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Pion Production in Pion-Nucleon Cojjlisions~
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The single production of pions occurring in pion-nucleon collisions at incident pion energies below 1.5
Bev has been considered in terms of the inelastic excitation of the nucleon to the isobaric state with isotopic
spin and angular momentum = -„previously identified with the resonant state in the low-energy pion-nucleon
scattering. An associated separate recoil pion accompanies the isobar, and conserves energy and momentum.
The isobar subsequently decays into a nucleon and a pion. Expressions have been obtained for the branching
ratios between the different reactions, 7i- +p ~7f. +7r++n, and m +m'+p, and for the separate energy
spectra of the 7i-+, 7i-, and 7i- mesons. The momentum distributions of the pions and recoil nucleons have
been calculated at incident pion energies of 0.93 Bev and 1.37 Bev, and are generally in reasonable agreement
with the experimental data available at these energies.

I. INTRODUCTION ment with the experimental data at these energies. ' '
This method of comparison is independent of the ratio
of the T=-,' and T=-', inelastic cross sections, and also
the relative phase between the matrix elements, upon
which the separate spectra of the m+ and x mesons
would depend.

The purpose of the present paper is to give a more
complete account of the calculations ~eported in I,
especially as concerns the momentum distributions of
the outgoing particles at 1.0 and 1.37 Bev, for the cases
of single pion production. Ke have also obtained the
branching ratios for the various possible reactions and
the corresponding expressions for the separate energy
spectra of the z+, z', and m mesons. These branching
ratios and energy spectra have been compared to the
experimental data. 4 '

''N previous publications' ' we have proposed and
~ - investigated an isobaric nucleon model for pion-
nucleon interactions from low energies to 1.4 Bev
for both the elastic pion-nucleon scattering and the
single pion production interactions. The model consists
in assuming that the pion-nucleon interaction for pion
kinetic energies &1—1.5 Bev proceeds predominantly
via the real (i.e., nonvirtual) excitation of the nucleon
to the isobaric level with isotopic spin (T) and angular
momentum (J)= -,'associated with the low-energy
resonance ( 190 Mev). This excitation can take place
either directly (pion absorption followed by elastic
re-emission) or indirectly (inelastic excitation of the
level with an associated recoil pion). It therefore follows
that the T=-,' total cross section would necessarily be
near zero below the effective threshold energy ( 200
Mev) for formation of a T= J=ss isobar with an 'accom-
panying separate recoil pion which would allow the
total T for the state to equal -';.

A discussion of the behavior of the 7=2 and 7=-,'
state total cross sections from low energies to 1.4 Bev
has been previously presented, "and it has been found
that many of the general features of the cross sections
can be satisfactorily explained by this model. The
treatment of the isobar excitation process in pion-
nucleon collisions was developed in analogy to our
previously published isobaric nucleon modeP for single
pion production in nucleon-nucleon collisions with the
recoil (unexcited) nucleon being replaced by the recoil
plOD.

The predicted pion momentum spectra for the m.+
and rr lumped together from the reaction m +p

+7r++rs at 1.0 and 1.37 Bev have been previously
presented' ' and were found to be in reasonable agree-

II. ENERGY SPECTRA OF PIONS AND NUCLEONS

In the present isobar model, the energy spectrum of
all the pions from a reaction irrespective of charge is
given by

dg ~My de g=8 ~' ~(mr)I" G.dmr+C~(mr)P, (1)
dT dQ dv'.

'

where o (mr) is the total m+ —p scattering cross section
for an isobar mass mr(= total energy of the decay pion
and nucleon in the isobar rest system), Ii is the two-body
phase space factor for an isobar of mass ml and the
recoil pion, G is a factor giving the energy spectrum
of the pions arising from the decay of the isobar of
mass m~, moving with a velocity 8~ appropriate to the
total energy E in the center-of-mass system of the
original pion and nucleon. This center-of-mass system
will be abbreviated as c.m.s. in the following, and
quantities pertaining to the c.m. system will be
barred. In Eq. (I), 8 and C are constants which merely
serve to normalize the two terms. The integration over
ml extends over all values of ml which are kinematically
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possible, between the following limits. The lower limit
of mr is M~ ——m~+m =1.08 Bev. The upper limit M~
is either' E—ns or 3E~, whichever has the lower value.
Here M~=—1.58 Bev, corresponding to an excitation
energy of 500 Mev plus a pion rest mass. The second
term of Eq. (1) (which is multiplied by C) gives the
energy spectrum of the recoil pions. For each c.m.s.
kinetic energy T of the recoil pion, there is an appro-
priate value of mr, and the factor dmr/dT represents
the range dml per unit range dT . In the present isobar
model, difterent values of nzI are weighted by the factor
0 (mr) Ii, which accounts for the presence of this quantity
in both terms of Eq. (1).

The momentum spectra of Walker et a/. 4 and of
Eisberg et al.' give the momentum distributions of the
pions integrated over all angles. In this case, independ-
ently of the angular distribution of the isobar with
respect to the incident direction, G is given by the
following expression, provided one assumes that the
isobar decays isotropically in its own rest system':

G.=I/(I'-, -- ~.,-.), (~-,-.&~-&~-,--), (2)

G.=0, (T.&T., ;. and i'.&T.. .,), (2a)

where T, ; and T, . are the minimum and maxi-
mum possible kinetic energies of the pions arising from
the decay of the isobar (having mass mr and velocity
Pr in the c.m. system). Equations (2) and (2a) represent
the well-known uniform distribution of energies of
secondaries arising from a two-body decay. Upon
inserting Eqs. (2), (2a) into Eq. (1), one obtains the
resultant energy spectrum do./d7' integrated over all
angles.

It should be mentioned that in the more specific case,
where one observes the pions at a particular angle (e.g. ,
in counter experiments), the energy distribution will
depend somewhat on the angular distribution a(t)~~)
of the isobar E*with respect to the incident direction.
This situation is analogous to the corresponding one for
nucleon-nucleon collisions. ' The factor G in Eq. (1)
then depends upon a(0rr*), and similarly C also becomes
a function of the angle 8 of the recoil pion. In fact,
since 8 =180'—0~*, C will be simply proportional to
a(180'—0 ).

The two terms of Eq (1) will .be called I, & and I, 2,

respectively. I, l gives the energy spectrum of the
pions from the isobar decay, while I, 2 is the energy
spectrum of the recoil pions. I, ~ and I, 2 must be
normalized to the same area, since there is a one-to-one
correspondence between decay pions and recoil pions.
Hence it follows that:

(3)

where T, is the maximum possible pion energy, above

' lt is assumed that the units are such that c=1.' See reference 3, footnote 19.

where T, ;„'&' and T, , &&' are the minimum and
maximum possible energies of the pions from the isobar
of mass ms~, j, F, is the corresponding phase space factor
pertaining to ml, j. The partial spectrum due to the
mass values near m~, j is given by a step function of
magnitude gj, ~ extending from T, ; &') to T,
The complete decay spectrum I, ~ is obtained by
drawing a smooth curve through the sum of the step
functions gj, & Thus

I-, )(~-)= (Z~ g;)')~m, (6)

where Am=25 Mev is the interval of nzl, jj gj, $ =gj, $

& Tm, min and Tm & Tm, max ~

The spectrum of the recoil pions, I, 2, is obtained
from the following quantity g;, 2.

a(mr, ,)I",
gj, 2=— )

T &~.+i
where

y- (r+)=spy (r)+Z (r+)))

and T &&~ is the energy of the recoil pion pertaining to
the isobar of mass ml, , YVe have: T '&&=E—E~*&&'
—ns, where E~*~&& is the total energy of the isobar in
the c.m. system of the original x and proton.

The contribution of the values of ml between
,'(mr, ; &+mr, &)—and —2(mr, &+mr, &+)) is represented by
a step function of magnitude g;, 2, extending from
T &» to T &~'+). For neighboring values of esl, j
(mr;and mr, , ;+&), the regions (T (' ', T "+') are
adjacent to each other. The complete recoil spectrum
I, 2 is obtained by drawing a smooth curve through the
step functions g;, 2.

In Figs. 1 and 2, we show the momentum spectra for
the reaction vr +p+m +m++-nat inciden, t pion ener-

which I ~ and I,2 are zero. The corresponding pion
momentum spectra will be denoted by J, ~ and J,~.
Thus

I', ;=8,I, ;, (i=1, 2),

where 8 is the pion velocity in the c.m. system.
The expressions for the spectra I, ~ and I, 2 are

similar to the expressions for the nucleon spectra I~ ~

and I~, 2, respectively, for the case of single E* pro-
duction in nucleon-nucleon collisions (see Figs. 7 and 8
of reference 3). The procedure of the calculation of I, (
and I, 2 is completely analogous to the treatment of
the corresponding spectra in reference 3 LEqs. (18),
(19), and (26)j.

In order to obtain the isobar decay spectrum I,&, we
have subdivided the range of ml into intervals of 25
Mev. The various mass values will be called ml, j
(j=1,2, ). For each mr, ;, the following quantity
g;, ~ was evaluated:

a(mr, ;)&,
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gies T =0.93 and 1.37 Bev.4 s In these figures, the s+
and m mesons have been lumped together, so that the
corresponding prediction of the isobar model is

do/d7i =J i+I (9)

The dot-dashed curves in Figs. 1 and 2 show the
separate momentum spectra J, ~ and J„,2. The dashed
curve gives the prediction of the statistical theory of
Fermi. s ' The previously published results of Fig. 2(a)
of I were obtained using an incident pion energy
T = 1.0 Bev. Actually the two parts of the experiment
of Walker et al.' (see their Table I) were carried out at
energies of 0.90 and 0.96 Bev, so that it is more realistic
to perform the calculations for an average T„=0.93
Bev. The results shown in the present paper were
calculated for this energy. ,

It is seen that the curves calculated from the isobar
model have a double maximum, which is especially

T =0.93 Bev
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FIG. 1. Center-of-mass momentum spectrum of 7I- and m.+
meSOnS COmbined frOm the reaCtiOn 71- +P~7r +7r++n at an
incident pion energy T =0.93 Bev. The histogram represents the
data of Walker et al. (reference 4). The solid curve was obtained
from the isobar model. The dot-dashed curves give the contri-
butions J,q due to the pions from the isobar decay and J,2 due
to the recoil pions. The dashed curve gives the result of the Fermi
statistical theory. In all of the 6gures, the theoretical curves have
been normalized to the number of observed cases.

K. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950);Phys.
Rev. 92, 452 (1953);93, 1435 (1954).

s M. M. Block, Phys. Rev. 101, 796 (1956).

marked at 1.37 Bev. The pronounced high-energy peak
which occurs at a c.m.s. momentum p =0.40 Bev/c
for T =0.93 Bev and at 0.57 Bev/c for T = 1.37 Bev
is due to the recoil pions, which are emitted with a
momentum equal to the momentum of the isobar.
Obviously, since the isobar is formed preferentially with
a mass close to the resonance value of 1.22 Bev, the
momentum of the recoil pions will generally have a
value close to that which corresponds to an isobar of
mass m~=1.22 Bev. On the other hand, the broad
maximum of the isobar model curves at p —0.26 Bev/c
is due to the isobar decay pions, which have a wide
momentum distribution both because of the motion
of the 1V* and the Q value distribution in the rest system
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FIG. 2. Center-of-mass momentum spectrum of 7r and 7I
+

mesons combined from the reaction m- +p~m +7c++n at an
incident pion energy T =1.37 Bev. The histogram represents
the data of Eisherg et ttl. (reference 5}. The solid curve was
obtained from the isobar model. The dot-dashed curves give the
terms J,y and J,g. The dashed curve gives the result of the
Fermi statistical theory.
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FIG. 3. Center-of-mass momentum spectrum of 7I- and m'

mesons combined from the reaction 7I- +p~7I- +7I-0+p at
T =0.93 Bev. The histogram represents the data of Walker et al.
(reference 4). The solid curve was obtained from the isobar model.
The dot-dashed curves give the terms J,y and J o, . The dashed
curve gives the result of the Fermi statistical theory.

of S*, with a maximum at 140 Mev. The experi-
mental pion spectrum at 0.93 Bev has a high-momentum
peak in reasonable agreement with the prediction of the
isobar model. The predicted slight depression between
the low-energy and the high-energy peak is absent,
and would be expected to be washed out by the crude
momentum resolution resulting from the grouping of
the experimental data. However, the general behavior
of the data is consistent with the isobar model pre-
dictions. Nevertheless, one should note that the statis-
tical uncertainties are quite large. The observed pion
momentum spectrum at T =1.37 Bev (Fig. 2) has a
double maximum at the momenta expected from the
isobar model. However, the statistical uncertainties are
also quite large, so that one cannot necessarily conclude
that this eBect is real.

Figures 3 and 4 show the pion momentum spectra
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Fro. 4. Center-of-mass momentum spectrum of 7r and ~'
mesons combined from the reaction m. +p—&x +m0+p at T
=1.37 Bev. The histogram represents the data of Eisberg et al.
(reference 5). The solid curve was obtained from the isobar
model. The dot-dashed curves give the terms J„,y and J„,2. The
dashed curve gives the result of the Fermi statistical theory.

from the reaction m +p-+g +m'+p at 0.93 and 1.37
Ilev. 4 ' As in Figs. 1 and 2, we have combined both types
of pions (x and Tr'), so that the predicted spectrum
shape is given by Eq. (9).The situation at 0.93 Bev, as
shown by Fig. 3, is very similar to the corresponding
results for the reaction n. +p—&s. +s++e (I'ig. 1).
The isobar model curve agrees on the whole better with
the data than does the statistical theory. The experi-
mental distribution has a strong maximum between 0.3
and 0.4 Bev/c, which is in approximate agreement with
the calculated maximum due to the recoil pions. We
note that the statistical theory does not predict a
maximum at high momenta, such as is observed both
for the ~ +vr++ss and w +Trs+ p reactions.

As can be seen from Fig. 4, the curve obtained from
the isobar model for the reaction 7r +~s- +s-'+p
is not in agreement with the data at 1.37 Bev. In
particular, the experimental momentum. distribution
does not show a double maximum. However, it cannot
be concluded at present that there is necessarily a real
disagreement with the theory, in view of the limited
statistics of the data for this reaction and the larger
experimental uncertainties in the determination of the
m' momenta as compared to the momenta of charged
pion s.

For the validity of the isobar model, it is necessary
that the isobar and the recoil pion separate before the
isobar decay takes place, or at least that the interaction
between the isobar decay products and the recoil pion
is relatively small. The same restriction was encountered
previously in the treatment of the isobar model for
nucleon-nucleon collisions. ' However, the assumption
of complete separation is probably better satisfied than
for the nucleon-nucleon case at comparable energies,
because of the large energy of the recoil pion. Thus the
recoil pion tends to Inove a greater distance during the
decay time ( 10 " sec) than the unexcited nucleon

(or the second isobar N*) in the nucleon-nucleon col-

lision. Moreover, on account of its large velocity, the
recoil pion will generally have too high an energy rela-
tive to the nucleon from the E* decay to be strongly
interacting with this nucleon via the T=J= —,

' resonance.
The spectrum of the recoil nucleons is obtained from

the following equation, similar to the first term of (1):
Mp

0 ml ~Gx~mr,
My

(10)
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Pro. 5. Center-of-mass momentum spectrum of recoil nucleons
from the reactions ~ +p—&z +x++e and m- +p~m. +~'+p
at 2' =0.93 Bev. The histogram represents the data of Walker
et al, (reference 4}.The solid curve was obtained. from the isobar
model. The dashed curve gives the result of the Fermi statistical
theory.

mum possible kinetic energies of the nucleons from the
isobar decay. One should note that the isobar model
predicts the same spectrum do/dTAr for the recoil
protons and neutrons.

Figures 5 and 6 show the Inomentum spectra of the
recoil nucleons at 0.93 and 1.37 Bev. It is seen that the
predictions of the isobar model are in reasonable agree-
ment with the data. The curves obtained from the
statistical theory appear to agree by coincidence with
the results of the isobar model for the nucleon spectrum.
It may be noted that the statistical theory spectra for
both the nuc1eons and pions were obtained from the
appropriate three-body phase space factor. '

Figure 7 shows the angular correlation between the
two pions for the inelastic scattering cases at 0.93 Bev.4

The theoretical curve obtained from the isobar model
is in reasonable agreement with the data. The calculated

where G~ is a factor giving the energy distribution of
the nucleons arising from the decay of an isobar of mass

mr, with c.m.s. velocity 8~. For the energy spectrum
of nucleons integrated over all angles, do/dT~, GAi is
given by the following equations, similar to (2) and (2a):

1/(~ iv, max TK, min) q (TK, min+ Tiv+ %max) , (11)

Gv ——0, (TA (TA, ;„and Tsr& T~, , ), (11a)

where 7'~, ;„and 7'~, , are the minimum and maxi-
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curve is given by

d cosO~~ ~ M1

o (mz)FJ(x.)dmr
&M]

o (mr)&&mr,

(12)

where 9 is the c.m.s. angle between the two pions,
&(x,) is the Jacobian for the decay of the isobar E*
into a pion making an angle x with the direction of E~;
x„must be taken as 180'—0 . J(x ) is given by'

I I I
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FIG. 6. Center-of-mass momentum spectrum of recoil nucleons
from the reactions 7I +p~~ +++in and 7I- +p—+x +~'+p
at T~=1.37 Bev. The histogram represents the data of Eisberg
et al. (reference 5). The solid curve was obtained from the isobar
model. The dashed curve gives the result of the Fermi statistical
theory.

represents the weighted average of J over all mass
values ml, whereas the integral in the denominator
serves merely to normalize the correlation function
dts/d cosII. .

In addition to the measurements of Walker et al.4 at.
0.93 Bev and of Kisberg et al. ' at 1.37 Bev, Walker and
Crussard" have made a study of m -nucleon collisions in
emulsion at 1.5 Bev. Although no detailed calculations
were carried out for T =1.5 Bev, we note that the
results of Walker and Crussard" seem to bear out
qualitatively the predictions of the isobar model in
several respects. In Fig. 14 of their paper, the combined
momentum distribution of the pions observed in the
single production cases shows a double peak with
maxima at 0.3 and 0.6 Bev/c, in good agreement with
the isobar model prediction. Figure 16 of reference 10
shows that the nucleons tend to come off at 180'

'0 W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 {1955).

J(x.) =
(1+p' —2 p cosx —Vrs sin'x ) '(1—p cosx )

(13)

Here Sr=velocity of isobar, and p—=81/v, where 8, is
the velocity of the pion in the c.m. system. As in the
similar case for nucleon-nucleon collisions (see reference
3, Sec. VII), the integral in the numerator of Eq. (12)

2—
I I I I I I I I I

1.0 0.8 0,6 0.4 0.2 0 -0.2 -0.4 -0.6 -0.8 —1.0
COSH

FIG. 7. Center-of-mass distribution of the angle 9 ~ between the
two pions for the single production cases at T =0.93 Bev. The
histogram represents the data of Walker et al. (reference 4). The
curve was obtained from the isobar model and has been nor-
malized to the number of observed cases.

to the fast pions. This is also expected from the isobar
model, since the nucleons tend to follow the direction
of motion of the isobar, whereas the fast pions are
generally recoil pions which are emitted gpposite to the
isobar direction. Figure 18 of Walker and Crussard"
shows that the two pions tend to be emitted at large
angles with respect to each other with maximum prob-
ability at 180'. This feature was already apparent at
0.93 Bev (see Fig. 7). The pion from the isobar decay
tends to follow the direction of the isobar and thus
tends to go at 180' to the recoil pion, particularly at
high incident energies for which the resulting velocity
v~ of the isobar will be large. Indeed the distribution
dts/d cose is considerably more peaked for backward
angles at 1.5 Bev" than at 0.93 Bev4 (i.e., the ratio of
the number of backward to forward events is 78/15
=5.20 at 1.5 Bev as compared to 57/34= 1.68 at 0.93
Bev). In Fig. 23 of their paper, Walker and Crussard"
have plotted the momentum distribution of the pions
from the reactions. +ts-+2~ +p. This distribution has
a pronounced double peak, and provides additional
support for the present isobar model involving the
production of a fast recoil pion.

If one combines all of the pion spectra observed both
at 1.37 Bev by Eisberg et al. ' and at 1.50 Bev by Walker
and Crussard, " one obtains the histogram shown in
Fig. 8 (solid lines). This histogram represents 222 pions
(108 at 1.37 Bev and 114 at 1.50 Bev), so that the
statistics are relatively good. For comparison, we have
shown in Fig. 8 the histograms which would be expected
from the isobar model (dashed lines) and from the sta-
tistical theory (dot-dashed lines) . The momentum inter-
val was taken as 0.2 Bev/c, in order to improve the
statistics and to reduce the effects due to the difference
between the two incident energies, T =1.37 and 1.50
Bev. Actually the differences in the spectra a,re expected
to be small, except near the momentum cutoff, which
is at p.=0.65 Bev/c for 2' = 1.37 Bev and 0.70 Bev/c
for T„=1.50 Bev. The histograms for the isobar model



R. M. STERNHEIMER AND S. J. LINDENBAUM

IIO I I
' '

I I I I I

T. =- l.4 Bev
I

90- j
EXPERIMENTAL

STATISTICAL THEORY
I80-

ISO8AR MODEL
70— j

0 I

~ 60-
50— I

40—
30—
20—

X IG-
I I I

0 O.I 0.2 0.5 OA 0.5 0.6
PION CMS. MOMENTUM p (IN Bev/C)

0.7 0.8

Fia. P. Center-of-mass momentum spectrum of all pions
combined at 1.37 and 1.50 Bev. The solid lines show the histogram
obtained by combining the data of Eisberg et al. ' at 1.37 Bev and
those of Walker and Crussard" at 1.50 Bev. The dashed lines
give the prediction of the isobar model. The dot-dashed lines
show the result of the Fermi statistical theory.

and for the statistical theory were obtained by taking
the area of the corresponding theoretical curves in each
momentum interval and by using a rectangle having
the same area. Of course, the complete area of each
curve was normalized to the total number of pions.
The appropriate curve for the isobar model was that
previously calculated for T =1.37 Bev (see Figs. 2
and 4) .The histogram for the statistical theory is based
on the relativistic three-body phase space factor' cal-
culated for an average energy T =1.44 Bev. As dis-
cussed above, the difference between T = 1.37 and 1.44
Bev is not regarded as significant, especially in view of
the wide momentum interval used.

For the histogram of the experimental data, the
vertical bars represent one standard deviation. It is
seen that the isobar model predictions are in good
agreement with the data, whereas the spectrum of the
statistical theory is not. Thus the isobar model histo-
gram is within one standard deviation of the data,
except for the interval 0.3—0.5 Bev/c, where the dif-
ference is 1.4 standard deviations. By contrast, the
statistical theory spectrum lies outside the statistical
errors throughout the momentum range; the diGerences
are 2.4, 4.6, and 1.8 standard deviations for the regions
0.1-0.3, 0.3—0.5, and 0.5—0.7 Bev/c, respectively.
Figure 8 shows that the statistical theory is in disagree-
ment with the general momentum dependence of the
spectrum, whereas the isobar model agrees quite well.
The isobar model predicts a relatively Oat spectrum up
to 0.5 Bev/c, and a pronounced high-energy peak
between 0.5 and 0.7 Bev/c. This prediction is confirmed
by the data which show a significantly larger number of
pions in the 0.5—0.7 Bev/c interval than in any of the
lower-momentum groups. On the other hand, the
statistical theory gives a maximum in the middle region
(0.3-0.5 Bev/c), which is in pronounced disagreement
with the data (4.6 standard deviations). Actually, the
minimum of the isobar model curve (J,~+J, 2) occurs

in this middle region (at p =0.44 Bev/c), but this
feature does not appear prominently in the histogram,
since the 0.3—0.5 Bev/c region also includes a part of
the maximum due to the decay pions (J,~).

It can thus be concluded that the isobar model pre-
dictions are in good agreement with the combined pion
spectrum for the 1.37—1.50 Bev region, whereas the
statistical theory is in pronounced disagreement with
the data. In particular, the statistical theory would
predict a maximum at intermediate momenta (0.3—0.5
Bev/c), whereas the data show a maximum at high
momenta (0.5—0.7 Bev/c), which is satisfactorily
accounted for by the isobar model.

In connection with the assumption of isotropic decay
of the S* in its own rest system, which was made in
Eq. (2), we note that the spectrum of the recoil pions
is obviously independent of this assumption. Thus,
irrespective of the angular distribution of the isobar
decay products, we expect no eGect on the shape of the
high-energy peak due to the recoil pions. On the other
hand, the decay pion spectrum would be affected by a
departure of the angular distribution from isotropic. In
particular, if the isobar decays preferentially forward
and backward in the rest system, this would broaden
the distribution I ~, with relatively more high- and
low-energy pions, and fewer pions of intermediate
energies.

Crew, Hill, and Lavatelli" have applied the isobar
model to the production of pions in pion-nucleon col-
lisions at incident energies of 0.93, 1.37, and 1.50 Bev.
These authors have used the Monte Carlo method to
obtain the momentum spectra of all pions combined
from both reactions. Their results are in general similar
to those presented above, considering the wide mo-
mentum interval of the groupings and the statistical
uncertainties present in their Monte Carlo method of
evaluation.

III. BRANCHING RATIOS FOR VARIOUS REACTIONS
AND SEPARATE ENERGY SPECTRA OF

m+, m0, AND m MESONS

From the assumption that the pion-nucleon inter-
actions proceed via formation of a nucleon isobar with
T=J=-,', and using conservation of isotopic spin, one
can obtain the branching ratios for the various possible
charge states of the pions and the corresponding pion
energy spectra.

We shall consider first the case of incident ~ mesons
on protons. As is well known, the total 7r —p cross
section is given by

0'g —y= 30*,+ 30-*„ (14)

where 0-; and 0; are the total cross sections for isotopic
spin T=-,' and —,', respectively. The same relation holds
for the elastic part and the inelastic part of the cross
section separately. For the state T= —,', the wave
function of the final state consisting of the isobar and

"Crew, Hill, and Lavatelli, Phys. Rev. 106, 1051 t,'1957).
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the recoil pion is given by

+-=.(~=2)=(2)'4-Pi —(2)V-~n9+(9)VP-i, (15)

where )P i, is the wave function of the isobar with 2-com-

ponent of isotopic spin t„and q„ is the wave function of
the recoil pion ())i corresponds to m+, etc.). Similarly,
for the state T=-,', + is given by

from reaction (I), etc. In Eqs. (22)—(26), a is defined as:

o —=2(p/5)& cos((. (27)

The terms containing a represent the interference terms
between the production in the T=-,' and T=-,' states.
The normalization of Eqs. (22)—(26) is such that the
sum of all the I's is:

Z' I---n")(~')=(1+v)(I-, )+I-.2)

It may be noted that the sums

(28)

In the decay of the isobar, )P;, )P;, and P; are
equivalent to the following:

4".= (2) P()Xk+ (2)')A)X—1

y= (9)'-~-iX~+(9)') 9X-:,

1
——)(( iX

(17)

(18)

(19)

where p&, and &&, are the wave functions of the decay
pion and the nucleon, respectively (X~

——proton,
X ~

——neutron). We define p as the ratio:

P =0 L inc)/(20 $, inel) p (20)

where 0~, ;,) and a~, ;,l are the inelastic (pion produc-
tion) parts of o.

~ and O.
g, respectively. The normalized

energy spectra for the decay poins and the recoil pions
are denoted by I, & and I,2, respectively.

The following reactions can take place for single pion
production:

+~ +7r++0,

ir +p )9 +K +p) (II)

LI---n") (~ )+I---.")(~')j
I:I---n(")(~ )+I---n""(~')j

are both proportional to I, i+I~, 2, as is also obvious
on general grounds, since in each reaction, the numbers
of recoil pions and isobar decay pions irrespective of
charge are equal. This feature has been used above in
Figs. 1—4

I
see Eq. (9)j to obtain momentum spectra

which are independent of p and y.
From the coeflicients of Eqs. (22)—(26) one can

determine the relative probabilities P — „&') of the
three reactions, resulting from the previously stated
assumptions of the isobar model. One obtains

(29)

For the case of incident m+ on protons, only the T= —',
state is involved, and the total wave function 4 for the
final state is given by

n- +p—)22r'+)2.

The pion spectra are obtained from the expression for
(final) I2

(~5)'An—i+ A) 'AV9

The possible reactions are

(32)

"'""'I'=
I
+---,(&= 2) —) ' exp(29 )

&&+ — „(2'=-,') I', (21)

where y is the phase di6erence between the matrix
elements for pion production in the T=-,' and T=-,'
state. One thus obtains the following pion spectra for
the three reactions:

&.—,")(~ ) = (V2+ Y5)9+(i)I, i

+ (/ii 9+%5P—%(J)Ie, 2& (22)

I — " (2r
—

) = (Q9+ +45P—/9a)I, i

+ (V9+ '%5)9—N&)i, 2 (24)

(2r ) = (V9+ Y45P Y9&)I, i
+ (Vs+ V~5~ N~) I-, 2 (25)—

.""'(~')=LS(1—~)+8 -(-j(I-, +I-, 2), (26)

where the notation I — „(')(n. ) means the 2r spectrum

m++ p —+ m-++ir'+ p, (IV)

~++p ~ 22r++)i. (V)

From Eqs. (17)—(19) and (32), one obtains the following
energy spectra for the m.+ and x' mesons from these two
reactions:

I.—,""(~")= (Y5)I., i+(Vis)I., 2,

I.'-, "v) (~') = (Yi 5)I;i+ (Y5)I., 2,

I-+-,"'(~+)= (Fi 9) (I., i+I., 2).

The relative probabilities of the two reactions are

(33)

(34)

(35)

P + (Iv) 1/Si 5
. P + (v) —

/2i 9 (36)

Thus the isobar model predicts that reaction (IV) is
far more frequent than (V) (by a factor of 6.5). An
experimental check of this prediction would obviously
be of considerable value as a test of the present isobar
model.

In connection with Eqs. (15), (16), and (32), we note
that it is not necessary to symmetrize + with respect to
the wave functions Pie and ))„, since the isobar and the
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0 L i+el/&$, inel 0 $/&$. (38)

Equation (38) gives p =0.189.The value of Walker et al. '
from the cloud chamber data at 960 Mev is:

8, p= (6.9&2)/(9.5&2)=0.73&0.26.

Upon inserting 8=0.73 and p=0.189 in Eq. (37) and
solving for a, and then q $Eq. (27)$, one finds y= 116'.
The extreme values of E,„,: 0.47 and 0.99 correspond
to &=93' and 135', respectively. Thus by assuming a
value of p and using E, ~, one can obtain a crude
estimate of the phase angle y.

It will now be shown that the value of q thus
obtained is not very sensitive to the assumptions made
about p. At 0.93 Bev, of the total o- — „=48 mb, the
elastic cross section o.,i accounts for 20 mb, while the
inelastic cross section o-;„,i is 28 mb. If one makes the
extreme assumption that all of o-; is elastic in order to
obtain a lower limit for p, one finds o-;;„,i= 42 mb, p= 0,
and E=0.40, which is somewhat below the range ofE, ~.
On the other hand, to obtain an upper limit for p, one
can consider the case where all of o-~ is inelastic. Actually
this extreme case is not physically possible, since there
is always an appreciable diffraction scattering asso-
ciated with the inelastic processes. Hence the upper
limit so obtained is actually an overestimate. With this
»sumption, one &nds o.

~s, inc] 23 mba o', inel 31mb' so
that p=0.37. Upon using p=0.37 in Eq. (37), and with
E, ,=0.73, one obtains p=109', which is of the same
order as the value q = 116 found with the estimate of
p(=0.189) of Eq. (38).

In order to make a similar comparison at T =1.37

"Cool, Piccioni, and Clark. , Phys. Rev. 103, 1082 (1956).

recoil pion are different particles in this treatment, and
the isobar decay is assumed to occur after separation
of the two particles to a distance beyond the range of
the interaction of the recoil pion with the isobar decay
products.

It is of interest to compare the prediction of the
isobar model for the ratio I' &"'/—P — &" =R with
the experimentally observed ratio E, p of the reactions
(I) and (II). R is given by

R= (10+17p—25a)/(25+26p+35a). (37)

Ke note that the theoretical value of E can vary over
a wide range. The maximum possible value of R, E.
is 2.51, and is obtained for p= 1.093 and q = 180'. The
minimum possible E, E;„,is 0.044, corresponding to
p=0.561 and y=0'.

In order to compare the calculated E with the experi-
mentally observed ration E., „one must make some
assumptions about p LEq. (20)]. The comparison will

erst be made at 0.93 Bev. At this energy, the total
cross sections o.~ and o-~ are": o.g=61 mb, o.)=23 mb,
Ke shall first assume that the ratio of the inelastic
parts of o-g and o-~ is given simply by the ratio of the
total cross sections o-;. and o-;.

Bev, we note that" |7~=25 mb, o~=41 mb. With the
assumption of Eq. (38), one finds p=0.82. In order to
obtain a lower limit for p, we assume that all of the
elastic scattering (o,i=7 mb)' is due to the 7=-,'
state. This gives p=0.43. Finally, upon assuming that
all of o.

~ is inelastic, one finds p = 1.34 for an upper limit.
Experimentally (see Table III of reference 5), there
are 16 cases of reactions in which p+~ +m' are pro-
duced, and 6 events which could be either p+vr +~' or
p+~ +2ir'. There are 8 events which are certainly
e+m++~ and 23 cases of either ii+~++n or
n+n. ++sr +m'. It is likely that most of the doubtful
cases are actually single production events. If one
includes all of the doubtful cases, one obtains R, ,
= ~+~» =0.71+0.20, whereas if only half of these
cases represent single production, E, , would be»%9
=1&0.3. The errors given above represent estimates
of the statistical uncertainties of the data. If one
assumes E, ,=1, Eq. (3/) gives p=117.4' for p=0.82.
This result for q is not sensitive to the assumed value
of p. Thus for E.=1, one finds p=122.5' and p=115.8'
for the extreme values of p=0.43 and 1.34, respectively.

Walker and Crussard" have made an investigation
of m —e interactions in emulsion. By using charge
symmetry, the results of Eq. (36) obviously can be
transformed to apply to m

—e interactions. Thus the
isobar model predicts a value of 6.5 for the ratio of
ir +7ro+ri to 2m +p events. Walker and Crussard"
have found 10 cases of the latter reaction and 107 cases
which are either elastic scatterings or I+~ +m' or
e+m+2ir' . The .possibility that of these 107 cases,

65 were n+m +m' events (which is the predicted
number) seems to be compatible with their results.

The ir spectrum of Eq. (22) can be written as
follows:

I~ i"'(7r ) =c,I~, i+c2I-~, 2=c2($I,, i+I~ 2),

where ci, c~, and $ are defined by

ci —=—,'+ &p+ii,

c2 =—(vi 8)+ (Y45)p
—(Yg) ~i,

(39)

(4o)

(41)

$=—ci/c2= (45+36p+90a)/(5+16p —20a). (42)

Similarly, the m+ spectrum of Eq (23) bec. omes

I; „&'i(~+)=c,(I,ytI„, ,). (43)

In general, for values of q which are consistent with
our knowledge of E.„~, the resulting values of $ are
appreciably larger than 1. Thus the isobar model
predicts that in the reaction ir +~ir +m.++e, the vr+

should be predominantly fast recoil pions, while the m

should be emitted mostly from the isobar decay, with
correspondingly low c.m. system energies.

At 0.93 Bev, using the values p=0.189 and q =116'
obtained above, one finds (=3.20. The resulting m+

and x spectra are shown in Figs. 9 and 10. It is seen
that the m+ spectrum predicted by the isobar model is
in better agreement with the data than the statistic@, l
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FIG. 12. Center-of-mass momentum spectrum of m mesons
from the reaction m- +p—+~ +m++e at T =1.37 Sev. The
histogram represents the data of Eisberg et gl. I'reference 5}.The
solid curve was obtained from the isobar model. The dashed
curve gives the result of the Fermi statistical theory.

is assumed both in the production and the decay of the
isobar. This model is completely analogous to the
isobar model for single pion production in nucleon-
nucleon collisions, which has been previously discussed. '
In particular, the single production by pions is similar
to the formation of 1V*+cV in the nucleon-nucleon case,
with the unexcited nucleon (E) being replaced by the
recoil pion.

It has been previously shown' that the isobar model
for pion-nucleon interactions enables one to explain
why the T=-,' cross section 0-~ is essentially zero below
T 200 Mev and rises rapidly above this energy.
According to the present model, the pion-nucleon
interaction can take place in the T=-,' state only if it
is possible to form a T= —,

' isobar and a separate recoil
pion. This reaction has a threshold at 200 Mev.
Reasonable agreement with the observed energy
dependence of o-; near threshold can be obtained by
assuming that o,* is proportional to tuq 'o;Edger, where

o~ is the sr+ —p scattering cross section and F is the
two-body phase space factor.

In the isobar model, one expects that the elastic
scattering in the T= ~ state (o'„,~) is in the nature of a
diGraction scattering accompanying the inelastic cross
section, and is therefore a direct consequence of the
inelastic processes. The smallness of o-„,i below the
threshold energy and the rapid rise of o.;„iabove 200
Mev are both consistent with this prediction. We note
that at 0.93 Bev, where o-; has its maximum, 0-;„i has
reached a value of ~25 mb, whereas at 1.37 Bev,
beyond the peak of o.;, 0-;, ,& has decreased to 5 mb.
It thus appears that the energy dependence of 0-;, ,~ is
qualitatively similar to the behavior of the total T= —,

'
cross section O.g.

The isobar model has been applied to obtain the
momentum spectra of the pions and recoil nucleons at
incident pion energies T =0.93 and 1.37 Bev, for
which experimental data are available. One of the
characteristic predictions of the present model is the

double maximum of the combined momentum dis-
tribution for both pions from the reaction considered
(7r +m.++e or vr +n'+p). The high-energy peak
arises from the recoil pions, whereas the broad maxi-
mum at low energies is due to the pions from the isobar
decay. The double peak is especially pronounced at
1.37 Bev, and has been observed for the reaction

+p—&~ +a+jn at this energy. ' Moreover, a double
maximum was found by Walker and Crussard" at 1.5
Bev.for the momentum distributions of the pions both
from m

—p and ~ n i—nteractions. The predicted
momentum spectra of the recoil nucleons are in reason-
able agreement with the data at 0.93 and 1.37 Bev.
The distribution of the c.m.s. angle 0 between the
two pions was calculated at 0.93 Bev, and was found
to agree reasonably well with the histogram obtained
by VValker et al.4

The predictions of the statistical theory of Fermi
have also been obtained. At 0.93 Bev, the statistical
theory spectrum for the pions generally disagrees with
the data. The statistical theory fails to explain the
presence of the peak at high momenta in the experi-
mental distributions for x+ or for both pions combined,
while the isobar model does explain this feature. The
same is true for the combined spectrum from the reac-
tion~ +~m +or++eat 1.373ev. For the s. +sr'+p
events at 1.37 Bev, the statistical theory agrees some-
what better with experiment than the isobar model.
However, there are considerable uncertainties in the
data, so that no definite conclusions can be drawn from
this result. For the nucleon spectra, the statistical
theory predicts approximately the same shape as the
isobar model, and gives reasonable agreement with the
data.

The branching ratios for the various reactions in-
volving single pion production have been obtained,
together with the corresponding expressions for the
separate energy spectra of the x+, m', and m mesons.
These quantities involve the ratio p of the inelastic
cross sections o.~;„,i and 20-~;„,i, and the phase diBerence
q between the matrix elements for pion production in
the T= —,

' and T=-,' states. Although the total cross
sections 0-; and o-g, and the fraction of 0- — „which is
elastic, are known throughout the energy range used,
the value of p can be determined at present only within
certain limits. However, it has been shown that from
the experimental ratio 2, o of the s +n'+p reaction
to the w +~++m reaction, one can determine the
phase diGerence p between the matrix elements for pion
production. The value of y so obtained ( 120') is
quite insensitive to the uncertainty in p.

The isobar model predicts that in the reaction
~ +~ +vr++n, the n.+ should be predominantly
fast, being generally the recoil pion, while the m should
be slower on the average, since it is generally the pion
emitted in the isobar decay. We have therefore obtained
the separate w+ and & spectra at 0.93 and 1.37 Bev,
in order to compare them with the experimental dis-
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tributions. 4 ' At 0.93 Bev, the agreement of the calcu-
lations with the data is reasonably good. The observed

spectrum has a broad momentum distribution, while
the m+ spectrum has a maximum at big™ ~enta
(0.35—0.40 Bev/c), as is expected from the present
model. However, at 1.37 Bev, the predicted m+ spectrum
is in diagreement with the data, and there is an indi-
cation that the fraction of the recoil pions which are m+

is smaller than would be obtained from the isobar model ~

It should be mentioned that the particular isobar
theory proposed here can only be applied directly to
single pion production in pion-nucleon collisions. At
energies above 1.5 Bev, where double production
becomes important, one would have to consider modi-
fications of the present treatment of the isobar model.
One such possibility is that two or more recoil pions
are coupled to the T=J= -2 isobar at these higher
energies. It is also possible that a difterent isobar having
T=-,', —,', ~, or —,

' with the same or diGerent J values is
involved in cases where double pion production takes
place. Even at the higher energies (&1.5 Bev), where
double production plays an important role, the single

pion production may still proceed primarily via the
T=J= ~ state and would then be described by the
present treatment. However, a diferent single pro-
duction isobaric level could become important.

The predictions of the isobar model are markedly
diGerent from the results of the statistical theory.
Therefore, when better experimental data become
available, it should be relatively simple to discriminate
between the two models. At 0.93 Bev, although the
statistics are limited and the momentum intervals of
the data are rather wide, the over-all pattern of the
experimental results is in much better agreement with
the isobar model thag with the statistical theory. At
1.37—1.5 Bev, some of the predictions, notably the
combined pion spectra, seem to agree reasonably well
with the data. However, the calculated separate ++
spectrum seems to be in disagreement, but the statistics
are quite limited for this spectrum. The very limited
statistics and other errors in the available data at
1.37—1.5 Bev make it difficult to draw any definite
conclusions about the general validity of the isobar
model in this energy range.
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Interactions of 38- and 61-Mev Positive Pions in Deuterium f
A. M. SACHS, H. WINXCK, $$ AND B. A. WOOTKN
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Measurements have been made of the reactions (1) x++2—+vr++d, (2) sr++a —+m-++n+ p, and (3) m++2—+

p+ p at incident pion lab energies of 38 and 61 Mev using a liquid deuterium target and scintillation counters.
A separation of the three processes is obtained by determining the mass and energy of reaction products using
a pulse-height analysis technique on the signals from the scintillation counters. Results from process (3) are
compared with other processes involving two nucleons and a meson and results from processes (1) and (2) are
compared with impulse approximation calculations.

I. INTRODUCTION

HEX positive pions are incident on deuterons the
following five reactions may proceed:

w++d—&m++0 (elastic scattering), (&)

—&w++e+p (inelastic scattering), (2)

~p+ p (nonradiative absorption), {3)
~w'+p+p (charge exchange scattering), {4)

~y+p+p (radiative absorption). (5)
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Much of the previous work on the interactions of pions
in deuterium has been concerned with the measurement
of the total cross section for all five processes. ' ' The
nonradiative absorption process was the first to be indi-
vidually measured, because of its signihcance in de-
termining the spin of the pion. More recently attempts
have been made to measure the cross sections for indi-
vidual processes in counter experiments at 119Mev, ' '
94 and 76 Mev, ' and 45 Mev. ' The most complete work
has been done at 85 Mev, ' where cross sections for each

'Isaacs, Sachs, and Steinberger, Phys. Rev. SS, 803 (1952).
2Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 4136

(1952).
'Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96,

1104 (1954).
4 Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951).
'" C. Cohen, Phys. Rev. 10S, 1582 (1957).
'D. Nagle, Phys. Rev. 97, 480 (19SS).
'H. Stadler, Phys. Rev. 96, 496 (1954).' D. Bodansky and A. Sachs, Phys. Rev. 98, 240(A) (1955),' K. C. Rogers and L. M. Lederman, Phys. Rev. 105, 247 (1957).


