
P H YSI CAI- REVIEW VOI UME 109, NUMBER 5 MARCH 1, 1958
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This note is intended to supplement a recent article by Speisman by focusing attention on some points of
a rather practical nature. In particular, it is shown that the method of Dalgarno and Lewis arises naturally
as a special case of the present scheme, and that an upper bound to the energy can be obtained almost im-
mediately once the results of the Rayleigh-Schrodinger theory are known to third order.
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K have been engaged in the study of various
applications of Brillouin-Wigner (B-W) and

Rayleigh-Schrodinger (R-S) perturbation theories, using
an approach which is similar in all essentials to that
proposed very recently by Speisman. ' While there is
now no longer need to consider the general theory in
detail, we think that the present note may serve as
a useful supplement to Speisman's article by drawing
attention to one or two points of a rather practical
nature.

Using Speisman's notation, we assume that IIp is a
Hermitian operator possessing a complete orthonormal
set of eigenvectors given by

(E,—Hp)$, =0.

We assume that $o is nondegenerate and focus attention
on the calculation of the corresponding eigenvalue E
and eigenvector ih given by

(E—&o—v)&=0,

where V is a, Hermitian perturbation.
let us introduce the projection operator P defined

by Pg„=p„h„o and write

(1—P) —= (1—P) (1—P),
&—&0 8—Hp

which can be taken as a definition of the left-hand side.
Then Ltaking (b,it) =1],

4'= b+ (1 P)il'

(1—P)=b+ (~—&o)4'
&—&o

and by Eq. (2),

(1—P)
4 =b+ — (b —E+U)~t,

8—Hp

by (Pe, vf) and so, from (4)
1

(1—P)
(@ E+v) b l (5)

0 E . 5—II0

The 8-VV formulas are given immediately by putting
8=E in (4) and (5). In the R-S case we take 8=Eo and
use (5) iteratively Lstarting in the zeroth approximation
by putting (b, Vb) for E Eo'j to o—btain E E& ex-—
plicitly in terms of known quantities. Substituting this
series into (4) then gives us a series for f. Thus in both
cases it is possible to derive equations of the type

O'=Z &.b
0

E—Ep ——Q (b, UE'„Po),
0

where, in the B-W scheme

)1 P—
z.=l v

l

&E—e, )
and in the R-S scheme

&o= &,
Ep —HP

v l -(~o,v~.)l(E,—~,)
Concentrating only on the formulation in terms of

differential equations (this being more powerful than
the matrix method), we proceed to evaluate terms of
the series (6) and immediately encounter an expression
of the type

vg =(1—p) po, l
=v—(b,vg)j.

8—Hp 8—Hp- (1-P) n

(&—E+v) b
8—IIp

(4) The essential step in the evaluation of the latter is
then to 6nd a suitable function f such that

But, from (1) and (2) the energy shift E Eo is given—
' G. Speisman, Phys. Rev. 107, 1180 (1957l.

&b=fb
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Taking the case Ho= —-', QV,2+ 0, Eq. (8) gives However, in more general problems, while higher
terms in the series (6) can be dealt with by using a
procedure similar in principle to the above, it turns out
usually, at a very early stage, that the solution of the
appropriate generalization of (9) cannot be found. As
illustrated by the simple one-dimensional case, it
usually happens that the R-S method can be carried
at least as far as, and often further than, the B-W
scheme. It may be noted, however, that a knowledge of
only the first m terms of (6) allows the first (2m —1)
terms of (7) to be computed, since all our operators are
Hermitian. This means that the B-W method will

yield an upper bound to the ground-state energy, as
may be veri6ed directly by inserting the 6rst nz terms
of (6) in the variational integral.

It frequently happens that it is only possible to
evaluate Zogo and Lib of the series (6) and that the
e8ect of the higher terms is very dif5cult to assess.
The merit of the B-W scheme seems then to be that,
at least, we obtain an upper bound to the energy. As
there is no such bound property in the usual R-S
theory, it would seem desirable to be able to obtain one
with the few terms at our disposal. This can be done
with very little further calculation by taking Eo)o+Eigo
as a variational function as follows.

We suppose that

7;$0
(6—Eo)f+Q T~f +-', p 9;2j=ii.

b
(9)

In general, the boundary conditions are imposed by
using (8) to give

(10)

although it seems that, at any rate in one-particle cases,
f can often be obtained uniquely by requiring only that
f$0 be quantum-mechanically acceptable.

In the R-S form (h=EO), the first term of (9)
vanishes. Then, considering the one-particle case, it
may be noted that the method is equivalent to that
introduced by Dalgarno and Lewis, ' derived by them
however from the usual matrix formulation. It will be
seen that their method arises very naturally as a
special case of the present treatment. In the B-W case
(8=F), there is no such simplification and, effectively,
a solution of (9) must be found as a function of h.
However, while the B-W solution then contains the
R-S case (S=EO), a merit of this latter method is that
the vanishing of the first term in (9) leads to a formal
reduction in the degree of the equation. By way of
illustration, it may be noted that in one-dimensional
problems, (9) and all generalizations of (9) encountered
to any order take the form

(&o—Ho) fb=&$0, (13)

and since, by (1),f is indeterminate to the extent of an
additive constant, we may assume that (b,f/0) =0. The
R-S energy to third order is then given bydF 1 db 1d'F

EF+ — +——=g.
dx b dx 2 dx' ~=F-+(b Vko)+(b fko)+(b,f f$o)+" (14)

To obtain a bound we write 4'= (1+f)go and deduce,
after a certain amount of manipulation employing
Eqs. (1) and. (13), that

Then, in the R-S case, &=0 and the general solution is

t.dx p (fg(0'dx)
F=A+8 —+2 dx,

(@,$H+ V]@)
12

Oq& 0 0~ & 0=&0+(b,Vb)+
1+(b,f'b)enabling the wave function and energy to be calculated

by quadrature to any order. No such general solution is
available in the B-W case (e/0).

2 A. Dalgarno and J.T. Lewis, Proc. Roy. Soc. {London) A233,
70 {1955).See also A. Dalgarno, Proc. Phys. Soc. {London) A69,
784 {1956)and A. Dalgarno and A. L. Stewart, Proc. Roy. Soc.
(London) A258, 276 (1956).

and all terms in the latter expression are used explicitly
in the evaluation of (14).
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