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It is shown that the first two terms in the series expansion of the differential bremsstrahlung cross section
(in powers of the energy loss) may be calculated exactly in terms of the corresponding elastic amplitude and
the electromagnetic constants of the participating particles.

1. INTRODUCTION

T is well known that the cross section for brems-
strahlung in a finite-range force field has a dk/k

dependence on the energy % of the radiated photon as
k— 0. Except for trivial factors associated with the
current producing the radiation, the coefficient of 1/k
is, in the limit of 2=0, just the square of the elastic
amplitude for the scattering that produced the radia-
tion. (Elastic, as used here, refers to the absence of
energy loss to the electromagnetic field rather than to
the identity of the initial and final constituents of the
collision.) It will be shown in this paper that not only
the 1/k term but also the term of order zero in % in the
bremsstrahlung cross section may be exactly calculated
as a function of the corresponding elastic amplitude.

This result is a consequence of electric charge con-
servation. It appears to have a wide range of validity:
it was originally proved for systems interacting through
a potential by using the Lippmann-Schwinger for-
malism, but it can equally well be derived using the
formalism of quantum field theory. In this paper we
shall restrict ourselves to the latter case since algebraic
manipulations are thereby reduced to a minimum,
particularly in the relativistic region.

We may imagine the cross section to be expanded in
powers of the energy loss & for small £ (we use units
h=c=1 throughout):

)
0’=;+0’1+k02+"', (11)
or
ko=aotko1+kost---. (1.2)
The results just stated predict a unique value for
oo= llglg ko (1.3)
and
(1.4)

1= lkli]% ﬁ(ka)a

provided the corresponding scattering amplitudes are
known. The term ¢, in the cross section arises from an
interference between a term of order 1/& and one of
order 1 in the amplitude. Unlike the situation in the
scattering of light, where there-is no interference be-
tween the Thompson and magnetic amplitudes for
unpolarized targets, there is in general an interference

term in this case. The coefficient o contains all electric
multipoles whereas ¢ contains all magnetic multipoles
as well as electric ones. The usefulness of Egs. (1.3) and
(1.4) depends on how close one must come to k=0
before the limit is approximately reached. Barring
accidentally strong energy dependence, one expects, for
the case of strong coupling, that the most important
parameter be 2/E. Thus we must have

k/EL1. (1.5)

In a normal radiation problem one expects that the
(+1)st multipole amplitude will have the ratio kd to
the ’th, where d is a length characteristic of the source,
either its linear dimension or, for close collisions, the
wavelength of the scattered particles. The brems-
strahlung problem is peculiar in that one finds, instead,
the ratio ». The explanation is that there exists another
length, that is, the distance a particle can move with
energy imbalance AE=k. This length is d’'=Alv=v/k,
so that d’k=v. Furthermore, unless d’>>b, where b is
the range of the force producing the scattering, it must
be impossible to separate the scattering from the radia-
tion; we must therefore have, in addition to (1.5),

d'/b=v/kb>1, or kb/v<1. (1.6)

For a sufficiently singular potential, presumably b
may be replaced by 1/p, leading back to our condi-
tion (1.5).

For a nonrelativistic system the electric dipole ampli-
tude is ~ (ev/k)T where T is the scattering amplitude.
We here calculate the 2/E (or kb/v, as the case may be)
correction to it. The electric quadrupole amplitude is v
times as small; we calculate it and also its k/E cor-
rection.. The magnetic dipole is k/p=(k/E)v times as
small as the electric dipole; it is calculated here only in
lowest order.

We state in this section our result for two special
systems. Formulas for other systems may be derived
easily using the methods developed in Secs. 2 and 3.

Case A.—Two spin-zero bosons, with initial four-
momenta p; and p,, final four-momenta p,’ and p.".
Particle one carries charge e, particle two is neutral.
The S-matrix element is

(kpi'ps' | S| prpz)=— (2w )48 (p1+ ps' +k— p1—p3)
X (32kE1/E2,E1E2)_%M,‘6,,,
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with
M,,=e( P — P )T(V,A)
Pk ok (1.7)
prpe prube-k AT (»,A)
+e(1 A 2;:) 22 vo),
Pk Pk v

where V=?1‘P2+P1I'P2/, A=(p2"‘?2,)2, T is the in-
variant scattering amplitude, and ;- p2=p1upe.. The
photon polarization is €,. For a nonrelativistic system »
is proportional to the average (of the initial and final)
kinetic energy and 4/A is the momentum transfer of
the neutral particle.

Case B.—One neutral spin-zero boson, of four-
momenta go and ¢y, and one spin-one-half fermion of
charge e, anomalous moment A\, mass m, and four-
momenta po and py: '

1
M,=u(py) l (ievutidoyk,)———T
’ iy (st E)+m

1
+T—————(teyutirouk,)
iy (po—k)+m
gr-kpsu go* kpoy aT
4 ok qr ok g ) 4(po)
+0(k), (1.8)

where T is the invariant scattering amplitude, ex-
pressed in the form T=A(»,A)+33v: (qotqs)B(»,A),
and where v=po:qot+ps-¢q; and A=(go—qy)?.. Equa-
tions (1.7) and (1.8) are correct to order k.

In general, the methods developed in this paper
make it clear that, given the amplitude for any radia-
tionless process, the amplitude for the process accom*
panied by radiation may be calculated to order %° in
terms of it.

We give finally the nonrelativistic limit of Egs. (1.7)
and (1.8). In this limit A= (po—p2 )2~ (pr—p1')?
= (p1—p1)? and v= — (m1+ms) (E+E’), where p; and
p1 are the initial and final momenta of particle 1 in the
cm. system and E and E’ are the initial and final
energies of the particles in the c.m. system. One finds
easily:

M=ﬁ[(p‘/* pl)T(]HE,, A)
mi k 2

oT
~%(p1+p1’)—(E,A)]. (1.7N.R))
oF

2. DERIVATION FOR TWO SPIN-ZERO PARTICLES

We shall for simplicity consider here radiation by a
system of two spin-zero bosons, of which only one is
charged. The generalization to two charged particles,
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charge exchange scattering, etc., is obvious; the
generalization to the case where at least one of the
particles has spin % is less obvious and will be discussed
in the next section.

Let p1, p2 be the initial and p," and p.’ the final four-
momenta of the two particles. The photon has energy-
momentum £, so that

pitpe=pi+p +k. (2.1)
The bremsstrahlung matrix element may be written
.M . (32kE/E)E Ey)7}, (2.2)

where M ,=M,V+M,® and M, @ consists of the sum
of all Feynman diagrams in which the photon is emitted
before or after the interaction; M,® consists of all
other diagrams. As k— 0, M ®~1/k, M @~ constant,
independent of how %, — 0.

The current that emits a final photon (let particle 1
carry the charge) is

]I"(f) = epll‘l/Pll : k?
whereas the current that emits an initial photon is
JuO=—ep1./pr k. (2.4)

Equations (2.3) and (2.4) are exact. To prove this, we
use the relation

AF o (p2) (p2— p1)uTu(p2,p1) AFe(p1)
=e[Aro(p1)—Ar.(p2)],
where Ar, is the exact renormalized boson propagation

function and T, the exact renormalized electromagnetic
vertex operator. It follows from (2.5) that

(2.3)

(2.5)

(p2— 0wl u(P2sp1)=—e¢, (2.6)
where J,(p2,p1) is the final current and where
prtm=0, ie, Ju=T.(pe,p)Arc(p1). (2.7)
Now
Ju= (Pt p0)uf PP +m, pP+m?, (pa—p1)*)
+ (po—p)ug B+, prr+m?, (p2—p1)?).  (2.8)

In our application, po=p, p1=p.+%, so that the
coefficient g multiplies %2, and may be ignored. Equa-
tion (2.6) tells us that

—2k-p1'f(0, 2k p{, 0)= —e,

or f(0,2,0)=¢/2x so that (2.3) holds. The proof for
(2.4) is identical. '

The coefficients of J,¢? and J,@ are the appropriate
invariant scattering amplitudes, which we shall call T':
thus

PIM,
Pk

(o' +k, o' | T | p1,p2s
Plu
1k

M“(1)= g[

(01,94 T prt, p2>]. (2.9)
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The T matrices in Eq. (2.9) conserve momentum and
energy but not mass. Let us call the initial and final
masses of which the 7" matrix is a function M; and
M, respectively ; the actual masses of the two particles
are m; and m.. The T matrices with which we have to
deal depend on the two mass values assumed by m, as
well as on two other variables, essentially energy and
angle. It is convenient to choose these last to be
v=2p1potpi P’ and A= (p'—p2)% At My=M,/=m,
the 7" matrix is a known linear function of the scatter-
ing amplitude. We write

T= T(Ml’Z,Mlz,V,A). (210)
Then
efln’
M‘,(l) = T(m12— 2k- Pll, ’}%12,
ik
prpotpi’p R pd, (p2— 1))
epiu
*—*;T(th, m12+ 2171 . k,
h pr1patpi’ - p — kP, (pa—p2)?).  (2.11)

Since the over-all current is conserved, we have

EM,=0, (2.12)
so that
RuM,® = — R, M,O (2.13)
=e[ T2(2p1k)+T1(2p1 - k) — Ts(po+po) - k]
+0(%), (2.14)

where T, means differentiation with respect to the nth
of the four arguments given by Eq. (2.10). The deriva-
tives in (2.14) may be evaluated at £=0 to give us the
necessary accuracy. From (2.14) and the absence of
singularities of M,® as k— 0, we have

M, ®=e[2p1,To+2p1)/ T1— (poutp2’) Ts].

If we now expand Eq. (2.11) in power of k, and add
Eq. (2.11) and Eq. (2.15), we find, keeping only the
first two terms:

i’ P
o'k Pk

(2.15)

M,=e )T(m12,m12,V:A)

2

P ul , ,
+e P2 k— pout——p  k— pa,
Pk -k
aT
Xg'(m12,M12,V,A)+O(k), (216)
v

7
1

where v=p;-potpi - po’ and A= (po—p2’)2. It will be
seen that the derivatives with respect to M? have dis-
appeared from the final formula; that is, the matrix-
element has been expressed, to order £°, as a function
of the (mass-shell) scattering amplitude and its deriva-
tives with respect to energy and angle. Before going on
to more complicated processes we may emphasize that
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although the details of the correction terms depend on
the system under consideration, the cancellation of the
derivatives of the 7" matrix with respect to the masses is
a very general result. Thus, although we shall only give
the result for two special cases, the procedure is suffi-
ciently straightforward so that it can be applied to
bremsstrahlung in any kind of process. As our second
example, we consider a boson-fermion collision.

3. DERIVATION FOR ONE SPIN-ZERO AND
ONE SPIN-ONE-HALF PARTICLE

Here, again for simplicity, we consider scattering of
a charged spin —% fermion of four-momentum p, mass
m, and anomalous magnetic moment A by a neutral
boson of four-momentum ¢, mass u, and spin zero. The
case of a charged boson may be treated by the same
methods as were introduced in Sec. 2. Although the
case of fermion-fermion scattering is considerably more
complicated, it will be clear that the same methods can
be applied there as here.

Our procedure parallels that of Sec. 2. As before, we
write the radiation matrix element as

€M ,(32kE Eqw jwo)?, (3.1)
where M, =M ,V+M,? with
M, ®O=7,9%ps+k, q;1T| po, q0)
_<Pf7 gflTIp‘Jhk; 90>Jﬂ(i); (32)

and M,® again to be determined by Eq. (2.12). Here
we can no longer calculate the J,’s exactly; however,
we can still calculate that part of the J,’s which has a
singularity as £ — 0; it is, for J,),

TP =a(p)) (iey,+iNa k) —————, (3.3)
! iv- (ps+-k)+m
and for J,®,
J D= (iey,Ficwk)u(p). (3.4)

Now consider the operator
1 1
iv- (b k) tm 2p;k

where

[— Z.’Y'Pf—f-Mf—i'WL“Mf], (35)

Pr=p;tk, MP=—Pr=m—2p;-k. (3.6

Since m—M =~ (p;-k)/m, the m—M; in Eq. (3.5)
cancels the 1/k singularity, so that its effect may be
included in M,®. Thus for the purpose of calculating
M,® we may let

(i67ﬂ+i)\aﬂVk”)

2ps-k

T, =a(p;) (=éy-Pp+My), (3.7)

with a similar equation for J,®. The point now is that
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iy- P; acting to the right of J, gives — M, since
(—iv-Py+My)iy-Py=P/+M;(iy- Py)
=—Mp+Mvy-Pr=(—iy-Pr+Ms)(—M;).

Therefore the T matrices in Eq. (3.2) have the same
number of independent functions as the real 7" matrix,
that is, two:

T=A+3iy- (951908,

where, exactly as in Eq. (2.10),
A=A(Mf;M0;V;A)) B=B(Mf7M07V)A),
v=p; qstpoq, A=(g;—q0)

We now write out M,®:

(3.8)

(3.9)

M, =ua(p)) { (teyut+iNouks)

(—iV'Pf—l-Mf
X e
205k

o
+2 (q; 9 gt b oh, A)]

)[[A (Mf2;m2,1’+(1f‘ k7A)

#- (go+qy)
- [A (m27M02) V—qo" k: A)+— 2

—i’Y'Po‘f‘Mo)

XB(m*, M, v—qo-k, A)](
2p0-k

X (iey,+io k) }u(po). (3.10)

In Eq. (3.10), we have Po=po—k, ME=mi+2py-k,
v=poqo+psqs, and A= (go—qys)> We proceed exactly
as in Sec. 2 by calculating k.M ,®=—k,M,®. The
only new algebraic points included are the following:

—i’Y'Pf-l-Mf)

(5 Vi b
a(ps)iy ( Yo"

k[ o)k
—atpiy |~ (=
2psk

m

ﬂw(b%g,@m

—"1:’Y‘P0+Mo l’Yk
(——M)iy.ku(po)=(1+?—)u(po). (3.12)
m

Zpok

The calculation of - M ® is now straightforward and
yields

-k
k-M(”=ed(pf){ (1*T)T(Mf2)m2a v+qs-k, A)
m

y-k
—T(m M, v—qo-k, A)(1+—2—) ]u(po). (3.13)
m
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Therefore

M, ®=ei(ps)] 2071+ 2pouT
1
+ @y, T+T iw)?z—— (95+90)uTsiu(po), (3.14)
m

where, as in Sec. 2, subscripts refer to differentiation,
and all quantities in (3.14) may be evaluated at k=0.
We turn now to M,Y. We may replace
(—iv-Ps+Mp)[2p; kby (—iv-Pr+m)/(2p; k) —1/2m.
The second term, —1/2m, will cancel the next to
the last term in (3.14) and may be ignored. Also, we
expand 4 and B in powers of %; associated with the first-
order term we may set (—#y-Ps4+m)=(—iy-ps+m)
since the difference is of first order and will result in a
second-order product. Finally we note that

A(p)ivu(—iv-prtm)=a(ps) 21
and, of course, that
—vy- (Pf+k)+m_ 1
20k iv-(prAD+m
With these remarks, (3.10) becomes

1
M, =q;(pf)<l (teyutirouwk,)————————T
iy (ps+R)+m

AT (ieyatironky)
vy (po—k)+m

WERE S
Pf‘k ?ok aV

—e(2p4.T1+2p0,T5) }M(Po). (3.15)

We now add (3.14) and (3.15) to get M ,:

M,=M,O+M,®,
or

M, =a( )l (iey,t+irouky)————T
b iy (pytk)+m

1
T
1y (po—k)+m

q;k qu aT
+e("_Pfﬂ_‘Ifu+ Pou*qW)—
bk po-k av

(teyut+irouk,)

u(po)

+0(k).
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