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The shift and penetration factors are shown to have certain monotonic properties in the variables p, n, and
I for both positive and negative energies. The behavior of the shift factor in the neighborhood of zero energy

(threshold) is discussed.

I. INTRODUCTION AND SUMMARY

HE Wigner theory of nuclear reactions! has the
central feature that it separates the various

nuclear reaction parameters into two types: internal

quantities, such as the reduced widths which are
independent of energy; and energy-dependent external
quantities, which are functions of the (spherically
symmetric) interaction of separated pairs of particles.
The Wigner theory is necessarily complicated, and in
the region of widely separated levels a drastic simplifi-
cation, the ‘“one-level approximation,’ is employed.
In this approximation, the external parameters required
for the width and energy shift are the penetration
factor, P, and the shift factor, .S, defined in Egs. (8)
and (4). These factors also occur in the general case,
but enter in a more complicated manner.

It is the purpose of the present note to detail a few
general properties of the external quantities .S and P,
for the particular case that only the Coulomb field (for
definiteness taken to be repulsive), and the centrifugal
barrier, are operative in the external region. Many of
these results are obvious on physical grounds, such as,
for example, the fact that P is a positive, monotonically
increasing function of the energy; others relating to
the shift function are more involved. Besides their
usefulness for facilitating a numerical treatment of the

functions P and S, such results are of value in furnishing .

an intuitive feeling for the over-all behavior of these
functions.

The point of departure for the present work is an
unpublished result of R. G. Thomas [Eq. (9)] giving a
very convenient form . for an investigation such as
follows. For the general case, we show that P mono-
tonically decreases with # and /; monotonically increases
with p, and correspondingly monotonically increases
with energy. For the shift function, .S, we demonstrate
that the shift monotonically increases with 5. For
increasing p, we show that.S/p decreases monotonically ;
S itself, however, apparently does not behave so simply.
(See also the remarks in Sec. IV.) In consequence, we
can show, at best, only that S/p is a monotonically
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decreasing function of energy. The particular case of
E=0is given in detail.

For the case where only the centrifugal barrier occurs,
the general formula is shown to reduce to a remarkably
simple form for both P and S. It is possible to show
for this case that both P and .S are monotonic with
changing energy.

The one-level approximation requires, however, that
the external functions also be considered for negative
energy, corresponding to closed channels. The required
generalization of P, S to this region has been given by
Thomas.? For negative energy, .S is shown to be mono-
tonic in 9, p, and /; but not in energy.

A particularly interesting situation occurs at thresh-
old, that is, the behavior of S and P near zero energy.
A typical example physically, which led in part to this
investigation, is the case of the reaction H*4- H>—He®*
and the inverse reaction n!'4.He*—He, currently
under investigation at this laboratory.! For these
reactions the shift factors are required in the neighbor-
hood of the (d,) threshold; the linear approximation?
will clearly not suffice. Application of our results to
this, and other reactions, will be reported elsewhere.

It is well known® that the behavior of P near zero
energy suffices to illustrate the general rules of Wigner®
for those cases where the threshold occurs in an entrance
or exit channel. Our investigation below yields a similar
conclusion for S. The shift factor near threshold is
shown to be continuous in energy for >0, and con-
tinuous through I energy derivatives for n=0. The
case n=0, /=0 has therefore a discontinuous slope;
specifically So, 0| E|}, E<0; So0=0, E>0. The one-
level approximation thus shows for n=0, /=0 a singular
behavior which is just midway between the two extreme
general behaviors given by Wigner® (“cusp”) and
recently by Breit” (‘“tilted .S”’).

II. SUMMARY OF FORMULAS

The one-level approximation leads to a scattering
matrix of the Breit-Wigner form:

Seaar= eXP[i(ff" £ar) ][5aa’+igaga’/
(Ex+Ar—E—3Ty)] (1)
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The notation and application of this result is discussed
in Blatt and Biedenharn® and in many other places too
numerous to detail. The relevant features for the present
discussion are the total energy shift, A,, and the total
width, T').

The total energy shift, Ay, is composed of the partial
shifts,

A= Ay, (2)

where the sum ¢ extends over all (open or closed)
channels. The partial shifts Ay; are determined® by:

A=Ay, +02), 3)

where v\? is the reduced width, &; the boundary
condition matrix, and

Sy 1=—p[Fi(n,p)F! (n,0)+Gi(n,0)G/ (n,)]
X [Fl2 (77)/3) +Gl2 ("I:p) ]_17 (4)

with F(n,0) and G;(y,p) denoting the regular and
irregular Coulomb wave functions!® (the prime denotes
d/dp). Equation (4) is taken as the general definition
of the shift factor for positive energies (open channels).
For negative energies (closed channels), we have

Sy 1 =—pW'/W, ©)

with W=W_, 111(2p) being the Whittaker function.
The total width T'y is similarly composed of the
partial widths,

I=>:Tx, (6)

where the partial widths T'y; are given by
Thi=27\8Py, (M
Py 1=p[F7(n,0)+G2(np) I (8)

This last equation is the general definition of the
penetration factor for positive energies. For negative
energies, P, ;=0.

These formulas are often given alternative forms
depending upon the choice of reference energy and
boundary condition applied to the internal region.®
The form given above requires, however, that b;
= —S(Eres). That this is necessary can be seen from
the fact, obtained from the results of Sec. IV, that
otherwise difficulty would arise from the contribution
of distant closed channels.

III. MONOTONIC PROPERTIES FOR
POSITIVE ENERGIES

(a) Penetration Factor

Thomas has shown that the quantity Fg2(n,p)
+G2(n,p)=A,  may be expressed in the form of an

8J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24,
267 (1952).

9 R. G. Thomas, Phys. Rev. 81, 148 (1951); 88, 1109 (1952);
97, 224 (1955).

10 Tables of Coulomb Wave Functions, National Bureau of
Standards Applied Mathematics Series 17 (U. S. Government
Printing Office, Washington, 1952), Vol. 1,
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integral:

Ay 2=2p [ dserteQ(),
0

Q(2) =exp(2y tan™'z) (1457 9)

z2
1+z2)'

(a proof of this is included in an appendix for con-
venience).

It will be seen immediately that the integrand is
everywhere positive and real.!! It follows that the
penetration factor is positive; and is an increasing
function of p, since d4/dp is everywhere negative. In
a similar fashion one sees that 04/l and dA/dy are
both positive, so that P decreases monotonically with
both 7 and #. Since dn/dE is negative, the result that
dP/dE is always positive also follows at once.

szl( l—in, —lin, 1;

(b) Shift Function

To draw conclusions for the shift function is not quite
so trivial as in the above case for the penetration factor.
Consider first the variation with p. An alternative form
for 4 is useful here:

o=t [ dsetQ (@), Q(=dg/ds (10)
0
The function @’ is again everywhere positive and real.!?
Using this, we find:
(d/dp) (S/p)=3A47[(4?)"(4%)'—A*(4%)"].

Using (10), the bracket may be written:

e ( ) (e
x( f e‘ZPzz“’Q’dz)]—zl(Az)”. (12)

The term in curly brackets is everywhere negative.
To see this, we write this term formally as a double
integral:

(11)

= [astye oo @0 i), (1)

This double integral, however, is symmetrical in x and

U The series for the hypergeometric function converges abso-
lutely over the range of integration, so that it is permissible to
draw such conclusions from a termwise examination of the series.

12Tt is an immediate result that (42)’= (d/dp)(A4?) is negative
everywhere and behaves oppositely to 42,
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y. Upon making this explicit, one finds

(== [ty @0 ) e, (19

which is now obviously everywhere negative.
As (4220, the result now follows that

(d/dp)(S/p)<0.

The behavior of S with respect to changes in 7 is
more involved to examine. Use the form in Eq. (9)
and symmetrize the results. One finds

LAY ©
= f f drdye =000 () M (),
M () = (e—3)[(d/dn) In(Q()/0(3)) .

The burden of the proof is that the sign of the term in
brackets varies as sgn(x—7).

(15)

(16)

To see this, we note that the 5 derivative of InQ contains two
terms,

4 (InQ)
Ton an

=2 tan™lx+ 9 (In 2Fy),
an

and clearly sgn(tan™x—tanly) =sgn(x—7), so that only the 5F;

is of concern. The relevant quantity [abbreviating »F1(- - -) by F1,
is:
F(x) 3 [ oF (x) oF (y)]
Zn(EE) -r@ror[roXE@-roE9]. g
Introduce now the series definition:
ro=2a()"
(ﬂ D72 (=ltin)a(—l—in)n2 19)

OF (x)

Fo) 2 -r o) o

an m,,(1+x2) (1+y) ‘"C’" ( )

sgni I (6n/m) =sg0 (n—1m),

Noting now that

n n (20)
Sgn[(lfx?) (1+y2) (1+x2) (1+y2)]
=sgn (x—9y) sgn(n—m),
we find that
sg! 0 In(F( )) sgn(x—7y), 21

and therefore 8S/dn 2> 0.

Combining the 7 and p dependence yields the result
that

(d/dE)(S/p)<0. (22)

The variation of .S with 7 is apparently more compli-
cated, for similar results have not been obtained for
7%0.

(c) Limit E=0

The general form Eq. (9) is quite unsuited to investi-
gate the limit E—0,. Since, however, 4, G and
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(4, A'—(G2), the limiting form for S is readily
obtained from the results!:
Gi(n,p)—2(2N) Hip~I[(21+1) ICy(n) I

X Ko ([8N]Y),

G/ (n,0)——2(2N) 3= (214-1) ICy () T (23a)
XK 0111 ([8NTE) 4 (20) 1K o, ([8A 1)},
where
@D IC =2t D0t ),

A= pn= ﬁ-2Z122€2M(Z,

and K denotes the modified Hankel function. As a
result, one finds:

S 85,10 =14 (20K 2 ([8N 1) /K01 ([N ]H).  (24)

The behavior of this limiting form of the shift function
is indicated by:

N/, 10

() )

(a) S 2 _’{z—zv 2\, 1=0, (25)
as A—0

(b) Sy 1O~ (20)}
as A—o, (26)

It is easily shown that S, ;9 is a monotonically
increasing function of A.

From the general results above that .S/p decreases
for increasing energy, it is clear that zero energy should
yield a maximum for this quantity. It is not surprising
then for .S to be also large at zero energy. One notes
that, in general, S cannot vary monotonically with
energy; for, if this were true in general it would imply
(using previous results) that behavior with increasing
a and Z should be everywhere opposite—while the above
zero-energy limit shows that here they behave similarly.

(d) Special Case of Z=0

The general formula of Eq. (9) allows an interesting
result to be derived for the neutron case. Using Kum-
mer’s transformation,

Q(Z)=2F1(_l5 l+17 1) _Z2>5 (27)

This function is now a polynomial in 22, with /41
positive terms. Integrating termwise, we find

7=0.

=3F0(—la l+11 %; _pMZ)r (28)
where the 3o is defined by the terminating series,
l
Fol-+ )= . (=Dall+Dm@mlm) (=)m7m,
m=0 (29)

(@)n=T(a+m)/T(a).

13 Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher Trans-
cendental Functions (McGraw-Hill Book Company, Inc., New
York, 1953), Vol. 1, Chap. VI. The result is originally due to
Breit and co-workers: Yost, Wheeler, and Breit, Phys. Rev. 49,
174 (1936). See also J. G. Beckerley, Phys. Rev. 67, 11 (1945).
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This series for Ao, 2 gives a simple prescription for’

the penetration factor, and is ideally suited for a
machine calculation.
The shift function now takes the form:

So.1=H(+ D5 Fo(1—1, 142, 45 =5/
sFo(—1 141, 3; —p3). (30)
This shift function (in a manner similar to the proof
for the variation with %, above) can be shown to be

monotonically decreasing for p, and therefore E. In
addition, one may also show that So, ;41> S0, 1.

IV. MONOTONIC PROPERTIES FOR
NEGATIVE ENERGIES

The shift factor is given by Eq. (5); it is convenient
to write this as

s, z(_)=—l+( ) me—pzc?(z)dz)—

x[sset [ s ], G
1

_ z—1\ "
Q)= (zﬂ—l)l(»—) .
z+1

Using methods exactly as in Sec. III, and omitting
for the moment the case [=0, y=0, we find that

A

—2 A0
= -—%( f e“’szz) f f dadye Pty
dp 1

X Q@)Q()M (),
M (2,y) = (x—)[2Q ()/Q(*)—yQ' (»)/Q()].

It is easily shown that for x, y>1, sgnM (x,y)
=sgn(y—x). It follows that dS™/dp>0, upon noting
explicitly that for =0, =0 the result is also true.

In a similar fashion, the relevant functions M (x,y)
being elementary, one sees that 45/d9>0 and
aS=) /812 0.

Since now an increase in either p or 5 increases .S,
it no longer follows that S is monotonic in E.

For n=0, the shift factor S has the simple form of
a ratio of polynomials.**

So, 1 =p+3@+1)pt Fo(1—1, 14+2; —3p71)/
oFo(—1, I4+1; —307Y).

(33)

V. THRESHOLD BEHAVIOR

The threshold behavior of the penetration factor has
been extensively discussed in reference 5, and need not
be repeated here. The results of the one-level approxi-

14 Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher Trans-
cendental Functions (McGraw-Hill Book Company, Inc., New
York, 1953), Vol. 1, p. 264, Eq. (5).
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mation are in complete accord with the general behavior
shown by Wigner.®

Let us consider now the shift factor, for a situation
where the threshold channel, ¢, is neither an entrance
nor an exit channel. According to (2), the total shift
Ay will involve the shift, Ay, of this channel as the
energy varies across threshold.

Now for positive energy, in the vicinity of E=0, ¢f
7>0, the amplitude 4, 2 is essentially determined by
G2, since (F/G)~e¢?™<1. Very near zero energy,
therefore, .S is completely determined by the irregular
function G;. We may therefore use for S the form:

8= —p(F+iG)'/(F+iG)=—pY'/Y,  (34)

which for very near zero energy is equivalent to the
correct S. But S is just the form which continues into
S&); hence S and S continue correctly into one
another as functions of E! To see, however, that the
variable is really E, instead of E}, we note that for
positive energy S——pG//Gi, and this is an even
function of & (ky=constant). Thus, across zero energy,
S goes smoothly into .S as a function of E, for n>0.

For the case where =0, we can apply a variant of
this argument directly, upon noting that the irregular
function now dominates the regular function by the
factor k%1, The irregular function is, as before, even
in k; thus the previous argument shows that the
functions S and S are the same functions of % up
to order k*"*!, Hence for £=0, .S is continuous to !/
derivatives in the energy.

For n=0, the shift functions are ratios of polynomials.
Consider, for example, the case [=0.

So,o(+)=0, So,o(_)=p=kd= (2Ma2/ﬁ2)% (35)

Thus as the energy decreases across this threshold, the
total shift, A, shows a discontinuous derivative. For
the general case, Wigner has shown® a cusp at threshold
is possible. Recently, Breit” has given a general proof
that the cusp behavior may be modified, for the general
case, so that the slope on both sides of the singularity
may have the same sign. (To use Breit’s descriptive
phrase, the curve is like “the central portion of the
letter .S turned on its side”). We see that the one-level
approximation yields a not unreasonable compromise
between these two extreme possible behaviors, and
appears to be satisfactory as an approximation.

E|b.
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APPENDIX
The function ¥'=F+1G is given by:

YVy(n,0) =[T (+1—in)/T (I+1+4n) ]}

XedmitH—inly, 1 (2ip), (A-1)
where W is a Whittaker function. Thus,
Ay 2=YYV*=e"W i5,114(2ip) Wiy, 143 (—2ip).  (A-2)

However, we have the relation?®

15 W. Magnus and F. Oberhettinger, Formulas and T heorems for
the Special Functions of Mathematical Physics (Chelsea Publishing
Company, New York, 1949), p. 91.
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W (@)W, () =[T (1—x—N) ] () e 4D
Xf M )T ) T
0

X oF1(3—k+u, 3—Au; 1—k—\; O)dl, (A-3)
where
3 t(z+¢+0)
(a0 ¢+

Introducing values for the various parameters, «, A, « * -,
and employing Kummer’s relations for the hyper-
geometric function yield the result given in Eq. (9).
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The scattering of slow neutrons by indium was observed by using a crystal spectrometer as a mono-
energetic neutron source. Thin scattering samples were placed in the neutron beam with the plane of the
samples at a small angle to the incident beam. The samples therefore appeared thick for the transmitted
neutrons but thin for neutrons scattered at right angles to the direction of the incident beam. A measurement
of the scattered and the transmitted neutrons gives os/0:. The total cross section o; was also measured in
the energy range from 0.3 to 11 ev and the value of ¢, then computed. Both the total cross section and ¢s/0
results could be well matched to the Breit-Wigner formulas from 0.3 to 3 ev with the same set of parameters,
assuming that the spin of the compound state in In'® for the 1.456-ev level was 5. No determination of the
spin state of the compound nucleus could be made for higher levels.

I. INTRODUCTION

HE Breit-Wigner single-level equation gives the

variation of scattering, capture, and total cross
sections with the energy of the incident neutron. These
formulas are given in Egs. (1), (2), and (3).! In Egs.
(1", (2, and (3’) are presented alternative formula-
tions which abbreviate certain groupings of the primary
parameters by expressions which are convenient for
analysis.

47rg7\021‘n2 LlﬁrngrnRR(E—Eo)

4(E—Eo*+T?  4(E— Eo*+T?
+4r(1—g)Ryr?, (1)

Os= 47rgRR2 %

Eo 3 47rg7\02PnP7

’ =(~) L )
E/ 4(E—E)*+T?

0';=0's+0'c, (3)

where the symbols represent the following: ¢,=scatter-
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1J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics
(John Wiley and Sons, Inc., New York, 1951).

ing cross section, ¢,=capture cross section, o,= total
cross section, E=energy of incident neutron, Eo=reso-
nance energy, 2mA,=neutron wavelength at resonance,
T',=partial width for neutron decay, I',=partial width
for electromagnetic radiation, I'=T",74T',=total width
of resonance, Rr=radius of nucleus for resonance inter-
action, and Ryg radius of nucleus for nonresonance
interaction.

0’301‘2 I(E—‘Eo)
=0, + , (1)
4(E—Eo)*+T? 4(E—Eo)*T?
Eg\? oeol?
o= (2) @)
E/ 4(E—Ey)*+T1?
gi=0s+0,, (39

where
op=4mgRp?+4r(1—g)R.7?,

0'3()F2 = 44rg7\o2 (Fn/P)2P27
O'BQF2= 47rg?\02 (F"/P) (F‘Y/F)rz)
I= 161l'g7\0RRI‘n-



