%wo T\ T
E’(O)= —; j; qdq[g"‘—;q-l- o 7 COth(w_ﬁ-)] , (26)
which integrates to yield (neglecting the displacement current)
E(0) ) 3mloow T )
O _5( )( o tanh%[w—c;(l—l-zwr)]. (27
The power absorption is proportional to the real part of the surface impedance, R, which is given by
_161rw cos[3(a+m)] [sinh?(z/w.r) cosh?(r/w.r)+sin?(mw/w.) cos?(mw/w,.) 16 %)

3 (B3r20ow/cvpr)* [cos?(rw/ws) cosh?(mr/wer)—+sin?(mw/w,) sinh2(7r/wcr)]%’

where tana=sin(2mw/w.)[sinh(2r/w.7) T A plot of
R for several values of the relaxation time is shown in
Fig. 2. Harmonic absorption occurs and leads to de-
creases in the value of R whenever w/w, is an integer.

III. QUANTUM TRANSPORT

The use of density matrix techniques in transport
calculations has recently been reviewed by Nakajima.?
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F16. 2. R'=R(16mw/33c?) 1 (3n200w/c%0p)} 95 w,/w for wr=1 and
10. The first five harmonics are indicated by arrows. The funda-
mental and first harmonic are appreciably shifted toward lower
magnetic fields. This shift remains even for longer relaxation times.

tuln)=auln, =)+ L ault, =) [ gut)a

+@h)? X aa(n”,

n’,n'’

The matrix element of the current operator is given by

€

Lnn=

2m

— st*(P—fA) ©n exp{it(wm—wn)}tc.c. ’
¢

The general considerations are given briefly in this
section followed by an application to the anomalous
skin effect problem in Sec. IV.

The Hamiltonian for the system will be written

3C=C‘Co+ 63(31, (29)

where 3Co is time independent with eigenfunctions, ¢,
and eigenvalues, §,=%w,, and €JC; is a time-dependent
perturbation. The solution to the time-dependent
problem,

3OV o= ihdV o/ 0L, (30)

is then expanded in terms of the eigenfunctions of 3Cy,
namely

V=D 5 @a(n,t) onent, (31)
The a,’s satisfy the differential equation
Ga(n,t)=(Th)1Y aa(n',t) (n]e3Cs|n)eitln—en)  (32)
or the integral equation
aa(1,8) =aa(n, — )
t
+E [ aull g O)it, (33
where B
gnn ()= (1] €3C1(2) | ") explit(wn—wn) ]. (34)
By iteration of (33), one obtains
t t
o) [ gt [ gttt 39
(36)

9S. Nakajima, in Advances In Physics, edited by N. F. Mott (Taylor and Francis Ltd., London, 1955), Vol. 4, p. 363.
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The total current being given by

I= Tr(pi) = Zn, m animn;

where p is the density matrix whose matrix elements are

1
an(t =—Za 129 n,t aa* m,t .
¥ (n,t)aq*(m)

407

(37)

(38)

Substitution of the perturbation expansion (35) into (38) enables one to express p.n(¢) as

pen = pon(= )+ G T prrn(=2) [ g (V=2 E o (=) [ guml)it+-+ (39)

If one assumes that at /= — o the perturbation is turned on adiabatically and that the density matrix is diagonal,
then
pam(— ) =8unfo(Em), (40)
where fo(8,,) is the Fermi function. The matrix elements of the density matrix at time ¢ are
t
pun (D) =bunfo )+ G I8 ~1o(89] [ gum(t)at 4+ (a1)

The evaluation of the trace in (37) results in

e [
I<r>=—[2fo<én>¢n*(p——A) on b)Y [1o(E)—o(En)]
2m n c n,m

t
Xf gnm(t’)dt’gom*(p—fA) on explit(wm—w,) ]+ - -+cc.t. (42)
—00 c

It is convenient to deal with the Fourier transform of (42) which is given by

I(q)=(2m)% fw eirI(r)dr

~ L sl (o

e
p—-A
¢

')

+a S [f(8n)—fo(8n)] f gun(t)dt (n| it | ")

IV. QUANTUM MECHANICAL TREATMENT OF
ANOMALOUS SKIN EFFECTS

As a first application of the quantum mechanical
treatment of a skin effect problem, the anomalous skin
effect in the absence of a magnetic field is now given.
The result is identical to that obtained by Reuter and
Sondheimer® for the classical case provided the skin
depth 6 is much greater than the de Broglie wavelength
of an electron at the Fermi surface, ie., 6kr>>1, a
condition which is satisfied for all metals in the skin
effect region.

The one-electron Hamiltonian for a free-electron

10 G, Reuter and E. Sondheimer, Proc. Roy. Soc, (London)
A195, 336 (1949).

X (n"

gas is

e
p—-A
¢

n’) explit(wn—wn) ]+ - ~—I—c.c.]. (43)

3eo=2p*/2m. (44)
An rf electric field in the « direction is represented by
the vector potential

A= (ievc/20) (¢! — =) E (3)i, (45)

where 1 is a unit vector in the x direction; this vector
potential builds up exponentially from ¢=—c and
gives rise to the perturbation

€3C1= (— e/ 2wm) et (et — e~ ) E(3) po, (46)
where the xy plane is the surface of the metal and the
electric field is dependent on 2, the depth into the metal,
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The unperturbed problem has plane wave eigenfunctions

= (2m) e, (47)
and energy eigenvalues
Ex=howx=nk*/2m, Ek,=hwk,=hk2/2m. (48)
The matrix elements required to perform the summation (43) are
(k|e'r k") =8(—k+q+k"), (49)
e . e
(k” p—-A k’) =hk's(k'—k")—1 —eot(eot—e 05 (k, — k)6 (k) — R,/ )E(k— k"), (50)
c 20w(2mr)}
. . 1 . .
gex()= - exp{it(ww — wx—1a) }—(et— eV k5 (ko— k)0 (ky— k) ) E(k.— k). (51)
mw(2m)? 2

Substitution into (43) yields
I,(q)=I(q0)=0,

I;c(t1)=—2(i)2

e ih
5({[2:)5((111)E(92)eu'i(eiw— —i0) 3~ fo( i) +— 2 kL fo(8Ekz—a2) —fo( k)]
4w k m k
X[t (wt+h1 8k ~a,— 8k —ia) T— e (—w+F 18k, —,— B Ex—ia) ]+ - - - F-c.c. l, (52)

where a factor of two is inserted to account for the sum over electron spin. If one assumes ¢.<<%r, i.e., $>>de Broglie
wavelength of an electron at the Fermi surface, then the integration over & results in

. Neé . Vg, ) V7
Ix<q)=zwa<qx>a<q,,>ﬂ—E<qz)ew§{ewtKo( ; )—K( : } (53)
mew w—1a w+ia

where IV is the electron concentration, vr is the Fermi velocity, and Ko(s) is given by Eq. (12). To obtain the
conductivity, recall that the electric field is given by

194, w—1a wt1a
E;,=—‘———‘=%ea’tE(Z)[(“’——")ei”t+( )e——iwt]‘
¢ 9t w 13)

(54)

If one assumes a time dependence e™?, then (53) and
(54) imply a complex conductivity

Ne? Vrq.
‘722 KU( )7
mi(w—1ia) w—1ia

which is identical to (9) for zero magnetic field where
the relaxation time 7 is identified with ¢~

Thus, provided 8kz>>1, the quantum calculation gives
precisely the same result as the solution of the Boltz-
mann equation for the skin effect in the absence of a
magnetic field.

The skin effect problem for a dc magnetic field, Hy,
parallel to the surface which has been treated classically
in Sec. IT can be solved quantum mechanically by
using the expressions developed in Sec. ITI. The quan-
tum problem gives the same results as the classical
calculation; however, one now sees clearly the limits
of validity for the expressions developed and hence

(55)

under what conditions the interpretation of the experi-
mental results by means of the Boltzmann equation is
in question.

The vector potential for the dc magnetic field is
chosen as

AO:yHO(O:O;l)} (56)
and the unperturbed Hamiltonian
e 2
JCo= (p*—Ao) /Zm, (57)
¢
which has eigenvalues
Enkz=hw(n+%5)+h2k2/ 2m, (58)
and eigenfunctions
(f)n,kz,kz: (27(‘)_1 exp{7'(kzx+kzz)}¢n(y+>\2k2)7 (59)
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where where a=« or y for longitudinal or transverse cyclotron

N=h/mw,

resonance, respectively. An evaluation of matrix ele-

and ¢,(y) is the normalized harmonic oscillator wave ments in the expression for the Fourier transform of the

function. The perturbation caused by the rf field is x component of the current in the longitudinal cyclotron
€301 = — (ei/2wm)e*t (eiot— e~ E(z)po,  (60) resonance case, gives
I(Q)=1.(q) =0,
e2
I.(q)=— 8(g)E(g)et (et —e ) 3 Tun(quksy ka—q2)Twn(0, ka— s, k) fo( Ents)
8mme non’ s,k

/3
+—- Z kzZ[:fo(gnk,,)—fo((gn'ka,)]]nn'(qy,kz, kz“Qz)]n'n(O, kz—Qz, kz)

m n,n’ ks ke
>< {eiwt[:w__ wc<n/— n) —'L‘a]’“l— ”i“"[—w-l—wc(n’— n) - ia]_l} +

where

0

T onr (qusksks") = f e, * (y+N%k.) b (y+N%.)dy,

—0

T nn (qy, Rz, k—q2) =exp(—ig\%2)J nn (g4, 0, —¢2).

The sum over k. results in a delta function in ¢,; hence

and

e2

I.(q)=
(9) P

€40 (Qz)fs(Qy)E(Qz){i(ei”‘—e'i”‘) Z fO(gnkx)Jnn’ (07 0; _qz)]n’n(ov (s O)

)\2 n,n’ kg

h
+— = [fol&nk) = fo( 8k T2 0 (0, 0, =) a0, =gz, 0)
wm n,n’ ks
X {e w—iatw,(n —n) | 1— e —w—iatw.(n —n) 1} +

For transverse cyclotron resonance, one obtains

e2

I,(q)= €¢*'8(q2)8(g,) E(g2) { i(e7t— %) 2 fo(8nkz)T na (0,0, —q2)

A mwh? n,n/ kg

X]n’n(o) Gz 0)+ (7’h'm)~1 Z [fo(é’"k:c)_f0<g"'kr)jjn'""(0: — Gz O) (Py)n"n

n,n! n' 1 kg

X T nnr1(0, 0, —¢z) (Py)n”’n’{eiwt[‘”_'ia"'wC(”’_”):l_l_B“iwt[_w_'ia"_wc(",_”)]_l}+

where the momentum matrix element between the harmonic oscillator states is

() h[(")%a (”“)3 ]
1‘711 n”n‘—i)\ 2 n'’, n—1 2 n'’, n41 |+

The integrals (62) are orthogonal for the special case
Z"" Jn’n”(070,9)Jn"n(0;‘],0) =6ﬂ'n,
Jan™(quykerks) =T n(qy ks k).

and are related by

- tccp,

cee4cc.t.

co4coct,

(61)

(62)

(63)

(64)

(65)

(66)
(67)

One can once again use Eq. (54) for the electric field and obtain the complex conductivity for longitudinal

cyclotron resonance:

e

hw,
Olong=————"—1 2_ fO(g”kr)‘i_* > [fO(gnkx)_fO(g"'kz)]

272\m (w—1a) (ks m . ks

X k20— 1) | (0, — g 0) 2L (i) o (' nm-l}, (68)
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and for transverse cyclotron resonance:
e% W
G'tran':m[ n§z fﬂ(g"kx)“*‘i; n,ﬂZ,kz Lfo(Enkz)— fo(En'kz)]
X (n'—=n)| (7 (0, =Gz, 0)9y)nrn| [ (0—10)*—we(n'— n)* 1, (69)

where J(0, —¢., 0)p, is a matrix product and the operator J(0,0,q)=J (0, —g, 0) =exp[ i \2gp,].
A Taylor’s series expansion of the Fermi function and integration by parts simplifies (68) to

VZe%i(w—ia) v o | Twa(0, =g, 0)]2
Tlong=—"————— 2, (mp—n)* X ; ) (70)
MmwrAS n=0 w=0 [ (w—1ia)/w, |2~ (n'—n)?

where
nr=8r(hw,)1—3.

After integration over %, the conductivity for the transverse resonance can be written

_ 2\/26% g )L i [ I (py)n'an (nl—n) 700 0 B
atmn—7r2m(w—ia))\ﬁ2 = np—mn A I[(w—ia)/wc]2-— (’n'—n)zll: ( y T4z )Pu]n’nl ]’ (71)

where the f-sum rule has been used in the manipulation of the first term in the bracket.
The two-center harmonic oscillator integrals (62) can be evaluated! to give

Jnn (0,0,0) =exp[— (Ag/2)*](n [/n' D}(—=Ng/V2)~ =" L™ "(N*g*/2), n'2m, (72)

where L ,%(x) is the associated Laguerre polynonial

n

L,*(x) = (n )~ lera——(e—oxte), (73)
dx
For large values of # one can use the asymptotic expansion
' (n+a+t1)
Lo (x)= e %2 Jo([22(2n+a+1) )40 (n2), (74)

n [ 2n+a+t1)/2]

where J () is the Bessel function of order a. Thus for large # and # <#’ one obtains from (72), (74), and the asymp-
totic expansion for the I' function

T (0,g2,0) = (— D)™ wr_n(\gLn+n'+1T). (75)
The limit of infinite skin depth, Ag.—0, reduces the two-center integral (62) to
Jﬂn’ <qu)0) = 67‘"’)

which when substituted into (70) and (71) yield the classical result®?

gy
Tlong ™ y
o 1+iwT (76)
and
1+iwr ‘
Utranzoo[“.—__]y (77)
(1+1iwr)Hw2r?

where the relaxation time 7 is identified with ¢~
The argument of the Bessel function in (75) is approximately 7./8, which is large in metals at the magnetic fields
in question. Hence one can use the asymptotic expansion for the Bessel function and obtain

T un(0,4,0) = 2i[ [Ag: | (n+n'+1)¥T cosQg:Ln+n'+17H), (78)

1 See A. Erdelyi et al., Higher Transcendental Functions (McGraw-Hill Book Company, Inc., New York, 1953), Vol. 2, p. 292.
12 See Kittel, Introduction to Solid State Physics, (John Wiley and Sons, Inc., New York, 1956), second edition, p. 372.
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and

[J (0;(I=)O)Py:|nn’ =T
A

h[Z(n—I—n'—{—l)%
7| Ag|

411

H
] sin(Ag.[n+n'+17%). (79)

Substitution of (78) into (70) and (79) into (71) and replacing the square of the sine and cosine by % gives for the

longitudinal conductivity

V2e¥p nr @
Clong=—— > (np—n)t 3 [2n+a+1]73, (80)
’)ﬂ(x)ﬂl“r‘{)\‘iqZ n=0 a=—n p2—a?
and for the transverse conductivity
V2e% nr o 1
Otran = Z (M’F_M’)li Z [P2+a2+2a(2n+ 1)][2n+a+ 1]_%: (18)

m(w—1ia)m\iq, »=0
where p= (0 —ia)/w..

The summations in (80) and (81) may be evaluated
with the aid of the integral

1 f(=)
_— —r cotmz
i Jo pr—z2

(82)

over the contour shown in Fig. 3. The integral over the
contour vanishes provided f(z) diverges slower than 22,
If f(z) has no singularities inside the contour, one
obtains

o fla
Zf)

a=mn Pz-—a2

=2~’;<comp>£f<p>+f<—p>]. (83)

The summation is carried out under the assumption
that p<nr; i.e., a Taylor’s series expansion is used for
f(p). The final summation over % is replaced by an

F16. 3. The contour used to evaluate summation (83).

a=—n PZ —a

2

integration, an approximation which is very good for
large #p. With these approximations both (80) and (81)
reduce to the classical expression (17).

In very high magnetic fields where %w<fiw.~ &,
the asymptotic expansion for the associated Laguerre
polynomial is no longer valid, and one must use the
exact expression for the two-center harmonic oscillator
integral (72). This limit gives a de Haas-van Alphen
type of oscillations of the surface impedance, which
results from the fact that as the magnetic field decreases
from infinite fields where only the »=0 state is occu-
pied, additional quantum states become occupied and
these quantum states for small values of # have ap-
preciably different ¢, dependence from the asymptotic
expansion used for large . Hence the surface impedance
changes in a discontinuous fashion as each new oscillator
state begins to be occupied. New terms enter into the
summation (70) and (71) when

8F/ﬁwc= (2m+1)/2,

where m is an integer, and thus a discontinuous change
in Z(0) will be observed when (84) is satisfied.}

(84)
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t Note added in proof.—M. Ia Azbel [J. Exptl. Theoret. Phys.
(U.S.S.R.) 34, 969 (1958)7] has also discussed this possibility.



