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A treatment in spherical tensors of the microwave Zeeman interaction of Abragam, Kambe, and Van
Vleck is given. A calculation of g factors in atomic oxygen is then made and the numerical values compared
with those worked out previously. New methods and results are developed for finding matrix elements of
one-particle and two-particle operators for wave functions which contain more than one group of equivalent
particles. The generality of these results is such that they may be used in the various coupling schemes of

atomic and nuclear shell models.

1. INTRODUCTION

HE development of the microwave Zeeman Hamil-
tonian in spherical tensors, described below in
Secs. 2-4, leads to expressions for the pertinent opera-
tors which are easy to handle for particular systems
and are at the same time free of the quantum numbers
of such systems. Procedures are based upon the stand-
ard methods of Racah' and others.? The reader will
recall that other interaction operators have been de-
veloped along similar lines during recent years,® with
an expected advantage of ease of computation as com-
pared with the methods to be found, for example, in the
text of Condon and Shortley.*

In atomic systems, very little attention has been
directed to interaction energies involving closed shells
except for some Coulomb effects,® even though a level-
dependent variation is to be found in the angular ele-
ments of the spin-other-orbit operator. Also such en-
ergies must be included in the two-particle Zeeman
effects. Basic approaches in this type of calculation
have recently been set down by Elliott, Flowers, and
Yanagawa,” among others, for the broad problem of
elements diagonal in configuration and with wave

! G. Racah, Phys. Rev. 62, 438 (1942); 63, 367 (1943), denoted
RIT and RITI, respectively.

2 Among others, the papers of J. P. Elliott, Proc. Roy. Soc.
(London) A218, 345 (1953); Biedenharn, Blatt, and Rose, Revs.
Modern Phys. 24, 249 (1952) ; Arima, Horie, and Tanabe, Progr.
Theoret. Phys. Japan 11, 143 (1954), are useful and give further
references.

3 Five such studies, of spin-dependent interactions, are those of
J. Hope and L. W. Longdon, Phys. Rev. 102, 1124 (1956);
H. Horie, Progr. Theoret. Phys. Japan 10, 296 (1953); I. Talmi,
Phys. Rev. 89, 1065 (1953). F. R. Innes, Phys. Rev. 91, 31 (1953);
R. E. Trees, Phys. Rev. 92, 308 (1953).

4¢E. U. Condon and G. H. Shortley, The Theory of Atomic
Spectra (Cambridge University Press, New York, 1951), denoted
TAS.

5 TAS 96. For other effects involving closed shells, see G. Araki,
Proc. Phys.-Math. Soc. Japan 19, 592 (1937), also T. Yamanouchi
and H. Horie, J. Phys. Soc. Japan 7, 52 (1952).

6 A, Abragam and J. H. Van Vleck, Phys. Rev. 92, 1448 (1953);
K. Kambe and J. H. Van Vleck, Phys. Rev. 96, 66 (1954), denoted
AVYV and KVV, respectively. In this work, intergroup effects are
of the same order of magnitude as intragroup effects (see Table IT
of KVV).

7 Reference 2, above; J. P. Elliott and B. H. Flowers, Proc.
Roy. Soc. (London) A229, 536 (1955); S. Yanagawa, J. Phys.
Soc. Japan 8, 302 (1953).

functions comprising a number of groups of equivalent
particles. Further developments are given in the Ap-
pendix to this paper. It has been found possible to
reduce a number of these expressions to compact forms
[see Egs. (A2), (A6), and (A7)], without specifying a
particular coupling scheme.

The application to the Zeeman effect is made in Sec.
5 and to the ground term of oxygen in Sec. 6. Minor
corrections to the work of KVV show an improvement
in theoretical results over against the available experi-
mental results.? It is hoped that the prospect of rela-
tively simple procedures held forth by the formulas
derived below will lead to new laboratory determina-
tions of Zeeman splitting. Hartree’s atomic units,
described in TAS, Appendix,* have been used through-
out this work.

2. MICROWAVE ZEEMAN HAMILTONIAN

The derivation of the operator is discussed in AVV
and KVV.8 Five parts are distinguished, as follows:

6Z1,0=—%3 > {H- (Li+28) T+ Z[Vi(ri HXA] 8.},
8Zs,4=+a* il Vilriy ) XA (si+2s)), 1)
8Zs =—a® 2icilrsi ™ (Ai p) i (1i0 Ad) (i p) 1.
This will now be considered in the form 6Z=H-éu.
The field, H, is recoupled to the left side of each ex-

pression after replacing the potential A, by the value
1HX r;. The moments are

dur,2=—30" 2 i{ (li+28) T —3Z[8:X Vi(ri ") ]X 13},
dus,a=—50 2 il (8:428) X V(i) X 1, (2
dus = —30% Lici[rii (1, X ) +7i (1:Xx;) (135 95) J.
The orbital parts of these moments will be expressed in
terms of operator forms C® (C®1)*) and radial

operators in 7; and #; in this and in the following two
sections. A standard concise notation for the generalized

8 E. B. Rawson and R. Beringer, Phys. Rev. 88, 677 (1952).
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MICROWAVE ZEEMAN EFFECT

product of two or more spherical tensors is used through-
out. Composite one-particle and two-particle operators
are initially distinguished through the use of parentheses
and curly brackets, respectively [see also Innes, refer-
ence 3, Egs. (2) and (11)7].

The one-particle interactions require little treat-
ment. The best value of the kinetic energy, 7, is found
in AVV and KVV. The orbital operator in dus is

— 7 (8:X €)X C; 0 =42771((sCW),® C;0)®
— 25 (VIXYSECD)W] (3)

Thus the one-particle moment operators are

691, 2= "'%013 ZJ:(L-‘— 2S1) T:L
=3Zr (8t (VD (sC®): )] (4)

3. TWO-PARTICLE SPIN-DEPENDENT
INTERACTIONS

After recoupling the expression given in (2), it is
found that

dus,a=+30® s i{ (sit28)[— (2/V) {1 V(i) } @
—{r:Vi(ri )} O+ G/DH Vil )Y@ 0. (5)

The gradient which occurs here relates to the com-
mutator of the linear momentum [see (9)] and the

operand 1/7;;,
1 1 o7
o(2)-+fp L]
¥ij ¥ h‘ja

195

1 . rik"-l A
———%C) [ﬁ[k(Zk—l)(Zk-l-l)]’

7j
K
XACEDCBY O+ [(h1) 26+ 1) (28+3) T
7
X { Ci(k+1) Cj(k)} (1)]_ (6)

A number of conventions which relate to radial
operators have been introduced in this and like ex-
pressions to follow. In the expansion of the reciprocal
distance in Legendre polynomials, the first (second)
mode, 7;>7;(r;27;), leads to the first (second) term
of this equation. It is evidently clear, in each equation
involving such an expansion [as in (8), (11), and (12)
of this paper], which mode is in use. The explicit
expression of the pertinent radial integrals proceeds in
a standard way.’ As an example, the radial element of
;7% is the integral (ab|r:/r;"*1|cd), or

° ®  RpRja
f dr,- Riankacf d?’j y (73,)
0 g 7t
and that of r,fr;/7%1 is
®  RiRic 7 Ropd
j; dr; e ‘fo‘ dr;i Rjwri*R;q . (7b)

We have generally avoided the writing of radial opera-
tors in terms of 7« and 7> unless real conciseness is
obtained by this means (compare KVV, Secs. IT and
I1I).

The final result for the two-particle spin-dependent
interactions is

17 r# 7;*
= . R —_ 3 - (k) C (k)Y (0)
ous, 4= +a? Ej{(sr{-ZsJ) % (=)*(2k+1) X[S(kr,-’”'l (k+1)rik+l){cz(k C;my 0
. . H iyt — 17 7k
'r[k(k—'_l)]%( rt 4 it ){Q.(k)(jj(k)}(n._[k(k+1)] [2k+3} i __[Z_k___l_] i ){Ci(mcj(k)}(z)
2V2V3  \pftl it 6V2 2k—14 vt L2431 rfH
- —D 7y gk
[&(k—1)(2k—3)]F 7 {Ci(k_z)cj(k)}(2_[(k+1)(k+2)(2k+5)] e Cj(k)}@)]}m. ®
W3(2k—1)F  pH 2V3(2k4-3)} riH

4. TWO-PARTICLE SPIN-INDEPENDENT INTERACTION
First the linear momentum, found in (1), (2), and (6), is given the following form:
p=iV2r1(COH®—49,CO. )

The first part of dus then leads to the first two parts of (10), below. The vector operator in the second part of dus
can be altered, by replacing r;X r; by —r;;Xr;, and recoupled to yield the last four parts. Thus,

2595 27; 73
=" {CW(CWI);W D 4vZ— gy if C;OC;MF D —
o rits; i
V51
2\/3_ 1'5,'3

1
—;

7ij

7

—— —({ryri;} @1 ® Y3 —1—({ riri;} @ (0(2)1)5(2’)“)+~\/—5 L ({rira} @ C2) 00,5, (10)
V2 1 V3 7y

9 As in TAS 8¢,

¥
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After expansion of 7;;7 and recoupling, the useful function of 7;; is the (symmetrical) form,

{rir}® 1 5 k[(k+1)(2k—l—1) H 2\/2_[ k
ré  A/SE ( 2%+3 ]Ix/z

L (B42) (2845 T [(———){c ®¢ <k+2>}<2>+(

y o3

}’( | ){C ROT ROME)
2E—1 k+1 rk+1

fjk 1’; k+2

){C,-<’°+2>Cj(’“>} <2>J } (11)

k+1 75 k+3

The moment dus expressed in spherical tensors follows after some recouplings:

J.Ic k+2 k k 3 3
595___*___2( )k[( r ,f )[[ (k+ )] [(2841)}{ C;®(C@]);®} @

1 7’jk+3

2k+3

3
— (2k+5)H{ C;*+2 (C*+2]),; 340} O] — 2[8@] [(2k+1)H C,®(C®]), D3
2k+3

k

+[@iﬂﬁ%ifq?CﬂﬂxcmDﬂ“”“”}“(k
k+2

£

7 7 ¢k+2 7. ]arj
-+ )
k+1

k+3

2k+3

XQMbHX%+DFNNTNHm—RbHXH4M%+$}w#“mﬂmNW} (12)

The tensor form (C¢V1)® | which occurs here, is simply related to (C¢D1)®;

(Cey® =
[The form (C®1)® must vanish by the parity rule. ]

A relation involving quantum numbers which is useful in dealing with some of these expressions is

(CON®=1[1(+1) =V V+1)— k(+1) [k (k+1) T*C®.

The general relation is

(U (TwEOY ) W[ = (—Ybrthoke (2f~4-1)3 3200 (U T E0| ) (1| V=LYV (Ralod' 5 U'R).

We append here the two integrals which contain drj, viz.,

Tjk+1
ab arJ
f¢k+l
f¢k+2
Orj

( ab
rit2

i Cd)=f di'i
0

i Cd)"—‘f drl-Riar
0

+LQi— DL 2i4+3) T CeDD) @, (13)
(14)
(15)

R Ri. 71 Rjq
f dr,» ijrj’“”ar,-(——), (16&)

fik_H 0 75
® Rj Riq

ik+2Ricf dr; 6r,-(—). (16b)

74 7’jk+1 75

Direct elements of this type can be brought to the form of those in (7) by means of an integration by parts.

5. MATRIX ELEMENTS AND THE g FACTOR

Submatrix elements in SL coupling which are inde-
pendent of J, such as those given in the appendix, are
related to the entire matrix element as follows':

(SLIM|T o8 | S'L'J' M) = (—
XV (JT'E; —MM'Q)

)J+M

S L J
XLQI+D)E+)7+1)]ES L T
k k E
X{SL|T™®||S’L"y.  (17)
For elements of the Zeeman interactions, E is equal to
unity and Q is zero. After the restriction is made that

10 The form given by the Eckart-Wigner theorem is found in
RII, Eq. (29).

only diagonal elements are appropriate, one writes

21 (S LT
]SLJ
JI+D1 (« & 1

(18)

(SLTM | o0 | SLIM )= sz[

X(SL|u*®||SL)y=3%agM,

in terms of the Bohr magneton (3« in atomic units)
and the Landé g factor. It may be noted in passing
that this expression vanishes if k4% is an even number.
Thus the quantity in (8) which is of rank one in the
orbital part makes no contribution.

The general methods for finding matrix elements
which are diagonal in configuration are discussed in the
Appendix. The two-particle interactions in a configura-
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tion involving more than one group of equivalent
particles will involve intergroup and intragroup ele-
ments as there described.

In the work to follow, wide use will be made of unit
double tensors [see (A1) ] which are defined and written
in a different way than are those of RII (58), (102),
namely, in setting (sl||U*®||sl) equal to unity. Other-
wise stated, this is, for irreducible tensor operators
which are properly normalized, the expression

T s 0T = (s[s @) @ TS )T, (19)

A more general type of unit tensor, for elements not
diagonal in /, need not be introduced for the present.
The fact that we here exclude pairs of wave functions
which differ in configuration means that direct elements
may be expressed in terms of elements of one-particle
operators within a single group, as in (A6b), below. If
exchange elements are expanded in direct elements,
through the use of (A4), then the unit tensors as given
above again suffice for the cases here considered.

6. APPLICATION TO OXYGEN

As a check and an example of calculations, the fac-
tors Ag; and Ag, for normal oxygen (as given in AVV
and KVV) have been reworked. If we define du‘*® to
be one of the operators occurring in (4), (8), or (12)
and §g*®) to be the contribution of that operator to the
g factor (x and k are spin and orbital ranks, respec-

tively), then
111
111

k k1
X (1522522p% 3P| 6 <P || 15225224 2 P),

aﬁgl(“k) =3V2

(20a)

11 2
adga*M=(4/10)|1 1 2
k k1

X (15225224 3P||op ()| 1522522p* 3P).  (20b)

In fact, the products of the numerical and the 9-j co-
efficient take on two values only, for such « and % as
allow a nonzero result. In 8g; this value is (3v2)—!
throughout. In 8g,, the same value obtains except for
(k,k)=(1,2) in which case it is — (15v2)~. Contribu-
tions to Aga— Ag; all originate, then, in the last operator
of dus, (4), and in the last three operators of dus, 4, (8).
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(a) Contribution of du;

The submatrix elements of the operator su; of (4)
involve only the partially filled shell, 2p*. We need the
submatrix elements of

2o s OLO=(sls@ls)@iOHTD.  (21a)

It is convenient in calculations to relate the unit double
tensors U**) to the unit tensors of Racah by

Vo= (5@ ) U, (22)

U® = (2541)3(25+1)—-3U 0k, (23)

Tables of the submatrix elements of these operators are

given in RIT and RIIT or they may be found from RIII

(23). Furthermore, the orbital (and spin) angular-

momentum vectors are such that (||J||})=[I(I+1)

X (214-1)7¢, as may be seen from RIII (24). We also
need the submatrix element

2 i OLO = (s|[sOls) @@ H U, (24a)

Putting the values of the submatrix elements in (21a)

and (24a) we find

(p*3P||X; 5, 0LW||pt 3P) = +3V2, (21b)

(3P| X s 5:VLO||pt3P) = +3V2. (24b)

With these values in (4) and (20) we obtain for the

contribution of dy; in atomic units,

3g1=—3XTi)w,

8g2—0g:1=0.

(25a)
(25b)

(b) Contribution of du.

The operator dy. is given in (4). In addition to the
submatrix elements of Y ;8;®1;@ given for su; by
(24b), we need those of >_;(s®C®), V),

5 s CO= (s GCOIDT®.  (26a)
If we put the submatrix elements in (26a), we find
(0* 2P| i s:VCi®|p**P)=3/+/5.  (26b)

With (24b) and (26b) in (4) and (20), we obtain for
the contribution of éus, in atomic units,

3g1=1’Z(1/7)n, (27a)
8g2=(3/20)*Z{1/7)n, (27b)
dga—og1=—152Z{1/7)n. (27¢)

(c) Contributions to du; and du, from the Partially Filled Shell 2p*

The operator for dus, 4 is given by (8). As an example we shall calculate the contribution to the first term of
dus from the partially filled shell, 2p*. We require the submatrix element of ({s;®s;®} ®{C;® C;®} @)@, Here £
equals 2 only since the factor % in the coefficient eliminates zero, and other values are eliminated by parity and
triangle inequality considerations in the submatrix element (Z[|C*||7). The intragroup submatrix element is given

by (A3), from which we find

(p* 3P| T i<i{ 88,0} D { €, €} O p 3P) = (— ) H0=:+220 33 (5]|sW[5) (s][s @)
X (UIC@[1)2 L grrre (p* *PIU WD pASL") (p1S"L"||U | p* *P)W (1101; S”" )W (2121; L"0)

— (p**P|U||p* *P)W (1303; 1)W (2121 10) .

(28a)
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The unit-tensor matrix element (p*3P||U©?||p*3P) equals /% and is diagonal so that the sum in (28a) reduces
to one term. Also
@**P||[U|p**P)=—1, (29a)
(" *PIUW]|p**P) = +2. (29b)
With these values in (28a), we obtain
(0" °P|| Zicil8:Vs; O} O{ C;O G0} O pt3P) = —9/(54/10). (28b)
From (8), (20), and the submatrix element from (28b) we obtain the stated contribution of ({s;®s;®}®
X{C;®C;®} @)D In atomic units,
0g1=—3a’F 2(2p,2p) © (30a)
= —76a’F*(2p,2p) = 3, (30Db)
since F<2(2p2p) equals 3F2(2p,2p).
" Similar calculations for the other terms of dus, 4 give for its entire contribution of this kind,

og1=3§0[ —SF°(2p,2p)+ (11/5)F*(2p,2p) ], (31a)
oge= g — (31/5)F°(2p,2p)+F(2p,2p) ], (31b)
8g2—0g1=—30*(6/5)[F°(2p,2)+F*(29,2p) ]. (31c)

(d) Contribution to dus 4 from Closed Shells

Since there is one partially filled shell in oxygen, we turn now to the intergroup matrix elements involving a
partially filled and a closed shell. We shall take the same term of (8) as in (c), and restrict the treatment to ex-
change elements. The operator is ({s;®s;®}®{C;®C;*} @)D and the submatrix element is given by (A7).
The configuration consists of three groups and the sum extends over 1s and 2s.

(1525294 P Tuc (05,0} O 0,0 01525294 5P) =3 (94 5P U] 4 2P) Tl V3 (11303 31)
XW (1k1k; 00)[ (slls®ls) (slls©[|s) QIC®[1) (L[ CP[|0) P (sp,p5)+ (=) H+O-1+4+E0 (5] |sD][5) (s]| s @]|)

X O[CP[[1) AC®[0)Bn(ps,59) T} = (1/7/6) ZalBu(sp,05)+PBulps,sp)], (32)
since evidently % equals 1 only. The two energy parameters are the same. From (8), (20), and the submatrix ele-
ment (32), we obtain the contribution of ({s;®s;®}®{C;®C,;M} @),

ogi=—(1/9)a? 2., G2 (ns,2p) = — (1/18)a? 2., G (ns,2p) =g, (33)
as before, with G<! equal to 3G

A similar calculation for the other terms of éus and du4 in (8) gives as the entire contribution to dus, 4 from inter-
group elements, in atomic units,

d1=at Tl — 5 (2p,9)— 350 (05,2)+ 152 2p,m5) ], (342)
0g2—08g1=0’ [ 3F50(2p,ns) — 3F>2(2p,m5) +3G* (2p,ms) ]. (34b)

(e) Contributions from dus

As an example of the contribution from us, we shall calculate one of the intergroup matrix elements, in par-
ticular, the first term given in (12) which contributes only to exchange elements for % equal to 1. One needs sub-
matrix elements of the operator ({s;®s;®}®{C;®(C®]);M}®)YD, From (A7), we have
(15252p* *P(| X i<i{8:@8, @} O { ;O (COD); 0} D[ 15225224 2 P)

=3(*PIUD|[p**P) Lu{—V3W (3050; 30)W (1111 01) (— )+o-0hrh—t
X (slls@[ls) (slls @) O (CPD @) ACD0)Baps,59) } = — (1/v2) ZaBalps,sp).  (35)
From (12), (20) and the submatrix element (35), we obtain the contribution of ({s;@s;®} ©{ C,®(CDO]),;M}W)®),
in atomic units,
dg1= (1/30)a? 222[G1(2p,15)+G*(2p,ns) 1= bga. (36)
We have seen that §g1=4dgs throughout dus. In this way we obtain all the terms of this operator.

If one now combines (25), (27), (31), and (34) with the terms of dus, one finds
Agi= Bmet)H{— 12T )w+22(e/r)n—[5F*(2p,29)— (11/5)F*(2p,28)

+Zn 4P 2pyns) + (16/3)F55 (15,20) = (8/3)F>2(2p,15))]

— 2[F(2,20)+ F*(20,20)+ S $(F2(n5,20) + F5*(2,n8)— (1/20)G* (2p5) ~ 3G (215)

—16G* (2p,m5)+ER(2p,ms)) T},  (37)
Ago=Agi— (Sme® ) HGZ(e /1 )n+[EF0(20,2) +1F*(29,20)+ L (— F5* (2p,15) +2F52(2p,n5) — G (2p,m5)) 1}
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These equations show the following minor differences
with those of KVV. In the first Y, of Ag;, the first
term reads F-?(2p,ns) instead of Fs2(2p,ns), and the
coefficient of the third term is —(8/3) instead of
—(8/5). In the second X, in Ag;, the second term is
F32(2p,ms) instead of Fs%(2p,ms); and the sign of
2R(2p,mns) is + rather than —. In Ag,, the sign before
the square bracket is + instead of —; and the coeffi-
cient of Fs?(2p,ns) is 2 instead of 4. The results ob-
tained here may also be obtained from KVV (4), (12),
(13), (14), (15), and (16). They have the result, upon
insertion of the numerical values for O13P given in
KVV, Table I, that

Ag (calc) Ag (obs)
Ag=981X10° 971X10-8
Aga=917X10"° 905106
Agi—Aga=64X10"° 66X10-C.

Thus the difference is given with higher precision than
the absolute values themselves, as should indeed be the
case (KVV, Sec. IV).

Note added in proof —The relevant interactions have
also been derived by W. Perl [Phys. Rev. 91, 852
(1953)7]. More recent numerical values for normal oxy-
gen have now been published by Radford, Hughes, and
Innes [Bull. Am. Phys. Soc. Ser. II, 3, 8 (1958)].
Apart from the increased precision of observation, they
differ from those given in Sec. 6 in that a corrected
figure for the electron moment has been adopted
[C. M. Sommerfield, Phys. Rev. 107, 328 (1957);
A. Petermann, Helv. Phys. Acta 30, 407 (1957)]. For
reference purposes, the new values are

Ag (calc) Ag (obs)
Ag1=996X10-° 986X 10-¢
Aga=932X10- 921X10-
Agi— Agy=64X10-9 65X 108

Finally, the changes in the KVV calculations noted
at the end of Sec. 6 have been taken up with the authors.
Agreement was also reached on all of these changes in
conversations between one of us and K. Kambe. It is
now anticipated that new information should be ob-
tained through relaxations of the (restricted) Hartree-
Fock method in the determination of the energy pa-
rameters [see G. W. Pratt, Phys. Rev. 102, 1303
(1956)]. We are indebted to the author of the above
paper for a number of observations which relate to
these techniques.
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APPENDIX. SUBMATRIX ELEMENTS INVOLVING A
NUMBER OF GROUPS OF EQUIVALENT
PARTICLES AND DIAGONAL
IN CONFIGURATION

Al. General

The elements of one-particle operators and the
intragroup elements of two-particle operators are both
derived through the use of one recoupling procedure.
The corresponding procedure for intergroup elements
(of two-particle operators) is more elaborate. Results
for all three sorts of elements are given in Secs. A2 and
A3, below, but the mode of derivation is put down only
for the intergroup type. From the given description the
derivation of the intragroup form may be inferred
quite readily. The general approach for all these forms
involves (a), the use of RII(44b) after appropriate
recoupling in the wave functions, and (b), the expan-
sion of the elements of two-particle operators into
weighted sums of products of single-group elements of
one-particle operators as given in Eq. (Al1). Complete
(T)SL-coupling matrix elements are found in each case
through the use of (17), above, or its jj-coupling
equivalent, if that scheme is in use.

Submatrix elements are formulated in a compact
way by replacing sets of quantum numbers by a single
letter. Thus a group of equivalent particles is written
I"I. In wave functions which appear below, a number
of groups are coupled together by adding each suc-
ceeding group to the resultant of those preceding, thus
Lm(Idem2I ) (Izg- - -3 I 1) 5. A null group, ly™I,, may
also be inserted for greater clarity in interpreting the
results. Omitted particles or groups are indicated by
superscripts, e.g., the symbol Is:®? is the result of
coupling together / groups omitting one particle from
group p and the entire group ¢. The wave function of
two particles is written simply (}pf))I (). In the SL
scheme (used in Secs. 5 and 6, above) the expression
(254+1)(2L+1) corresponds to (2I41) and (2s41)
X (214-1), the number of particles in a closed shell, is
written (2{+1) in, e.g., (A7). The abbreviation [a]
=(2a-+1), now in frequent use, will also be used.

There are also useful conventions for the operators.
The general one-particle operator V&) is, in the SL
scheme, the double tensor, >_s;T;® (see RII, Sec.
5). The two-particle operator V&iX2K) is the general
form Y ic;{s;(0s; 0} T, ;0 Yk} ®)  instances of
which appear frequently in Secs. 3 and 4. Observe that
(slls@||s) @ T®]|l) is written (}|VE|}) and that
products of #-7 coefficients appear as single coefficients.

The basic submatrix element of the developments to
follow is

IV = V)L T®|) - (Ala)
in terms of a unit double tensor [see (19)], the element
of which is [RIII(23)], .

@I Ui ) =1L ]}

X (L i) (A, Jr I YW (DK 5 8Y). - (Adb)
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Radial terms in both wave functions and operators have frequently been omitted. However, they are contained
in the energy parameters of the elements of (A2), (A6), and (A7), below.

A2. Intragroup Elements of One- and Two-Particle Operators

The intragroup elements of two-particle operators correspond to the quantities ¢ and ¢ in the treatment given
by Yanagawa,” ¢ and d in that given by Elliott.2 We consider elements in which particles are picked out of one
group at a time, either singly or in pairs. The number of groups has been designated ¢ and the number of particles
n=3 np, p=0, - -+, t. The final form, which can be found through a procedure analogous to that used in the next
section, 1s

(Toh™Iy, Tsidem2 s, Isy- - - LmeD gy Isg||[V B\ Lody™Iy, Isilemely ) Iy -« - 1md I'sy)
=3 o (Usp Lz ] - - [Tz L2/ D2 ||V 8| 1m0 )
XBoW (Isp-lspI 'K 5 IpIs ) YW (I pirl sl 5504’ K 5 Ispial s0') -+ W (T 54-1I 5/ K 5 T35, ")

> {B(Im, I,)) for all ms=p

8(Ismry Ism") for all m’ <p. (A2)

P indicates the pertinent energy parameter (the radial integral and other factors). The resultants I's; and Iz’
appear pro forma, merely, since o is the (15) term of a null set. If V=) is a one-particle operator, the single-group
submatrix elements are given by (Al). If it is a two-particle operator, these elements are

(@I ||V ErKO[jn] ) = (— ) Kot K ALKV K0 3) (Y| V ,ED | 1o @I | U ED[[1n17) (4217 || U < 1717
XW (KK ; I"K) — (M ||U S |irI) W (K Ko, EK) . (A3)

The derivation of a slightly less general form of this relation has already been given [Innes, reference 3, Eq. (12),
and Horie, reference 3, Eq. (12)7].

A3. Intergroup Elements

The intergroup elements correspond to the quantities & and 4 in the treatment given by Yanagawa’ and b and ¢
in that by Elliott.2 There are, in general, two direct and two exchange parts for each pair of groups, and four corre-
sponding energy parameters.

When one of the direct parts of the element has been given, as in (A6b), the corresponding exchange part may be
found by expanding the rank-dependent 9-; coefficient!! and treating each term of the sum separately. Thus, for
the first exchange part, as shown in (A6a),

Zp lq ‘ I(pq) ép Zp Ql lp Zq I(pq)
( — ) i Ieo' | 4, lp I(pq)l = Z (— ) IP_"I_KT‘“Q{QJ[QZ:] iq iq Q2 lp ?q I(pq)l . (A4)
K1 Kz K Q1. Q2 K1 K2 K 1 Qz K

Discussion of this method of treating exchange elements will be found in RII, Sec. 5. The two remaining parts
involve simply an interchange of K; and K, with insertion of the factor (—)&r+KrK,

When in process of development, the entire intergroup submatrix element is in the form of a combination of
two-particle elements. Two one-particle wave functions have been relocated near the right-hand side of each wave
function through the use of a double sequence of 6-5 coefficients (written below as a single unitary coefficient), and
two coefficients of fractional parentage. Another pair of coefficients (a 6-7 and a 9-7) has then been employed to
recouple the two one-particle wave functions into the form (Z,2,)1 (»q). Step by step displacement of a group within
the wave function is accomplished by transformations of the type

((ab)e,c,d| (ac)fb,d)= (Le]Lf D)W (ebef ; ad), (A5)

and the unitary coefficient consists of two flights of these, displacing groups ¢ and p, respectively, with sums over
intermediate terms. This program leads to the expression

(Toly™ Iy, Isilo™l o, Isy- - -1t ) Tsy||V KB || Tl I/ Tsy'lam2 ]y, Isy! « « 17 I'sf)
Z%EK:]% Zp<q NpMq ZI([Ip][lpl][lq][Iql][IEtq][lth,])%El(pq)][l(pq),:”:[zt(p)q][IEt(M)]
X(' “ T spidpy Ispe -1, [Etl SRR PESTY PPISL) PISHY PITSLARRRD Py pY.8T P Il g, IEt)
Xthe primed counterpart of this coefficient
X (LI p b, 2L, @) (2l ) {Upm 7 ) (Ll o {1 ) (Lg"al § {17 (D)

" 11 See Arima, Horie, and Tanabe, reference 2, Eq. (16).
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Izt(p)q Zp [th [Et(p)q Zp [th’
XW Izl , P15, I5, P ) | 1,9 tq I, W(Iztpq]p(p)]mq’lp;[zt(p)q[p’) [q(q) £ [q’ J
I3, 20 Iy Iz Is,0 [ Is/

ZT’ Zq I(pq)
X (=l DWW (T2 POT5id () K 5 T oy T )+ (El| V0| 2) (]| V 52| 2) [il’ tq ](M)’J% (pap9)
1 K2 K
Zq lp I(pq)
+ (=)t leo=Ioo ({ [V E0(8) (4| VE9(4) | 4 b Too' | Blepp)
1 Ko
’ , Zp Zq I(:uq)
— (=)t Ieo (iz’“ V"E(KI)HZQ) (lq” VJ'(Kz)”Zp) ty b I |PB(pegp)
1 Ko K
lq v Z1n I(pq)
- (_)lﬁlq_I(pq)(ZqH Vi(Kl)”lﬁ) (ZPH VJ'(Kz)“Zq) Zp Zqr I(pq), %(QPP‘I)}
K, K,

A
« {6(Im, L)) for all m#=p, q (A6a)

5(I_v,ml, Igmll) for all m’<p.

The summed parameter sign, I, represents several sets of quantum numbers all of which can, in fact, be removed
through the use of identities given in the next section. The sequence of operations for the first direct part is now
given in detail. Reference is made to summed parameters and relevant identity for each step of the reduction. It
will be noted that the summed parameters Iz, 19: - - 54412 and their primed counterparts make no overt appear-
ance in (A6a). They may be found by writing out the unitary coefficients in full, in the manner explained above.

Remove I (pq), I (pgy’ and Iz,?9 with (A9).

. Insert a submatrix element for group ¢ according to (Al).

Remove I3, with (A11).

. Insert a submatrix element for group p (see step d).

Remove I's;?? with (A11) and I5:? and I's,¢ with (A10). Proceed in this way step by step until /544179, I'sg419
and 75,117 are removed.

f. Remove Isq1?- - - Isp11? with successive applications of (A11).

oan o

After these steps have been taken, the form given above becomes

HEDIRA(REN FERE RPN BETNE
X (L2 ||V K[ Lne L)) (Lgral o |V KDl YW (Tspil 5ol 5 K1 TpI 5 YW (I pyil zpl 251" K15 Tspial )
IZq—l Ig IZq
Xoo W goilsq-2l5¢-1K1; Isq1l34-2) [Izq_f 1/ Iqu]
K, K, K
X W(Iq+112q[2q+1'K; IEq+1IEq,) o 'W(It12t~1IEtIK; IEtIEt——ll)y (A()b)

also with the same § functions that appear in (A6a) and the energy parameter, P (pgpq), of the first direct part.

One commonly occurring particular instance of this general result is that in which all shells but the last are
closed. In fact one may simply write down the entire intergroup element in this case, since the expansion of the
exchange parts, by means of (A4), reduces to one term. This element is the useful form, for example, in the applica-
tion made in Sec. 6.

A portion of the element involving only closed shells may appear if K is zero. It is omitted here since it can be
found quite readily as a particular instance of ‘the portion which involves closed shells and an unfilled shell. This
portion is

FUML)US|T)) 30 {25+ 1)[8(K1,0) (]| V1B (ptpt) +6(K2,0) (44| Vi [ 2) B (tptp) ]
o QEAH1W (3K LKy 5 LK) (GBI VED || 1) (3| V52| 1,)B (pitp)
+ (=) KetEE (]| VK| 1) (]| V;E2([ 1) B (ppt) Ty (AT)

The known relations TAS 9612 and 9613 may be found by using (A3) and (A7), respectively. The spin-other-orbit
interaction yields intergroup elements of type (A7), but the spin-spin interaction (tensor force) does not, since
the spin rank is too large.

12 These effects are important in calculations of fine structure (now under study).
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A4, Relations in 6-j and 9-j Coefficients

The process of expanding a given submatrix element into a set of elements in another coupling scheme displays
an identity involving #-j coefficients. For example, (A4), above, is represented by the submatrix form,

1. C

dl (12 a
((@shy)el (6102)a(bib2)b, €| (d1bo)é)= 3 {bl by b ] (L0600 ¥ (asbr)el| (d1b1)E1(asbs)es, ]| (dibs)é). (A8)

@& & €
The identities which are needed for removal of sums in (A6a) derive from similar forms, viz., ((a1a2)a(b1b2)b,
e|| (@2b2)e| (a1d2)d(D1b2)b, €) and the simpler (a2(b1b2)b, el| (@sb2)e||d2(b1D2)b, 6). These relations are

a b e
W (a1a6aGs; asd)W (b1bbabs; bob) [a b e]
; a b, e
e ax a)fa G a)(as by ¢
= Z [61][62][62]W(616é26_;Czé)[bl bg bJ[bl b2 b]{az 122 ('}2}, (Ag)
1, 2,02 €1 Cy € C1 é2 e dz b2 e
and
W(blbbzgz,bzb) [GQ b e}=z [Cz][Cz]W(b16€2é,CzG)W(b1b62a2,bge)W<b1b62a2,b26) [(12 b2 (,2] (AlO)
as 52 3 €2,c2 s 62 e

This last is also given by Arima et al. [reference 2, Eq. (A3)]. A fundamental (and well-known) relation, which
may be deduced from those given above, is

W (a10d5ds; as@)W (brabedis; bod) =3 [c W (aa2ézlc; a1b)W (Gdab1c 5 ars) W (chaada; ashs). (A11)

It is evident that each submatrix form indicates a vector coupling identity in a concise way.



