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We discuss the coherent states generated in the Bardeen, Cooper, and Schrieffer theory of supercon-
ductivity by the momentum displacement operator pq= 2, exp (:Q -r,). Without taking into account plasma
effects, these states are like bound Cooper pairs with momentum %Q and energies lying in the gap, and they
play a central role in the explanation of the gauge invariance of the Meissner effect. Long-range Coulomb
forces recombine them into plasmons with equations of motion unaffected by the gap. Central to the argu-
ment is the proof that the non-gauge-invariant terms in the Hamiltonian of Bardeen, Cooper, and Schrieffer
have an effect on these states which vanishes in the weak-coupling limit.

1. INTRODUCTION

UCKINGHAM! has questioned whether an energy-
gap model of superconductivity, such as that of
Bardeen, Cooper, and Schrieffer,? can explain the
Meissner effect without violating a certain identity
derived by Schafroth? on the basis of gauge invariance,
and by Buckingham using essentially an f-sum rule.
This identity is what causes the insulator, which also
has an energy gap, to fail to show a Meissner effect;
thus, Buckingham and Schafroth* argue, a proof of
gauge invariance lies at the core of the problem of
superconductivity, especially since the Hamiltonian
used in B.C.S. is not gauge-invariant.

Bardeen® argues that the matrix elements and energy
states involved in the gauge problem bring in coherent
excitations which will be strongly coupled to the plasma
modes, a high-frequency phenomenon presumably un-
altered by superconductivity. Unfortunately, while we
find that this is indeed exactly the situation, the insula-
tor also often has normal plasma modes. Thus, while the
B.C.S. calculation in the London gauge is probably
entirely correct, and justifiable on physical grounds, it
throws little light on the basic differences between the
three cases—insulator, metal, and superconductor.

We also noticed that the operator which is central in
the gauge problem as well as the plasma theory,

pa=2_nexp(iQ-r,)
= Zk, ¢ Ck4-Q, v*ck, oy

ey

has another interesting property: its separate compo-
nents cxyqQ,s Ck, 0, When applied to the B.C.S. ground-
state wave function ¥, create excited pairs of electrons
ki, ke with momentum pairing

ki+k,=Q

(2

1 M. J. Buckingham, Nuovo cimento 5, 1763 (1957).

2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957);
108, 1175 (1957). The latter we call B.C.S., and we shall follow its
notation as far as possible.

3 M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951).

4 M. R. Schafroth (private communication). I am indebted to
G. Wentzel for an elegant presentation of these questions in a
series of discussions, to which M. Lax and C. Herring also con-
tributed.

5 J. Bardeen, Nuovo cimento 5, 1765 (1957).

instead of zero. The total operator applied to ¥, leads
to a linear combination of such states, which can be
thought of as equivalent to a Cooper bound state® of a
pair of electrons with nonzero momentum, superimposed
on the B.C.S. ground state.

Our discussion of these problems is based on the
following physical picture: any transverse excitation
involves breaking up the phase coherence over the whole
Fermi surface of at least one pair in the superconducting
ground state, and so involves a loss of attractive binding
energy. This causes the Meissner effect. Longitudinal
excitations, however, such as those generated by pq, do
not break up phase coherence in the superconducting
state, and so their energies involve only kinetic energy,
or electromagnetic energy when plasma effects are
included. Thus longitudinal and transverse excitations
are different in the superconductor, in a sense in which
they are not in either the metal or the insulator, and it
turns out to be this difference which allows a gauge-
invariant explanation of the Meissner effect.

We proceed further in two stages. First, we discuss
the fictitious problem in which the only plasma effect
is the screening of the long-range repulsion. In this stage
gauge invariance requires, and we indeed find, that the
states

3)

have energies in the energy gap and proportional to Q2
In a perfectly gauge-invariant theory, their energy
would be just the kinetic energy

Eq= (1*Q%/2m) (2¢;/3me0), 4)

but we find a small correction going to zero in the weak-
coupling limit. Equation (4) follows from the same f-
sum rule which leads to gauge invariance.

There is a fundamental difference, which we demon-
strate, between the ways in which superconducting and
normal substances satisfy this sum rule. Both normal
metals and insulators (leaving out the rather confusing
effects of long-range Coulomb forces which can be
studied later) satisfy this rule with ordinary excitations
in such a way that the more familiar optical sum rule—

6 L. N. Cooper, Phys. Rev. 104, 1189 (1956).

Yo=pq¥,
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which in turn leads to normal diamagnetism—also
follows. In these normal cases the states (3) can be
shown not to exist separately from the ordinary excita-
tions. In the superconductor, however, the rule is
satisfied by matrix elements involving only the longi-
tudinal excitations (3), while the optical sum rule and
Meissner effect involve transverse excitations with
entirely different behavior from the longitudinal ones.
Basically, these transverse excitations involve combi-
nations of pair states which have a finite angular as well
as linear momentum and cannot be bound into quasi-
“Cooper pairs” like the longitudinal excitations. This
difference is the basis for the electromagnetic properties
of superconductivity.

At this stage any number of Q30 pairs could be
incorporated into the state with little loss of energy.
This alleviates the rigidity of the B.C.S. ground state to
some extent, making it easier to fit physical boundary
conditions. On the other hand, we will find that when
plasma effects are included the Q=0 pairing condition
is again enforced, except possibly in particular geo-
metrical situations for very long wavelengths.

In the second stage of the calculation we discuss these
plasma effects. Our procedure corresponds to that of
Noziéres and Pines,” who find that the f-sum rules, and
particularly the relationship of the optical and longi-
tudinal forms, are best discussed prior to including the
long-range Coulomb effects. Appealing to the random-
phase approximation, which allows separation of the
different momenta Q, we show that the longitudinal
f-sum rule becomes the commutation rule of plasma
coordinates and momenta, while the transverse behavior
is unaffected, whether normal or superconducting, when
the long-range Coulomb interactions are included. The
states ¥q are recombined to make the plasma excita-
tions, which now have large excitation energies and do
not affect the energy gap.

II. COMMUTATORS AND ENERGIES OF
COHERENT STATES

In this section we carry out the first stage of the
program in the introduction. We naively ignore plasma
effects and subsidiary conditions and study the energies
of coherent excited states, and the f-sum rules, using the
B.C.S. ground state derived from phonon and screened
Coulomb interactions.

The initial Hamiltonian used by B.C.S. contains the
kinetic energy and the second-order phonon interaction
between electrons, but ignores the self-energy as well as
higher-order terms. It is

H=Z Ekﬂk,u‘l‘% Z
k, o

k kK, 0,0,k

27w | M |2

X [(Ek_ 6l~[~)—x)2_ (hwx)Zj_lck'——x, cr’*ck’, o’

X Chtx, v*ck, U+HCoul- (5)
7 P. Nozitres and D. Pines, Phys. Rev. 109, 741 (1958).
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Almost immediately B.C.S. drop, except for later per-
turbation calculations, all terms exceptk’= —k,¢'= —¢;
and they replace the coefficient by a ‘constant unless
either |ex| or |eryc|>%w, in which case it is zero. The
resulting Hamiltonian is their Hyeq.

The Hamiltonian (5) is already not gauge-invariant,
if it is to be used with the usual expressions for the
current and for the perturbation of an electromagnetic
field, because it depends on k as well as . Fortunately,
however, we shall show that the important difficulties
are not connected with the momentum dependence of
(5) but with the simplification to Hyeq. The difficulty is
that in calculating the properties of coherent excited
states of the B.C.S. theory one must take into account
more than just the k’—k terms of the interaction.

When this is done we shall show that the corrections
caused by the k dependence of (5) in the important sum
rules and energies become negligible in a well-defined
limit which is that applying to most superconductors.

The entire argument is based on a commutation rela-
tion used by Buckingham! in this connection and by
Noziéres and Pines’ for other reasons:

[Hr,pq]= (—%%/2m)
1Q -2 [ Ve exp(EQ-1,)+exp(GQ-1,) Va ]
= (ﬁ2/2m)2 ko Q . (2k+ Q) Cx4Q, q*Ck, 2 (6)

where Hx is the kinetic energy and pq is defined in (1).
F In the case of most simple kinds of forces, which are
functions only of coordinates or at most of relative
momenta, pq commutes with the potential energy. Then
(6) may be written, using

[H,pQ] = I:HKpr]:
as

(Em*EM’) ('mpolml)
= (h*/2m)
Q-2 ;(m|V;exp(iQ-1;)+exp(iQ-1)V,|m'). (7)

We may also deduce from (7) the basic f~sum rule:

[[HrpQ:'ap—Q] = Nh2Q2/m 5 (8)
2w (En—Em) ] (m | PQ ] m') | 2= §NH*Q*/m,

or

Y| (m| Q-2 [ Viexp(iQ-1;)+exp(iQ-1)V,]|m')|?
X (i En) 1= 2mN QY. (9)

Now in the case of (5) the potential energy does not
commute with pq. However, what we can show is that
the commutator can be made arbitrarily small compared
to (7).

In doing this we shall not use the explicit form (5) but
shall carry out the first stage—the cutoff—of the simpli-
fication to H.q, in full confidence that the results would
be practically the same if we used (5) itself, because the
new potential is no less k-dependent than the old in the
region of interest. One can then show that the full
interaction energy, corresponding to the k’= —k terms
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of the B.C.S. H,eq, is

1 K #k (e <hw) k(e <fiw)
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2 Jlewt* e—wiq¥*eokrqiCit)- (10)

k’ #k(ekl_q <tiw) k(sk._.q <fiw)

(All notations are as used in B.C.S.) Then first of all we have to calculate the commutator of this with pq. This is

done in the Appendix, and the result is:
[Hy,pql=3VL 2 z -2

+ (same with k—k’, k'—k)]

Kk #k k(e <hw, &k+Q She) kK #k k(e >ho, %+Q <tiw)

X (x4t *oitqt ¥o—ktqiCrt — Crr—qt ¥ L ¥6_kQUOr—qt)-

These terms already refer only to k states within Q
of the cutoff surface, and contain subtractions which
make them depend on only the derivatives of the wave
function near this surface. Thus, (11) will always be
small acting on states close to the ground state, at least
for small Q.

We shall see that the most important measure of this
smallness is the scalar product.

(PQ‘I/mI:HVpr]\Ifg)y (12)

where ¥, is the B.C.S. ground state. This will be com-
puted in the Appendix also, but first we will need to
compute the wave function

Vo= p¥, (13)
and its normalization. Consider a particular term of pq,
(PQ")+= Cerqr™cet, (14a)
or
(PQY)—=c-xy¥6—x—qy- (14b)
Then
(0V)+¥ = II [(1—he)i+/dd*]

k#kx+Q
X (1= hesq) hcteerqy oW,
¥, being the vacuum state. Thus
(0Q)+¥ g=I} (1= Q) Wy, s, (15)

where the last notation refers to the presence of a pair
of real “single” excitations in the B.C.S. sense in states
—x} and x+Q1. Similarly,

(PQ K) V¥,= hx+Q% (1 - hx) %‘I’—K, k+Q) (16)
and

Yq=po¥ 2 ZK hx%(l“hx)hl’—x, K4+Q- a7

Thus ¥q is indeed a certain linear superposition of pair
excitations with momentum Q. Its normalization factor
is

(W, ¥q) =4 2« hc(1—hx)

~27relV (0), (18)

which is finite—a vital point, since the corresponding
quantity in metal or insulator approaches zero with Q.
Equation (18) already implies the presence of long-
range order in the ground state, as we shall see.

(11)

Now we can compute the quantity (12) in the
Appendix. The result is

(0Q¥ ;[ Hv,pq ¥ ) =3 €N (0)4%k r*Q%/m?w?.  (19)

In order to get a measure of the magnitude of (19), and
for later work, let us also calculate the kinetic energy
commutator (6). This is also done in Appendix I, and
the result is

(0Q¥ o,LHr,\po ¥ )

72
=—(0q¥,, 2 Q- 2x+Q)criq, o ek o ¥ )
2m ¥,o

—$(2Q*/2m)N (O)er.  (20)
This value is shown there to be essentially independent
of the exact structure of the wave function if it resembles
a Fermi sea at all.

We can now, first of all, get a numerical measure of
the relative magnitude of the ordinary terms (6) and
the non-gauge-invariant terms (11) by taking the ratio
of (19) to (20). The result is

(19)/(20) = 2e0?/Hw?=2 exp[—2/N () V], (21)

which is completely negligible for most superconductors,
and zero in the weak-coupling limit (when, of course, in
principle superconductivity still exists). Thus we have
proved our first contention: that, although exact gauge
invariance is still not present except in the weak-
coupling limit, the inclusion of the Q70 terms of Hy
restores gauge invariance well enough so that no diffi-
culties of principle are encountered by ignoring the
terms (11).

We now can use (19), (20), and (18) to show that in
this stage, before the introduction of specific plasma
effects, states closely related to pq¥, must lie in the
energy gap. To show this we use the identity

Eq(p¥ ,00¥ ) = (0¥ 5,Hpq¥ ¢)
= (pq¥ g, Hpq—poH 1¥ ;)
+E, (PQ‘I’ 0PQ¥Y a) )

using the fact that the ground state is an eigenstate.
(The first equality defines Eq as the energy of ¥q.)

(22).
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Thus

(EQ - EO) = (PQ\I/ 0:PQ¥Y a)_l (PQ\I' 9 [H ;PQ]‘I' a)
2 [fer\PQ?

3r\ e/ 2m

(23)

Since pq is a state of momentum %Q, it is orthogonal to
the ground state; thus some eigenstate must lie below
Eq. One guesses that ¥q isreally a very good approxima-
tion to this state.®

These states, if they existed, would have interesting
properties. Their effective mass is about 10~* electron
mass. Therefore the specific heat would be tiny and
probably below the accuracy of present measurements.
The states would exist distinct from the individual
particles only up to the energy gap, so that the maxi-
mum Q would be about mey/%% r~10%/cm. Another
fact about them is that they cannot be correctly calcu-
lated directly from the excitation energies of the pair
states and the appropriate matrix elements of Hy. This
is because the B.C.S. ground state, while nearly exact,
does not diagonalize H well enough for this purpose ; we
shall discuss this point later.

It is the uniqueness of the states ¥q which will be the
central feature in the explanation of the Meissner effect.
Vo is a longitudinal excitation; the corresponding
transverse excitations are of a completely different
character. Study of the steps which lead to Eq. (11),
or a little thought about the properties of Cooper
pairs, quickly convinces us that no energy advantage is
gained by making an excitation which does not have the

NO LONGITUDINAL WEAK
LONG - RANGE; EQUATION OF MOMENT UM
ORDER (38) MOTION (6) DEPENDENCE (21)
T
i 9
] NOT IN
: SUPER\CONDZ (23)
¥ \\
LONGITUDINAL GAUGE
OPTICAL SUM 4--{-- SUM RULES [ INVARIANCE
RULE (24) (7) - (9) 71 (32)-(33)
7
{
COMMUTATION
RULE\(43)
\
A\
NORMAL LONG - RANGE
DIAMAGNETISM ';L_f‘s_"‘g:"s COULOMB
(35) )= (51 FORCE (44)

Fic. 1. Logical relations among diamagnetism, sum rules, gauge
invariance, and plasmons. Wide arrows are general theorems, solid
arrows mean “valid for superconductors at least,” and heavy
dashed arrows are theorems for normal but not superconducting
cases. The numbers in parentheses refer to equations in the text.

8 J. Bardeen has pointed out to me that (23) could also be
derived by the method of R. P. Feynman [Phys. Rev. 94, 262
(1954) ] using the B.C.S. calculation of the correlation function.
Feynman also presents arguments that po¥, is nearly the eigen-
state. :
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same amplitude at all points of the Fermi surface. Any
transverse excitation is of this form, and thus neces-
sarily has a finite excitation energy as its wave number
approaches zero. An equivalent statement is that no
excitation possessing a finite angular momentum exists
in the energy gap, since Cooper pairs have no bound
state with nonzero angular momentum.

To understand the effect of these statements let us
return to the fundamental sum rule (8). [ From here on,
we consider the question of the gauge invariance of the
Hamiltonian itself closed. All statements are exactly
true only in the weak coupling limit in which (11)=0.]
Equations (8) and (9) are general statements, and
indeed are used in the Nozidres-Pines plasmon theory,’
since they involve only longitudinal excitations. Actu-
ally, in the solid as in the atom the more familiar form of
(9) is the optical (i.e., transverse) sum rule, to derive
which one takes the limit as 0—0 and assumes

2mN
h2

= ngQ"2 2 (B —En)™!

X | (m|Q-L[V,exp(iQ-1;)+exp(iQ- 1) V; ]| m') |2
=32 (EM’_Em)ﬁll (m[ 2% le m") ‘2- (24)

The condition for the validity of this limit process has °
not been previously discussed; we shall find that it
involves the absence of a certain type of long-range
order, which is, however, present in a superconductor, in
that there is a qualitative difference between transverse
and longitudinal excitations even as Q—0 and in the
absence of Coulomb forces.

III. RELATIONSHIP OF SUM RULES AND
ELECTROMAGNETIC PROPERTIES;
COMPARISON OF NORMAL AND
SUPERCONDUCTING CASES

In this section we shall show how the mathematical
questions of the sum rules (6)-(9) and (24) are related
to the physical questions of gauge invariance and the
Meissner effect. Figure 1 is a schematic diagram of the
rather complex relationships involved. The core of the
argument is that it is the longitudinal sum rule (9)
which implies gauge invariance. As we have pointed out
(9) is always true. On the other hand, normal diamag-
netism is a consequence of the optical sum rule (24). We
shall then show that the normal cases obey the optical
sum rule, while the B.C.S. superconductor need not
because of the distinction between the states ¥q and the
transverse excitations. B.C.S. have in fact shown, in
deriving the Meissner effect, that it does not, and there
is no need to repeat their calculation here.

To do this we must write down the two quantities
involved in the calculation of electromagnetic effects,
the current operator:

J(r) = (ieh/ 2m) (W*VO—TVE*) — (¢2/mc) U*AY

=J+Js, (29)
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and the perturbation to the Hamiltonian caused by the
vector potential A:

Hi= (ich/2m) f VEA-VHV-AT. (26)

The vector potential may be expanded in Fourier
series:

A=3qaqexp(iQ-1),

and one can calculate the appropriate Fourier compo-
nents of the current Jq. If we set

Jo=—Kaa, (27)

then it is well known that the Meissner effect follows
when in the London gauge:

V-A=0,
(28)
limKq=finite.
Q-0

On the other hand, in a longitudinal gauge there can be
no physical current:
VXA=0,

The problem is to reconcile these two [(28) and (29)].

In an energy-gap model, (28) is true because the J,
term of (25) either is small or vanishes, as a result of
small matrix elements and finite energy denominators in
perturbation theory. But the finite energy denominators
must not cause J, to vanish in the longitudinal case (29)
(see reference 4).

Let us take up the longitudinal case first. Then a

typical component is
A=Vexp(iQ-r). (30)

The Qth Fourier component of the resulting paramag-
netic current is, in perturbation theory,

en?
Jp:zm,(mzc)

X (012 1Lexp(iQ - 1)Vt Vi exp(iQ- 1) ]| m')
X (m'[iQ -2 aLexp(iQ - 1,)Vat Vaexp(iQ-1,) ][ 0)

X (En — E¢) '+ complex conj. (31)
From the sum rule (9),
Q-J,=iQ*Ne*/me, (32)
which is exactly the negative of
Q-Ji=—(Net/mc)(Q-A). (33)

Thus (9) ensures gauge invariance, and our proof that
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to a certain order of accuracy (7) is maintained in
B.C.S. is a proof of gauge invariance to that order.
Now consider the real diamagnetism problem in which

A=aqexp(iQ-1); aq-Q=0. (34)

Now,

J,=>" o (eh2/4m%c)
X (0| X aLexp(iQ-12) Vot Vs exp(iQ-r,) ]| m")
X (' | 5 [exp(iQ-1.)aq- Vat Vs 2 exp(iQ-1,)]] 0)
X (Em— Eg)™4-complex conj. (35)

As far as possible constant terms are concerned, if the
optical sum rule (24) is valid, then (35) is also equal to
the corresponding J; and normal diamagnetism follows.
Having thus shown how the gauge invariance and
sum rule questions are the same, let us compare how the
three cases—superconductor, insulator, and normal
metal—obey the sum rules (7) and (9). In the normal
metal, the ground state may be approximated by a
Fermi sea. The appropriate excited states are single-
particle excitations from k to k+Q, whose excitation
energies are proportional to Q. Equation (7) is satisfied
by finite matrix elements of pg and small excitation
energies. However, we can see from (8) that the sum

2w | (0] pa|m') |2= (¥q,¥q)

vanishes as Q when 0—90, as a result of the small number
of possible excitations as Q—0. This means that the
identity (22) does not cause any anomalous excited
states to appear as Q—0.

The insulator behaves in an even more regular way.
In the insulator there is an automatic energy gap be-
tween the ground state and all excitations, but (7) can
be satisfied because (0] pq|7)—0. This in turn is simply a
consequence of the fact that excited states are orthogonal
to the ground state. The sum (36) in the insulator
vanishes as Q% and again (22) does not cause any special
excited states to appear.

We see, then, that the failure of (36) to vanish in the
superconductor is the major difference from the normal
state. We now show that this is related to the presence
of a kind of long-range order in the electrons’ wave
function. A unified way to prove that (36) vanishes in
the normal cases is to write the wave function as a
determinant of localized one-electron functions:

(36)

‘I’o=§('—1)Pﬁ‘I’(l‘j—RP(]‘)). (37)

In the insulator case, the ¥’s are the usual Wannier
functions. Equation (37) is not in the literature for the
case of the Fermi sea, but may be derived as a limit
from the insulator by increasing the lattice spacing and
combining more and more Brillouin zones to approxi-
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mate a sphere. Then, as we approach Q=0,
N
pe¥o=2_ %(“1)" exp(iQ-r;) I_II‘I’(U— Rr)
=[2;exp(iQ-R) Mo+ P ;(— 1P
Xexp(2Q-Rp(»)Q- (r;j—Rp(p)
XILi¥(ri—Rpp)- - =0+0(Q). (38)

In the real physical case, one-electron determinants

P. W. ANDERSON

are only an approximation. Nonetheless, if we retain the
definition of ‘“no long-range order” as meaning that the
wave function is really a properly symmetrized product
of factors, each referring to a volume small in comparison
to the whole specimen, then the above proof still holds.

Now we come to the question of showing that (24)
holds in the metal and insulator but not in the supercon-
ductor. The proof for one-electron function representa-
tions of metal and insulator is trivial, but we shall give it
here in a form using (37) which indicates how it might
easily be generalized to any case without long-range
order.

The sum rule we start from may also be written in the mixed form

2n(0]Q-X,[V;exp(—iQ-rj)+exp(—iQ-1,)V;]|m) (m|exp(iQ-r;) | 0)+c.c.= 2N Q2

The above is simply the scalar product

(39)

Er (=17 exp(iQ-Rp)2Q-V; I1 ¥ (r;—Re(j), 2 p, i(—1)P exp(i1Q- Rp;) Q- (r;—Rpey) IL ¥ (r;—Rpi)).

Here we have already used (38). In any case in which the Wannier functions may be taken even or odd, this is the

same as

2 i r(=1)7 exp(1Q-Rp()2Q - V¥ (r;— Rp(p), 2 p(—1)® exp(iQ-Rpi () Q- (t;—Rpr () ¥ (r;—Rpr(n)).  (40)

Since the ¥ are localized, the scalar product will
vanish for all but nearby Rp(;’s, which means that at
small Q the exponentials all approach unity. Clearly the
only property of the wave function which has been used
is the absence of long-range order. The above proof fails
completely for the B.C.S. ground state, simply because
(37) and (38) are not true. The matrix elements which

enter in the current in the B.C.S. case can be shown to

lead to states with finite angular momentum, which are
orthogonal to the states Wq which satisfy the sum rule
(9). For detalils of the actual calculation see the B.C.S.
paper. .
IV. PLASMA CONSIDERATIONS

So far all our work has ignored the long-range order
and correlations caused by the plasma effect. The reason
is now obvious: that a certain special type of long-range
order is required to explain the Meissner effect, which is
not at all similar to the order enforced by long-range
Coulomb forces. That latter order would only serve to
obscure the relationships. Prior to plasma effects, the
derivation of (24) from (9) is trivial, as in the Noziéres-
Pines paper’; afterwards, it is not at all simple.

In fact, we shall simply repeat the Noziéres-Pines
work here, but must first briefly explain the philosophy
of what we do. The interaction used in B.C.S. includes
both the phonon and repulsive Coulomb interactions,
the latter appropriately screened, so that our procedure
does require justification, in that this screening implies
thatin the ground-state wave function the plasma effects
have already been included.

The basis of our justification is provided by the
observation of Sawada, Brueckner, Fukuda, and Brout?®

9 Sawada, Brueckner, Fukuda, and Brout, Phys. Rev. 108, 507
(1957).

that the plasma properties of the free-electron gas follow
from a Hamiltonian in which the different Q’s are com-
pletely decoupled. This observation provides a deeper
justification for the “random-phase approximation” of
Bohm and Pines.® What we shall do is to retain the
random-phase approximation in the superconductor.

As Sawada et al. show, the random-phase approxima-
tion is equivalent to assuming it more probable that
Coulomb interactions return an excited particle into the
Fermi sea than that they excite still another. Such
terms, as shown by Brueckner and Gell-Mann,!* always
lead to the most singular parts of the interactions. Our
rather physical argument is that we can show that the
part of the interaction retained by these authors is
practically unchanged by the energy gap. It is then very
hard to see why the less singular parts of the Coulomb
interaction would take on a new importance and over-
whelm the more singular terms in the superconducting,
but not the normal case.

Our procedure is in principle the following: the
original B.C.S. Hamiltonian is assumed to contain all
the Coulomb interaction except that part involving pq
itself. Thus most of the screening is present, while all
momenta except Q have corresponding subsidiary condi-
tions and plasma terms. For Q, however, we can still
prove (7) and (9) and study the transition from (9) to
(24) as we did in the last section; the random-phase
approximation tells us there is no strong coupling of Q
and other momenta (we shall discuss the explicit point
where this is introduced later). We then show that the
plasma properties follow from the sum rules, practically

1 D, Bohm and D. Pines, Phys. Rev. 85, 338 (1952).

- 17() A. Brueckner and M. Gell-Mann, Phys. Rev. 106, 367
(1957).
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unaffected by the gap. On the other hand, the states ¥q
disappear and are replaced by the plasma states at
E=%w, This means that, in a sense, the pairing
criterion Q=0 of B.C.S. is enforced only by the sub-
sidiary condition associated with the plasma.

To derive the plasma effects, we shall use the method
of the appendix of reference 9. Define a quantity

Me= (NQ*™

2iQ-3°,[V; exp(iQ-1;)+exp(iQ-r;)V,]. (41)
The commutation rule (7) gives us
[H,pq]= (N%W*Q*/mi)Ilq, (42)
while (9) gives
[(q,p-q]=1, (43)

so that IIq* plays the role of a momentum conjugate to
the coordinate pq, and the sum rule becomes their
commutation relation. Now we must introduce the

interaction
2re?

= _Qz‘ (PQP—Q'*_p—-QPQ) ’ (44)

of which we write only the Q terms. We also assume the
existence of a ground state of energy Eo, which we expect
to be perturbed from the ¥, so far discussed in such a
way as to give the part of the long-range correlation
energy associated with pq, and the subsidiary condition.
Finally, we observe that if pq and Ilq are to play the role
of plasma oscillation coordinates, the first excited state
W, is obtainable by

V= (apq+pB1a) ¥y, (45)
while the energy condition
El\I/1= (H[)+H¢)‘I/1 (46)
“is just
[H, (apq+Bq) o= Ei(ape+BI)¥o,  (47)

and, as Sawada et al. show,® the condition that ¥, be the
ground state is the subsidiary condition:

(ap+BIIq)™We=0. (48)
The commutator in (47) with I is made up of
[H, g ]=+4weQ2ipq, (49)
and of :
[H o, Mq]=mi(N#*Q*)~'[Ho,[H,pq]], (50)

[H o, YIQ T = mi(N#2Q?) ™ (Em— Ep)? (m| pa|m'),

in the representation in which H, is diagonal. The sum
rules (7) and (8) show us that this is of lower order in Q
than (49) except in the insulator (for which a complete
discussion has been given by Noziéres and Pines?).

The random-phase approximation consists in as-
suming that (49) is the only important commutator of
IIq with any of the Coulomb terms. A discussion of this
was given earlier.
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We can now solve (47).

N2Q? 4TI
a( )Hcrl“ﬁ(—é?i pa= E1(apq+6Ilg).

mi

Since pq and IIq are independent, this can be solved to
give

El=dmneh?/m= (hw,)?, (51)
a/B=1imaw ,/ NhQ?, (52)

and the subsidiary condition, from (48),
(ap_q—PBILq)¥=0, (83)

which is the same as that of Bohm and Pines'® as Q—0,
since &>, and the no-plasmon states have almost no
Q#0 pairs present. The old states ¥, and ¥q have
disappeared ; they are related to ¥, and ¥; more or less
as eigenfunctions of momentum are to the harmonic
oscillator eigenfunctions. The derivation of (51) and
(53) completes our program of showing that only (7)
and (44) are necessary to normal plasmon behavior.

V. CONCLUSION

The above is by no means a rigorous and complete
answer to the original question of whether the B.C.S.
theory satisfies gauge invariance and the sum rules and
still shows a Meissner effect. Although most of it is
fairly rigorous, a few parts have to be considered as a
map for how things might be, rather than a proof of how
they are. A few points which would bear further discus-
sion follow.

The first one is the question of rigorous rather than
approximate gauge invariance. To show rigorous gauge
invariance we would have to show that the corrections
to J and H, always canceled the momentum depend-
ence of Ho. Many arguments indicate that this is not a
basic difficulty. For instance, one can always make a
superconductor of arbitrarily large transition tempera-
ture by letting #w—o and exp[—1/N(0)V]—0 simul-
taneously, thus satisfying gauge invariance arbitrarily
well.

Second is the random-phase approximation in the
superconductor. As this is an incompletely solved ques-
tion for normal metals, we have little hope of making
much more headway here.

The most serious question revolves around the cor-
rectness of calculating Eq by the commutator argument
rather than directly from B.C.S. excited-state energies
and matrix elements. These latter are all calculated
ignoring the higher order corrections of Q%0 inter-
actions as well as the fact that the B.C.S. ground state
is not the exact solution of the reduced Hamiltonian. We
believe that the argument is as sound as that of any such
intermediate coupling method, in that what has to be
assumed is that certain properties of the ground state—
the energy commutator, which is very insensitive, and
the normalization of ¥q, equivalent to the correlation
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function of the electrons®—are more stable against
perturbations than the actual matrix elements them-
selves. In calculating frequencies of other coherent
elementary excitations, such as sound waves or spin
waves in metals, the same situation often arises—the
energy calculated directly from what appears to be the
correct wave function is not the same as that calculated
from the equations of motion.
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APPENDIX. COMPUTATIONS OF COMMUTATORS

The interaction Hy is given in Eq. (10). We divide pq into two parts:

pa=pqt+pa~ =2 (cxrat*exr+exi*c_x_qu), (A1)
K
and by direct computation:
Hypqt—patHy=V 2( X z + X 2 )
q k(e <hw) K’ #Zk (e <tiw) k(‘k—q <hw) k’/ ;ék(ekr_q <fw)
X (et gt *e it 0t — et ¥*ewpqu ¥owpqicxqr).  (A2)
In the case of pg~, the summations are the same but the last parentheses read:
(Cxt ™ C—irtq+Ql ¥t ql Ot — Ot iyt *6 i a—quCit). (A3)

In both (A2) and (A3) the second term can be made to correspond with the first by the appropriate substitutions:
in (A2) by
k'——Q ——>k',

and in (A3) simply by

q—Q—q. (AS)
If Q is small, (A4) and (AS) have no effect on the large majority of terms, so that the appropriate parts of the
second term cancel the first. Near the cutoff surface, the substitutions affect the presence or absence of the terms:
(A4) when the cutoff depends on k and k’, (A5) when it depends on k—q, k’—q. The resulting terms near the cutoff
surface are given in (11) of the text.

It is also necessary to use Eq. (11) to compute (o¥4,[ Hv,pq 1¥,). Equation (17) of the text shows us that only
terms of the commutator which break up only two pairs can contribute to the scalar product. Examination of (11)
reveals that two types of term can appear. These are the terms involving =0 or g= — Q. Upon taking this into
account, the important part of (11) becomes

V{2 [ 2 -

kK #k k(e <hw, &k +Q >hw)

J+-same with k'—k, k—k'}
k(ege > o, e g <hw)

X (cwrar*c—wy*e it +eowrr™ew_qu e i quort — crt ey *e i quert — cwrat ¥y *e_k_qiciiat).  (A6)

The effect of the terms in parentheses in this equation on the B.C.S. ¥, may now be computed:

( Wo={ II [A=k)Hhdbx* Tl (1—hw) (1—hwiq) o rqr *owy *
K=k, k’4+Q,k

- II LA —hx)*+hetbe* (1= by Q) Ml o b o ¥ crrat ¥oop *
Kk, k+Q, K/ +Q

+ I =k iAo nthig o (1—hu) bx ¥orpar oo *
K =k, k+Q, k’ .

- II LA—=r) +hxbx™* Tt (1= i) (1= I 1) bewrsqr oo, ¥} 0.
K=k’ k+Q,k’4+Q :
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Now we combine this with (23) and (24) to compute the scalar product:
(0Q¥ o[ Hypa ¥ ) =3V[ 2 2 - 2 2+ 2 2 — ]

k(e <ho, %+Q >he) K #k k(e >ho, &k-+Q <hw) K #k K (e <hw, g’ +0 Sho k#k’!
X (A= hwr4Q) bt (1= i) ] (1= ar) (1= B i)
X[t (1= A= i@t (1= i) 14Dt (1 — @) i@t (1 — i) ]
Kbty Qe (1= hiw) = by (1 — i 4?) 1}
If in the first term we interchange the labels k and K/, it becomes very similar to the second, and the whole sum is

symmetric in k and k+Q, and antisymmetric in k’ and k’4 Q. We therefore have left only twice the limited sum
over k’:

(pQ¥ o,[Hv,pq1¥ 5) = V[ i} (1= hir )+ hsr@t (1 — i) ]
X Dhthiro+ (1= h) (1= b ) [ (1= b ) = by @t (1= by @)t (A7)
In view of the symmetry in k and k+Q and the fact that Q is very small, the k sum may be simplified to

2V 3 «[hx(1—hy) J#=2¢o. The k’ sum is an integral over the cutoff surface | e| =7%w. When k’ points at an angle § to
Q, the energy difference is

de= exrrq— € = (W*k rQ cosh) /m, (A8)
and the number of states in the surface element at this angle is 3 sinfd6N (0)de. Thus
L 7 *d N(0)%%k p*Q%eo
> At (1—hy)¥]=4N(0)3 f sm()de[ (—) krQ cosﬁ] —[Fea(eted) Fempo=3——, (A9)
k 0 m de (mw?)

which gives the value (19) of the text.
Finally, we compute the commutator involved in the kinetic energy:

2%« Q- CK+Q)eryq, ook, 0¥ y= Q- X x (2K+Q) (cxiqr¥ext—c_xi*c_x_qu) ¥,
' =Q- Xk 2K+ Q) [hxt(1—hxy @)t —hxi* (1 —hx) ¥ x x4q, (A10)

using (14)-(16). Again using (15) and (16), we get

(0Q¥ g, Hx,pa ¥ )= (#*/2m)Lx Q- (2K+Q) (hx—hx ). (A11)
For small Q, this is almost exactly
= @#/m) X x(Q k) Q- Vi(h) = #*/m)* L (Q-Kk)*(dh/ de). (A12)

In this form it is clearly independent of the exact form of the distribution, and thus is practically the same as the
identical quantity for a Fermi sea. Evaluating (A12) (the assumption must be made that ¢ is small), we get the
result quoted as (20) of the text.



