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Observation of Delbriick scattering is most feasible on heavy elements and in the 1-3 Mev region, where
the Born approximation is expected to be very poor. The Coulomb corrections to the known forward scat-
tering amplitude in Born approximation can be computed with the aid of the dispersion relations, making
use of theoretical and experimental knowledge of the total cross section for pair production. Explicit calcu-
lations are carried out for a lead target. The results show that the corrections are effectively much smaller
than anticipated. In the energy region of interest the corrections to the dispersive amplitude are only a
few percent. The corrections to the absorptive amplitude are largest (a factor of two near 1.33 Mev) where
this amplitude is negligible compared to the dispersive scattering amplitude.

HE scattering of photons by a Coulomb potential,
known as Delbriick scattering, is known for all
energies only in the Born approximation and only for
forward scattering.! In the high-energy limit the angular
distribution is also known.? Whereas the effect of
screening is only a small correction to these results,?
the use of the Born approximation is expected to lead
to large errors at low energies (1.33 Mev and 2.62 Mev)
where the relevant experiments are performed. The
reason for this expectation lies in the fact that the Born
approximation is the first term in an expansion of the
S-matrix in powers of the external field. The next term
is therefore a correction of order (aZ)? in the amplitude
(Furry’s theorem does not permit odd powers). For
heavy nuclei this implies a 309, correction. As a further
argument the connection of the absorptive Delbriick
scattering amplitude with the pair production cross
section is cited, and it is noted that the Born approxi-
mation for the latter breaks down in the 1-Mev region.
It is the purpose of this note to show that these
arguments are fallacious, and that the Coulomb cor-
rections are effectively at most of the order of 109, and
usually much smaller. By “effectively” is meant that
the large Coulomb corrections occur only in the absorp-
tive part of the amplitude and only at those energies
where this part is small compared to the dispersive part
(example: 1.33 Mev).
Consider first the total cross section for pair produc-
tion,

Opair(w) =aZ?¢T (w). 1)

The function I' (w) is well known in Born approximation
(Bethe-Heitler formula). At high energies Coulomb
corrections were computed analytically.t At lower
energies the Coulomb corrections were obtained numer-
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ically for several elements and energies.® I'(w) is con-
veniently separated into Born approximation and
Coulomb corrections,

I'(w)=Tp(w)+Tc(w). (2)

Davies, Bethe, and Maximon obtain for Pb (we use
natural units)

['eP?(w)=—1.03+11.8/w, A3)

the first term being the theoretical high-energy limit,
the second one an empirical correction. Equation (3)
agrees with experiments very well above 15 Mev.

A semiempirical formula between threshold and 15
Mev can easily be found using the few computed values®
and recent experimental results.® The complete semi-
empirical curve I'¢(w) for Pb is shown in Fig. 1.

The Delbriick scattering amplitude in the forward
direction, (aZ)*0(a1+1as), is also conveniently sepa-
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F1c. 1. The functions 10f(w) and I'¢(w) which determine the
dispersive and absorptive parts of the Delbriick forward scattering
amplitude for Pb. The semiempirical description of pair production
by Davies, Bethe, and Maximon is indicated. The asymptotic
forms are drawn as dashed,lines.
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F16. 2. Coulomb corrections for Pb to the dispersive part (a:%)
and absorptive part (a2%) of the forward scattering amplitude in
Born approximation. Note that different scales apply in the two
cases. The dashed lines are the asymptotic values.

rated into Born approximation and Coulomb correction,
a1(w)=a?(w)+ (), e(w)=0"(w)+a:%(w). 4)

The amplitude a,+47a,8 was given previously.!
The Bohr-Peierls-Placzek relation? gives

02 (@) =—To(w). 5)
A

Thus, @:¢(w) for Pb is known from I'¢(w) in Fig. 1.
The calculation of @:€ proceeds exactly as in Born
approximation. The dispersion relation yields

w?
(llc (w) =—P
7!'2

2

*Teo(w)dw
[ Lol . ©

w?i—w? 27

The function I'¢(w) was so chosen that it not only gives
a fair representation of the experimental results, but
also can be expressed in terms of simple analytical
expressions, so that (6) can be integrated in closed form.
The result, expressed by f(w), is also given in Fig. 1.

The shape of f(w) is not very surprising. Since T'¢
has the general appearance of a distorted absorption
curve, f, as computed via the dispersion integral (6),
has the typical appearance of a distorted dispersion
curve. We further note that I'¢c=0 at about 6 Mev
(Born approximation incidentally exact at that energy).
Near that zero f has a minimum. The maximum of f
occurs near the production threshold (very close to
1.33 Mev).

7 Bohr, Peierls, and Placzek, Nature 144, 200 (1939). For
further details see J. M. Jauch and F. Rohrhch T heory of Photons
and Electrons (Addison-Wesley, Cambridge, 1955), especially
Appendix 7.

F. ROHRLICH

For very small and very large w, asymptotic expres-
sions can be derived. One finds, for small w,

73 w?
(113—_—_ ) a10= "'0.0059(.02,
72 32 (N

a:%/aB=—-0949%, (vK1),
and for very large w,
7 9 v Inw 11.8
11,13=—-—w——+ (2 In2— 1)——, a10= _—— lnw,
18 4 w 27? (8a)
alc/a13= —154 (lnw/w)% (w))l),
109 11.8
~w(ln2w——), agc=-( 1. 03—{—-———)

(8b)
1—11.46/w )

a.C
—=—33.1 (———~———
a® In2w—109/42

The asymptotic values are indicated in Fig. 1.

Of special interest are the relative Coulomb correc-
tions. These are given in percent in Fig. 2. The correc-
tions to the dispersive part are seen to be small. They
are largest (—10 to —15%) in the region from 4 to 30
Mev. The largest positive correction is 2.5%, and occurs
near 1.3 Mev.

The absorptive part has a correction of ~—109,
above 10 Mev, no correction at 6 Mev, and a positive
correction below this energy. At 2.62 Mev, a,8+ia.?
=0.912410.265 is changed to ai+7a,=0.884-10.33.
At 1.33 Mev, a,B+1a.=0.2414-40.0058 is changed to
a1+1a;=0.247+140.0122. Thus, although the percentage
correction to asf is very large, it makes relatively little
difference in the cross section, since the dispersive part
is dominant.

The results just presented are for Pb and for the
forward scattering amplitude only. However, they
permit estimates of the Coulomb corrections for other
elements and for finite angles. In particular, the Born
approximation can now be expected to be fairly satis-
factory for all Z and for small enough impact param-
eters; this reasoning is based on the validity of the
impact parameter method at high energies? on the
results for the related process of Rayleigh scattering,?
and on the fact that for low energies and small angles
the dispersive part is dominant.
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