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CHARACTERISTIC X—RAY EM ISSION AS A FUNCTION OF
THE APPLIED VOLTAGE.

BY BERGEN DAVIS.

ECENT experiments of D. L. Webster' show that the energy of
emission of characteristic (line) radiation from a rhodium target

increases rapidly as the voltage applied to the Coolidge X-ray tube is
increased. The radiation is not produced at all unless the voltage is

greater than a minimum Vo. This minimum voltage is slightly greater
than that corresponding by the quantum relation to the frequency of
the p line (X-radiation). This law is undoubtedly true also for the
characteristic X-ray emission from other elements.

It may be of some interest and value to investigate how this emission

should depend on the voltage from a consideration of well-established

physical facts. The following facts relating to the problem may be
regarded as established by experiment.

(a) The characteristic line emission is zero for all voltages less than a
critical voltage Vo.

(b) The voltage Vo at which the characteristic radiation is produced
is that corresponding by the quantum relation, Voe = kn, to a frequency
slightly greater than that of the Ez radiation of the element.

(c) At voltages equal to and greater than Vo both the n and p lines of
the X radiation are emitted. These two lines increase rapidly in intensity
with the voltage, their ratios remaining approximately constant.

(d) X-radiation is not only emitted from the surface atoms of the
target, but also from the atoms beneath the surface when they are im-

pacted by the electrons of the cathode stream. '
(e) The electrons penetrate a short distance into the surface of the

target, but their velocity diminishes rapidly with depth of penetration.

(f ) The emitted X-rays are absorbed on their passage through matter.
This absorption depends on the thickness and nature of the material
traversed.

The only hypotheses adopted will be directly in keeping with the
Bohr theory of the atom. The Bohr picture of the atomic mechanism,
which is so successful in the case of the ordinary radiation from hydrogen,

' PHYS. REV. , June, IgI6.
' Kaye, X-rays, p. 4o.
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is almost equally successful in the case of characteristic X-radiation,
since the frequencies of the E radiation from many elements may be
readily calculated by the Bohr equation for the hydrogen atom.

According to this theory the frequency of the radiation emitted by an

atom depends on the change of the potential energy of one or more elec-

trons of the atom with respect to a central nuclear charge. This change
of potential energy is radial with respect to the central nucleus.

It will be considered that radiation can only be excited by the transfer
of energy from the irlipacting electron along a radius with respect to the
center of the atom.

The mechanism of the atomic nucleus will be considered to emit a
quantum of energy whenever an inzpacting electron possesses such velocity

that the energy due to the radial component of this velocity shall be equal to

or exceed the minimum energy (Voe) required for the excitation of the

partIcular radiation. The work done along the radius must be equal
to or exceed the quantity (V,e) where V, is the least voltage that will

excite the characteristic radiation.
Let N represent the number of electrons striking the surface of the

target per second. Let 8 represent the probability of any one electron

making impact with or coming within the spheres of inHuence of the
atomic nuclei in unit distance. The number of such impacts in a distance
dh will be

The X-radiation appears to have its origin in the nucleus of the atom.
It is considered that the impacting electron in order to excite the radiating
mechanism of this nucleus must come within an undefined region about
the nucleus which will be referred to as the sphere of influence of the
nucleus. The probability Bdx of an electron striking one of these
nuclear spheres in a path dx is quite small.

Not all of these BNdx impacts with the nuclei will excite radiation,
but a fraction of them will do so. The capacity to excite radiation

depends on the nature Of. the impact. Only those tmpacts will be effective

in which the energy due to the radial component of ~he velocity is equal to

or exceeds a minimum (Voe). This assumption which has previously

been applied to ionization by impact is, as has just been pointed out, in

agreement with the Bohr theory of the atom.
The fraction of the BN electrons that are effective may be readily

found by consideration of Fig. r.
For the purpose of presenting a picture to the mind one may tentatively

regard an atomic nucleus to be represented at C, and the bounding sphere

~ PHvs. REv. , Jan. , x9o7.
' An, d. Physik. , Band 42, z9I3.



Vor..XI.
No. 6. X—RAF EMISSION.

Flgi.

V —Up

V

of inHuence within mhich the electrons must penetrate in order to excite
radiation to be represented by abed.

If the velocity of the electrons on approaching this bounding sphere is
that corresponding to Up, only those that make impact along the line h

will be capable of producing the
radiation. All other electrons
will have a radial component
too small to be effective. As"

the voltage is increased, elec-
trons approaching the nucleus
further from the atomic pole a

'
c

a, as along fg, may have a ra-
I

I

dial component at least equal I

to Vo. As the voltage is fur- tl

ther increased electrons ap-
proaching along a line as far
from the pole as m n may be
effective. The fraction of the
impacts that will be effective is the ratio of the cross-section of the zonal

area nn to the area of cross-section of the nuclear sphere bd. This ratio

may be expressed in terms of the voltage U and is

Of Box impacts in a region dx at a depth x within the target the
fraction

V, —Up

U

will be effective in producing radiation where V, is the voltage corre-

sponding to the velocity that an electron may have at a depth x beneath

the surface of the target.
Each of these effective impacts mill emit a quantum of energy of some

frequency. All of the X-radiation does not appear at one frequency,

but there are other frequencies emitted in addition to the stronger cx

and P radiations. The electrons in general do not possess sufficient

energy to excite both the n and P lines, since the energy required would

be (kn. + hn&)

Of all the effective impacts, a fraction will produce a disturbance

that results in the emission of radiation of one frequency, the X radia-

tion for example. The fractional part of the total effective impacts that
result in the production of radiation of frequency n mill be designated
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by E„. This constant Z will be more fully discussed in the last para-
graph of this section of the paper. Each of these

V —Vp
Z„BN dx

impacts will produce a quantum of energy hn„. The energy radiated
will be

V —Vp
dIp = E„(hn,)BN dx. (i)

The law of decrease of the velocity of electrons penetrating a metallic
surface has been derived by Sir J. J. Thomson' and experimentally
con6rmed by Whiddington. ' This law is expressed by the equation

where v, is the velocity at a depth x and a is a constant depending on the
nature of the material. This equation may be expressed in terms of the
corresponding kilo-volts V and becomes

V' = V' —bx,

where b is the corresponding value of the constant a.
Equation (x) may then be written

Ip
——E.(hn„)BN

Vpdx

(U' —bx)'~'

The X-rays when emitted from a region dx at a depth x below the
surface mill be subject to absorption in passing up through the material
of the target. The quantity emitted from any depth x will be

where p is the coefficient of absorption of the material for the radiation
of the given frequency, and cx is the thickness traversed by the rays in

emerging from the target. The radiation actually emitted becomes:

I = E.(he.)BN e "'*dx —Vp (V' —bx) 't'e ""dx . (5)
0 . 0

The limit R is the range of the electrons before their velocity is reduced
to that corresponding to the voltage Vp. From equation (3)

Vp' = V' —bR,
and

V' —Vp'R=
b

~ Conduction Through Gases, p. 378.
' Proc. Roy. Soc., Vol. 86, x9x2.
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The inde6nite integral of (5) is not obtainable, but a close approxima-
tion may be obtained by expanding the exponential term. Since this
expanded term is rapidly convergent for the values pcx here required it
is necessary to retain only a few terms of the series. The resulting
integral is

I = 8 (hn ) —(x —e &"& x-
a a

2 Cjtb—2VP(V —Vo) +
b

Vo{2U —Uo(V + Vo)}

{8 V4( U —Vo) —4 V'Uo( V' —VO2)
Vp Cp

I5
—g Vo(U' —Vp')'}]. (t)

The variable part of this eguation contains no arbitrary constants. The
constants b and cp, may be obtained by independent experiment.

- In order to compare this equation with experiment, I have taken some
results just obtained by Mr. B. A. Wooten (not yet published) for the
emission of the Echaracteristic '(a line) radiation from molybdenum.
The dif6culty of making this comparison arises from the fact that no
experimental results are at hand either for the decrease of velocity of
electrons (constant b) or for the absorption of rays of this particular
frequency (constant «&) for molybdenum.

The constant a has been determined by Whiddington' for gold and
aluminium.

(AI.)

(Au )

a = y32 X Io".
u = 2.5g X Io".

If the density of the material be represented by p

(Al. )
G——2 8g X Io4'
P

(Au. )
6—= I33 X IO42
p

The stopping power of a metal does not appear to be directly related
to its density. One can only estimate its value for molybdenum. In
the absence of experimental data I shall tentatively assume a value
between that found for gold and aluminium.

Taking a/p = 2.2 )( io4', the value of a is r.9 && Io". The corre-
sponding value of this constant when the velocity is expressed in terms
of kilovolts is

b = I.5 X Io'.
~ Loc. cit.
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The absorption coeKcient p of molybdenum for its own X character-
istic radiation has not been determined, but the coefficient of absorption
of these rays in silver is given by Kaye' as

p = 24.4.
p

Since molybdenum does not differ much from silver in atomic weight
and density, this will be provisionally taken as the absorption coeScient

of molybdenum for its own
40 characteristic radiation.

A ' CULA1 EI7:;—
()R,wR iP 1/K. I 7 ~ 9

p, = 200.

In the particular experi-
/" ments of Wooten the X-rays

/ were taken from the target
at such an angle that the

/ path of the rays emerging
from the target was about
r.g times the path (x) of the

/ penetrating electrons that
/ produced them. The con-

stant c is r.5. The group
constant b/cIJ, of equation (7)
has the approximate numer-

ical value 5,ooo.
j' The theoretical equation

~Kt«- ~ &~i-~)' as derived is calculated and
0 SOO

'
iOQO 1500 ROOQ g5OQ

plotted in Fig. 2. The
Flg. 2.

curves are plotted with the

square of the applied voltage (kilovolts) as abscissa. , since this makes

the greater part of the curve nearly a straight line. The circled points

represent the observed results obtained by Wooten.
The form of the calculated curve is similar to that obtained by experi-

ment. Since the variable part of the equation contains no arbitrary
constants, the assumpt ions underlying its derivation appear to be

justified.
The energy of emission of diferent elements may be expected to in-

crease rapidly with the atomic number. The energy emitted is propor-
tional to has, where n is a frequency slightly greater than that of the EP
characteristic of the element, and this frequency is nearly proportional

~ X-rays, Kaye, p.
'

x38.
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to the square of the atomic number. If the constant Z were of the
same value for all elements, this increase in emissivity would be approxi-
mately proportional to the quantum hn.

The factor 8, which is a constant for any one element, may depend
on the atomic number. The introduction of this constant is required,
since it is assumed that every effective electron a™pactwill give rise
to a quantum of radiant energy. The fraction of the total electrons
of the cathode stream that are effective must be very small. The greater
part of them dissipate their energy directly in the production of heat, or
indirectly by the excitation of other types of radiation by disturbance
of the electrons in the outer regions of the atom. It is possible that the
greater part of the transfer of kinetic energy of the impacting electrons
to the atoms does not take place directly through the interchange of
momentum, but they may excite radiation in the ultra-violet, visible
and infra-red regions by disturbance of the more loosely bound electrons
of the atom. This radiation is absorbed by the atoms and Anally appears
as heat.

Equation (7) without the constant 8 (hn, ) would represent the number
of impacts of the electrons that have a radial component of velocity
equal to or greater than that corresponding to the critical voltage Vo.

All the energy of these effective impacts cannot appear as radiation of
any one frequency, n, for example (where n, is the frequency correspond-
ing to the critical voltage Vo). There are at least two strong lines (u
and P) and a number of weaker lines in the X-radiation, also there are
a number of lines in the L, characteristic radiation. In addition there is
the general radiation of the "continuous" X-ray spectrum. Each effec-
tive electron at impact gives rise to only one quantum of energy, so that
the same electron cannot excite the characteristic lines as well as the
general radiation. There ~ust be some statistical partition between
the number that give rise to each type of radiation.

The constant B expresses the fraction of the effective impacts that
excite radiation of one frequency and the combined constant Z. (hm. )
expresses the fraction of the radiated energy produced by the effective
BN electrons that appear as radiation of one frequency, the E radiation
in the present discussion.

This partition or distribution of energy between the characteristic
and the general radiation appears to be nearly constant and independent
of the voltage. The experiments of Brainin' show that the total radia-
tion (characteristic plus general) from molybdenum increases as the
square of the applied voltage. The experiments of Wooten show that

PHVS. RKV. , NOV. , I9I7.
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the characteristic radiation increases approximately according to the
same law. It follows that the partition of energy between the two types
is constant independent of the voltage.

X-RADIATIQN FRQM THIN FILMs.

D. L. Webster' has proposed experiments with thin films for the
purpose of studying the nature of the general or white" X-radiation.
An investigation of the emission of characteristic (line) radiation from
thin 61ms mould also be of interest and value.

The rapid increase of the emitted energy with increase of-voltage may
be regarded as due to two causes:

(a) The increase in the emission from each atomic nucleus due to the
increased energy of the impacting electrons.

(b) The penetration of the electrons into deeper layers of the target
with sufficient energy to excite the radiation.

In the case of thin 61ms, if the velocity of the electrons at entrance
to the 61m is sufficiently great they may pass completely through the
film and emerge on the far side with sufficient energy still to produce
radiation. The part of the radiation that mould have been produced by
these electrons after passing through the 61m will be absent and the
curve representing the emitted energy will have a break at this point.

A convenient method of investigating this by experiment would be to
deposit a thin film of the metal of known thickness upon another metal
as a support. If the frequency of the characteristic radiation of the solid

supporting target differs from that of the 61m, the line radiation of the
supporting element will not enter the slit of the spectrometer. The
radiation from films much thinner than could be independently supported
may thus be readily investigated.

From such a film as the voltage is increased the radiated energy mill

at first increase rapidly in intensity. When the voltage becomes such
that the electrons emerge from the far side with an energy greater
than (Voe), the increase in radiation will not be so rapid. That part
of the emission due to deeper penetration at this voltage will be absent.
There will be a change in the slope of the radiation curve as indicated at
b, Fig. g. This will be true independently of any special theory of X-ray
emission other than that a portion of the increased emission is due to
deeper penetration of the electrons into the target. This phenomenon
furnishes a convenient method for measuring the decrease of velocity
of electrons on passing through matter. Thus the point b in Fig. 3 corre-
sponds to a voltage across the X-ray tube of about g3.5 kilovolts. The

I PHYS. REV. , MarCh, IgZ7.
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electrons entered the film with a velocity corresponding to g3.5 kilovolts,

.and emerged from the far side with a velocity corresponding to
Vp = I9.2 kilovolts. These results are calculated for a film of molyb-
denum 5 )& lo ' cm. thick using the value of the constant b previously
deduced from Whiddington's experiments.

The form of the radiation curve for a thin film may be readily derived

in a similar manner to that for a solid target.
Consider a film of thickness d deposited on a solid support. The radia-

tion will be that from a solid target of the same material as the film less

that emitted by the portion of the solid target lying at a depth greater
than d.

Ig =E,(hn. )BN
V —Vp V„—Vp—tu cd e P cd, e"*'dx&

V, p V.,

The depth of the electron within the surface of the solid portion of the
target is designated by x~. All of the radiation produced in the x~

region passes through the film of constant thickness d, hence the absorp-
tion due to the film d may be placed outside the integral sign.

The first term of the right-hand member is the same as equation (5).
Let I represent this term. Let I, represent the second term.

Iy = I —I„
I, = E.(hn„)Bi(I

V, —Vp
e ""'dxi.

+1

Introducing the law of decrease of electron velocity

V,' = Ug' —bx,

and expanding the exponential, the equation is integrated as in the case
of (7)

The voltage corresponding to the velocity with which the electrons
emerge from under side of film and enters the X& region is designated by
U~. The range R of the electrons in the X~ region is

V 2 = U~2 —bR.
The R limit is

V2 U2
R =

b

The integral of (9) for the specified limit is

E (Qn ) S b.co (t e~cb, /b)(vb' vo'))—BN b

Cp,

Cp—~ Vo(Vo —Vo) + 2/3 Vo(2 Vo —Vo(Vo + Vo ) }b
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Vp cp
{8Vg ( Vg —VI)) —4 Vg Up( V(p —U )I5

—8 Uo(Uq2 —V' &)&I (io)
The value of Vd is given by the relation

Vg' = V' —M,

where V is the voltage applied to the X-ray tube.
The above equation is zero for Vd ——Vp as it should be. It is to be

calculated only for values of V& greater than Vp. A plot of this equation
is shown at n nz p in Fig. 3. The constants b and p, are given the same
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values as in the plot of Fig. 2. The thickness of the film is taken to
be d = 5 Q Io 4 cm.

This curve is subtracted from the curve a b cd as indicated by (8).
The resultant curve a b e f represents the radiation from a thin film.

The equation and its plot indicate that the radiation could not in-

definitely increase, but at a high voltage it would approach a maximum
independent of the voltage. Consideration of the physical processes
involved would also lead one to anticipate this result.

An inspection of equation (7) for large values of p (that is very soft
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rays) shows that the radiation from a solid target (Fig. 2) would not in-

definitely increase with the voltage. The energy emitted wi11 tend
toward a maximum independent of the voltage. This result is also to
be expected from a consideration of the physical processes involved.
In the case of elements such as copper, chromium, etc. , which have a
characteristic radiation of long wave-lengths, the radiation emitted from
atoms at considerable depths below the surface would be largely absorbed
in the target. The resultant emission mould be similar to that from thin
films. The above remarks are true in a degree for the characteristic
emission from all elements. The energy radiated cannot increase in-

definitely with the voltage. This is necessarily true, otherwise at ex-
tremely high voltages the radiated energy might become greater than
that of the bombarding electron stream —a result that is manifestly
impossible.

EMISSION FROM THIN FILMS. (FAR SIDE.)
Another matter of interest is the emission of the characteristic radia-

tion from the far side of a thin film. The expression for the radiation
for this case is readily derived by the methods pursued in the previous
developments.

Let the thickness of the film be designated by d. The thickness of
material traversed by the X-rays emitted from any depth x and emerging
from the far side will be (d —x).

The radiation may be represented by

B
I = E.(hn. )BN e—""*'dx.

p s
Since

I = E.(hn. )BNe ' e'*dx —Vo
0

e~*dx

( Vo —hx) 'i' (I2)

The constants and the limit R have the same significance as in the
equation for a solid target.

The integral equation is

e—" bI = E (hn )BN
h

—(e '""X"' "' —I)

2 p—2Vo(V —Uo) ———Vo{2V' —Vo(V'+ Vo') }3b
I p &o{8&'(&—&o) —4Vo Vo(Vo —Voo) —3 Vo(V' —V ')'I
I5
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A plot of this equation is shown in Fig. 4. It is to be noticed that the
curve is much more concave upward than the curve for the emission from
a solid target (Fig. 2). The variable part of the equation does not con-

I
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tain the term involving the thickness of the 61m. The form of the
radiation curve is independent of the thickness of the film provided this
thickness is greater than the range R of the electrons producing the
radiations.
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