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Theory of Photoproduction of Pions from Nucleons*
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A resonance theory of the pion-nucleon system based on a
very general static model is extended to give an expression for the
pion photoproduction amplitude. It is found that for photon
energies less than 500 Mev there are just two important terms
in the amplitude, one of them describing direct photoejection of
the pion and the other, photoexcitation of the J=-,', I=-,' reso-
nance state of the nucleon. The first term is estimated by means
of a weak-coupling, finite-source theory which is made gauge-
invariant by introducing line currents in the source. Comparison
with the threshold m+ production leads to a coupling constant
(without recoil correction) f'=0.049. The behavior of the cross
section at high energies does not appear to be consistent with
this result. Much better agreement with the data above threshold
is obtained for the uncorrected coupling constant @=0.07.
However, serious discrepancies within the data make it impossible
to resolve this difhculty at present.

The behavior of the photoejection part of the m+ cross section
above the resonance is found to be sensitive to the form of the
source function. With f2=0.049 and a Gaussian source function,
infinite cuto8 comes closest to fitting the data. However a con-
siderably better fit is obtained with+=0. 07 and a cutoff of about
4 pion masses. The resonance term is sensitive to the form of the
pion-nucleon phase shift a33 above the resonance. We find that
the simple one-level form for the energy dependence of o» (Chew-
Low curve) is not adequate to account for the data for high-
energy photoproduction of pions; it is necessary to take account
of the residue of higher resonances. Good agreement with the
resonance term is obtained in terms of just two constant param-
eters, mt, the strength of the resonance matrix element, and Q,
the contribution of higher resonances to the phase shift. We find
no supporting evidence for a previously suggested S wave, I=—',
resonance.

I. INTRODUCTION

'HERE is good reason to hope that the extensive
data' on pion photoproduction which have

recently become available will provide some insight
into the nucleon structure. In general, the small magni-
tude of the electromagnetic coupling constant means
that a system is not greatly disturbed by its interaction
with electromagnetic radiation. Matrix elements for
transitions produced by the radiation depend primarily
on the structural characteristics of the system in its
stationary states. Hence electromagnetic transitions
may be used to study the structure of a system. The
photoproduction of pions is one of the simpler processes
involving such transitions. %e shall attempt here to
provide for this process a theory relating it rather
directly with the structural properties of the nucleon.

The basis for this theory has already been given' in
connection with a similar treatment of pion-nucleon
scattering. It has been shown that the general char-
acteristics of the scattering do not depend strongly on
the dynamical details of the theory, such as the form
of the interaction, and we shall find that a similar
conclusion applies to the photopion problem. The
results are expressed in terms of a few constant (or
nearly constant) parameters, each one of them having
a rather direct physical interpretation. The values of

* Work supported in part by the U. S. Atomic Energy Com-
mission and in part by the University Research Committee with
funds provided by the Wisconsin Alumni Research Foundation.

t Present address: Los Alamos Scientific Laboratory, Los
Alamos, New Mexico.' D. C. Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955};
Goldschmidt-Clermont, Osborne, and Scott, Phys. Rev. 97, 188
(1955); Tollestrup, Keck, and Worlock, Phys. Rev. 98, 22
(1955); Walker, Teasdale, Peterson, and Vett, Phys. Rev. 98
210 (1955); Beneventano, Bernardini, Carlson-Lee, Stoppini, an
Tau, Nuovo cimento 4, 323 (1956); McDonald, Peterson, an
Corson, Phys. Rev. 107, 577 (1957);L. J. Koester, Jr., and F. E'
Mills, Phys. Rev. 105, 1900 (1957).' R. G. Sachs, Phys. Rev. 95, 1065 (1954).

these parameters could be calculated, at least in
principle, for any specific form of interaction. However,
we prefer to use them as the basis for a phenomeno-
logical treatment, to determine the few parameters
from experiment, and to make use of their rather direct
physical meaning to interpret their values in terms of
structure of the states of the nucleon.

To carry through this program, it has been necessary
to neglect nucleon recoil and nucleon-antinucleon pairs;
otherwise the assumptions are very broad. Hence the
general aspects of the theory should include any finite
static model of the nucleon. However, many detailed
assumptions such as the use of the one level approxi-
mation, are not given any justification here, but they
are made as simplifying assumptions which are found
to give a reasonable fit to the data. Their true justifi-
cation can come only from a detailed dynamical theory
which serves to determine all the parameters.

Detailed dynamical treatments of the photoproduc-
tion of pions have been presented. by Chew and Low'
for the static model, and by Ross' for a model including
some recoil and nucleon pair eGects. Their work has
the advantage that it is more fundamental in principle
and that it involves fewer parameters, but it must be
recognized that hidden parameters are introduced by
the use of approximations which are not always clearly
justified.

Chew and Low have not presented a detailed com-
parison of their results with experiment' but they find
agreement with the important trends already suggested

by the more phenomenological analyses of the data';
0
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the energy dependence of the matrix element is domi-
nated by the well-known p wave J=-,', I=) resonance
state of the nucleon-pion system operating against a
background of direct photoproduction having the same
form as would be expected for weak pion-nucleon
coupling. Ross obtains similar results and Gnds them
to be in moderately good agreement with the data,
which he analyzed in considerable detail.

The most inclusive phenomenological analysis of the
data has been carried out by Watson, Keck, Tollestrup,
and Walker. ' The theoretical basis for their work is
limited to the most general principles such as invariance
of the interactions under time reversal and unitarity of
the 5 matrix. From these principles, Watson has
demonstrated that the complex phases of the photo-
production matrix e1ements are determined by the
pion-nucleon scattering phase shifts. The phase shifts
having been determined from the scattering, the photo-
pion matrix elements involve only real functions of the
energy, one function corresponding to each multipole
moment. The energy dependence of these functions is
determined from the data, but only after use has been
made of certain reasonable assumptions concerning the
trends of these functions. In particular, use is made of
the notion that the E-wave production is enhanced in

the J=-,', I=2 state.
Our results take on a similar form except that the

energy dependence of the multipole moments is now

given explicitly and the empirical parameters are con-
stants having a direct physical interpretation. We shall
find that there are some signi6cant differences between
our results and those of Watson, Keck, Tollestrup, and
Walker, especially for the higher energies. Nevertheless
we obtain a good fit to the data (occasionally by
making judicious use of assigned experimental errors)

by means of a very simple expression for the matrix
element.

II. REVIEW OF THE THEORETICAL' BASIS

We 6rst review some of the pertinent features of the
resonance theory' of pion-nucleon scattering which is
the basis of our treatment of the photoproduction. The
theory takes as its starting point the notion that in any
6nite, static theory of the pion-nucleon system, the
state vector of the nucleon ground state may be ex-
panded in terms of states of the free pion field. It is
expected that the pion Geld associated with a single
nucleon in the ground state extends only to small
distances from the center-of-mass of the system. This
is taken into account by expanding the fields in terms
of a specially chosen set of functions in place of the
Fourier expansion normally used for this purpose. The
special set is actually divided into two sets, the two
together forming the complete set replacing the plane
waves. One of these is a discrete set of "bound" func-

7Watson, Keck, Tollestrup, and Walker, Phys. R.ev. 10I,
1159 (1956).

+&x& Ex&) (2)

is now considered. H~ is a Hermitian operator given as
a function of the discrete set of operators aq and a,*,
Hence the spectrum of characteristic values, E~, is
discrete and they are real. The corresponding x~ are

tions, pq, having the property that they vanisl' at least
exponentially for distances large compared to the size
of the pion proper field. The other is the continuously
in6nite set of "unbound" functions, qp, orthogonal to
the bound functions, which when combined with the
bound functions leads to a complete set. In general the
labels qI and y comprise four quantum numbers and
we shall later find it convenient to choose two of these
to specify the orbital angular momentum and another
the charge state of the pion. Thus q—= (q, l,m, t) and
y=—(p, l,m, t) where l is the orbital angular momentum,
m its projection, 5=&1, 0 is the pion charge, q is a
discrete index (radial quantum number) labeling the
bound states, and p is a continuous index which may
be interpreted as the magnitude of the momentum of a
pion in the asymptotic region.

A method for determining the bound set has not
been speciGed, nor is it crucial for our purpose. It
becomes important only when an attempt is made to
carry out complete calculations starting from a speci6c
interaction. However one property of the set is required,
that the state vector of the free nucleon can be de-
scribed to a very good approximation in terms of the
bound set, the unbound set does not enter into the
description of this state vector. This objective could be
met to a very good approximation in, for example, a
Gnite source theory by de6ning the bound functions as
the complete set in a sphere of given radius, centered
on the nucleon. For a radius larger than, say, a pion
Compton wavelength, such a set should be capable of
giving a good description of the ground state.

If the pion Geld operators are expanded in terms of
the functions qq and q„ the coe%cients a,*, ap* and
aq ap in the expansion are creation and annihilation
operators for pions in the states q q and q p. The Hamil-
tonian for the pion field in the presence of a nucleon is
presumed to be a sum of bilinear and linear forms in
the 6eld operators which are now expanded in terms
of the aq, ap, etc. ; hence the Hamiltonian becomes the
sum of three operators

H=B~+T +V,

where H& contains only the operators a, and aq* T ls
a bilinear expression in the ap and a, arising from the
free pion-field Hamiltonian, and V is the remainder of
the Hamiltonian. V contains terms of the form aq*ap
and ap aq arising from the free-Geld Hamiltonian; other
contributions arise from the interaction. In the usual
case of a linear interaction, V is linear in the operators
ap and ap*, and we shall make use of its linearity.

The characteristic value problem,
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state vectors which may be written as functions of the
occupation numbers in states y~. The set of unbound
states p, does not appear in this problem in any way.
In general the x), will not be states of a definite number
of pions. Furthermore they are not expected to be
stationary states of the physical system since the com-
plete Hamiltonian, Eq. (1), has not been included in

Eq. (2). However the lowest state xo is expected to be
stationary (or at least nearly so), because of the manner
in which the y~ have been defined, namely, by the
condition that the ground state vector of the nucleon
and hence of the full Hamiltonian H, be describable in
terms of the p~. Thus po is identical with, or nearly
identical with the state vector of a free nucleon.

From this statement we may derive a test of the
adequacy of any particular choice of the set p~. The
nuclear state vector must be a solution of the equation

&Xo= &oXo,

which, on comparison with Eqs. (2) and (1) gives

(T„+v)xo ——0.

Now since T„ is just a bilinear form in the a~ and u~
(ordered so as to eliminate zero-point energy) while xo
involves only the bound states we have

& go=0.

It follows that V must satisfy the condition

Vyo=0, (4)

and this is a condition on the functions q ~. The form
of the condition may be easily established when V is
linear in the operators a~ and a~ . Then it is a linear
combination of expressions having the form Q(p)a~*
+Q*(p)a~, where Q(y)=QLp;a~, a~*( is an operator
depending on the bound operators. Since a~go= 0 quite
generally, Eq. (4) now reads

QLp, aq, ag jxp= 0.

This is a condition on the q ~, as stated. For any given
Hamiltonian II and choice of the q ~, the decomposition
Eq. (1) may be carried out. The operators Q(p) are
thereby determined as is the state xo, hence the condi-
tion Eq. (5) may be tested. Presumably, if the y~ have
been well chosen, Eq. (5) will be nearly satisfied; if not,
another choice of the p, is required. We assume
henceforth that a good choice has been made.

So far, no mention has been made of the manner in
which the q~ are to be fixed. Our procedure is to
consider the one-pion states which are solutions of the
characteristic value equation

T„%y=p0%'q, (6)

where po
——(p'+m ')&, m being the mass of the pion,

which will hence forth be taken equal to one, as are t,"

and A. It has been shown' that this equation leads to a
set of algebraic equations determining the p~ in terms

of the y~. An important property of the p~ are the
phase shifts gi(p) associated. with pion orbital angular
momentum L. It is shown in reference 2 that the g~

may be expressed explicitely in terms of the functions

y~ of angular momentum /. It turns out that the q~

are negative for small momenta as would be expected
since they express the condition of orthogonality to
the bound held, which is an inQuence similar to that
of a repulsive potential.

There are both outgoing and incoming solutions to
Eq. (6) denoted by 4~+, respectively. To fix the phase
of each of these functions we set

g+ igl+
P (7)

where the phase of 0 ~ is such that under the operation
of (Wigner) time reversal'

which describes the uncoupled bound and unbound
6elds, may be used to provide a basis for the expansion
of the complete solutions of the problem. We shall be
interested in the characteristic functions gi (no unbound
pions) of Ho, and the characteristic functions Pq~+
=e~'"'Pi~ which are essentially products of the xi and
%~+. The corresponding characteristic values of Ho are
Ei and Ei+pa, respectively.

In the treatment of both scattering of a single pion
and its photoproduction, we are concerned with the
solution C ~ of the equation

which has the asymptotic form of the wave function of
an unbound pion of energy po in the presence of a
nucleon in the ground state yo. For the sake of simplicity
we have now chosen the energy scale so that

So=0.

Equation (8) may conveniently be replaced by the
integral equations'

C~+= 1+ V
pp

—H~&ic

v v y„+, (10)
pp Hp&ie po ——Hg&ie

where the & indicates a solution satisfying the outgoing
or incoming wave conditions, respectively. The operator

R. G. Sachs, Phys. Rev. 87, 1100 (1953).
9K. M. Brueckner and K. M. Watson, Phys. Rev. 90, 699

(1953).

The radial part of the function y~ of a pion in the state
0'~ is therefore a real function.

The part of the Hamiltonian,

HO=Ha+ &,
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H~ appearing in Eq. (10) is eq, cy, etc., it has the form:

b= 6+@i+bi"'+ be+ @2*+&2', (16)
Hg= H'o+ V — V.

Po H—o+ie
(11) with

According to Eq. (10), the asymptotic form of the
function C ~+ in the one (unbound) pion channel, has a
phase shift 8 in addition to the phase shift g~ of the
unbound wave. For a channel of given orbital angular
momentum /, total angular momentum J=l&-,', and
total isotopic spin I, the total phase shift is then

l

hi —— dpei(y)a, *,

82= i dy ~dp'62(p p')a *a *

bg'= Jt dyJ dP'e2'(y, y')a, *a, .

(17a)

(17b)

(17c)

where we have introduced the condensation y= (/, J,I).
Examination of the asymptotic form of the function
reveals that"

e" sin6, = —pp, (P,„,V V/I„,). (12)
po H++i e—

If V is the linear form in a~* and a, :

The expressions 80, Ci(p) are operators in the bound
Geld given as functions of the a,* and a„80 being of
second order and 6~ of first order in a~* and a, . On the
other hand the expressions C2 and t 2' are expected to
be simple functions of the variables p and p'.

%watson" has shown that the cross section is deter-
mined by the matrix element

J"dp (f /bio) 'Lfl (p) a,*+0*(y)a,3

with y=—(p, l,m, t) and J'dp a shorthand notation for
g&, ~, ,J'P'dP, we may make use of Eq. (5) to obtain

J'-'(v) =(A, , &x )+(&6, ,
— &x )pp —H++iee"& sinb, = s.PPo (P/Po)—"

{13) between the incoming wave solution, C~ of Eq. (8)
and the ground state go. From Eq. (10), the matrix
element is found to have the form

X Z gal gi, i x&„xz' ~ (14)
po H++ le

where A. and P' are limited to bound states having
angular momentum J, isotopic spin I, and parity
(—1)'+'. The coeKcients gqi are given by

g~i= (xx,fl*(p)xo). (15)

Note that, according to Eq. (5), go&(p) —=0. It is likely,
as suggested in reference 2, that g&& is a slowly varying
function of p over the range of energies of interest here,
namely, below the cutoG in the interaction.

+ ao
po H++ie Po—Ho+ie—

Now since a,+0=0, in general, it can be seen from Eq.
(17) that the terms 8i', 82* and 62' may be dropped
from Eq. (19) when 8 is replaced by Eq. (16).Further-
more, only the term 8&, contributes to the first and
third term of Eq. (19) since these matrix elements
require that the number of unbound pions change by
an odd number. Similarly, only 80 and $2 contribute
to the second term of Eq. {19)which now becomes

III. FORM OF THE MATRIX ELEMENT

Because of the small size of the electromagnetic
coupling, the transition matrix for photoproduction is
simply given by the matrix element of the electro-
magnetic interaction between the ground state, yo, of
the nucleon and the final state C~. The electromagnetic
interaction, 8, is proportional to the current-density
operator which can safely be assumed to be a sum of
linear and bilinear forms in the 6eld operators. There-
fore, when 8 is expanded in terms of the operators

'0 The following divers from the treatment given in reference 2
only in its use of running rather than standing waves. The running
wave solution gives the simplest form for a matrix element, such
as the photoproduction matrix element, while the standing wave
gives the simplest form for the phase shift.

~ ~
+ fop, & & &iXo

po H~+~c po Ho+i—e—
+(&k. , t'»+&)x ). (Ã)

Po—Hp+i e

Some simplification of Eq. (20) may be attained by
calculating the matrix element into a pion state C» of
energy po= (p'+1)'* and orbital angular momentum i
combined with the spin of the nucleon to form a total
angular momentum J. Similarly, I is the total isotopic
spin of the system and y=—{7,,J,I), as before. These

K M. Watson, Phys. Rev. 88, 1163 I'1952).
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functions are formed simply by inserting for )po, in
Eq. (10) the usual linear combinations )poyt jr—)poyv of
products of go and %~. With the understanding that
one such state is being considered, we now treat
separately each of the three terms in Eq. (20).

Since 8&, creates a single unbound pion, we may
expand 8»o in the complete set of one (unbound) pion
states P),», namely:

than this one, and all such terms will be dropped from
consideration henceforth. Equation (23) then becomes

fo„,V V &»o
po H+—+ie po Ho—+is

=ie' r sin6, D o, (p) i—s. p'po'e'"' p D),„(p')
)~o

r
Axo= Z p'd pD). ,(p))p)„,. (21)

(24)A» V . VA—u -v

po H++ie— ~o'=) o &), -
The hrst term of Eq. (20) is then simply

(A» @»o}=e'"'Do&(p). (22)

This term will be referred to as the direct matrix element
since it corresponds to direct photoejection of the pion
from the proper field of the nucleon into the unbound
state. An estimate of the direct matrix element wi11 be
made in the next section.

The expansion Eq. (21) may also be inserted into
the second term of Eq. (20), with the result

7

0 ~
I

0 o
I

1
)Po», V V -&»o

po II++i e p—o Ho+ie—

p dp=P ego)(u)P I D& (p')" po
—po'-&),

Now ()po», VL1/(po —H++ie) jVQ~„„})o =) o —s), is
proportional to the matrix element for pion inelastic
scattering with production of the nucleon excited state
X. At the energies under consideration here, the process
evidently has a very small cross section compared to
the elastic scattering cross section. " Hence it seems
reasonable to drop all but the first term of Eq. (24),
with the result

1
4o„, V V- Rxo

po H~+i—e po —Ho+is

=ie' 7 sin5~Do, (p). (25)

Turning now to the fast term in Eq. (20), we note
that Bpgp contains only bound states so that

&oXo=P &~oX~ (26)
X o~~- V )y~

po H++ie— If we make use of Eqs. (13) and (5) for V, we obtain

i~eio)(n) p'po' P D~ (p')
bozo =~'" o

'

po H++ie—
X )Po», V V)P)r v

po —H++ie uo =uo-&)
(23)

X Zg), )*I~ o xx, — —x), , (2&)
X, 'A' po —H++ie

where I' indicates that the principal part of the integral
is to be taken. Comparison with Eqs. (12) and (14)
shows that, if gq~ may be treated as a constant, the
terms with X=O in Eq. (23) have the simple form

—e"& sinb e'»(»'y

1 fp dp

hippo ~ po —po'

/p po~
'Xl, ID (p') —iDo. (p) .

E ppo')

An evaluation of these terms has been made from the
estimates of the direct matrix element Do~, which are
given in the next section. The integrated term is found
to be quite small compared to other contributions to
the matrix element, hence we shall neglect it. Further-
more, there is no reason to expect that the other
ntegrated terms in Eq. (23) are any more important

where the sum includes only those states" X, 'A' having
parity (—1)'+', angular momentum I, and isotopic
spin I. The similarity between Eq. (27) and Eq. (14)
is striking. In particular the fact that there is only one
known resonance state of the nucleon in the energy
range of interest suggests limiting the sums appearing
in both equations to just the one term corresponding
to this resonance. Then we have

&ke„, — &oXo)= —(&/~&to)(p(P )'
po H~+ie—

X (B),o/g), t)e' & sin6„. (28)

'o R. S. Marguiies, Phys. Rev. 100, 1255 (1955);"Note that ) =0 does not occur because g0~= 0. However, X'= 0
might appear in the sum. But P+xo= (&o+ V(Po —&o+&o) '&)xo
=0 according to Eqs. (4) and (9);hence Ppo H++io J ' connect—s
the state po only with itself,
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Finally we have the term involving hs in Eq. (20).
Since hs creates a pair of (unbound) pions and [by
virtue of Eq. (5)), Vltss is a linear combination of
the g)t, , the matrix element is a sum of terms of the form
(x~, (ps H++—se) 'ps, s"), the last factor being a two-
pion state. This quantity also occurs as one of the terms
in the matrix element for inelastic scattering of pions
which, as we have noted before, "seems to be a negligible
effect. Therefore the 82 contribution is dropped from
consideration.

We now collect together our results Eqs. (22), (25),
and (28) to obtain in place of Eq. (20) the approximate
matrix element

E„(p)=e' [Do„(p) cosh,
—(1/~PPs) (Ps/P)'(&~s/g~~) sm5 3 (29)

for the transition into a state of parity (—1)'+', angular
momentum J, isotopic spin I, and pion energy pp. The
interpretation of this rather simple result is straight-
forward enough; the 6rst term corresponds to direct
photoejection of the pion, an effect analogous to the
photoelectric effect in atoms, while the second term
arises from photoexcitation of the resonance state of
the nucleon followed by its decay via emission of a
pion. The general form of the resonance term is similar
to that conjectured by %'atson'4 who assumed, however,
that the resonance contribution would be proportional
to sinn~ rather than sinb~. The factor cosh~ appearing
with the direct term is required for purposes of normal-
ization. This requirement has also been noted by Ross, '
who introduced 0.~ rather than b~ in the cosine.

Since the result Eq. (29) forms the basis of all our
considerations, we summarize here the approximations
used to reduce Eq. (20) to this form. (1) The one-level
approximation has been made. (2) The resonance
scattering of virtual pions described by the complicated
terms of Eq. (23) have been neglected. (3) Terms re-
lating to the inelastic scattering of pions have been
dropped.

tions to the direct term will come from the zero- and
one-pion states contained in gp.

The result suggests that the form of the matrix
element may be similar to the one obtained in a weak-
coupling approximation to the static model, since that
approximation yields contributions just from the zero
and one pion states. We shall, therefore, use the result
of the weak coupling theory for the direct matrix
element. Since it is necessary to use a finite source in
the static model, we shall have in addition to the
coupling constant, another parameter at our disposal,
the source size. In fact, the shape of the source function
could also be used to parameterize the problem but it
seems unlikely that the results will be sensitive to
shape for pion energies in the range of interest.

Both parameters may be determined from pion
photoproduction data. It is well known that the Kroll-
Ruderman theorem" or, equivalently, the Siegert
theorem" may be used to obtain the coupling constant
from the cross section for photoproduction of positive
pions at threshold. Furthermore, we shall see that the
energy dependence of this cross section on the high-
energy side of the resonance is sensitive to the range
of the source function.

The use of a finite source size requires some care in
order that results obtained be gauge-invariant. As
pointed out by Capps and Holladay, " line currents
must be introduced in the source in such a way that
charge and current are conserved locally. We have
made use of their form of the interaction [reference 17,
Eq. (5)j to obtain for the matrix element for production
of a positive pion of momentum k by a photon of
momentum u and polarization c, the expression

iej (o [~—k])(e k)
D+(k) = 2-

(mksa) 1, 1+(k—ro)s

+(e.e) S(k—ra)+(k s)(e.k)G(k es), (30)

IV. ESTIMATE OF THE DIRECT TERM

In the absence of nucleon recoil, the direct term
vanishes for mp production so we consider here the
photoproduction of positive pions from protons. Ac-
cording to Eq. (22), the desired quantity is the matrix
element of 8~ between the ground state, gp, of a nucleon
and a state consisting of pp multiplied by an unbound
pion function. Equation (17a) shows that this is pro-
portional to (xo,6rxo) where 6r, is a 6rst order poly-
nominal in e, and a~*. If yp is expressed as a linear
combination of states of a definite number of bound
pions, (xo,6rxo) contains terms corresponding to overlap
of states differing by, at most, one bound pion. If we
now assume that the zero-pion contribution to gp ls
dominant, as is suggested by the mirror theorem on
nucleon magnetic moments, ' the important contribu-

"K, M. Watson, Phys, Rev. 95, 228 (1954),

s(r) = (2m)
—

& dske'"'S(k). (31)

The function G(k, es) is given by

G(k, ro)=(2m) &(e k) 'J d're '"'

X[1—exp(isa r) js(r)(e r)(rn r) '. (32)

"N. M. Kroll and M. A. Ruderrnan, Phys. Rev. 93, 326 (1954).' R. H. Capps, Phys. Rev. 99, 926 (1955).!'R. H, Capps and W. G. Holladay, Phys. Rev. 99, 931 (1955).

where the units are c=h=m =1 and ks= (k'+1)&.
S(k) is the source function normalized so that

S(0)= (2~)—&,

and having the representation in configuration space:
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The terms proportional to S(k—~) in Eq. (30) give
the usual weak-coupling result" while the contributions
determined by G(k, u) arise from the line currents in
the source.

%e shall make use of the Gaussian source function

S(k) = (2ir) ' exp( —P'k'). (33)

Then, from Eqs. (31) and (32) we find"

G(k ~)= —P (2tgp(g)-i exp{—P2(JP—(n. k)&])

&&{C[P(n k)]—C[jS(n k —n ~)j), (34)

where n is the unit vector in the direction of ~ and

C(x)=(2s.) '
dp

exp( —t2)dt.

Having Axed the shape, we see that the matrix element
Eq. (30) contains only the two undetermined param-
eters: f, the coupling constant, and P, the range of the
source function.

The direct term defined by Eq. (22) refers to produc-
tion of an unbound wave which divers from the plane
wave occurring in the matrix element Eq. (30) because
of the condition of orthogonality to the bound field.
Therefore, even within the limitations of the model,
Eq. (30) gives only an estimate of the desired matrix
element. According to the weakly coupled static model,
the bound pion is in a pure P state. Hence, only the
partial wave with /= 1 has an orthogonality condition
imposed on it and is not represented correctly by the
plane wave. Since the P-wave production is in any
case dominated by the resonance term, this error in
estimating the direct term does not seem to be of great
importance.

where y has been replaced by the traditional symbol,
33, for the l= 1, J=-'„ I=-,' state.

The second term has the same dependence on phase
shifts as the resonance term in Eq. (29). We have
calculated the coeKcient" D033 and compared it with
the strength of the resonance term obtained directly
from the experimental data (Sec. VII). For the entire
energy range, this coefficient is quite small (usually
less than 10'Pz of the resonance term) so it has been
dropped. By dropping the small phase ili in Eq. (35)
we reduce all direct contributions to Tr(p, e,~) to the
form appropriate for an undisturbed plane wave.

It is now necessary to evaluate the energy dependence
of the coefficient Bio/gii appearing in Kq. (35). We
assume that g» is essentially constant for energies
small compared to the cutoG appearing in the source
function, i,.e., for p(P ' and that will include our
entire range of interest. The matrix element B),0 is
defined by Kq. (26). Since it is a matrix element
between bound states (i.e., between the ground state
and excited state of the nucleon) it i's independent of p.
However the electromagnetic interaction 80 depends on
co, the photon energy. It contains a factor + ' arising
from the expansion of the vector potential into creation
and annihilation operators. Furthermore we know that
the resonance process is due to either a magnetic dipole
or electric quadrupole transition. The angular distri-
bution of photoproduced neutral pions indicates that
the resonance term is dominated by the magnetic dipole
transition which will therefore be assumed to give the
only contribution. " In the long wavelength approxi-
mation, this is a erst-order e6'ect in co. Hence, aside
from higher order retardation effects, the matrix ele-
ment is proportional to ~/co&= &o& and we write

V. COMPLETE MATRIK ELEMENT W,o/gu~~l (36)

The matrix element Tr(p, e,a&) for photoproduction
of a pion of definite (asymptotic) momentum p is to be
obtained as an appropriate linear combination of the
partial wave matrix elements given by Eq. (29). For
this purpose, D+, as given by Eq. (30), must be analyzed
into its partial wave components Do~ and then each
component must be multiplied by e' & cosh~ before
recombining. Since the only significant resonance in
the low-energy region is the J=2, I= ~ P-wave reso-
nance, we shall modify only this term. Each S-wave
term should also be corrected by a factor e' &, where

e„ is the observed total phase shift, but these phases
are rather small for that energy range in which the
S waves play an important role and they will be
neglected.

The P-wave contribution may be put in the form

E33(p) =D033/e' "+ie'"» sinb33)
—(mp'gii) 'B),pe' » sin833, (35)

"L.L. Foldy, Phys. Rev. 76, 372 (1949}.
'9 The integration is carried out easily in Cartesian coordinates

adapted to the orthogonal vectors e and ~.

If the dependence on angles and photon polarization
for a magnetic dipole transition is now included, the
complete matrix element for photoproduction of posi-
tive pions from protons is

T"(p,e,~)=D++~ &e5Ikolp 2e'~" sinb33{2(n)&e. x)
+I f(nXe))«g}, (37)

where D+ is given by Kq. (30) et seq. and BR is a reaP
matrix element between nucleon states, which is pre-
sumed to have only a slight energy dependence due to
retardation eGects. The unit vector in the direction of
p is x and, as before, n= ~/o&.

Since there is no direct production of neutral pions

~ We note here that the line currents do not contribute to the
magnetic-multipole matrix element as a consequence of our
simple choice of radial Qow of the currents. Current flowing
radially does not produce a moment about the origin. All line
current contributions to the electric moments are just those
required to satisfy the Siegert theorem (see reference 16) and by
means of the Siegert theorem every electric moment could be
obtained without making explicit use of the form of the electro-
magnetic interaction.

2' See McDonald, Peterson, and Corson, reference 1,
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in the no recoil approximation, the corresponding
transition matrix element is

T (p,e,oo) = 24. &eORco*"p 'e'~» sinbpp{2(nxe. x)
+i~ &(nXe) X~)). (3g)

Equations (37) and (38) are very similar to those
given by Watson. " In particular he conjectured that
the resonance term would have a form similar to that
obtained here. There are two notable diGerences. First,
our resonance term is proportional to sin533 while he
assumed that the term would behave as sin+33. Second,
Watson gave a frequency dependence independent of
co, while we hand it to be proportional to co&. This latter
diQ'erence is of considerable importance to the 6tting
of data at high energy.

The resonance term involves just the one strength
parameter BR in addition to the phase shifts. 5K will
be assumed constant although retardation effects (or,
in other words, the effect of the finite size of the nucleon
charge distribution in both the ground and excited
states) would be expected to lead to a decreasing trend
in 5R with increasing energy. Actually the phase shifts
are not easily established since both o.33 and 633 are
needed. The former may be taken directly from the
data but the latter will require some interpretation of
the data. We shall manage to carry through this
interpretation by means of one additional constant
parameter relating to contributions from the tails of
distant resonances, and thereby describe the photo-
production in terms of a total of four constant param-
eters: the coupling constant, f, the range of the source
function P, the matrix element 5R and the fourth
parameter to be described in detail below.

VI. COMPARISON OF THE DIRECT TERM
WITH EXPERIMENT

In order to take some account of nucleon recoil, we
shall interpret p and u as momenta in the center-of-
mass system. The differential cross section is then
given by

f5R sinbpo 1 p sin'8
+2 — — cosapp-

Pp" ol.P' 2 Pp
—P cos8

—cosO, S(p—~)
J

The observed2' angular distribution of photoproduced
neutral pions at various energies seems to agree with
the form Eq. (41). That is the basis for our neglect of
the electric quadrupole contribution to the resonance
term. The comparison of the energy dependence of
Eq. (41) is reserved for the next section. We shall
assume here that Eq. (41) may be used as a means for
obtaining, from the data on ~' photoproduction, the
resonance terms appearing in Eq. (40). For example,
we may use the 90' (c.m. ) cross section

g p(or/2) = 5W(g~~(singpp/orpo)o

where lV is the weight factor

W=2(2or)'e'ppp(1+(o/M) '(1+pp/M) '. (43)

Then, since OR is known to be a real number, Eq. (40)
may be rewritten as

f'W ( p' sin'8..(8)=
l
1- lS

a&Pp ( 2Pp (Pp —P cosO) )
p' sin'8

+-,' p4 sin'OG' —— —GS
Pp(Pp —P cosO)

(slnOpp)
+OR'pp

l l
(-,' sin'8+ 1), (40)

E orp' I

where the functions S(p—gi) and G(p, oo) are to be
obtained from Eqs. (33) and (34). The cross section
for neutral-pion photoproduction may be obtained from
Eq. (38). The result is

pppM (slnlpp)
g o(8) 4(2~),'go OR

(1+co/M)(1+pp/M) 0 orp' )
X (-; sin'8+1). (41)

a (8)= —,
' (2m-)'(1+co/M) —'(1+pp/M)

—
'ppp

Xg, Trl T(y, e,oi) l' (39)

Wgo(or/2) '
+2f

5Mpp

1 p sin'8
cosn33 ——

2 Pp
—P cosO

—cos8 S

g.+(8) =2(27r)oe'
(1+co/M) (1+pp/M)

fp -(
x

Q)p p,

p' sin'8
—,IS'(li —~)

2Pp (Pp —P cosO) J

the trace being with respect to nucleon spins. The
angle 8 is measured between ~ and y. When Eq. (37)
is inserted for T, we find the positive-pion photo-
production cross section

+po'(or/2) (op sin'8+1) (44)

The coupling constant f may be determined from
the threshoM behavior of the cross section. From
Eqs. (40) and (43) we find

$o+(8)/pg p= 2.32X10-"f' cm'/sterad. (45)

Experimentally, Beneventano, Bernardini, Carlson-I ee,
Stoppini, and Tau' find

(a+(8)/pg~=o= 11.3X10 "cm'/sterad,

p' sin'8
+-,'p' sin'OG'(p, oo) — G(y, oo)S(p —po)

Pp(Pp —P cos8)

which leads to the value

j'= 0.049, (46)
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for the coupling constant. This result differs from values
frequently quoted. ' partly because no attempt has been
made to incorporate additional recoil corrections into
our evaluation. Ke estimate that recoil corrections to
the m+ photoproduction should be obtained" by setting
f'= (1+m„/M) sfirs, where fir is the couPling constant
corrected for recoil. This gives fir'=0 065. which is in
closer agreement with other values. However the x
to tr+ ratio obtained in this way" is just (1+m /M)'
=1.32 which does not agree with that obtained from
the m photoproduction on deuterons by Beneventano
et c/. ,

' nor with the value obtained by detailed balance
from the Panofsky ratio combined with the x +~"
+I cross section. " These matters are important for
the interpretation of f' but they do not affect the further
analysis of the data since the correction occurs as a
constant factor in the direct matrix element.

Our comparison of the energy dependence of the
direct term with experimental results is based on Eq.
(44). We have substituted the values of o'(s./2) ob-
served at several energies into the equation and have
thereby calculated o+(8) at each of these energies. The
calculation was 6rst performed at 8=x./2 in order to
determine the one remaining parameter, P, the range
of the source function. Figure 1(a) shows the data at
8=x/2 in comparison with results of the calculation
for f'=0.049 and various values of P. For no value of
P is the agreement particularly good, but the behavior
below resonance seems to favor P=O, i.e., infinite
cutoff. Because the agreement is not very good and
because of the uncertainties concerning the value of f',
we have also calculated o+(s/2) for f'=0.07. Figure
1(b) shows the results in this case. A reasonably good
6t is obtained over the entire energy region for the
rather low cutoff P '=4.

The differential cross section at several diferent
angles has been calculated as a function of energy by
means of Kq. (44) for the two cases f'=0.049, P=O and
f'=0.07, P=0.245 with the results'4 shown in Fig. 2.

I & I l ~ 1 I

25XIO GM/STER

20

X

l- 15

O
0) 10

I I I I I I I I

(I)P 0
(2)g 0. 175
(5)/ *0.245

25 XIO CM/STER
' -50 2

/

/I
f (

// ', /'&. :.' 4): ~C

i'/
r //f. ' /i']'.'/

i''/ /

~' i( / I

/ /. .f (2)/t' r'

(3)

b'i
/. ~P'

i Yi'

150 200

20
X
O

O
~I5

10
egg *900

~ WALKER, TEASDALE,
PETERSON el VETTE

TOLLESTRUP KECK 8
WORLOCK

f «0.07
I I l I I I l I I I

250 XO 350 400
PHOTON ENERGY IN LAB (MEV)

/

/ /j.
'

~'] /:~
.// /
).'l ]'
///

//v
.// /

egg a 90
/~ Xw, (2)

WALKERs TEASDALE, ." ( )
PETERSON el YETTE

4 TOLLESTRUP, KECK
5 8 WORLOCK

(I) ~ «0
]P' f + 0.049 (2) ~,0I73

E
(0&p ~ 0.245

150 200 250 500 550 400
PHOTON ENFRGY IN I AB (MEV)

450

450

~ The argument is as follows: The direct matrix element may
be expressed as a sum of multipole terms. The displacement of
the pion charge density from the center-of-mass of the system
occurring in the multipole moment operators is reduced by a
factor (1+m /M) ' over its value in a nonrecoil theory. Thus
the electric dipole moment, for example, is reduced just by this
factor. The correction to the other moments is more complicated
but each contains the same factor and the remainder of the
correction may be obtained by shifting the photon energy to
&a'=(1+m~/M) 'ca. Hence, after summing all multipoles, the
direct matrix element is found to contain the factor (1+m~/M) '
and it is to be evaluated at a slightly shifted photon energy. No
such correction occurs for ~ production from neutrons since the
core carries a charge in that case. We may note that our fg'
could not correspond directly to the renormalized coupling
constant of Kroll and Ruderman since they find that the recoil
correction is divided equally between m+ and 7f- production in
first approximation. Applying the correction in the latter fashion
leads to a renormalized coupling constant fs=0.057 (compare
reference 23).

"Cassels, Fidecaro, Ketherall, and Wormald, Proc. Phys. Soc.
{London) 70, 405 (1957}.

'4To obtain the indicated curves, a positive sign has been
assigned to the interference term in Eq. (44). The opposite sign
leads to results diftering markedly from the available data.

(b)

Fio. 1. (a) Experimental valuesi of s.+ photoproduction cross
sections at 8, =90' compared with the theoretical curves for
f =0 049 and for d. ifferent values of the parameter P determining
the source size. (b) Experimental values' of x+ photoproduction
cross sections at 8, =90' compared with the theoretical curves
for f2=0.07 and for different values of the parameter P deter-
mining the source size.

The available data are also indicated in these 6gures.
Although large systematic errors in the data are
suggested by the discrepancies between groups of
investigators, it seems rather clear that the choice
f'=0.049 cannot be brought into accord with obser-
vation. Except for the lack of agreement with the
threshold behavior, the choice f'=0.07, /=0. 245 seems

adequate. No Grm conclusion can be drawn from these
results at the present time in view of the experimental
uncertainties.
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Fxo. 2. Experimental values' for m+ photoproduction cross sections at diGerent angles in the center-of-mass system compared with
the theoreticai curves for indicated values oi f and P. The points are taken from the curves fitted to the experimentai angular distri-
butions in the center-of-mass system at various energies. The errors shown are the averages of errors in the experimental values at
each particular energy.

VIL COMPARISON OF THE. RESONANCE
TERM VfITH EXPERIMENT

The moderately successful treatment of the direct
term in the previous section indicates that the relation-
ship', .'between the x+ and m' cross sections may be
reproduced by the assumption that an I=-,' magnetic
dipole resonance is responsible for all but the direct
photoproduction. tA'e have still to establish that the
shape of the resonance term is given correctly by the
theory. This can be accomplished most easily by com-
paring Eq. (42) with the measured values of o'(rr/2).
The comparison will be used to Qx the shape of the
cross-section curve and to determine the constant BR.

The energy dependence of the cross section can be
obtained from Eq. (42) only if the phase shift ass is
known as a function of energy. Since 8» divers from

the total phase shift n33 by an amount g~, some determi-
nation of q~, is needed to complete our program. One
suggestion" is that we set g~=0; then 833=n33, which
may be taken directly from the pion-nucleon scattering
data. A determination of the shape of o'(rr/2) by means
of Eq. (42) has been made on this basis, with the results
shown in Fig. 3. The experimental points shown in the
figure decrease rapidly with energy beyond the peak,
and the drop is much faster than the calculated rate."

It seems very likely that the failure is due to our
assumption g~=0. This phase shift is a measure of the

~' R. G. Sachs, Phys. Rev. 102, 867 (1956).
2'Others (see reference 5) seem to have found it possible to

reproduce the data on this basis by using Watson's expression
(reference 14) for the resonance term. However, this success
probably stems directly from Watson's extra factor co & mentioned
at the end of Sec. V.
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high-momentum components of pq and it has been
shown" that p& can be small over the energy range under
consideration only if there are appreciable contributions
to pq from momenta much larger than M, a result
seemingly inconsistent with our determination of the
cutoG in the source function.

In order to treat the case q~40, it is necessary to
consider the pion-nucleon scattering in some detail.
The total phase shift is rrss ——r)i+ass. In the one-level
approximation, 8» is given by
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Pro. 3. Comparison of experimental data' with Eq. (42), setting
8»=n» and taking 0.» directly from scattenng data.

where E,s, g, and Q are real constants. Q is an approxi-
mate expression for the inhuence of distant levels.

To hx g~ in the simplest possible way, we make use
of the fact that it depends only on the form of the
functions y, (k) and not at all on the degree to which
these bound functions are occupied by pions. Therefore,
if we consider a finite source, weak coupling theory,
the energy dependence of q& could in principle be
determined, and it would be independent of the magni-
tude of the coupling constant f In the .limit f~0, we

expect that all resonances become remote so that Eq.
(47) would be replaced by

~v
.4 .8 l.2 i.6 2D

ME.SON MOMENTUM (N QM. SYSTEM

Flc. 4. Comparison of the theoretical curve for o.» obtained
from Eqs. (47), (48), and (49), as a function of pion momentum
in center-of-mass system with experimental data. The points
chosen for comparison are taken from H. A. Bethe and F. de
Hoffmann, 3fesoes and Fields (Row, Peterson, and Company,
1955), p. 125, Fig. 343.

For finite f, Q expresses the influence of the multitude
of remote resonances, all but the one occurring within
the low-energy region. Hence we assume that Q does
not differ appreciably from its value in the limit f=0
and write

tangy= —aPsPp 'Q, (48)

where Q is now the constant appearing in Eq. (47).
We have used these equations to fit the values of

0.33 obtained from the data and And that a reasonable
fit can be obtained for any value of Q which is not too
large. In particular Q= 0 (which takes us back to qi ——0)
clearly gives the Chew-I ow curve. " However, as we
have seen, this choice of Q is not consistent with the
energy dependence of the pion photoproduction cross
section. Hence we have used the pion photoproduction
cross section combined with the scattering data to
determine OR and Q, the other constants, Ess and g,
being determined simultaneously. Figures 4 and 5 show
the fit to the scattering and m' photoproduction, respec-
tively, obtained with the constants

Ess ——1.858, Q= 0.02,

g'= 0.0504, 5K= 0.037.

The results appear to be quite satisfactory.

(49)

VIII. CONCLUSION

The basis for our analysis of the pion photoproduction
has been a quite general form of the static model of the
nucleon. By making use of simple physical arguments
we have reduced the pion photoproduction amplitude
to the sum of two easily interpreted terms. One of them

O' G. F. Chew and F. F.. Low, Phys. Rev. 101, 1570 (1956).
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Fro. 5. Comparison of the experimental values' of as(v/2) with
Eq. (42) using 8» as obtained from Eqs. (47), (48), and (49).

describes the direct photoejection of pions, and we have
used the two-parameter weak-coupling theory to de-
scribe that term. The other is the single-resonance term
suggested by the existence of a P-wave resonance in
pion-nucleon scattering.

Discrepancies between experimental results make it
difIjcult to draw conclusions about the direct term but
indications are that the coupling constant f'=0 049.
suggested by the threshold production of positive pions
is not consistent with the over-all energy dependence.
However, with the somewhat larger constant f'=0 07, .
a cutoff of P '=4 leads to a reasonable energy depend-
ence. This cuto6 is somewhat smaller than the nucleon
mass but it is not an entirely unreasonable value in
view of possible contributions of E mesons to nucleon
structure.

The relatively small value of the cutoff causes the
contributions of the line currents to the direct matrix
element to assume some importance. The line current
part of the direct matrix element ranges around ten
percent of the whole. These terms are, of course, essen-
tial to the gauge invariance of the static model.

The fact that the direct term does not seem to give
consistent results at both the threshold and higher
energy is somewhat disturbing. This may be an indi-
cation that the assumed form of the direct term is not
correct. In fact, our use of the weak-coupling approxi-
mation to describe this term was founded on the
notion of a small one-pion probability in the ground
state of the nucleon. Although the coupling constant,
f'= 0.049, suggested by the threshold behavior, is small,
the one-pion probability would be very large since a
small value of P (implying a large cutoG of the order
of the nucleon mass or larger) is required to obtain a
reasonable Qt to the data below resonance. Thus it is

possible that corrections to the weak-coupling result
become very important in the neighborhood of the
resonance and at larger energies. It is to be noted that
for fr=0.07, P'=0.06 the one-pion probability is about
20%, so the weak-coupling approach may not have
such unfortunate consequences in that case.

An alternative possibility is that the relationship
between m-+ and m' production is not given correctly by
taking into account a single resonance. More reliable
data would help to resolve these difhculties.

Comparison of the resonance term mith both the m'

and x+ production has led us to the conclusion that
Q&0; a simple one-term resonance formula for tannss
is not appropriate. "This would seem to imply that the
success of the Chew-Low plot" of p' coto.ss/ps is some-
thing of an accident. However, it must be kept in mind
that we have neglected retardation corrections to BR,
the matrix element of the magnetic moment. These
corrections would cause BR to be energy-dependent in
such a way that it should decrease with increasing
energy. However, the magnitude of the effect should be
small until co is comparable to or larger than the
dominant momentum components of the pion functions
in both the ground and excited nucleon states. In order
to account for the marked decrease in the resonance
cross section beyond the resonance, it would seem
necessary to have a cutoff considerably lower than the
value P '=4 suggested by the direct photoproduction.
We think it more reasonable to take BR to be constant
and to assume that the dropoff is due to the influence
of distant resonances indicated by the (rather small)
value Q= 0.02.

A number of other approximations have been made
in reducing the theoretical amplitude to so simple a
form. As far as we can estimate, errors due to these
approximations should not amount to more than ten
percent in the photoproduction amplitude. However
it may turn out that this is a poor estimate and that
the neglected terms can account for some of the dBB-
culties.

It should be noted that we have made no effort to
analyze the diGerential cross section for positive-pion
photoproduction in terms of S and P waves. Although
it is very convenient and has become customary- to
present the data in these terms, i.e., by writing

tr(f)) =As+At coslf+As cos 8,

we 6nd that the direct term contributes strongly to
terms of higher order in cos8 except at the lowest
energies. This clearly means that the D and higher
waves make an important contribution to the cross

2'The direct comparison was made only with the H cross
section. However, if the H measurements were in error and the
resonance term dropped oG slowly with energy, as though Q=O,
then the curves for 7f-+ production calculated from Kq. (44) and
appearing in Figs. 1(a) and 1(b) would drop off more slowly
above the resonance. Hence the discrepancies would be increased
and their resolution would require an even larger value of P and
lower value of the cutoG.
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section, as might be expected when the photon wave-
length is smaller than the pion Compton wavelength. ~

One of our original reasons for undertaking this
analysis was to seek evidence for or against the existence
of an S-wave pion-nucleon resonance with I=-,', a
resonance suggested by our original analysis' of the
scattering. Despite earlier statements" we have found

"This point has been made by Watson et al. (reference 7) and,
in more detail, by M. J. Moravcsik, Phys. Rev. 104, 1451 (1956}.

~ J. Enoch and R. G. Sachs, Bull. Am. Phys. Soc. Ser. II, 1,
168 (1956). The analysis reported here had been based on the
assumption that only S- and P-wave pions were important. It

no supporting evidence for the resonance. That may
only mean that excitation of the resonance state occurs
with a small amplitude. On the other hand, nonlinear
coupling of the S waves could account for the scatter-
ing" without recourse to a resonance so there seems to
be little reason to invoke the notion of a resonance at
the present time.

turns out that the D and higher waves contribute a large isotropic
term to the cross section which eliminates the need for the S-wave
resonance.

"Drell, Friedmann, and Zachariasen, Phys. Rev. 104, 236
(1956}.
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Mesonic Atoms: Radiative Yields of the ~-Meson L Series
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The total radiative yields of the I series from m-mesonic atoms have been measured for most of the ele-
ments &3 through &3As. The yield curve has a, broad maximum oi ~70% in the region 12 &Z&16 and de-
creases at both higher and lower Z values. This decrease is presumably due to competition from direct
nuclear absorption at the higher Z's and to nonradiative processes at the lower Z's. The yields are fairly
constant for 25&Z(30, suggesting a possible magic number effect at Z=28. The rapid decrease in yield
with decreasing Z cannot be attributed to competition between the simple Auger effect and radiative transi-
tions. The simple Auger transition probabilities are about 40 times smaller than the observed values. More
complex nonradiative processes are probably involved, such as those proposed by Day and Morrison.

' 'HE radiative yields of the m —L series have been
studied by the Carnegie Tech' and Rochester'

groups. In this paper we report on more recent measure-
ments of these yields. The experimental setup and
techniques used are similar to those described in the
preceding articles' ' on mesonic x-rays. The corrections
to the raw data are similar to those discussed in II,4

and they were made in an analogous manner.
The ~—L mesonic x-ray yields were measured for

most of the elements between 5B and 33As inclusive.
These elements and their x —L transition energies are
listed in Table I, columns 1 and 2. A ~'~-in. thick NaI
crystal was used as the x-ray detector for the elements
B through F. A ~-in. NaI crystal was used for elements
F through Si and a 2-in. crystal for Al and all higher.
Z elements. In addition, a 3-in. diameter)&3-in. thick
NaI crystal, stopped down to 1-'„-in. diameter by a lead
collimator, was used for measuring the yields of silicon
and higher Z elements. Each element was run at least

* Supported by the U. S. Atomic Energy Commission.
f Present address: General Atomic, San Diego, California.
f Now at Brookhaven National Laboratory, Upton, New York.' Stearns, DeBenedetti, Stearns, and Leipuner, Phys. Rev. 93,

1123 (1954).
2 Camac, Halbert, and Platt, Phys. Rev. 99, 905 (1955).' M. Stearns and M. B. Stearns, Phys. Rev. 103, 1534 (1956),

referred to hereafter as I.
4 M. B. Stearns and M. Stearns, Phys. Rev. 105, 1573 (1957),

referred to hereafter as II.

TABLE I. Energies and yields of the m-I series.

Element

5B
6C
7N
so
gF

11Na
gag
13Al
14Si
15P
«6S
ivCl
igK
20Ca
22T1
s4Cr
g5Mn
26Fe
g~Co
2SNi
lgCu
30zn
g3As

L~ energy

12.7
18.4
25.1
32.8
41.6
62.3
74.2
87.2

101.2
116.3
132.4
149.6
187.1
207.5
251
299
325
352
376
405
435
465

~560

Absolute L yield
per stopped

meson

&0.06
0.11~0.015
0.18%0.02
0.25~0.02
0.46&0.05
0.66&0.04
0.67a0.04
0.70+0.05
0.69&0.05
0.65~0.04
0.68+0.04
0.61~0.04
0.62~0.04
0.60&0.04
0.52%0.05
0.38~0.04
0.34&0.06
0.39+0.04
0.31a0.06
0.36a0.04
0.40&0.06
0.39&0.05

&0.19

Ratio of higher
transitions to

total yield

0.28
0.27
0.21
0.20
0.16
0.1.7
0.17
0.22
0.27
0.26
0.21
0.22
0.25
0.31

0.27
0.20
0.23

0.18

twice. The meson targets, up to and including titanium,
were identical to those used in the p-meson yield work. 4

The target material was packed uniformly inside of a
thin hollow Lucite cylinder, 1 in. thick and 24 in. in


