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A wave equation for a noninteracting particle with zero mass and arbitrary spin s is given in this paper.
The Hamiltonian is proportional to the inner product of the momentum and spin operators so that the
wave function has 2541 components. As an auxiliary condition, solutions with spins not parallel or anti-
parallel to the momentum are discarded. With this condition the theory is Lorentz-covariant. The energy,
momentum, and angular momentum are defined in terms of expected values of the usual type of displacement
operator. The specialization s=7% is the two-component neutrino theory and s=1 gives Maxwell’s equations

for the photon.

I. INTRODUCTION

ECENTLY Lee and Yang,! in their researches on
parity nonconservation and beta decay, have
emphasized the importance of Weyl’s? two-component
neutrino theory. Also it has been shown that Maxwell’s
equations for the electromagnetic field in vacuum can
be written in the form of a particle type of wave
equation.? In each of these two theories the wave

equation is
Ho=1had¢/dt, 1)

where

H=(¢c/s)p-s, (2)

p is the momentum operator —i%V, and s are the
angular momentum matrices for spin s equal to 3 or 1.
Furthermore the reflection properties of the two
theories are also parallel. These two facts suggest the
existence of a general theory for massless particles of
arbitrary spins=3%,1, 3- - - with the above Hamiltonian.
The purpose of this paper is to give the details of this
theory.

The treatment of the photon differs from that of the
two-component neutrino in two respects which are
carried over into the general theory: 1. As an auxiliary
condition, solutions of the wave equation with spins
not parallel or antiparallel to the momentum are
discarded. 2. A distinctien is made between the spinor
components ¢ of the field and the wave function compo-
nents ¢ which are used to form the energy, momentum,
and angular momentum from the displacement oper-
ators of the field. For arbitrary spin the relation is

v=|[H/c|* . ©)

Both of these differences are necessary to make the
theory Lorentz-covariant. The first is consistent with
the fact that only polarizations with or against the
momentum are permissible for a relativistic particle with
zero mass.*

* This work was carried out in the Ames Laboratory of the
U. S. Atomic Energy Commission.
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The possibility of constructing such a theory can be
seen from the general Dirac-Pauli-Fierz discussion® of
field theories. Their equations are

WP PP =KX RGP 4)
a”ﬁx,;.;...p"'=1:Icg0.;.‘.””"', (5)

where ¢, x are spinors symmetric in the dotted and
undotted indices (ranging from 1 to 2) and « is propor-
tional to the mass. If the mass is zero the system
permits of only two independent states® and the second
equation uncouples from the first. Then Eqs. (5) are a
set of first-order equations which apply to a particle
with spin s, with a (2s+1)-component wave function x,
and with two independent states. However Egs. (5)
cannot be identified with Eq. (1) because they contain
auxiliary equations. The relationship is illustrated by
the spin one specialization in which dkxss corresponds
to the electromagnetic field and ¢, to the four-potential.
Equation (5) gives all four of the Maxwell field equa-
tions®; the curl equations are Eq. (1) and the divergence
equations are the auxiliary condition.

II. BASIC EQUATIONS

In this section the plane wave solutions of Eq. (1)
which fulfill the auxiliary condition are given and some
of their properties are listed.

The substitution

¢=u exp[ih(p-x—Wt)] (6)
reduces Eq. (1) to the matrix eigenvalue problem
(c/s)p-su=Wu. @)

By specializing to an axis in the direction of p, one sees
that the auxiliary condition requires

W =4cp. (8)
The usual representation of the angular momentum

5 See, for example, H. Umezawa, Quantum Field Theory (Inter-
science Publishers, Inc., New York, 1956), Chap. IV, Sec. 3.
6 0. Laporte and G. E. Uhlenbeck, Phys. Rev. 37, 1380 (1931).
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matrices (with the factor % not included) is”

(5D mi1,m= (D) m, mp1=3[ (s—m) (s+m~+1) ], (92)
(s2)mt1,m=— (52)m, mi1="—3i (s—m) (s+m+1) I}, (9b)
(%)

where the elements not listed are zero and the subscript
m, which ranges from —s to +s, refers to the row or
column which has m on the diagonal in s;. In this
representation the solutions of Eqs. (7) and (8) are

(53) m, m=1m,

Pl (29)! rtptps"

(u’i)m=|: ] [ H . ] . (10)
4p* (s+m)l(s—m) !} L p1+ips
Some of the properties of these solutions are?®:

uHu, =1, (11a)
u Huz=0, (11b)
usHsa,=tspi/p, (11¢)
U Hsus=0, (11d)
i Houy/9p1=tispsps/[p(p2+p2)],  (1le)
u 7 ouy/dps="TFisprps/[p(pP+p2) ],  (11f)
usHuy/0ps=0, (11g)
. Hux/9p;=0. (11h)

These are required in the arguments below.

III. TRANSFORMATION PROPERTIES

The transformation properties of the spinor compo-
nents ¥ in the general case can be inferred from the
properties for spin 4, in which case ¢ is a spinor of first
rank. With respect to the proper Lorentz transforma-
tion,

xa/ = aaﬁxﬁ; (12)
the spin % transformation is
¥ (@) =AY (x), (13)
where
(laﬁu'ﬁ=AHdaA. (14)

Here o4 1s 7 and o, (j=1, 2, 3) are the Pauli matrices.
The three complex parameters B, defined by

A=exp(i28-0), (15)

where (2 is B88;, are convenient for discussing the
transformation. It is easily seen that this parametriza-
tion exists for every A and that the 8; have the following
properties (proofs are given in the Appendix):

7 See, for example, L. I. Schiff, Quantum Mechanics (McGraw-

ISIill 2liook Company, Inc., New York, 1955), second edition,
ec. 24.

8 The superscripts ¢ and # denote the complex conjugate and
Hermitian conjugate matrices. Unless otherwise specified, Latin
indices run from one to three, Greek from one to four (w4 is ict)
and a sum is understood to be made on indices repeated within
a term, ’
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1. When the 8; are all real, the transformation is an
angular displacement in the right-hand sense through
angle 8.

2. When the 8; are all pure imaginary,

8=1(v/v) arc tanh(v/c), (16)

the transformation is a pure Lorentz transformation
with relative velocity v.
3. In general, 8 is a complex three-vector with respect
to simultaneous rotations of primed and unprimed axes.
For the general spin, with respect to the Lorentz
transformation of Eq. (12), the transformation

¥ () =exp(iB- s)¢ (x)

can be assigned. It is clear that this assignment is
consistent when products of transformations are made
because the calculation of the transformation matrix
exp(iB¢-s) for transformations 4 and B successively
applied,

an

exp(ic-s)
=exp(i@5-s) exp(iBa-s)
=exp{i63« S+i§A . S+%[¢§B *S, i@A . S]
+(1/12)[iBz"s, [iBs-s, B4 s]]
+ (1/12)[[193 S, 1@11 S], 1gA : S:|+ e }7

depends only on the commutation rules for s.° Since the
commutation rules are the same for all spins, the
consistency for all spin follows from that for spin 3.
The components of y form a spinor since they transform
linearly under Lorentz transformations.

The next step is to show that a function ¥ (%), that
satisfies Eq. (1) and the auxiliary condition in the
unprimed system, transforms into a function that
satisfies Eq. (1) and the auxiliary condition in the
primed coordinate system. In other words, the wave
equation and the auxiliary condition together form a
covariant statement. [Since ¢ and ¢ are related by
Eq. (3), if ¢ satisfies Eq. (1) and the auxiliary condition,
s0 also does ¢.] To make the proof, let the solution of
Eq. (1) and the auxiliary condition in the unprimed
system be

Y(x)=(2rh)~% f dpK (p)p*u(p) exp[ih(p-x—cpt) ]

(18)

+ 2ty f dpK_(p)p*1u_(p)

Xexplib(p-x+cpt)], (19)
where K,p* are the coefficients for expanding ¥ (x)
into plane waves. [ The factor p** is included because
K, turns out to be a scalar.] To show the covariance
it is sufficient to consider a pure Lorentz transformation
in the 3-direction and a pure rotation about the 3-axis,

° F. Hausdorff, Leipzig, Ber. Ges, Wiss., math-phys. KI. 58,
19 (1906), ' '
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The special Lorentz transformation can be written as

x1’=x1, x2'=x2, (20)
xs’—ix4'=efﬂ(xa—ix4), (21)
U =Py, (22)

In the usual way, the integrals in Eq. (19) can be put
into a covariant form in terms of K(p,), #(p,) defined

by

K(p,p)=K,.(p) when —ips>0
=K _(p) when —ip,<0, (23)
and similarly for #. One finds
V@)= —iC2n) [ dpR(p)pu(p) explii-ipye,]
X[6(p+ips)+3(p—ips)]
——2i2ri) [ @R (p)puty)
X eXP[ih—lp ,,x,,]b‘ (lb 154 p) . (24)

To reproduce a plane wave expansion in the primed
system, one makes a change of integration variable
from p, to p, parallel to the coordinate transformation:

pi'=p1, p=p (25)
ps'Ep =P (pskp). (26)
When this is combined with Eq. (10) it is seen that
B (p) = p'*tm (P"). @7
Therefore the transformation of Egs. (20) to (22) gives

V() = — 22wy} f SR (D) pu(p)
Xexp [:ih—lp ,"x,,']B (P P’P o)

Since this result is of the same form as Eq. (24),
¢/ («') fulfills Eq. (1) and the auxiliary condition in the
primed coordinate system. Also K (p) is to be identified
with K’ (),

K'(p")=K(p). (28)
As well as K, K;, and K_ are separately scalars. A
similar proof applies for the pure rotation

x1'+ix2’ =g~ (xl—{-ixz), (29)
x3'=x3, x4’=x4, (30)
Yo' =€, (31

and again K is found to be a scalar.
As well as the continuous transformations, reflections
also must be considered. With respect to the space

reflection

’

2 =—x; xd=uwx

C. L. HAMMER AND R. H. GOOD,

JR.

and the time reflection
x =% x4 =-—ay
the transformation of the spinor components is?
¥ () =[C¥=)]°, (32)
where in this representation, Egs. (9), C is defined by
Coyn=(1)*™ 0, —n. (33)

The matrix C is Hermitian and unitary. It anticom-
mutes with s;, s3 which are real and it commutes with
sz which is pure imaginary. Therefore one can write

Cs;=—5:°C, (34)

and in consequence the covariance of Eq. (1) follows
immediately. The transformation properties of K are

K+ (p)=K:%(p), (35)
K.'(p)=K.(—p), (36)
for the space and time reflections respectively. These

are easily found by substituting the plane wave expan-
sion on the right in Eq. (32) and using the results

[Cuy(p)]1°=u=(p)

=us(—p) (37

to express ¢/ (x") also as a plane wave expansion.

IV. EXPECTED VALUES FOR PHYSICAL
QUANTITIES

Just as in the special case of the photon,! for every
transformation

v/ =z, (x), ¢'=¢'(¢),

that leaves the form of Eq. (1) unchanged, there is a
conserved quantity whose density is ¢# (H/|H|)0¢ and
whose flux is (¢/s)¢¥s(H/|H|)O¢, where the operator
0 is defined by

¢’ (%)= 06 (). (38)

To find O for the transformations discussed in the
previous section, one first determines Oy in the usual

way such that -
V' () =04 ()
and then, according to Eq. (3),
0= |H|—*+0y | H|* % (39)

For transformations to new origins of space and
time, the wave function is assumed to be a scalar and
one finds the operators p;, 1H/c. For rotations of the
space axes and pure Lorentz transformations the
operators O are

J=xXp+ns,
G=|H|~H[xH—cp—ichks]|H|* %
10 Reference 3, p. 1918.

(40)
(41)
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The corresponding conserved quantities are

Pi= f dx¢® (H/|H|)pip, (42)
Pi=(i/9) [ axsn a1/ | ito, 43)
@ij=de¢H (H/|H|)einT v, (44)

Ouu=—Ou=(i/0) f dxgH(H/|H|)Gb.  (45)

The first three are the momentum, energy, and angular
momentum and the last gives the center of energy
theorem.

The justification for these definitions and for the
original choice of wave function in Eq. (3) is that P,
is a Lorentz four-vector and that ©,, is an antisym-
metric tensor (@4 is defined to be zero). The tensor
properties for the special transformations of Egs. (20)
to (22) and (29) to (31) can be demonstrated by using
the plane wave expansions of Eq. (19) as well as Egs.
(11) to rewrite P, © in terms of integrations in mo-
mentum space:

Pu=—2 f 2p5(pop)KC (P | s )oK, (46)
0,,=—2 f B95(pop o) K (pe/ | 24])
X (pyxy— pur,+hTW)K, (47)

where #x, is 449/dp,. The quantity T, is defined by

0 0 Daps —paps
D= | OO T Pl
prHpl | —paps prps O 0
paps —pips O 0
and it has the property that
Tys($") = aupars T s (p), (49)

when the momenta are transformed according to Egs.
(20) to (22) or (29) to (31). The fact that P, © are
tensors with respect to the continuous Lorentz group
follows then from the transformation property of K,
Eq. (28). Also, using Egs. (35) and (36) and expressing
P and O explicitly in terms of K, and K_, one sees
that they are regular tensors by space reflection and
pseudotensors by time reflection, as required.

FOR A

MASSLESS PARTICLE 885

The quantity
N= f dxpf¢

-2 f 895 (p,p,) K°K, (50)

which is to be interpreted as the number of particles, is
constant in time and is a scalar for both the continuous
transformations and the reflections. For a Fermi
particle N must be normalized to unity.

V. DISCUSSION

This gives a ¢c-number theory for a single particle of
zero mass and spin s. For bosons one expects that
particles can be accumulated into a single state until
the wave function becomes observable, as for the
Mazxwell field; then Eq. (1) becomes the equation for
the observable field and N is the total number of
particles.

In the special case s=% the spinor components ¥ are
identical with the wave function ¢ and the theory
reduces to that of the two-component neutrino.

In the special case s=1 the theory applies to the
photon. The presentation above differs from the
previous work?® in the choice of representation of the
spin one matrices and in a constant factor in ¢. In a
different representation,

§;=Ss:57, (51)
the C matrix with the properties of Eqgs. (34) and (37)
is found from _

C=5°CS, (52)
and in the representation used earlier C is the identity.
According to Eq. (32), the electric field E transforms
as an axial vector and the magnetic field B as a polar
vector, opposite to the earlier assignment.”* This is the
transformation rule recently suggested by Wigner!
and Landau.®
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APPENDIX

The purpose of this Appendix is to outline proofs of
the assertions made in Sec. III concerning the g
parameters.

In the special case of real 3;, rewriting Eq. (15) as

A=cosyB+i(B/B) - sini,

11 Reference 3, Eq. (21e).

2 E. P. Wigner, Bull. Am. Phys. Soc. Ser. II, 2, 36 (1957);
Revs. Modern Phys. 29, 255 (1957).

131, Landau, Nuclear Phys. 3, 127 (1957).
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and substituting into Eq. (14), one obtains
a:;=0;; cosBt €1 (Br/B) sinB+(B8:8,/8%) (1—cosB),

ai4=a4i=0, d44=1. .

It is seen that B; is the angular displacement vector
because it is the eigenvector of a;;and a:;is (142 cosg) ;
the sense can be verified by considering the transfor-
mation for small §,

a:;= 051 €:1l.

When the 3; are pure imaginary, they can be written
as in Eq. (16) and a similar calculation leads to the
pure Lorentz transformation in standard form.*

In general, 8 is a complex three-vector with respect
to simultaneous rotations of primed and unprimed axes.
To see this, let the spinor transformation matrix A~
correspond to a rotation of axes so that it is unitary
and satisfies

@ijoi=(A")"o:A™,

where @;; are the coordinate transformation coefficients.

14 C. Mgller, The Theory of Relativity (Oxford University Press,
New York, 1952), p. 41, Eq. (25).

C. L. HAMMER AND R. H. GOOD,

JR.
If this rotation is performed in both the primed and
unprimed axes, related by
¥/ =exp(i38,0,)¥,
the new wave functions are
V=AV, §=tv.

Then, by operating from the left with A~ in Eq. (53)
one finds that

(53)

¥/ =exp(i3B,0)¥,

Bi=a:i3;,

so that § is a vector in this special sense.

There only remains to show that any transformation
matrix A can be written in the_form exp(i380;). Any
such matrix can be written as a product of pure rota-
tions and pure Lorentz transformations which, as
argued above, are of this form. As is seen from Eq.
(18), the exponential form is preserved when products
of exponentials are taken since the commutation rules
for o can be used to reduce every term on the right in
Eq. (18) until it is linear and homogeneous in ;.

where
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It is shown that a very large class of meson-nucleon interactions leads to the same first-order scattering
equations as would be obtained by adding simple nonlinear terms to the familiar linear pseudovector
coupling in the Chew-Low-Wick formalism. The class of interactions under consideration is large enough
to include what one would expect to be a reasonable form for the nonrelativistic limit of the charge-sym-

metric pseudoscalar interaction.

In the gauge-invariant extension of the theory to photoproduction, the P-wave coupling constant is not
exhibited explicitly in the energy-independent S-wave part of the inhomogeneous terms of the integral
equation for the transition amplitude. It is shown directly, however, that the contribution of the higher
order terms in the limit of zero total energy is exactly as required for the satisfaction of the Kroll-Ruderman

theorem.

I. INTRODUCTION

HEW and Low! have shown that the assumption

of a linear pseudovector meson-nucleon coupling

in a fixed extended-source meson theory leads to
integral equations for the scattering matrices that have
provided a successful qualitative description of low-
energy meson-nucleon scattering. An extension of this

* Taken in part from a Ph.D. thesis submitted to Harvard
University, January, 1957. The author is grateful to the Shell
Cosmpanies Foundation for a fellowship for the fall semester of
1956.

T Now at the International Business Machines Research Center,
Yorktown, New York.

1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956).

approach? to low-energy meson photoproduction met
with similar success.

Application of a Foldy?-type transformation to the
relativistic pseudoscalar theory, for example, suggests
that the linear pseudovector coupling is not of sufficient
generality to be considered as an approximately
equivalent nonrelativistic coupling even for low-energy
processes, except in the case of weak coupling. It is the
purpose of this note to demonstrate that a more general
choice of equivalent nonrelativistic coupling leads to
exactly the same scattering equations as obtained by

2 G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956).

3L. L. Foldy, Phys. Rev. 84, 168 (1951); Berger, Foldy, and
Osborn, Phys. Rev. 87, 1061 (1952).



