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Galvanomagnetic Effects in Oriented Single Crystals of n-Type Germanium*
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Measurements of the magnetoresistance, Hall, and planar Hall
coefficients have been made on oriented single crystals of n-type
germanium at 77' and 300'K. At 77 K measurements made as
a function of the magnetic field strength and of the angle between
the current and the magnetic field are found to be in agreement
with theoretical calculations based on an energy-independent
mean free time To which has the same form of anisotropy as the
effective mass at the bottom of the conduction band. The value
of vo is determined from previously described Hall measurements
and the anisotropy factor E' is determined from the high-field
longitudinal magnetoresistance. E decreases from about 16 to
about 12 or 13 as the electron density increases from about 5.4
&10"cm ' to about 5.2&(10'4 cm 3.

At 300'K measurements were made for selected orientations
of current and field on samples whose resistivities varied from
0.016 to 8.9 ohm-cm. The usual low-field symmetry relations are

satisfied. Most of the low-field coe%cients may be satisfactorily
interpreted by means of relatively simple functional relationships
between the mean free time v- and the energy 8. Although the
field dependence of the Hall coe%cient cannot be quantitatively
explained in this manner, the qualitative features of the various
Hall curves may be understood. Above 0.1 ohm-cm, K is found
to be about 17.3 independent of the relationship between v and
8. Below 0.1 ohm-cm, E falls off, reaching about 14 at 0.016
ohm-cm.

The decrease in the value of X as the temperature is lowered
or as the impurity concentration is increased is attributed to an
increase in the scattering anisotropy as impurity scattering becomes
more important. With the assumption that the mass anisotropy
is constant with temperature and impurity density, the magnitude
of the scattering anisotropy can be computed.

I. INTRODUCTION

A PREVIOUS paper' has shown that calculations of
the Hall coe%cient using an energy-independent

mean free time rp and the 4- or 8-ellipsoid model' for
the bottom of the conduction band, yield results which
agree reasonably well with experimental values of the
Hall voltage measured at 77'K in e-type germanium.
It was shown that the proper value of r p to be used in
the calculations could be found from measurements of
the Hall coefficient but that the value of the anisotropy
factor E to be used could not be found from such
measurements alone.

Other authors' " have investigated the magneto-
resistance eGect in e-type germanium and interpreted
their results on the basis of a low-field approximation'"
for the conductivity tensor. Mason, Hewitt, and Wick"
investigated the Hall eGect and interpreted their data

in a similar fashion. In much of this work, lattice scat-
tering was assumed to prevail and the mean free time
was represented by a constant mean-free-path approxi-
mation, but some authors"" employed more compli-
cated expressions for the mean free time.

In the present work, measurements of the magneto-
resistance, Hall, and planar Hall' coeScients made on a
series of oriented single-crystal slabs of m-type ger-
manium at 77' and 300'K will be described. The results
of theoretical calculations will be summarized and
compared with the data. Effective values of both E
and 7 p will be deduced from the 77'K data assuming an
anisotropic but energy-independent mean free time.
The 300'K data will be interpreted on the basis of the
low-6eld approximation for the conductivity tensor and
various simplifying approximations for the energy de-

pendence of the mean free time r.

*This research was done at the Lincoln Laboratory of Mas-
sachusetts Institute of Technology which is jointly supported by
the Army, Navy, and Air Force under contract with the Mas-
sachusetts Institute of Technology. This paper is based on a
thesis submitted to the Department of Physics in partial fulfill-
ment of the requirements for the degree of Doctor of Philosophy,
June 1956. A preliminary account of some of this work was
presented at the 1955 Thanksgiving Meeting of the American
Physical Society.
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TABLE I. Galvanomagnetic coefficients for current and mag-
netic field in specified directions calculated by using an energy-
independent mean free time.

CoefFicient Expressions

(ooi)
[001)
[100)
[001]
[110]
[110]
[100]
(001)
[110]
[100)
[001)

[001)
[001]
fiioj
[110)
[110]
[110)
[110)
[001)

[110)

3Eg+1
M)+1
&goo+1
Mpoi+1
DENT].0+1
~ilo+ 1
P10DB /pQ
R~'/R„

R'"/R„

p/(1+s'b')
p/(1+yb')
Q //D/p/
N4'/D'F'
(Ni'+ sN//')/D'F'
(N&' ,'Ms/)/D'F'——

//DIF/
yICsP/(1+s'bs)

yENs//D/F'

In these expressions p =1+|(K 12)b'/3K), q = (2K+1)/3K2,
s =2(K —1)/3X, u =gxb2, x =s(z —y)/p, y =3/(2K+1),
z = (K+2)/(2K+1), Ni' =)I 2+yb2(z —u)2j Nz' = (1+yb'+u) (z —u),

N3' =bsL(z —u)2 —(s+y) g, N4' =1+yb2 —u(ybs+u),
D = (1+yb2+u)L1 —u(z —u)2j, P' =p/(2p —1+qb4), b =trpRpB/z=eBrp/mtc,

e=electronic charge (esu), c=velocity of light (cm/sec), R~=1/¹c,
N =number of electrons per cm3, mg =0.082 mp, and mp =electron mass.
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TABLE II. Galvanomagnetic coefficients for the magnetic field restricted to the (001)-plane
calculated by using an energy-independent mean free time.

J
[100]
[110]
[001]

M+1 a Ra pBo/po a

N«(n, P)/DF yKR„¹(«2,p) /DF N4/DF
[N«(«2) p)+ N«(p ««)+2«2PN4]/2DF yKR„[PN 2(««p) 'nN2—(p,««)]/[DF (p n) ]—[N«(p, «r) —Ni(«r, p) ]/[DF (p' —«2')]
N4/DF yKR-L~'N2 (P,~) +O'N2(~, p) ]/DF none

a In these expressions N1 (a,p) = (1+yb2p&)+b&a2(z —b2p&x)2 N2(a, p) =b2am(x+y) (z —b2p2x) +(1+ybop2) (z —b2a2x)
¹

=b2L(z —boa'x) (z —b'p'x) —(x+y))
¹ =1+yb2 —b4a'pmx(x+2y), D = f (1+yb2) (1+z2b2) —xb4a2p2L(x+2y) (1+2zb2) —2z(z —2) —xbm)+2x2boa4p4(x+2y) J, P =p/(p2 —sob4a-'pm), a =direction
cosine of B with respect to the f 100) axis and p =direction cosine of B with respect to the L010) axis.

i«'. =E (JXB)/(JXB)' (2)

II. THEORY AND CALCULATIONS

If J is the current density in a sample placed in a
magnetic field B, the magnetoresistance coefficient M
is given by

M+1=(E J)/(E. J)ii p,

the Hall coefficient R is given by

energy. As a consequence of this equation E becomes
«««re«/c««2N« 'T. he results of calculations based on the
assumption that «2 «r (h) = re, where r p is a constant, '2

are given in Tables I to III for the various geometric
conditions which were considered in the experimental
measurements.

In general the elements of the conductivity tensor
may be expressed in terms of integrals of the form

and the planar Hall coeKcient P is given by

&=LE. (JXB)XJj/(JXB)'(J B), (3)

x«fx

1+%2rs
(6)

where E is the total electric field in the crystal. It will

be observed that these coeKcients are respectively pro-
portional to the component of E in the direction (1) of
the current, (2) perpendicular to both the current and
magnetic field, and (3) perpendicular to the current but
in the plane of the current and magnetic field.

By substituting pJ for E in Kqs. (1) to (3), the three
galvanomagnetic coefficients may be expressed in terms
of the resistivity tensor p. The elements of this tensor
may be derived from the Boltzmann equation provided
that suitable simplifying assumptions are made. This
derivation has been carried out in considerable detail
elsewhere" for a single-carrier model in homogeneous,
isothermal material. It was assumed that Maxwell-
Boltzmann statistics applied, that the surfaces of
constant energy near the bottom of the conduction
band could be represented by ellipsoids of revolution
with the axis of revolution along the (111)axes of the
crystal, and that each energy minimum could be treated
independently during the integration over momentum
space. In the coordinate system of the principal axes
of the ellipsoid of revolution, the mass tensor is diagonal:

"m, 0 0
224= 0 its« 0 . (4)

.0 0 m),
1

In the same coordinate system, the mean free time is
assumed to have the tensor form'

'ng 0 0
0 «24 0 r(h),
.0 0 o.i.

where o. ~ and o.~ are constants and 8 is the electron

"W. M. Bullis, Ph. D. thesis, Massachusetts Institute of Tech-
nology, June, 1956 (unpublished); Lincoln Laboratory Technical
Report No. 115 (unpublished).

&"X'& "~X. (s)

This de6nition of (r") includes the 2 power of energy

TABLE III. Galvanomagnetic coefficients for the magnetic field
restricted to the (110)-plane calculated using an energy-inde-
pendent mean free time.

J M+1 a Ra

[110] r4(a as+2ds) yKaR„(as/+2cd)/yb
[110] 6 («4+«44 2cs) yKr4R„[2 (—cf+ «2 d)«r

+(«4,/~2«d)y /b

PB2/po a

a(df —ca )/n 7

none

a In these expressions
Z! =(P —sb2a2)P(P+sb2am)& —4s2b4a2y~)/(a+a ag+2a+d2 —2a c&+4dcf+ao f2),

a+ = (1+2yb2a&)$0+(z —y)S2, a =So —(z-y)$2, a3 = (1+yb~ym)So,
c = (z —y)S1+yb~ay$0, d =bz(aSo —y$1 —aS2)+by(yS1+aS2),f=bzySo —2b (z -y)aS1, So =p (p+sb~e2) —2s2b4a2ym, S1 =sb2ay (p —sb2a2),

S2 =sboa2(p+sbma2) —2sob4aoy2, a( =p) =direction cosine of B with respect
to (100) or $010) axis and y =direction cosine of B with respect to $001)
axis.

' It is often convenient to divide E into two parts: K =m~/mg
and K, «2«/«2« Thu=s K=K. /K, .' In general the parameter ~p will be a function of the tern-
perature even in the range where it can be assumed to be inde-
pendent of energy for purposes of integration over momentum
space. However, since all the measurements which will be com-
pared with these calculations were made at the same temperature
(77'K), this dependence will be of no consequence.

's See reference 15, pp 13—2

where m=1, 2, or 3, m is related to the cyclotron fre-
quency s&.' but depends on the direction of B as well
as its magnitude, "r is the r (8) of Eq. (5), and x is the
reduced energy (8/kT). These integrals can be ex-
pressed in closed form only for certain special rela-
tionships between r and B. When tnsr2((1 (which occurs
when the magnetic field is very small), the denominator
may be expanded in powers of wsrs and Eq. (6) becomes

+c" (rm) w2(rm+2)+w4(rm+4)
where
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~11P—
g ~l)

Miip=-', Mi+M4,

I'4pB'/pp= Mi M4, —

(12)

(13)

where'=(r)(r')/(rP)', y=3/(2K+1) and s=2(E—1)'/
3E. The symbol =' represents equalities which hold
only at low magnetic fields (the low-field symmetry
relations) while the remaining equalities hold for all
values of the magnetic 6eld. Measurements of the two
coeKcients M~ and M g suKce, with the addition of Rp,
to determine uniquely the low-field conductivity
matrices"4 for the magnetic field in either a (100) or a
(110)direction. Terms of higher order than those given
in Eqs. (9) and (10) may be calculated but this turns
out to be useful ouly in examining the low-field behavior
of the Hall coefficient. The terms are so complicated
that they will not be given explicitly. Instead, when
necessary the Hall coe%cient will be represented by the
following relations":

R"'=Rp(1+aiB'+ apB4+ ), (15)
R'"=Rp(1+ciB'+c2B4+ . .). (16)

It is also necessary to consider the energy dependence
of the scattering time. The simplest assumption is a
straight power law:

for which:
7 =18", (17)

(r")= l"(kT)""I'(P+nX). (17a)

The variation of X with temperature" or resistivity
allows in a very crude way for changes in the scattering
mechanism as a function of either of these variables. A
major difhculty is that when nX & —2, the v averages
diverge.

'~H. Brooks, Advances in Electronics and Electron Physics,
edited by L. Marton (Academic Press, Inc. , New York, 1955),
Vol. 7, pp. 127—131.

~ Dehnitions of the symbols in terms of the orientation of B
and J are given in Tab1e I.

inside the integral' " so (rP)=1'(ep). In the limit of
zero magnetic field, the conductivity approaches the
value op=q(r) where g=4Ae'ni(2K+1)/9n. '*mi, E is
the electron concentration, and e is the electronic
charge. In the same limit, the Hall coefficient approaches
the value Rp

——pKs(r')/41(r)', where p =en i/4riic and
s= (E+2)/(2E'+1). The Hall mobility pIr is defined as
Rpop and the ratio of the Hall to conductivity mobility
is given by I4II/I4=Rp/R, where R „=(Xec) '.

When 8 is restricted to the L100$ or L110) direction,
the low-6eld values of the galvanomagnetic coeKcients
are given by"

M4='p&'B'[(p/ysK) 1)= M
—ppi=' I'&ppB'/—pp

=Miip Miip, (9)

M 4

' liiiPB's'y——K&/2s', (10)

M44= & (Mi+Mg) =Mipp= p (Miip+Miip), (11)

Brooks"" has pointed out -that this divergence,
which is of course not physical, can be removed if the
integrals in the 7 averages are cut o6 at a lower energy
limit hp. Two expressions of this type will be considered
here:

r=rp 0&~& ~p;

for which

r=lB", Sp& b & ~, (18)

(ra) —)a(AT)ai I (p+.+y)
he

and

( 1)a+imp+ a+I+ai

(18a)
-='( —1) ( +l)( +l+~~)-

r=LB&, 0&h&hp, . r=Mi, hp&B&~, (19)

for which

(r")=l (kT)"" r(-', +rishi)

( 1)a+lr4(y P)x a+,+ai

a=i (n 1)!(n+ pp—+4pX) (n+-,pe+-,p) .
(19a)

In order that the scattering function be continuous
across 8p, it is necessary that rp=l8p~ and L=/Sp" '.
Functions of the (r") which arise are tabulated else-
where. "In either of these cases, the value of X is 6xed
and the parameter xp (or Sp) is allowed to vary as a
function of the resistivity or temperature. For values of
xp&1, the convergence of the series in (18a) and (19a)
is quite good.

III. EXPERIMENTAL TECHNIQUES

The apparatus, sample preparation, and procedures
have been described previously. ' Most of the 77'K
measurements were made on samples which were cut
from the same crystal (No. 119) and had a net impurity
concentration of about 1.6)&10" cm '. The doping
material was antimony. For some measurements samples
with higher and lower donor concentrations were used.
In every case the carrier density was low enough that
the samples were nondegenerate and high enough that
intrinsic holes did not contribute signi6cantly to the
current.

The samples used for the 300'K measurements were
similar to those used at 77'K. Except for the purest
samples used, intrinsic holes did not contribute sig-
ni6cantly to the current. The temperature was main-
tained constant by means of a water flow system.
Water from a large well-stirred bath regulated by a
mercury thermo regulator was circulated through a
jacket surrounding the sample and its Teflon holder' by
means of an automobile fuel pump. A cylindrical block
of high-conductivity copper formed the base of the
inner chamber and served to reduce transient changes
in the temperature. The temperature was monitored by
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FIG. 1. Longitudinal magnetoresistance with 8 and J along
the same cubic axis as a function of the magnetic field. Theoretical
infinite-6eld limits for integral values of E are shown at the right
edge of the figure. (T=77'K.)

"In the experiment the current is maintained nearly constant
but corrections must be made to allow for the slight variations
present. It should be observed that I' =2G, where G is the planar
Hgl coeKcient of reference 8,

a copper-Constantan thermocouple and remained con-
stant to within ~0.1C'.

The experimental determination of the Hall coeS.cient
has been discussed. ' In a similar manner the other
coefficients are determined from potential measure-
ments made for the four conditions obtained by re-
versing separately the current and magnetic field. The
four voltages thus obtained are averaged so as to
eliminate the even functions of J and the odd functions
of B. Because of imperfect geometry (nonparallel faces
or misalignment of the potential probes), local concen-
tration gradients (which distort the lines of force), or
slight misalignment of the sample in the magnetic field,
there will be some intermingling of the magneto-
resistance and planar Hall voltages. Since both of these
coefficients are even functions of the magnetic field,
this intermingling cannot be separated by the averaging
process described above.

In the case of the magnetoresistance, the effect of the
intermingling will usually be small and will be neglected.
Unfortunately, it is by no means trivial and is probably
the largest single source of error in the measurement of
the magnetoresistance coefficient which may be ex-
pressed as"

M = (V3r/Ve) —1, (20)

where V~ is the voltage per unit current measured
along the direction of the current in the presence of a
magnetic field and Vo is the voltage per unit current
measured between the same probes with no magnetic

field. On the other hand, the potential drop between
transverse probes in the absence of a magnetic field is
ordinarily quite considerable. A correction to the planar
Hall voltage is made to eliminate this potential which

varies with the magnetic field due to the magneto-
resistance effect. The corrected voltage VI is then put
in the formula"

P= 2VI ]/IB' sin28, (21)

where t is the thickness of the sample in the direction
perpendicular to both the current and planar Hall
field, I is the magnitude of the current and 0 is the
angle between I and 8.Because the necessary correction
usually results in the taking of a small difference between
two large numbers, the measurement of this coefficient
is the least accurate of the three considered.

As in the previously reported work, ' distortion effects
due to shorting of the sample ends by the conducting
solder were shown to be negligible by repeating some
of the measurements after the sample had been cut in
half along the long axis.

IV. RESULTS AT 77'K

A. Field Deyendence of the CoefBcients

In general, the infinite-field limit of the longitudinal
magnetoresistance is independent of the form of the
energy dependence of r as long as the form of the tensor
is as assumed in Eq. (5). For germanium, the orientation
in which this limit is most strongly dependent on K is the
one where B and J are directed along the same cubic
axis. In this case the value of the coefficient approaches
(2E+1)(E+2)/9E. Measurements of the longitudinal
magnetoresistance for this orientation in three samples
of different impurity content are shown as a function
of the magnetic field in Fig. 1.

Although the extrapolation is not very precise on
the log-log plot, it is dear that the curves do not
approach the same limit. Values of E appear to vary
from about 16 for /=5.4X10" cm ' to about 12 or
13 for S=5.2&(10'4 cm '. Unfortunately the values of
the coefficient at the highest available fields do not
fall on the inverse-square portion of the theoretical
curve and a linear extrapolation such as that done for
the Hall coeKcient is not possible. Since a calculation

by Herring" indicates that the effect of small variations
in the impurity concentration is to cause the measured
value of the high-field limit to be different than the
value calculated for homogeneous material, only
estimates of the value of E are possible.

Measurements of all the coefficients listed in Table I
were made as a function of the magnetic field for
samples cut from crystal 119.The two Hall coeKcient
curves have been previously presented" and are not

"C. Herring (private communication}.
2' Reference 1, Fig. 5. The theoretical curves shown were calcu-

lated for E= 19 but the change to 15 does not appreciably aBect
the value of ro (=2.4X 10 '2 sec, b=5&(10 48) found there,
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F10. 2. Magnetoresistance" and planar Hall coefhcient~ as a
function of the magnetic field for samples cut from crystal 119.
The solid curves are calculated from the expressions of Table I
with E= 15 and b=5X10 48. Theoretical infinite-field limits for
E= 15 are shown at the right edge of the figure. (T=77'K.)

and Eipp are also shown. Again, the solid curves are
calculated from the expressions in Table I for the same
conditions as those in Fig. 2. The seven coefficients M~,
Mt Mlpp M001 I 100 E'", and R"' suKce to determine
uniquely all the nonzero components of the resistivity
tensor' "when B is in either a (100) or a (110)direction.

All the coefficients for which the current is in a (100)
direction were also determined as a function of the
magnetic field for sample 985 which was slightly more
pure than the group of samples from crystal 119.Similar
results were obtained which could be Qtted by using
slightly higher values of E and rp. Again the anomalous
behavior of the transverse magnetoresistance at high
fields was observed.

B. Angular Dependence of the CoeScients

Measurements of the three galvanomagnetic coef-
ficients as a function of the angle between the current
and magnetic Geld'4 were made in a magnetic 6eld of
10 000 gauss for the orientations listed in Tables II and
III. The magnetoresistance coefFicients, Hall voltages"
and planar Hall voltages" are shown in Figs. 4, 5, and
6, respectively. Values of the angles it, p', and. 1t are
given for cardinal directions of B in Table IV. The solid
curves are calculated from the relations given in Tables
II and III for b=5 and K= 15. Equation (9) of Bullis

IIO

B [100]
@S 0'
B [110]
@Ib pO

B [110]
00

[110] [010] [110]
45' 90' 135'

[010] [110] [100]
45' 90' 135'

[111] [001] [111]
~35 90 ~145'

[100]
180'

[110]
180'

[110]
180'

' J: t.100j or I002j.
~ J: $110j.
o J: $110) or |110j,

repeated here. The magnetoresistance coefFicients M~,
Mi, and Mppi and the planar Hall coefficient Pipp (nor-
malized by the factor 8'/pp) are shown as functions of
the magnetic field in Fig. 2. The solid curves are cal-
culated from the expressions given in Table I with
E=15 and b=SX10 48. The theoretical infinite-field
limits are shown at the right edge of the figure. It can
be seen that deviations from the theory at high fields
increase as J and B become perpendicular. These
deviations cannot be explained by assuming any reason-
able power law for r(B). The calculation by Herring"
suggests that these deviations may be due to small
variations in the impurity concentration.

Measured values of the magnetoresistance coeS.cients
M1pp M11p, and M11p are shown as functions of the
magnetic field in Fig. 3. In addition, values of M11p
and M110 computed from the measured values of Mipp

TABLE IV. Values of the angles @, p', and |It' for
cardinal directions of B.

IQ

IQO

20 K
I IQ

URED CALCULATED

0

IP I I I

5 7 3 2 3 5 & 4 2 3 5
IQ

MAGNETIC FIELD (gauss)

F1G. 3. Magnetoresistance'p as a function of the magnetic field
for samples cut from crystal 119.The solid curves are calculated
from the expressions of Table I with X=15 and b=5X10 48.
Theoretical infinite-field limits for E=15 are shown at the right
edge of the figure. In addition the theoretical infinite-field limit
of M1&p is shown for X=10, 20, and ~. The calculated values of
&110 and M1&p were computed from measured values of 3f&pp and
r„,. (T=77'K.)

24 In the cases where the current is always perpendicular to the
magnetic field, the angle is defined arbitrarily as indicated in
Table IV.

Voltages rather than coefficients are given in these cases
because of the uncertainty in the value of the measured angle. See
reference 1,
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FIG. 5. Hall voltage (R sine/E„) as a function of the angle between current and magnetic field for samples cut from
crystal 119.The solid curves are calculated from the expressions of Tables II and III with E=15 and b=5. Experi-
mental data were taken at T=77'K and 8= 10 000 gauss. (p=o., @ =a—45', /=90' —y.)

and Krag' and Eq. (21) were used to determine the
Hall and planar Hall voltages, respectively.

The principal features of the experimental data are
duplicated by the calculated curves. It is not surprising
that the quantitative agreement between theory and
experiment is not better because of the drastic simpli-
fying assumptions made in assuming an energy-inde-
pendent mean free time. Measurements of most of
these coeKcients were also made at 2000 gauss" and
compared with calculations made assuming b =1.
Similar semiquantitative agreement was obtained but
the results are not as striking at the lower fields where
departures from the quadratic expressions are not
pronounced.

V. RESULTS AT 3OO K

A. Magnetoresistance Measurements

The results of the low-held magnetoresistance meas-
urements are summarized in Table V which also gives
the zero-held coeKcients po, Eo, and p,~. In addition to
the six samples measured in this series, the data reported
by Pearson and Suhl' for an 11.5 ohm-cm sample are
also listed. The values given in Table U were derived
from curves of M/J3' extrapolated to zero field. A
typical plot is shown in Fig. 7. Also shown in this plot

is —Pips/pp which can be seen to depart from the
values of M&/8' and 3fppi/B' at the higher fields. At
still higher fields M~ and Mooi will separate. " The
departure of Mipp from 3II4, (the mean between Mi and
3f,) can also be observed in Fig. 7. The data are plotted
as a function of the zero-field resistivity in Fig. 8. It
will be noted that there is an. upswing at the high-
resistivity end of the curve. This is consistent with the
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FIG. 6. Planar Hall voltage (PB' sin28/2po) as a function of the
angle between current and magnetic field for samples cut from
crystal 119. The solid curves are calculated from the expressions
of Tables II and III with EC= 15 and b= S. Experimental data
were taken at T=77'K and 8=10000 gauss. (qb=u, @'=n—45',
4=90 —v-)
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TABLE V. Summary of low-6eld magnetoresistance data —300'K. 3El, 3f1pp, and M& were derived from curves of M/8 extrapolated
to zero field. M»0, M&T0 and &45 were computed from M& and M& using Eqs. (11) to (13).

Sample No. 1184 1498 1262 786a 1261 1260 P —S factor

po (ohm-cm)
Ro (cm'/coul)
pii (cm'/v-sec)
Mg/8' (gauss ')
Mioo/B' (gauss ')
M&/B' (gauss ')
Miio/B' (gauss ')
3fi&p/B' (gauss ')
M4, /Bs (gauss ')

8.89
33.4
3.76

17.2
12.7
8.2
8.6

16.8
12.7

5.6'
20~
35a

16.7
11.8
7.5
8,4

15.9
12.1

3.2~
12~
37'

16.3
11.7
7.2
8.2

15.4
11,8

0.592
1.80
3.04

12.2
8.5
5.0
6.1

11.1
8.6

0.293
0.90
3.07

10.4
7.1
3.9
5.2
9.2
7,2

0.016
0.023
1.43
1.95

0.66
0.98
1.64
1.30

11.5
44.0 X 10'
3,82 X10'

19.2 X].0»
X10 "

9.0 X10 "
9.6 X10 "

18.6 X10 '0

14.1 X 10-»

a Samples 1498 and 1262 were very nonuniform and these values are very crude averages.
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FrG. 7. Magnetoresistance" of sample 1261 at 300'K as a
function of magnetic 6eld. The arrows indicate the value of the
coefficients extrapolated to zero 6eld.

27 Apparently the presence of a reasonably small percentage of
holes does not affect the symmetry properties. This is indicated by
the angular measurements (at 4000 gauss) by Pearson and Suhl'
and by angular measurements (at 6000 gauss) taken on sample
1184 which yielded similar results.

28 Reference 15, Eq. (2-43); Reference 11, Eq. (11).
~ P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954).

observations of Goldberg and Davis" who attributed a
similar upswing above 270'K (in an 11.5 ohm-cm
sample) to the influence of intrinsic holes. At 300'K
approximately 3% of the carriers in sample 1184 are
holes and in the 11.5 ohm-cm samples the hole density
is somewhat higher. "

E may be computed directly" from the measured
values of M& and M& provided that the Hall mobility
pII is known. In Fig. 9, @II is plotted as a function of pp.

Values due to Pearson and Suhl'; Mason, Hewitt, and
Wick, '4 and Debye and Conwell" are also shown.
Because of the wide scatter" in the experimental
points, a central curve and two other curves at &6%
of the central value are drawn through the experimental
points. The values of E computed from M~, M&, and
the central value of @II are plotted in Fig. 10.E is about
17.3 for resistivities higher than 0.1 ohm-cm but falls

o6 at lower resistivities. Similar qualitative behavior is

observed for the other values of @II. The strong de-

pendence of E on the Hall mobility is demonstrated by
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FIG. 8. Low-6eld magnetoresistance0 at 300'K as a function of
the zero-6eld sample resistivity.

3'Because of the uncertainty in the precise values for E, the
values oi X (Fig. 11),xo (Fig. 12), pirlp (Fig. 13), ci and cs (Fig.
16), and a& and u2 (Fig. 17) are intended only to indicate the
trend with resistivity.

3' M. B.Prince, Phys. Rev. 92, 681 (1953).

the lower curve in Fig. 10 which was computed usia, g
the +6% value of Icii.

In order to interpret the data as a function of pp, it is
necessary to assume that 7- varies with the energy in
some specified way. If the simple power law, Eq. (17),
is assumed, the variation of P with pp is as shown" in
Fig. 11. The analysis is similar to that used in inter-
preting data taken as a function of temperature. " If
Eq. (18) or (19) is assumed and X is taken as —0.66 to
agree with the temperature dependence of the mobility
found by Prince, " the resulting values of xp are as
shown" in Fig. 12.

From the value of X or pp determined in this way, it
is possible to determine other relationships involving
the collision time. The simplest of these is the ratio of
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Fio. 11.The exponent X of Eq. (17) as a function of the zero-
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derived from the curves of Fig. 8 at resistivities which were not
actually measured. The value" of E was taken from the solid
curve of Fig. 10.
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FiG. 9. Hall mobility at 300'K as a function of the zero-6eld
sample resistivity. The dashed curve is taken from the data of
Debye and Conwell. " The upper and lower solid curves are
drawn at ~6% of the central curve through the experimental
points. Points due to Mason, Hewitt, and Wick" (+) and Pearson
and Suhl' (X) are also shown.
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Fio. 10. Anisotropy factor X as a function of the zero-field
sample resistivity. The solid circles were computed using the
central value of pJI. Open circles were computed using data
derived from the curves of Figs. 8 and 9 at points which were not
measured explicitly. The crosses were derived from the +6oro
value of p,~.
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~ 0 Eq(IS)
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~H
z G9Hall to conductivity mobility, which is shown'0 in

Fig. 13 for the three scattering relations. It can be seen
that all the values are somewhat less than the value of
about 1 reported by Morin" for very pure samples. The
points based on Eqs. (18) and (19) fall nearly within the
experimental error of Morin's measurements at the
high-resistivity end of the curve but those based on
Eq. (17) are appreciably lower.
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FIG. 13.The mobility ratio as a function of the zero-6eld sample
resistivity calculated from Eqs. (17), (18), and (19) using the
parameters of Figs. 11 and 12 and the value' of E taken from
the solid curve of Fig. 10.

3. Ha11 Measurements

Curves of E~' and R'" normalized to their value at
zero magnetic field are plotted as a function of the field
in Figs. 14 and 15, respectively. The dashed curves are
the empirical relationships reported by Mason, Hewitt,
and Wick" for 3.18 ohm-cm cylindrical samples. The
theoretical curve in Fig. 14 was calculated from the first
of Eqs. (4.14) of Abeles and Meibooms using parameters
(X=17.4, prr ——3770 cm'/volt-sec) corresponding to
samples 805a and 1184. Since this calculation is based

"F.J. Morin, Phys. Rev. 93, 62 (1954).

on the constant mean-free-path approximation [)t= —r

in Eq. (17)], it is clear that this assumption is not
adequate to explain the field dependence of the Hall
coefficient at 300'K.

The coeKcient E"o (Fig. 15) departs from its zero-
field value at higher and higher fields as the resistivity
decreases. This is consistent with the fact that as po
(or r) decreases, the fields for which w'r'(&1 become
larger. For the coeKcient R~' (Fig. 14) this is no longer

GALVANOMAGNETI C EFFECTS IN SINGLE CRYSTALS
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decreasing resistivity. This monotonic decrease is noted
in both ci and cs when Eqs. (18) and (19) are used.
Values are shown'0 in Fig. 16 together with experimental
values derived from plots of R"' vs 8'. lt can be seen
that the two sets of points follow the same trend
although the numerical agreement is not exact. Values
of a~ and a2 are shown" in Fig. 17. The change of sign
can be noted in both coefFicients. In addition it can be
seen that both coefFicients decrease in magnitude at very
low resistivities where the ratio z'7-'. 1 again becomes
dominant. Although the data are not precise enough to
enable experimental values of a~ and a2 to be deter-
mined, the calculated values reproduce the qualitative
features of the curves. The numerical values are too
high for quantitative agreement. "

It is possible to compute values of xo, E, and p~ from
the experimental values of c~ and c2. When this is done,

FIG. 14. Normalized Hall coef5cient RM'/Rc at 300'K as a
function of the magnetic field. The theoretical curve is calculated
from the relation given by Abeles and Meiboom2 for E= 17.4,
NR=3770 cm'/volt-sec and should correspond to sample 805a.
The dashed curve is an empirical result of Mason, Hewitt, and
Wick" for a 3.18 ohm-cm sample (oi =0, as=+2.4X 10 ").

true. Here the coefFicients appear to depart from the
zero-field value at lower fields as the resistivity decreases
down to about 0.5 ohm-cm where the trend reverses and
the behavior becomes normal. This implies that for the
higher resistivities, a term is operating to hold E close
to Eo even though m'g' is not small compared to 1.

These observations agree qualitatively with calcu-
lations of the coefficients of Eqs. (15) and (16) made
using the scattering laws of Eqs. (17) to (19) and the
parameters derived from the magnetoresistance data of
Sec. V-A. If Eq. (17) is used, the second (as and cs)
and subsequent coefficients diverge and only the leading
term can be calculated. It is found that a,~ is negative
for large resistivities and becomes positive for low
resistivities. The sign change occurs at X = —0.36. On
the other hand, c& is always positive and decreases with
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Fio. 16. Hall parameters of Eq. (16) as a function of the zero-
6eld sample resistivity. The points were computed by using the
magnetoresistance data of Figs. 11 and 12 and the scattering laws
of Eqs. (18) and (19).The value30 of E' was taken from the solid
curve of Fig. 10. The experimental points were derived from plots
of R"0 vs B'.
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low values of E (10 to 12) and very high values of xs
and p~ are required for self consistency. These results
which are obtained with either Eq. (18) or (19) are not
compatible with the other experimental data and serve
to indicate the inadequacy of the assumptions made
concerning the scattering functions.

VI. CONCLUSIONS

The anisotropy factor E has been evaluated from
low-field magnetoresist ance measurements at 300'K
and from high-field longitudinal magnetoresistance
measurements at 77'K. A value of 17.3 is found at
300'K for samples with resistivities greater than about
0.1 ohm-cm. This is in good agreement with the value

FTG. 15. Normalized Hall coefficient R'"/Rc at 300'K as a
function of the magnetic field. The dashed curve is an empirical
result of Mason, Hewitt and Kick14 for a 3.18 ohm-cm sample
(gl ——7.9X10 0, c2=+1.55X 10—xs)

8' Although thermomagnetic potentials (e.g. , Ettinghausen)
could cause experimental errors in the Hall data, it is strongly felt
that anymsuch errors are negligible compared to those resulting
from the approximation for ~( 8).
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of 17.2 found from pulsed. high-field longitudinal mag-
netoresistance measurements, "but it is somewhat higher
than the low-field values reported by others. """The
wide variations in the reported values of K determined
from low-field measurements may be attributed to the
strong dependence of E on the Hall mobility LM,II which
is difficult to measure precisely. At 77'K the value of
E was found to decrease from about 16 to about 12 or
13 as the impurity concentration was increased from
5.4X10" to 5.2X10'4 em—'.

%hen determined from galvanomagnetic data, K is
a measure of the anisotropy of the mobility (r/m). The

E,with the result that E,=1.2 at 300'K for lattice sca t-
tering (including intervalley scattering, if present). As
the temperature is reduced (with constant impurity
density) or as the resistivity is reduced (at constant T),
the relative effect of impurity scattering increases and
E, becomes larger as predicted by Ham. "

These experiments further confirm the usefulness of
galvanomagnetic measurements in studying the sym-
metry properties of the band structure of materials by
utilizing either the energy-independent mean-free-time
formalism' or the low-fmld symmetry relations. '~ In
addition a small amount of information relative to the
energy dependence of v at 300'K may be deduced from
the low-field magnetoresistance data. The parameters in
the assumed scattering functions behave in the expected
way as the resistivity decreases and the relative im-
portance of impurity scattering increases. The useful-
ness of the transition energy concept" is demonstrated
by the agreement with measured values of the mobility
ratio. The quantitative inadequacy of the theory which
arises in connection with the low-field behavior of the
Hall coeKcient is probably due to the inadequacy of
the drastic approximations made for r(8) coupled with
the fact that the low-field expansion may no longer be
valid after the initial terms when these approximations
are used. '
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mass anisotropy E has been found' to be about 20
at O'K. It is reasonable to assume that this value
changes only slightly, if at all, with temperature. It is
therefore possible to calculate the scattering anisotropy

"H. P. Furth and R. W. Waniek, Phys. Rev. 104, 343 (1956).
'~ M. Glicksman, Phys. Rev. 102, 1496 (1956).

Fio. 17. Hall parameters of Eq. (15) as a function of the zero-
6eld sample resistivity. The points were computed by using the
magnetoresistance data of Figs. 11 and 12 and the scattering laws
of Eqs. (18) and (19).The value" of E was taken from the solid
curve of Fig. 10.
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