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Fro. 1. Various choices of or/osr compared with experimental
points from GT, reference 1, Fig. 6. They obtain these points
directly from transmission data by neglecting the influence of
as whenever &a/&o. &5. Their justi6cation on the basis of low-
frequency data and their choice of a.

& Lcurve (d)g applies equally
well to any of the curves shown.
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FIG. 3. Comparison between low-temperature transmission
data and the theoretical curve calculated from Bardeen and
Mattis, reference 5, for T=0'K..

represented by curve (d) of Fig. 1 and, allowing for the
possibility of slight tailing, concluded that the position
of the eRective cutoR must lie between 3 and 4 kT, .
In view of specific heat data, ' most readily interpreted
in terms of a gap of 1.5 or 3.0 kT„ they accepted this
as evidence for an energy gap E,=3kT,.

In their paper, GT failed to consider the possibility
that their data were sufficiently insensitive to the choice
of o-& that equally good its to the data could be obtained
with functions indicating very diRerent gaps or not
suggestive of a gap at all. I have examined, using the
GT technique, the fit to data resulting from other
simple representations of o.~. The range of functions
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FiG. 2. Transmission ratio curves corresponding to the choices
of 0.

q in Fig. j., and an optimum choice of the coefTicient of the
conductivity o-P (see reference 1). The horizontal lines through
data points represent, not errors, but the half-power widths of
the continuous spectrum, so that each measurement is an average
over a region of the appropriate curve.

capable of producing good its to the GT data is
illustrated by those reproduced in Fig. 1. The merits of
the various choices may be judged by the relative
match to the data of the corresponding transmission
curves in Fig. 2.

All of these, including (a) and (b), ' which cannot be
associated with an energy gap at all, give transmission
curves of the same general shape found experimentally
by GT. Even if curves (a) and (e) are rejected as
unsatisfactory 6ts to the transmission data, it appears
possible to conclude from their data oddly that if
there is an energy gap it is not greater than 4.5kT, .

In addition to the question of whether the transmis-
sion data imply, Per se, an energy gap, it is interesting
to examine the consistency between the GT transmis-
sion data and the theory of Bardeen, Cooper, and
SchrieRer. This comparison is shown in Fig. 3 where
the theoretical curve is calculated from expressions of
Bardeen and Mattis. ' At angular frequencies greater
than 4kT, /III the agreement is comparable to that of
the empirically fitted curves of Fig. 2, but is much
poorer at lower frequencies. ' Considering the fact that
the theoretical curve of Fig. 3 involves no adjustable
parameters the agreement is, however, more striking
than the discrepancy. It is worth noting that at angular
frequencies (2kT, /II, very large corrections for
interference eRects had to be made by GT to obtain
the points shown and a large systematic error in this
region would not be surprising. To the extent that the
GT data may be judged a con6rmation of the Bardeen
theory, these can be considered as a secondary evidence
for the gap implied by the theory, i.e., 3.5kT, . They
do not, as shown in Figs. 1 and 2, constitute primary
evidence for an energy gap.

I would like to thank M. A. Biondi, M. P. Garfunkel,
and T. Holstein for helpful discussions of this paper,
and R. C. Bollinger for his computations of the
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Kramers-Kronig transforms of the selected a /ro, v
functions required for deriving the associated trans-
mission curves shown in Fig. 2.
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S INCE publication' ' of results on far-infrared
transmission experiments with super conducting

61ms, questions have been rais ed4 concerning the
justification of the conclusion that there is a gap of
width E,=Au, =3kT, in the electronic excitation
spectrum. This conclusion was based on an extrapola-
tion to zero of data on &rr/otv, the real. part of the
reduced conductivity. For A~&5kT, the interpretation
of the experimental results is straightforward. It was
possible to measure or/ox in the range from 36kT, to
5kT, where its value fell from 1.0 to about 0.3 (Fig. 6
of reference 3). In the low-frequency end of this range,
or/otv was found to be falling very rapidly, and extra-
polation indicated an intercept between 3 and 4 kT, .
This behavior suggested a region of very sharply
diminished density of states (or a gap) having a width
between 3 and 4 kT.. The data which lead to this
conclusion were obtained from 6lms of two diferent
metals with varying thickness, purity, and degree of
anneal, indicating that the behavior was inherent in
superconductors and was not strongly effected by
strains, purity, or surface condition of the samples used.
To our knowledge, this was the 6rst indication of a
gap of =3kT, rather than =1.5kT, . Our analysis
was based directly on the infrared measurements for
5& &~ 5kT, where 0-& can be determined unambiguously.
Unlike the analysis suggested in reference 4, it does
not depend critically on our microwave measurements,
which are less dependable due to the necessity of
introducing large corrections for standing-wave sects.
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Ke would like here to reconsider the problem of
extrapolating trt/o. tv to zero. In making such an extra-
polation one could proceed purely empirically to 6nd
a way of plotting which would make the data fall on a
straight line. This could then be extrapolated to an
intercept. However, theoretical considerations help in
choosing a suitable form. An elementary argument for
a simple gap' in the density of states function would
suggest or/otv=1 —coo/co. The observed rise was found
to be faster than this, more like 1—coo'/co'. This was
attributed to a humping up of states displaced from
the gap to either side. Such humping is also required to
explain the observed specific heat'' and the nuclear
relaxation data. ' Subsequently, Bardeen, Cooper, and
SchrieGer' have proposed a detailed theory which has
enjoyed remarkable success in explaining most of the
phenomena of superconductivity. This -theory predicts
the humping of states, and it makes a definite prediction
for the shape of the absorption edge, namely

where koso=3. 5kT., k= (to —&oo)/(co+coo), and E(k) and
E(k) are complete elliptic integrals. This function is
fitted within a few percent by the simple approximation

) 1.65

These considerations suggest that the data be plotted
in the form logL(1 —a t/atv) '] us log(koo/kT, ). In such
a plot, any function of the form 1—(&oo/co)" will result
in a straight line, from which co, and e may be read off.
Data from Fig. 6 of reference 3 are plotted in this way
in Fig. 1, and the straight line is the prediction of the
BCS theory. Within the scatter (which is of about the
same magnitude as the statistical error of the points)
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FIG. 1. Logarithmic plot of data (from Fig. 6 of reference 3)
showing the onset of absorption expressed in terms of or/otv,
the real part of the reduced conductivity. This absorption edge
is attributed to absorption across an energy gap in the supercon-
ducting state. The solid line is the prediction of the theory of
Bardeen, Cooper, and Schrietfer (reference 8).


