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The properties of a certain class of functions f(e/,8’,7’, : -) of noncommuting observables a, 8, v, - - - are
investigated. They have-all the usual properties of distribution functions, except that they are complex.
They satisfy simple Markoff-type stochastic equations and permit the calculation of the expectation values
unambiguously. Conversely, quantum theory can be formulated in terms of such distribution functions

having the prescribed properties.

1. INTRODUCTION

N von Neumann’s density matrix formalism of
quantum mechanics, the state of a system is
described by the statistical operator P, satisfying the
following conditions: Pt=P, Tr P=1, (|P| )20 for
any state | ). Then P—P220. Equality in the last
equation holds for pure states. The expectation value
of any observable G in the state | ) corresponding to P
is given by G=( |G| )=Tr(GP), Gt=G. The equation
of motion of P is shP=[H, P!

As an extension of this formalism we shall investigate
the properties of a simple operator F, defined below,
and a class of bilinear forms derived from F which will
constitute the quantum-mechanical analog of the
joint density operator and density distributions for any
set of noncommuting observables. A spectral resolution
of the observables and the relativistic and nonrela-
tivistic equations of motion of the distributions are
given, showing a Markoff-type stochastic equation
between space-like surfaces. The expectation values of
the observables will be found unambiguously in the
usual manner. However, there are some fundamental
differences as compared with the classical stochastic
processes. The theory applies to “mixtures” as well as
to pure states so that all information which the quantum
theory gives can be obtained from a knowledge of F.
In this sense the theory of these distribution functions
is one of the, by now many, equivalent formulations of
quantum theory.

In the special case of nonrelativistic quantum theory
without spin, where all observables can be written as a
function of coordinates and momenta, a real phase space
distribution function has already been given by Dirac?
and Wigner and Szilard? studied in detail by Moyal,*
Takabayasi,5 and used in several applications.® Re-
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cently Bopp” and Uhlhorn® have also discussed the
problem of phase space distributions in quantum
mechanics.

However, the Dirac-Wigner-Szilard distribution func-
tion is valid only for a very limited class of operators,
namely those operators which can be written as

G= f expli(o-p+c-0) (o) dods,

where £(o,x) is the Fourier transform of the corre-
sponding ¢-number function, i.e.,

Glpa)= f expli(o-p---0) £ (o,5) dod.

It cannot be used to find expectation values of some
simple and important operators such as the com-
mutator [ p,x] or H? (a quantity important in statistical
mechanics) or M? etc. This fact does not seem to be
realized by some of the authors who have used this
distribution function. This situation is remedied in the
present approach by the use of a class of “equivalent”
distributions functions. This is another quantum effect
besides the nonpositivity of the distribution functions.

The distribution functions studied here show very
clearly the fundamental distinctions between classical
and quantum-mechanical distribution functions (Sec.
3) and obey stochastic equations with simpler kernel
functions (Sec. 4). The general theory can be applied
to any quantum-theoretical case and to field theory.
Distribution functions corresponding to Feynman-
amplitudes are also given (Sec. 4). '

2. DISTRIBUTION FUNCTIONS

Leta, B, - -+, p, o be N different complete commuting
sets of observables. We denote their normalized eigen-
functions by |&), |8’), - -+ |¢’) and a general normalized
state of the system, for the time being, by | ). o, 8, * - -
may also represent the same complete set at different
times. We define the operator F (in dyadic form) by

F=)|B)@'[v)- - (') (], €Y

7¥. Bopp, Z. Physik 144, 13 (1956).
8 U. Uhlhorn, Arkiv Fysik 11, 87 (1956).
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and form the bilinear functions
fB, 0" )=('|Flo)
=([) (BB [Y)--- (e ('] ). (2)

It is seen immediately that the integration of f over
all the sets of observables except one gives the proba-
bility distribution of this set in the state | ).? Actually
for a given system of complete sets we have a whole
class of N! functions having this property, namely
functions obtained from f(a’,8’,: - - ,¢') by permutations
of the arguments. Among them are the complex
bilinear functions obtained from Hermitian conjugate
operators

Ft=[) (@'Y (¥[8 (' | (], ©)

ie.,
flo'y -+ B a) = (| Ft|a)=(|a")(o'| o) -
X @) )=f* B, ). ()

Thus, Eq. (4) expresses a symmetry of the distribution
functions to the effect that reading the arguments
backwards is equivalent to taking the complex con-
jugate.

The distribution functions are correctly normalized,

[rws,ohawis - a=1, ©
and under successive integrations they reduce as follows

ff(a’:ﬁ,; o 'plagl)do-lzf(al:ﬁ’: o 'pl); B
[ g ai=rse),

f Fel,8)d8 = f(a), (©)
f(al,a’,’y,) =f(a,"yl)’
S al)=J(@),
[erswa sria=cersew s,

where the final functions f(a/) are the positive real
probability densities of a single complete set. From this
relation it follows that the real part of f(¢/,8’) itself
could also be taken as a kind of joint distribution func-
tion and that

f T f(o!,8')ded = f Imf(e/,8)d8'=0. (1)

? For a statistical mixture of states |s’) with a priori proba-
bilities p. the definition of Fis F=2, p,|s") (@' |8") - (o’'|a") (s'].
All the results in this paper apply also to this case unless stated
otherwise. However, the introduction of “mixtures” into quantum
theory is purely formal and phenomenological since the proba-
bilities p,s are unknown, except in equilibrium. In general, if a
mixture is given by its statistical operator P, then F is defined by
F=P@'|B8) (B |7v)- - (']|e).
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According to Eq. (4), Ref(’,8’) is a symmetric,
Imf(/,8") an antisymmetric function of its argument.
However, Ref is not necessarily positive nor must it
remain positive in time. Since our aim is not to reduce
quantum mechanics to classical statistics—in fact it
will be seen that this is not possible—but to give a
simple and closest possible analog of joint distribution
functions, we shall prefer to use f rather than its real
part. The reason is that, as we shall see, f satisfies a
much simpler stochastic equation than Ref.
From Egs. (1) and (3) one gets that

FFt=FiF=1a|*P20; a=(|8) - ('|d"), (8)

since von Neumann’s density operator P can be written
in dyadic form as P=|)(|. F is therefore a normal
operator, and as such, its eigenfunctions corresponding
to distinct eigenvalues are orthogonal. Indeed the
eigenfunction of F is the state vector | ), the eigen-
value being a=(c/|B’)-- - (po'|o’). For mixtures, the
eigenfunctions are |s") with the corresponding eigen-
values Ay =pa. We also note that since FP=F,

TrF=( |F| )=F=3 4\ )

We see further from Eq. (2) that the distribution
functions are such that two noncommuting quantities
cannot have definite values, for if the system is in the
state |o’), i.e., f(e/,8") is proportional to §(c¢’—a”’),
then its (’-dependence is necessarily proportional to
(8’|’”). This expresses the uncertainty principle which
quantitatively formulated in terms of mean square
deviations reads

2

A (a)A%(8) 2

f o8’ Imf(o!,8)da’dB’
+ % Tr[(eB+Ba)P1—aB|?,  (10)
and

3 Tr[ (eB-+6) P1= f o8’ Ref(e!,8')del d8'.

Thus, the imaginary part of f(¢/,8’) is purely of quan-
tum-mechanical origin and is responsible for the
uncertainty principle, for the second term in Eq. (10)
is also true for dependent random quantities in classical
statistics. We expect, therefore, that in the limit to
classical statistics, the imaginary part of f vanishes and
that the real part approaches the classical distribution
function.

3. EXPECTATION VALUES AND SPECTRAL
RESOLUTION

For the expectation value of any quantity which is
of the form G= (a™B™*: - -p"0*)order, Where the paren-
theses indicate any arbitrary order of the operators in
the product, we can easily prove the relation

( IGI )Eé: 'ﬂ;.. 'G(alyﬁ,: o -a')f(a',ﬁ', v ’30,)7 (11)
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where G(¢/,- - +,0’) is the function obtained from the
operator G by replacing the operators o, 8, -+, o by
the corresponding c-numbers and the arguments of f
have to appear in the same order as the corresponding
operators appear in G. Thus, each member of the class
of equivalent distribution functions will be used in
finding the mean values. Equation (11) is proved as
follows:

G=(1G])= X @|amg"---a*|a)(|)(o’])

= 2

PN

@' (§' |6 ( [) @ |8)
X @0 (@] )= ete

= Z a’mﬂ’n. : 'p,ro',sf(alaﬁly o ';p”al)~
,l

al, oo,

If some of the operators are repeated in G, for example,
G=afa, then in Eq. (11) we have to sum over repeated
observables as though they were different quantities
in the order in which they appear:
G=aBa; G= Z a’,B'a"f(a',ﬂ',a")da'dﬁ'da".
alﬂ/al/

However, using the commutator C=[a,8] we can
reduce this equation as follows:

G=afa=a*8—aC;
G=3X o8 f(e'B)~ 2 o'd f(a¢).

a’ﬁl
In this way, various identities between different f
functions and between the real and imaginary part of
f can be obtained. For example, in the case of coordi-
nates and momenta, [x,p |=1% we get

[ msw pavay

=Z [e) Restw away,
[ e s pavay

=ZfGI(PI) Ref(«/,p")dx'dp’.

Equation (11) is also valid for the functions of
ordered noncommuting observables and for a pre-
sumably larger class of functions, introduced by
Dirac,”® containing the former. In each term in the
expansion of functions of ordered operators, for ex-
ample, observables relating to different times, the order
of the operators is one and the same such that only one
f-function is necessary. Dirac’s functions are defined
as follows:

G(@8)18)=G@8)8); G(ap)]a)=GB)|).
P, A, M. Dirac, Revs, Modern Phys. 17, 195 (1945).
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Hence,

(1G] )=Z G 8 ()88 )
a’p’

= ,Zﬁ,G(a',B’)f (,8).

The expectation value of arbitrary functions which
are defined in terms of their power series expansions can
be given by using Eq. (11) for each term. From Eq. (11)
we get for the general term

(167)= f (! B)Gel"8") - - -Gl B)

Xf(a’,ﬁ',a",ﬁ",' . ‘a(")ﬁ("))doz'dﬁ' .. ~da(”)dﬁ(").

Introducing the commutator C=[a,8] we can derive
in this general case, the relation

G= f G(,8) Ref( 8)dald8+R,  (12)

where R is an operator depending on C, e, 3, and is zero
when C is zero (see Appendix). Thus, in the transition
to classical mechanics, the quantum-mechanical cor-
rection term R approaches zero and Ref goes over to
the classical probability density function. This is in
agreement with and supports the statement made at the
end of Sec. 2.

Furthermore, we can give by the uniqueness of the
expression for G a spectral resolution of G in terms of
the corresponding classical functions. Introducing the
generalized projection operators

Ewp=1d)(B'|; Ewpt=Ego=|[)(], (13)
with the property
EwgEorgr=(8'|a")Ewgr,
we get from Eq. (11)
G= 2 GWB, - 0)eExs;
@B ena? (14)

a= (|- (o'|d").

For arbitrary operators, we again have to use the power-
series expansion and apply (14) for each term. Thus, if
G is any simple product, a general function F(G) of G
can be written

F(@=F( X G, - d)aExs),
for example,

e«+ﬂ=exp[ [+ (a'iﬁ')Ea'ﬁ'].

11 Another spectral resolution, in nonrelativistic mechanics, has
been given in R. P. Feynman, Phys. Rev. 84, 108 (1951). This
paper contains a detailed discussion of functions of ordered
operators mentioned above.
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4. EQUATION OF MOTION
For a time-dependent state vector |#) we write
F@O)=[0([8")--- ("] o)) (t]. (15)
Then in the virtue of the Schrédinger equation (/%) | £)

=—(i/h)H (t)|¢) and its conjugate complex, we can
differentiate F () and obtain

AF(t) 4
— L =—T[HO®,F®];
at h
Ft 7 1
—=——[H®W),F ()]
at 7

Using the unitary transformation connecting the state
vectors at different times

[t)=U(tt) |tr), U(t,bs)=U (b2,t3) U (41,t2),
we can get also the equation of motion in integral form:
F(t2) =U (t1,ta) F (1) Ut (41,t2). an
The corresponding equations for f can be obtained by
means of Eq. (2)

X (a,lyﬁl} o '0,)
——fl,---d)=(18) X (a"IHla')—f
1 0t al’

(@"]8")
fley - ps0")
~ (1) T @]y (18)
o'’ ("™
or, taking, for instance, a=x and =75

ROSES) o ROy
G 1p>[H(x 0x){f<x 2@
% a
—H(;a,x){f(x,p)(plx)}], (18)
and
f(alwslr tet 7p,30J; tz)
@18 (')

= —— (" | U)o’ | U|c")
Ty (alI}BI)(pIIUII) I I l

X[ By p's0" 5 1)
= Z K(Ol”,,B’, . 'plao'l/:tl; Ot’,ﬁ', o -p’,o",tz)
a,/’,//
X fa" 8,

Under arbitrary canonical transformations represented
by unitary operators V, Egs. (17) and (19), give the
transformation of F and f if U is replaced by V.
Equation (19) is a simple Markoff-type stochastic
equation whose kernel is related to the Green’s functions
(@'|Ula), - - of the system. The kernel satisfies the
relation

o1t L7 _
K(O{ g ;tl)aya )t3)"’

: 'p,70,litl)' (19)

Z K(C{”,(T”,tl; O{”I,(Tl”,tz)

a’’t, g’

101 1t . ’
XK((I ! 7 ;t2: a/:a ;33):

(20)
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and can be interpreted as the analog of complex transi-
tion probabilities. The probabilities in configuration
space, i.e., |¢|?, or in momentum space alone do not,
as is well known, obey a simple stochastic equation of
the type (19). We remark that for scattering problems
U will be replaced by the S-matrix and that, as operator
equations, (15) and (17) are also valid in interaction
representation.

If the operators a, 8, - - -, o relate to different times,
then the f-functions represent distribution functions
along the “trajectory” of the system, i.e., distribution
functions corresponding to Feynman amplitudes. Such
functions have been introduced by Dirac.*® For example,
in f(e/,8"), o/ may represent the coordinates at time #/,
B’ the coordinates at time /. More generally, we can
introduce the analog of ‘“phase-space’ transition proba-
bilities. Consider three phase-space points o’,8’ at time
/' (point 1); o ,8” at time ¢/ (point 2); and o'’ ,8"" at
time ¢/ (point 3). Then

f(a,)ﬁl}t, ; a”’ﬁ,l’t/l) Ef(liz)

is equal to the kernel of Eq. (19) provided f at each
point is normalized to one, i.e., f(¢/,8")=1; otherwise

FAL)=K (Bt ,a"8"1")/ f(c ,B).

These transition functions satisfy the equation
f(1,3)5(3,2)
f@3)

In the relativistic case the state vectors depend not
only on time ¢ but on space-time points x, and satisfy
(8/8%,)| )=—(i/B)P.| ), where P, is the energy-mo-
mentum operator. Equation (16) becomes in this case

oF

i
—=——[P,F].
o, h[ o

=2 (21)

(22)

Again using the unitary transformation connecting the
states between the space-like surfaces o, and oy,

lo)=Uxloy),
we get instead of (17) and (19)
F(o9)=UanF(01)Uat,
@]8) (@[
o= B @@l
X (pat’| paz’’) (aos |aer) f(a1).

In field theory f will be functionals of the field
variables, or space-time functionals. They may be
useful in the theory of Green’s functions or propagators
which are the vacuum expectation values of the
products of ordered field operators and can be calcu-
lated, in principle, according to Eq. (11).

If @ and B represent coordinate and momenta, in

(23)
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nonrelativistic mechanics and H is independent of time,
Eq. (19) can be written in terms of the wave functions
in coordinate and momentum space as follows:

fep)= f (x| ) (] ) (2| ) ' )

i 1
X exp[ —-%t (En— E,,’)] exp[% (p'x'— px) ]

X f(«',p' 0)dndn'dx'dp’, (24)

where H|n)=E,|#). For instance, for a free particle,
we get

fp)= (M exp[——( (x— x')+-p)]

X f(x,p,0)8 (p—p")dx'dp.

In the case of nonrelativistic mechanics it is easy to see
that f(x,p,f) in pure states also satisfies the differential
equation

(25)

af of

ox 9p

9% f
0x0p

=0, (26)

which may be taken as the equation characterizing the
pure states.

It remains only to characterize the stationary states.
In this case f is independent of time and the problem
of finding fo reduces to solving the homogeneous integral
equation of the second kind:

Solay- - ~,a')=fo0(a”,~ --a)do'de”.  (27)
The kernel is, in principle, known if U (t;,¢2) is given.
For example, fo=constant is a stationary solution of
(25). The differential equation (18), on the other hand,
with the left hand size equal zero, separates and we get
the usual time-independent Schrodinger equations in
coordinate and momentum spaces.

5. DISCUSSION AND CONCLUSIONS

We have investigated the properties of certain func-
tions of noncommuting quantities which have all the
properties of the classical joint density functions except
that of being always non-negative. These complex
functions allow the unambiguous calculation of ex-
pectation values in the usual form and satisfy relatively
simple equations of motion. Conversely, functions
having these properties provide a formulation of quan-
tum mechanics in terms of distribution functions rather
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than probability amplitudes. These functions have
rather remarkable symmetry properties, and it would
be perhaps a complicated mathematical problem to see
to what extent these properties uniquely determine, in
more general cases than the stationary states, the
distribution functions. It may also be of interest to
study the important theorems of probability theory,
such as ergodic theorems and central-limit theorem, for
the case of these complex distribution functions.

Physically, f may represent a stationary wave, a
wave packet, or even a mixture. In applying (19) we
have to choose f in agreement with (26) and the
boundary conditions imposed on it by the symmetry
properties and the uncertainty principle. From given
wave packets, new ones may be obtained by canonical
transformations. In this case Eq. (19) is again valid, U
being independent of time, for instance U=ei? or
U=ein,'

Finally, we mention that such distribution functions
may be useful in quantum hydrodynamics or in sta-
tistical mechanics where one desires to develop quantum
equations in analogy to the classical equations in terms
of distribution functions.

I am greatly indebted to Peter G. Bergmann and
Richard L. Arnowitt for suggesting valuable improve-
ments in the presentation.

APPENDIX

A function of the two noncommuting operators can
be expanded as follows:

‘nn_*_lanlﬂnzans‘gni .o .67ma”m+l,

G= Z Z Anrnz:-
n=0

the second summation is taken over all 7,72, * * %011
n+1
such that Z nr=n and contains Z =2" terms.

r=0

Let [a,6] =C. Then
[a"8]=a"'C+a2Catar?Ca’+- - - +Cam1=C™,
[a™,Bm]=Cnm =gm=1Cm 4 gm—2C(mB« . . 4 CmFm—1,

With the help of C™ we can commute once all &’s to
the right and once to the left. Taking then the average
value we get Eq. (12) where the operator R is given by

© n/2—1
=322 Aning. - mpqy 2, {Grztnatectner
n=0 r=0

X Cnrtngte«tnort1, narte) g 2718 — gratagt. - tnortt
X C(nerts,natnat- - +norta) } Bertigrtb. .. Bragrntl

where the second summation is as above.



