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Hence this is a solution to first order in ¢, and is a good
approximation for p<X2/e,. To determine 4 and B we
make use of the fact that w, given by (A-2) must ap-
proach the value given in Eq. (17) as p—0. Using the
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limiting forms of the Bessel functions as p—0, we find
thatfor agreement it isnecessary that 4 = — (r/2) cotmrv,,
and B= —x/2. Hence to first order in ¢,, w,(p) has the
form given in Eq. (47).
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With a 12-parameter Hylleraas-type wave function containing only positive powers, a new calculation has
been carried out for the 2 35 state of helium by the Ritz variational principle. The energy was minimized by a
descent process. A nonrelativistic energy of —1.0876088 Hylleraas units was reached as compared with the
best previously published value of —1.0876015 Hylleraas units from a 6-parameter function. When mass-
polarization and Ry corrections are included, the 12-parameter function gives an ionization potential 2.52
cm™ less than the experimental value of 38 454.64 cm™. The electron density at the nucleus is also calculated
and compared with the experimental hyperfine-spectrum value. All numerical work was carried out on an

I.B.M. 650 computer.

I. INTRODUCTION

LONG series of calculations have been made of

the energy of the ground state of helium,!
culminating in the 38-parameter calculation of Kino-
shita.? When relativistic and mass-polarization correc-
tions are made, the resulting comparison with the
experimental values of the jonization energy must be
considered as very satisfactory.

The six-parameter variational calculations of
Hylleraas® and Huang! represent the most accurate
previously published wave functions of the 2 %S state.’
They differ from the ground-state function with respect
to symmetry and also in that two different exponential
functions must be included, corresponding to 1s and 2s
orbits. No calculation of the relativistic corrections has
hitherto been made for the 2 35 state. The mass-polariza-
tion term was calculated by Stone® with a six-parameter
function.

In this paper are presented the results of a twelve-
parameter variational calculation of the 23S non-
relativistic energy together with relativistic and mass-
polarization corrections. Compared with the elaborate
character of the wave functions employed in some
recent work,27 the 12-parameter function employed

* Work supported by the National Science Foundation.

1 Watson Laboratory Fellow, IBM.
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here may be regarded as of intermediate complexity.
In spite of this fact the total energy seems to converge
very well, and indeed the agreement of our calculated
value with experiment seems to be as good as was ob-
tained by Chandrasekhar and Herzberg® for the ground
state with an 18-parameter function. This is un-
doubtedly related to the fact that the independent-
particle hydrogenic wave function, to which the
Hylleraas trial function with few parameters reduces,
is a much better approximation for a state with one
electron excited than it is for the ground state with both
electrons in the same orbit. (See also the discussion of
mass polarization below.)

An additional quantity of interest which can be
compared with experiment is the total charge density
at the nucleus which enters as a factor in the hyperfine
interaction.?

The rather lengthy calculations of the relativistic
corrections have not previously been done for the ex-
cited states. It has appeared worthwhile to give an
account of the methods employed in these calculations.

II. NONRELATIVISTIC INFINITE NUCLEAR
MASS PROBLEM

A. Mathematical Preliminaries

The nonrelativistic Schrédinger equation for the
helium atom is

n? Ze¢ Zeé ¢
——(v12+v22)¢+(E+—+-———~)¢=0, (1)
2m 7

r2 712

( SS.) Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050
1955). )

( 9;IV) B. Teutsch and V. W. Hughes, Phys. Rev. 103, 1461
1954).
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where r; and 7, are the radial coordinates of the elec-
trons with the fixed nucleus as origin and 7, is the
interelectronic distance. We choose the following units

ay/d=1; 4Rch=1, ()

where @ is the radius of the first Bohr orbit and R is
the “Rydberg for infinite mass.” (2) fixes the units of
length and implies

#2/8m=1; e=2. 3)

For this choice of units, (1) becomes

E 1 1 1
vt (+—t—— =0 @
4 71 L) 27’12
The following “elliptic coordinates” are introduced:
s=ri+ry; t=—nrtry; u=rp. (5)
The Schrodinger equation -becomes
4s 4t 2
Kbss_*_‘//tt_*_‘puu_{’"'—"//s_ ¢t+—¢u
=2 =2 u

2s(u2—1?) 2t(s*—u?)
£ ], 1] /,

Yus u
B u(s2— 1) I u(s?—1) o
E 2s 1
+(~—+
8

—— =0, (6)
s*—=£ 4u
where the subscripts indicate differentiation.
Following Hylleraas we replace (6) by the varia-
tional formulation

A=(M—L)/N, (7)
where

M= j‘: ds Jo du ‘]; difu(s2— 1) (Y2 2+¢.D
+ 2s (MZ— tz)l//s"ﬁu‘*" 2 (52_ uz)‘l’l‘l/u]; (8)

L———-foo dsfs dufu di 2su—%(s*—2) W2, (9)

N=%f dsf duf dt YPu(s*—12).
0 0 0

The limits of integration come from the following con-

(10)

siderations. Triangle inequalities imply —#<iL#<s

< «. Since the integrands in (8), (9), (10) are even
functions of {, we can restrict ¢ to positive values and
double the volume elemeént.

We choose as trial functions

V=3 copils ).

=1
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Let
@i(8,t,u) = (ks ktkae).
Let (11)
Vi(s,tm) = e Hisspiftiyrif (g,
where inh (107
sinh(zo!f
fition = | |
cosh (3o?)

We note that there are two nonlinear parameters o, «,
while for the ground state only one such parameter is
used. Our trial function is a generalization of an anti-
symmetrized product of two hydrogen-like wave
functions.

Equation (7) becomes

A= (x®M—«L)/N. (12)

M, L, N become quadratic forms in the ¢;, for our
choice of ¥, with matrix coefficients functions of o only.

M= 3 cic;Mi(0),
i,5=1
M

L= 3 ciciLii(o), (13)
%,7=1

N= Z C«[CjN,;j(O’).

i,7=1

In series (11) we restricted ourselves to p;, ¢;, #:20.
It has been pointed out! that such a series cannot
satisfy the Schrodinger equation formally. Kinoshita
removed this restriction, replacing it by the require-
ment that his function obey Kato’s boundary condi-
tions.! The question as to how closely a series with our
restriction can approximate an eigenfunction has not
been decided. Since we achieved a very definite improve-
ment over the six-parameter result, we have limited
ourselves to positive powers in this investigation. It
should be pointed out that introduction of negative
powers would complicate formulas for the matrix
elements, but would otherwise cause no new difficulties.

To calculate the expectation values of the various
operators encountered in this paper, three types of
integrals were needed. To establish notation we list
them all below:

U(P:Q:",d)=f dsf duf dt e=3sPiay”
0 0 0

sinh?(%0)
X+ sinh (30%) cosh(3a?) ¢,

cosh?(3at)

(14)

10 Bartlett, Gibbons, and Dunn, Phys. Rev. 47, 679 (1935).

1T, Kato, Trans. Am. Math. Soc. 70, 195, 212 (1951) ; Commun.
Pure Appl. Math. 10, No. 2, 151 (1957).
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when $20, ¢20, 7> —2,

) s u sPiayr
V(p,q,7,d)= f ds f du f dtes
0 0 0 s+t

sinh?(3qt)
X1 sinh(3c%) cosh(Ze) ¢, (15)
cosh?(3at)
when $20, ¢20, 7> —1,
W(p’q,r’d) _ fco dsfs dufu i eh‘ssptqur
p 0 0 s—t
sinh?(3a%)
X< sinh(307) cosh(af) ¢, (16)
cosh?(3at)

when P>07 q;o; 72 -1,

where
d=1 corresponds to sinh?(30%), -
d=0 corresponds to sinh(3¢¢) cosh(30%),

d=—1 corresponds to cosh?(3s?).

B. Calculation of L, M, N
Any of our y; can be represented by a four-tuple of

numbers (ps, ¢i, 7, 05), where

0,=3% if fi(30f)=sinh (301),

0;=—% if fi(3ot)=cosh(Fat).
Note that multiplication of 6; by —1 is equivalent to
interchange of sinh(3¢f) and cosh(3¢f). That is, —1
operating on 6; is equivalent to (2/0)(d/dt) operating
on f;(30t).

TasBLE I. Summary of nonrelativistic values.

10Pitaitrig;
H i 6-Par. 12-Par.
1 0,0,0, %) 1.0000000 1.0000000
2 (1,0,0, 1) —2.9048000 —2.8596935
3 (0,1,0, —1) —2.8390000 —2.7618353
4 0,0,1, ) —0.8218000 —0.9133951
5 1,0,1, % —0.6630000 —0.8072628
6 0,1,1, —1) 1.1300000 1.1314343
7 0,0,2, ) 0.2711045
8 1,0,2, ) —0.0019456
9 0,1,2, -4 —0.0981906
10 (2,0,0, %) 0.3274611
11 0,2,0, %) —0.0331554
12 (1,1,0, —1) 0.0369968
I3 0.67504 0.66444
T 0.55000 0.55000
L 304.61561 250.08928
M 225.62677 188.19418
N 94.53310 76.392594
A —1.0876015 —1.0876088
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Let
U(P%+p7+ a, Qz+91+ b; ri+rf+ G d) = Uiy ((l,b,C,d), (17)
then ‘

Lij=2u;(1,0, 1,0:4-0;,)+1[:;(0, 2, 0, 0:46;)
_uif(zy 0) 07 01-{_01)]7

M= pip,[u:;(0,0, 1,048,
—uij(—2,2,1,0,4+06,)]
—3(pitpi)lui;(1,0, 1, 6:46;)

—u:;(—1, 2, 1, 6,46,)]
+%[“11(2) 0, 1, 0i+0]~)—ui,-(0, 2, 1, 91+0])]
+qigiwi; (2, —2,1,0:406;)
—u;5(0, 0, 1, 0,46,)]
+%¢rql[uw(2, '—‘1, 1, 0¢—0j)
—u3;(0, 1, 1, 0:—6,)]
+3oqilui;(2, —1, 1, —0:+96)
—u;;(0,1, 1, —0;46,)]
+30¥u:(2,0,1, —6,—86;)
—uﬁ(O, 2, 1, _01“‘01)]
+1’ﬂ']'[%¢j(2, 0, —1, 0¢+0])
—u;,(0, 2, —1, 6,46,)]
+ (poritpirs)[u:i;(0, 0, 1, 6:46;)
_'Ih'j(oy 2, —1, 9¢+01‘)]
- =3 (ritr)lui(1, 0, 1, 0:496;)
—u;(1, 2, —1, 6;46,)]
+ (gritgqirad)[wii (2, 0, —1, 0:46;)
—u;(0, 0, 1, 6;46;) ]
+%a‘f¢[%~;]’(2, 1, ‘—1, Gl*ej)
—ui;(0,1, 1, 6,—6,) ]
+%lﬂ’j[uij(2, 1, —1, '—6,:5:9])
—ui;(0, 1, 1, —0.,446,) ],
1\77;]'=%*[ui]'(2, O, 1, 9;{—9;)—'1&”(0, 2, 1, 0;{—0,)]

(18)

(19)
(20)

C. Minimization

Let us consider o held constant. Then minimize (12)
as follows. First we minimize explicitly with respect to
k by the condition dA/dx=0. Thus one parameter is
determined by k= L/2M and (12) becomes

A=—1L2/MN. (21)
Equivalently, we maximize -
floo,0)=I2/MN; c=ci, +*,¢n - (22)
by an iterative procedure'?
ci’+1=ci’—l—b[é—f(ao,cl)]/[ﬂ(oo,c’)];
ac; dc
i=1,---,n, (23)

12 This procedure is based on ideas of T. Kinoshita (private
communication).
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where b is a suitably chosen scalar which will be dis-
cussed later. By differentiating (22) we see

=2 ——),
a()i

6—2{=1(6—f)2+2f[-2—<LLH—2L12)
dc?  f\dc; L2

1 1
—— (MM ;i—2M H——(NNi—2N ?) ]7 (25)
M e

(24)

where
n n n
Li=2_ Lijcj; Mi=2 Mijc;; Ni=2 Nij;.
=1 7=l 7=1

By using the same 8%f/dc? for a large number of
iterations, the machine time per iteration becomes small
since only df/dc; need be calculated at each step.
After iterating a few hundred times, we extrapolate the
¢; for a few hundred iterations and then start iterating
again with these new ¢;. We choose b so that there is
little oscillation in the ¢; and 9f/dc;. This descent
method has the advantage that round-off error cannot
build up.

To minimize the energy with respect to o, we select
a value of ¢ (from a lower order calculation, for ex-
ample) and calculate L;;, M;, N;;. For this value of ¢
we can determine «, ¢, A by the process discussed above.
We repeat this procedure for a number of values of o.
We thus obtain a set of pairs (o;,A;). By interpolation
or extrapolation we can determine the value of o corre-
sponding to the best value of X and use this ¢ to make a
final choice of the remaining parameters and of A.

The numerical values of the wave-function param-
eters and the energy at minimization for the 6- and 12-
parameter functions are listed in Table I.

III. CORRECTION FOR NUCLEAR MOTION
AND RELATIVITY

A. Nuclear Motion

In a coordinate system with respect to the center of
mass of the atom, the Schrédinger equation becomes!

n 7
[——(v12+v22>+ V-
2u M

He

Vi V2]‘/’= Ly, (26)

where Mu. is the mass of the helium nucleus and
u=mMuo/ (m~+Mu.).

Motion of the nucleus has modified the Schrédinger
equation in two ways.

(1) The actual mass has been replaced by the re-
duced mass of the electron. This can be dealt with by
replacing the Rydberg for infinite nuclear mass R., by
R,(1—m/Mn.) when we express our energy in wave
numbers. i

(2) A perturbing term is added which changes the

3§ STATE OF He 1101

energy by
hZ
€= — Y(V1i Va)ddr. (27)
Integrating by parts and introducing Hylleraas units,
we have
8m
€= fVﬂ//'szde, (28)
MHe
or for our functions
mi?
e=—— [vu-vaar, (29)
Mu.N
Psf dsf duf dt V- vpu(s:—1£)
0 0 0
=f dsf duf A u(s2 42— 2u%) (Y2 — )
0 0 0
—u(s*— ). — 25 (P — t2)§[/u¢s
—2 (32— uz)'pu\[/tl (30)

Note that
P=—M+2f dsf du
0 0

5 f (s (], (1)

where M was defined by (8), and is known for a given
value of ¢. Therefore we can shorten our calculations
considerably by calculating the integral expression on
the right side of (31). For our functions

RE Z GiCjRij=P+M,
6=l
Rij=2pip,[1:;(0, 0, 1, 0:4-0;) —u:;(—2, 0, 3, 0:+6;) |
- (Pz"‘i’:)[“u(l; 0) 1) 0'L+01)_u11(_ 1’ 07 3: 0l+01):]
+3[ui;(2,0,1,0,40;)—u4;(0, 0, 3, 0:46,) ]
—2q.qi{ (0,0, 1, 0,40,) —u:;(0, —2, 3,0,46;) ]
—oq,[%:(0,1,1, —0:+0,) —u:;(0, — 1,3, —0,+6;) ]
—oq{ui;(0,1,1,0,—0;)—u;(0, — 1, 3,0,—6;) ]
—%0'2[14.;]'(0, 2, 1, —0,;—0j)—u¢j(0, 0, 3, *‘01—01)]
(32)
Results of Mass-Polarization Calculations
6-parameter

5.27X 1077 Hylleraas units
0.232 cm™

12-parameter

5.13X10~7 Hylleraas units
0.225 cm™!

We note that the mass-polarization term, which is a
measure of the electron correlation, is only 1/20 of the
value 4.79 cm™ calculated for the ground state.! This
seems to be a rather striking evidence of the independent
character of the motion of the two electrons in this state.
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B. Relativistic Corrections

The Breit equation in Pauli approximation in position
space is!

6
2 Hy=Ey, (33)
i=0
h2

H(): V_—“(V12+V22). (34)
2m

H, is the Hamiltonian for the nonrelativistic equation.

—p4

H,= (Vi44-V4). (35)

8mic?
H, is the relativistic correction due to variation of mass

with velocity.
en? 1 u- (W V)V '
2= “(V1'V2+—————). (36)

2(mc)? u 7

H, corresponds to the classical relativistic correction to
the electromagnetic interaction between electrons.

(H3)=0 for all .S states.

ef? (37)
=(2 )2(V1'31+V2'32)-
mc

H,

H, is a relativistic term characteristic of the Dirac
theory.

(Hg)=0 since it is proportional to (§*(u)), and (He)=0.

(4) Calculation of {(H:)

4

(Hy)=

(ViH)+(VaY), (38)

8mdc?

(vi= [vvivar. (39)

It has been pointed out®® that using this integral leads
to difficulties which can be avoided by using the form

S (Vi)dr, .
VY (s,0,1) =y ss— 2¢st+¢tt+—t(¢s_ Yo +¥uu
s—

2

+Z¢u+2( )b, @0

u(s—t

4
V22¢ (S,t,%) = ¢88+ 2¢st+\btt+:;(\bs+¢f) +ll/uu
S

u2

TP ) a
;"pu (u(s-—l—t) (¢u8+‘//ut)‘ ( )

13 T, Sucher and H. M. Foley, Phys. Rev. 95, 966 (1954).
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Note

Vlzlp(s) I3 M)= —V22‘//(s’ —t, /”')7 (42)

where the minus sign is due to the antisymmetric char-
acter of our wave functions. Since the operators V% and
V¢ are not even functions of ¢, we cannot restrict our-
selves to positive powers of /. Instead we note that

f (V2)dr= fo s fo ' du f_ (V2P (s~ 1)
=j:° dsj:dufoudt(V12¢)2u(s2—t2)

-|-fwdsfsdufudl(fop)u(sZ—ﬁ)« (43)

With these limits of integration we can make use of the
integrals defined in (14)-(16). Note that

(V&) =((VA)).

We shall carry out in some detail the calculation of the
first integral on the right side of (43). The second in-
tegral can be done similarly.

If we try to express this integral in terms of U, V, W
[(14), (15), (16)] integrals we would arrive at an ex-
pression which has on the order of 1000 terms. We show
how to avoid such a formula. Let

Viy=Ay+By/(s—1), (44)
where
A1¢E¢ss_2¢st+¢tt+¢uu+ (z/u)‘pu, (45)
31¢E4(¢s—¢t)+2[(_St-l‘u?)/u](‘pus_‘//ut)- (46)
Then
d d: dt (Vi) 2u(s?— 2
fosfo uf (Vi) u(s—)
| as| dul| aawyus—e
fosfo ufo (A (s~ )
+2 d d di(A) (B +i
fosfouf0< (Bapu(s+1)
® s u u(s+1)
-+ d. d: dt(Bw)? .47
ffuf (Bay=—=. ()

The first two integrals on the right side of (47) require
only integrals of type U(p,q,7,d). The last integral
requires type W(p,q,7,d). We separate our calculation
into three parts because of the limited storage capacity
of our machine.-
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We note again that the y; can be represented by a

four-tuple of numbers (p;,q:,7:,0:). Let

G’i(a> b: (2] :!:01)5 (?‘i-*_a: 91+b, 1’¢+C, :l:o‘l'),
then

Api=%(146%)G:(0,0,0,6,)
+7:(r:4+1)G:(0,0, —2,6,)
+in¢(0, - 1, 0, 01')
+4i(g:—1)G:(0, —2,0, 6:)
—“ﬁ,Gz(— 1,0,0, 6.)
— Zplqu,(— 1,—1,0,0;)
+2:(pi—1)Gi(—2,0,0,0,)
+1+G;(0,0, 0, —6,)
+0'in5(0, - 1, 0, '—01)
"'O'PiGi(—‘l, 0, 0, —0,)

Bﬂl/i:nGi(l, 1, '—2, 01')

+27:9:G;(1, 0, —2, 6,)

—2p:Gi(0, 1, —2,0,)

— (r:+42)G:(0, 0, 0, 6,)

- (4qt+271q1)G1(0: -1,0, 01-)
+@pt2pr)Gi(—1, 0,0, 82)
—0(”-}-2)(;(0, 0, 0, —3,')

+0’7,G,‘(1, 1, —'2, —0¢)

(48)

(49)

(50)

To illustrate the calculation of (47) we consider in

detail
® s u u(s+1)
f ds f du f d(Byy———=Bg,  (51)
0 0 0 s—1i
Byi=3p Ff(0)Gi(aP,b,cP,d%;); (52)
where df=4-1.
Bi= Y ciciBuif,
2,7=1
where
© s u u(s+1)
Bui= [ as[ auf aBwaBy)
0 0 0 s—t
S, FPOE@) [ as [ au
u ’ ’ u(s+1)
Xf dt G (aB,b8,cP,df0,)G;(a",b7,c7,d0;)
s—1

0
=Zﬂ,7Fiﬂ(0)Fj7(0)f dsf duf dt
0 0 0

X[G.j(aP+ar+1, b5+b7, P41, df0 +-d0;)
+Gii(af+a7, bP+b7+1, P+c7+1, d%:+d0;) ]

1
X—.
s—1i

(53)
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In Eq. (53)
G‘ij(a'; b: 23 d)= (?i+1’i+a: Qi‘l‘fh‘l‘b, 7’i+1’j"‘|—6, d)
Let

W (pitpita, gitqitd, ritrite, d)

=w'ij(ai b) 2 d)y
where W was defined by (16). Then
Blifz':Zﬂ.v Fiﬂ(‘7>F:i7(‘7)

X[wij(af4-a741, 88407, cB4-c74-1, dP0;+-d0;)
Fw;;(af4-a7, BP4-b741, B+cv+1, d°0,4d6,)].

(54)

To enable us to calculate these matrix elements,
we have to load into the machine the tabulated
integrals, the four-tuples (p;,¢:,7:,0:) and the four-tuples
G:(af,bP,c,df). The machine can then be programed
to form all matrix elements.

Results for (Hy).—

6-parameter 12-parameter

—5.22976a? Hylleraas units —5.22052a2 Hylleraas units
—122.225 cm™! —122.009 cm™!

(B) Calculation of (Hy)
en? Vi'V: u-(u-Vi)V,
<Hg>=2(m)2 f zp( , - )wf. (55)

u u

Let x;; be the jth coordinate of the ith electron rela-
tive to the nucleus.

Vi'Va2 | u (u-vy)Vv:
T
u 13

13 9? 1

U =1 E)xuaxu u3

62

X i 23: [(xzr‘xli) (Xon—%11)

=1 k=1

Vi1:Va2 u'(u'Vl)Vz
t//( - )WT

u u?

© 8 u 82t2
%f dsf duf dlf\[/l:(52+l2+ ————3%2)
0 0 0 u?

4s 4¢
X (\088_‘//”) +_(t2-' %2)¢su+“(u2— 52)‘1{/“4
u u

], (56)

%1:02k

D

2
—2<s2—z2>¢uu~;<s2—ﬂ)¢u], (57)
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Dij=1(1—0)ui;(2,2, —2,0,196;)
+1(1—»)u;;(2,0,0,0,46;)
—[274-47;9+qi(qi— 1)+ 27;(r;—1)]

Xu:;(2,0, —2,0,46,)

—q;i(g;i—Dui;(2, —2,0,6,+6;)

— (pit2r)us;(1, 2, —2,0,40;)

- (17_7— ij)uij(l, 0, 0, 0;{“01)
+1(1—d)u;;(0,2,0,0,406;)
+[2ri4-4p it pi(pi— D)+ 2ri(r;i—1)]

Xui;(0,2, —2,0,4+0,)—F(1—0*u;;(0,0, 2,0,+6;)
+[4riqi—4ripit+pi(pi— 1) —qi(g;— 1]
Xu4(0,0,0,8,+0,)+3¢;(q;— Dui;(0, —2,2,0,+6;)
—piuii(—1,2,0,0,40;)+3pui;(—1,0,2,0,46;)
+2i(pi— Duii(—2,2,0,0,46;)
—=3pi(pi—Dui;(—2,0,2,0,+9;)
—'O'(qj‘*_zrj)uij(Z, 1, —-2,6,—6,)

—oqmii(2, —1,0,60,—6,)

—a(g;—27;)u;;(0, 1,0, 6,—0,)

+3UQJMU(O; - 1) 27 61_01) (58)
Results for (Hy).—
6-parameter 12-parameter
—8.46X10%? —7.99X10%a?

Hylleraas units
—1.87X1072 cm™

Hylleraas units
—1.98X10%2 cm™!

(C) Calculation of (Hy)

en®
H4=

(V1 &1+V,- &), (59)

(2mec)?

where ;= —V,V is the Coulomb field due to the nu-
cleus plus the other electron.

Are*hiZ
(Hy= 2 (8%(r1)); (60)
where
Fa=—r [v 0
=4KN f i Y2(ro)ridr.  (61)
Let
Q=f VA(rorldn= ‘Z; ciciQij, (62)
0u= [ witrdwitrorian, (63)

AND H.

M. FOLEY
'ﬁi(fl) = —%nrlpi+q;'+r1;fi %0‘7’1), (64)
Qij=%(pstpitqitgitritri+2)!
XAss, sc, cc(o'; p1+?1+91+Q1+7z+r]+3) (65)

(See Appendix A.)
Results for (Hy)—

6-parameter

4.1481a? Hylleraas units
96.945 cm™!

12-parameter

4.14350¢* Hylleraas units
96.838 cm™!

IV. CALCULATION OF D(0)
D(O)z%aos[ [ w0y ramt [ |¢<o,r2>12dr2], (66)

where ¢(rir;) is the normalized two-electron wave
function and @, is the radius of the first Bohr orbit of
hydrogen. We summarize our results.

6-parameter

33.18456

12-parameter

33.14795

Experimental'

D(0) 33.18388-:0.00023

V. RESULTS AND DISCUSSION

It is instructive to compare the results of the present
calculations, Table II, with those made for the ground
state of helium with various numbers of variational
parameters as presented by Kinoshita.? Referring to
the nonrelativistic energies obtained directly from the
variational calculations, we note that the increase in

TaBLE II. Summary.?

a?=5,32504 X10-5; Rpet =109722.267 cm™!
Six parameters Twelve parameters

—1.0876015 Hyl. units —1.0876088 Hyl. units
—477 336.41 cm™ —477 339.61 cm™

5.27 X10~7 Hyl. units 5.13 X107 Hyl. units

(Ho)

e =mass polar.

0.232 cm™! 0.225 cm™!
(H1) —5.22976a2 Hyl. units —5.22052e2 Hyl. units
—122.225 cm™? —122.009 cm™?
(H2) —8.46 X102 Hyl. units  —7.99 X104 Hyl. units
—1.98 X102 cm™? —1.87 X102 cm™!
(Hq) 4.1481a2 Hyl. units 4.143502 Hyl. units

96.945 cm™! 96.838 cm™!
Relativistic shift in 0.08245a2 Hyl. units 0.07784¢2 Hyl. units
ionization energy 1.9267 cm™1 1.8192 cm™!
=E;
E;—e 1,695 cm™! 1.594 cm™1
6 parameters 12 parameters Experimental

Ionization 0.0876054 Hyl. units 0.0876124 Hyl. units 0.0876181 Hyl. units

energy 38 449.05 cm™! 38452.12 cm™! 38 454.64 cm™1 b
D(0) 33.18456 33.14795 33.18388 4+0.00023
Six parameters Twelve parameters
Ionization energy shift 5.59 cm™1 2.52 cm™?
(experimental-
theoretical)

a Constants taken from E, R. Cohen and J. W. M. Dumond: Handuch
der Physik (Springer-Verlag, Berlin, 1956), Vol. 35.
b F, Paschen and R. Gotze, Seriengesetze der Linienspekiren (1922).

14R. Novick and E. Commins (private communication).
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number of parameters from 6 to 12 in the 23S calcula-
tions resulted in a lowering of the nonrelativistic energy
by only 3 cm™. This is approximately the amount by
which the energy was lowered in the ground state work
on increasing the number of parameters from 14 to 18.
This apparent convergence of the 23S calculation for a
moderate number of parameters is presumably an
indication that hydrogenic single-particle wave func-
tions are a much better approximation in excited states
than in the ground state. The marked reduction in the
electron correlation, measured by the mass-polarization
term, as compared with the ground-state value is con-
sistent with this interpretation.

The evaluation of the expectation values of the rela-
tivistic and other operators is e priori much less ac-
curate than that of the nonrelativistic Hamiltonian by
the variational method. The fact that our net rela-
tivistic correction differs by only 0.1 cm™ between the
6- and 12-parameter functions is perhaps sufficient
justification for the belief that these corrections can be
applied, and a comparison of the total energy with the
experimental ionization energy can be made which is
significant.

We note that the final theoretical value for the
ionization energy is only 2.52 cm™ below the present
experimental value. This is a very satisfactory result in
view of the moderate number of variational parameters
employed and is consistent with the remarks in the first
paragraph of this section. We note that the greater
experimental accuracy for the 23S state as compared
with the ground state, makes it a better state in which
to compare theory, including higher order electro-
dynamic corrections, with experiment.

The comparison of the electron charge density at the
nucleus with the experimental value derived from the
hyperfine splitting has been discussed by Teutsch and
Hughes.? The “experimental value” D(0) is derived with
neglect of nuclear structure effects. We note that while
a six-parameter wave function yields a value of D(0)
which agreesalmost exactly with the experimental value,
the value which we obtain with our 12-parameter func-
tion differs by 1 part in 10° from the experimental value
deduced by Teutsch and Hughes. The following rough
argument indicates that no better agreement can really
be expected with the wave function available. From the
apparent rate of convergence of the variational energy
value together with the degree of agreement with the
experimental ionization energy one cannot argue that
the variational energy (nonrelativistic) is closer than
1 part in 10° to the energy of the 23S state. Because of
the minimal property of this energy value, the wave
function, on the average, is not better determined that
1 part in 10%. The observed accuracy of our 12-param-
eter value of D(0) is consistent with this estimate, and
the closer agreement with experiment found with 6-
parameters must be regarded as accidental.
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APPENDIX A

To evaluate the numerous integrals encountered in
this investigation, we define the following functions.

For » an integer:

For <1,
¥ (8,1)= f o5 Ei (), (A1)
0
where
0 e—ﬂ/
Ei(t)= f —dx.
¢ X

For 370,

|
Y(ﬁ,n>=£—;;[<~1>n+l In(1—p)

+=0E -0 ’ );]

i=1 1—-8
Y(0,2)=n!/n+1.
Recursion:
For 80
(n—1)!
V(@)= /Y B, =D+ (/B
For » an integer:
For 8<2,
L(Bn)= f efyn Ei2(f)ds. (A2)
Recursion: ’

x> 2w (—1)i
L(B;O)=_+_Z
08 B i

—(1-p)"
J

In particular we need
L(1.55, 0)=1.90403182,
L(0.45,0)=1.48382912,
L(1,0) ==x?%06.

® ® g=%t Inx
H(gm)— f eBunds f i, (A3)
0 1 x—1
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For >3, | (Ing)? To tabulate these functions for the required values of
n! —(In Lo .
H(Bp)= H{ LIng In(1—6) B we sum the following infinite series.
(1=6) 2 , w (—1)770.45\ 7
w 1 /8—1\7 n 1 > (-—) =—0.69310353,
-y —(—) ~In(1—g) ¥ - =  \o0ss
=1 P\ 8 i=1] :
w 170.55\7
( 8— 1) e n *l-—l 1 (6 1) ] > _2(————) =0.39257179.
1_2 ;—1 if =1 FALS5

For <%, and 850,
or §<z, and Rather than the functions (A1, A2, A3, A4) defined

n! 2 S L
_ T _ above we actually need certain linear combinations of
H(Bm= (1—8) n+l[ 6 +illn(1=H)F these functions. For any C(8,n) we define:
o B i1 n) = -
i3 ( )L op st C.(8(0),)=CLB() ]+ CLB(—0)n]
=1 7 i=1j —2C[B(0),n],
(ﬂ 1 ) by 1—1 1 (B— ) J a9 Cie(B(0),n)=C[B(0),n]—C[B(—0),n], (AS)
! ,_1 ij ’ Coo(B(e),n)=C[B(0),n]+C[B(—0),n]
+2C[B(0) ]
HOm)=n '( — = ) )
=172 The symbols Cys, sc, cc(8,7) which occur in the follow-
, ing formulas should be interpreted as follows. For
A(B,%)=(—) ) sinh?l¢¢ integrals use C,;(8,n), for sinh}cf coshies in-
tegrals use Cy.(8,n), for cosh?}¢¢ integrals use C..(8,%).
For $20, ¢20, 720,
sinh?¢¢ .
U(p,g,r,d)= f ds f du f dtessPtw’ sinhiot coshiot =1
0 0 0 r+1
cosh?]a/
Piril (q+J) ! v (g+r+1+47)! ,
X[(P'I‘f‘*"l)' Z n ss sec, cc(o'y q+]+1> P' Z _I— ss, sc, cc(o'; q+7’+2+])]- (A6)
7=0 7 J:
For p20, ¢20,
sinh?*}0¢
© s v sPe wiild
U(p,q, —1,d)= f ds f du f dte= sinhiot coshiot
0 0 0 u
cosh?3ot

=;[ 'p—l i (q+k)!
4

! Ass,sc,cc 5 +k+1 + !YSS,sc,cc , ]. A7
j4 =0 k=0 k!(j—l‘l) (0' q ) p (0’ q) ( )

For p2 1, ¢>1,

sinh?}o¢
U(p, q, —2, d)Ef dsf duf dt e sinh}eof coshiot
0 0 0 u?
cosh?iat
=1 (p— ) (g+j— 1)' .
i‘[(? 1)' Z ‘—'—'—|*""—" ss, sc, CC(U’ Q+J)] (AS)
7!
For ¢>1,
sinh?iq¢
o s u —sjq
U, q, —2, d)Ef dsf duf dt - sinhiet coshiot r =3[ (g— 1) 4 s, se co(0,9) — Vs, 56, cc(o,9) 1. (A9)
0 0 0 "

cosh?iat
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For $20,720,

® s “ sPtay”
V(p,q,r,d)= f ds f du f dt e
0 0 0 s+t

sinh*}a¢

sinhiot coshiot

cosh?3at
U ot 5 (=17l (ptg+r+k— ;)'
=i~ [Z Z ss, sc,cc(o', P+q+7’+1+k-‘])
r-+1Ls=0 k=0 k! .

1 4 (D)7 (ptgtrth—j)! _

2 A s, 50, co(0y pFHg+r+1+k—7)
i=0 k=0 k!

(=1)[(=1)+—1]
- Yss, s¢, cc[% (0'+ 1), P+q+7+1]:|. (AIO)
2P+q+r+2
For 20, ¢20,
sinh?}0¢

51

V(p,q, —1,d)= fdsf duf dtus—H

sinh}ot coshiot

cosh?}ot
p=1 -1 &k (—=1)PH+ifl(p4g4+l—j— 1)‘
=i[z Sy A ce.co(o, pHgHi—3)
J=0 k=0 1=0 (k11!

(=17
Lss, sc, cc(1+‘7; P‘{‘q):l- (All)

p—1

+ X (—D)PHIY e eo(o, pHg—j— 1)+
7=0

For p>0, ¢20, 720,

sinh’3a¢
sPLay”
W (p,a,d)= f ds f du f it e+ sinhot coshiot
cosh?}qt
U [oer s jMptgtrtk—)!
':i—_l: Z Ass, sc, ca(o', P+q+7’+1+k—j)
r+1Li=0 k=0 B!
=1 i jlp+q+r+k—7)! )
- Z Ass, se, cc(a', P+q+r+1+k_]):|. (A12)
=0 k=0 k!
For $0, ¢330,
sinh?30¢
e—SsPie
W(p,q, —1,d)= f dsf du f dt sinhict coshict
o u(s—i)
cosh?3at
N L )
=1 A, 00, cc(0, pHq+1—
4[1‘2‘0 2z 1(k+1) (o pteti=1)
p—1 )
+ Z j!YSS, s¢, 00(0-; P"f‘l]‘]‘ 1)+Hss, sc, cc(o', P+q):|. (A13)
=0
APPENDIX B

associated with each operator were found, and finally
we computed the expectation values of these operators.

All computations were done on an IBM. 650 com-
For a computation of this size many checks are neces-

puter, a medium-size machine with 2000 storage loca-

tions. First all functions such as ¥, (8,%) were tabulated
and used in computation of the integrals. There were
some 600 integrals of each type. Next the matrices

sary. A typical example is the following. The fastest
way to generate the ¥ (8,n) is by the recursion formula.
In addition, however, we employed the explicit formula
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for Y (8,n) to find its value for a large » and compared
it with the value predicted by recursion.

Almost all matrices encountered were symmetric.
This property was used as a check in the initial phases
of each machine computation.

The most powerful check was the following. We
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chose fi(30t)=cosh(%at), took o=0, and picked p;, ¢, 7:
so that we had functions suitable for the ground state.
By setting =0 in our programs we tabulated functions,
integrals, and matrices for this state. All energy correc-
tions were then calculated and compared with published
results.
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Analytic Hartree-Fock Solutions for O=f
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O~ ions exist in solids but not in a free state. Analytic Hartree-Fock solutions have been obtained for
the 1S state of O= which can be applied to work in solids. The solutions utilize stabilizing potential wells
of positive charge and the results are compared with other published work.

INTRODUCTION

NUMBER of the oxide crystals are of interest

because of their magnetic properties. They are
ionic in nature, their oxygens having double negative
charges. Because of this, it seemed desirable to obtain
15(15)%(25)2(2p)® O= wave functions of a form which
might be useful in discussions of the properties of the
solids. No one has experimentally observed free O=
ions. It is doubtful that a Hartree-Fock solution, which
is a single determinant s.c.f. (self-consistent field)
calculation, would converge to a state with all ten
electrons bound for a free O=. Crystalline O= ions are
stabilized by their environment and because of this it
is reasonable both to talk of O= ions in crystals and to
hope to get meaningful single determinant O= solutions
for further work in solids. It was decided to do analytic
Hartree-Fock calculations using stabilizing potential
wells which are described below.

PROCEDURE

The technique used was the Roothaan procedure! as
modified by Nesbet? for use on the Whirlwind digital

TaBLE I. Parameters of the basis functions (7;’s).

Az Zi

7.700
1.490
2.803
1.776
0.714
3.412
1.384

e oOo0O | ~

SN UL W R e | W,
COORPRPRO
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1C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951).

2R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955).

computer at M.I.T. In this method, one starts with a
set of one-electron basis functions of the form

ni(lm) =r4itte 7Y m(0,).

An s.cf. calculation is then done, subject to the
limitations imposed by the choice of the set of 5.s.
A final set of orthonormal one-electron functions
results with each function having the form

¥i(lym)=2: Cjim(lm),

where the summation is over all 9;’s with the ! and m
values of the ¢; in question. The computer- programs
had the facility for adding potentials due to charged
environments other than and in addition to the nuclear
potential. In the calculations described here, a sphere
of uniform positive charge was added. Such a sphere
causes a discontinuity in electric field rather than in
potential at the sphere radius giving us a “shouldered”
instead of square-well potential.

At first, a set of wells was used whose radii were
equal to the nearest-neighbor distances in several of
the oxides and whose charge gave the wells a depth
equal to the Madelung potential. Such a choice was
not at all satisfactory since it did not include the
nearest-neighbor electronic repulsion. Professor Slater

TasLE II. Analytic form of the wave functions.

+1 Well solution

V(15 =42.302037:+0.1934275+4-0.854279; — 0.473137,
'50(23) =— 1038130771+013332?}2+621035ﬂ3+294794174
Y2y =0.11617n5+8.7499876+1.49205y,

+2 Well solution

Y15 =42.301297,-0.192407,+0.853657;—0.471057,
Viony = —10.249757,4-0.1627192-45.97706175-+2.973257,
Y2y =0.07800n5+8.51793ng+1.66494n;




