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An approximation procedure is developed and applied to the problem of determining the gravitational
and hydrodynamical fields associated with a plane-symmetric distribution of a perfect fluid with arbitrary
caloric equation of state in isentropic motion. Special relativistic hydrodynamics in co-moving coordinates
are discussed and methods are given for solving specific problems. These solutions provide a zero-order
approximation of the corresponding general relativistic problems. The linear equations describing the
higher order corrections are discussed and the application of the method of characteristics is pointed out.
The existence of shock waves in special relativity makes plausible their existence in general relativity, and
they may be used to avoid using physically unacceptable solutions of the field equations.

1. INTRODUCTION

T is the purpose of this paper to discuss by means of
an example an approximate procedure for solving
the Einstein field equations of general relativity. The
procedure consists of considering the coefficients of the
metric tensor as a power series in the constant

k=81G/c, (1.1)

where G is Newton’s constant of gravitation, and
obtaining a sequence of sets of equations, each set of
equations arising from the coefficient of a single power
of k.

The Einstein field equations are

Ruv._%gle:——kTﬂ’” (12)

where T represents the stress-energy tensor which
“creates” the gravitational field. The equations ob-
tained by using the zero-order terms are

(Rw) @ =0, (1.3)

where the left-hand side is the Ricci tensor calculated
from the zero-order terms in the expansion of the g,,,
which we denote by g,,©.

We shall assume that g,,© represent a flat (Min-
kowski) space. This assumption will be shown to be
plausible for the example considered. Equation (1.3)
does not imply that space-time is flat, as has been
shown by examples.! By means of this assumption we
make the special relativity theory solution of a problem
the zero order approximation to the general theory one.

In dealing with the example to be described below it
is convenient to use a noninertial coordinate system in
the Minkowski space-time and therefore we do not
suppose that the g,,© are constants.

The example to which we apply the approximation
procedure is that of solving the Egs. (1.2) for a plane-
symmetric space-time where the stress-energy tensor
describes a perfect fluid with an arbitrary caloric
equation of state in isentropic motion. It has been
shown earlier? that for this case a co-moving coordinate

1A, H. Taub, Ann. Math. 53, 472 (1951).
2 A. H. Taub, Phys. Rev. 103, 454 (1956).

system can be introduced in which the field equations
become partial differential equations for the metric
tensor alone.

Because the special theory of relativity is to provide
a zero-order approximation to the solution obtained,
we devote the first part of the paper to a discussion of
the formulation and solution of the one dimensional
motion of a perfect fluid in terms of co-moving coordi-
nates.

In addition to leading to an example to which the
approximation procedure can be applied in some detail,
a plane-symmetric distribution of a perfect fluid in
isentropic motion leads to another problem of interest.
In classical theory and in the special theory of relativity
shocks occur in certain cases. These cases are discussed
in the general theory and it is shown that the same
difficulties arise in this theory as do in the special theory.
That this is so, is evident from the fact that the non-
linearity of the problem is confined to the zero order
approximation and that approximation is given by the
special theory of relativity.

2. LAGRANGIAN COORDINATES IN SPECIAL
RELATIVITY

In an inertial coordinate system in special relativity,
the line element is taken to be

1
ds? =dt2———2(dx2+dy2+ dz?) =gudxrdx,  (2.1)
¢

with a'=x, a’=y, 2®*=2, and x*=¢. The equations of
hydrodynamics in this coordinate system are the five
conservation laws: The four conservation laws involving
energy and momentum,

Tw ,=0, (2.2)
and the conservation of mass
(ou*), =0, (2.3)

where the comma denotes the partial derivative, the
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summation convention is used, and

(2.4)

MY — HagV — Ml’._p_
g —=cutu’—g
62 62

¢ b
Tw=p(1+—+——)uw—
2 p62

C

u* is the four-velocity of the fluid, p the rest density,
p the pressure, and

e=¢(p,) (2.5)

is the caloric equation of state of the fluid. The vector
field #* satisfies the equations

gutttu’=1. (2.6)
It may be shown that Eqgs. (2.2) imply that
TS, u*=0, (2.7

where T is the temperature and .S is the specific entropy,
these quantities being defined as functions of p and p
by the equation

TdS=de+pd(1/p). (2.8)

For the one-dimensional motion of a gas, we have

#?=43=0 and »! and #* functions of ¥ and ¢ alone. We
may write

w=1/1—u} wl=cu/(1—ud)?, (2.9)

where # is a function of x and ¢ and represents the
three-dimensional particle velocity in units in which
the velocity of light is one. Equation (2.6) is then
satisfied.

When the motion is isentropic, that is when

S(p,p) = constant, (2.10)

Eq. (2.7) is satisfied, and p is a function of p alone.
The five equations (2.2) and (2.3) then reduce to the
two equations

1 p U

(&) () o
c\(1—4)¥/, \(1—uw)/,

1/ 0cu a'c2u2

(o) ()
c\1—u? 1— u2 z

where the subscript denotes partial differentiation with
respect to the variable indicated. Equations (2.11) and
(2.12) are obtained from (2.3) and (2.2) respectively
by using (2.9) and by setting =1 in the latter equa-
tions.

The particle paths, the curves describing the world
history of a point of the fluid, are defined as solutions
of the ordinary differential equation

(2.11)

and

(2.12)

dx/dt=cu(x,t). (2.13)
Let us write the solution of this equation as
x=x(X,t), (2.14)
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where X is the value of % on this curve at =0. Equation
(2.14) then is said to give the world line of the “particle
X.” The variable X is the Lagrange coordinate of
classical hydrodynamics.

We write Eq. (2.14) as a pair of equations
r=x(X ), t=t, (2.15)

and consider these as a transformation from the
coordinates #, ¢ to X, #. Then Eq. (2.13) becomes

x4 =0x/ ' =cu, (2.16)

and the conservation of mass equation is equivalent to
the statement that

xx=0x/0X=po(1—u?)/p, (2.17)

where po is the density at {=0. It follows from the
second of equations (2.15) that

tx=01/0X =0, tp=0t/d=1. (2.18)

Equations (2.16), (2.17), and (2.18) together with
the rules of differentiation then imply that

X p

o _po(l—uz)%,

t_g_ —oup (2.19)
ot (1—ud)ipo

t =0t /3x=0,
ttl= 6t'/6l= 1.

Equation (2.1), the conservation-of-mass equation,
is simply the statement that X is a function of x and ¢
defined by the transformation (2.15). Differentiating
Eq. (2.17) with respect to ¢ gives

cux= (po(1—1%)/p)sr.

The rules of partial differentiation and Eq. (2.20)
enable us to write Eq. (2.12) as

poo i
( ) +cpx=0.
—u?)}

(2.20)

(2.21)

The coordinates X,# may be called Lagrangian
coordinates in special relativity. Since

dx=2xxdX+x,dt' = (po/p) (1 —u?)}dX +cudt’,
di=txdX+tydt =dt,
the line element (2.1) becomes

pot_\*
ds®= ( ( —uﬁ)%dt’—-—E —-aX
pcC

1p 1
— ~dX2——(dy2+dz2)
¢ p

(2.22)
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3. ORTHOGONAL CO-MOVING COORDINATES

The Lagrangian coordinates, X, #, are co-moving
since in this coordinate system

w*=u"dX /dx’=u'X+uX =0,

as follows from Egs. (2.19) and (2.9). However, they
are not orthogonal. An orthogonal co-moving coordinate
system may be introduced as follows: For isentropic
motions the integral

¢=—f dp/ac? 3.1)

defines a function ¢(p) since ¢ is a function of p alone
due to the isentropy condition. The quantity po
appearing in Eq. (3.1) is that value of the pressure
corresponding to the given entropy and associated with
the density po.

Now consider the equation

po %
dT=e—¢((1—u2)%d¢'—-3—dX . 3.2)

pc

This defines a function T'(#,X) if the right-hand side is
a perfect differential. The condition for this is of course

u
[e"”(l—u?)%:lx-i-[e"‘ﬁﬁ— =0,
or P (3.3)
po U po U
L= Te—px(i-i+(22) —6.2 %0
p ¢/ pC

Now from Eq. (3.1) we have
dx=— (1/(762)17)(, dpr=— (1/(762)Pu.
Moreover, since the motion is isentropic,

er=—p(1/p)e=—(p/p)e+1/p) 0.

(1/p)pe= (et p/p)i=(Po/p)e.
By using these results and Eq. (2.21), we may verify
that Eq. (3.3) is satisfied. Hence the equations
T=T(X"), X'=X, (3.4)

where the function T is defined by Eq. (3.2), define a
coordinate transformation to an orthogonal co-moving
coordinate system in which the line element is given by

That is,

po*

ds?=e#dT*—

1
dX*——(dy*+dz?). (3.5)
(po)? ¢
where we have dropped the primes since they are no
longer needed for clarity. The quantity ¢ is a function
of X and T, p is a function of ¢, determined through
the relations ¢(p) and p=p(p), and po which represents

TAUB

the original density may be a function of X. However
by a suitable replacement of X by a function of itself
we may replace the line element by one of the form of
(3.5) with po a constant. In the coordinate system in
which Eq. (3.5) holds, the velocity field is given by

(3.6)

since the coordinate system is obtained by a time
transformation from a co-moving one and since the
velocity vector must be a unit time-like vector.

ut=e %% 4,

4. EQUATIONS OF MOTION IN CO-MOVING
COORDINATES

We may of course formulate any problem in special
relativistic hydrodynamics in terms of the X, T coordi-
nate system since that theory is an invariant one. If
this is done we must obtain a method for determining
the function ¢(X,T) which determines the velocity
field and the pressure field (and hence the density field).
Conversely, for any problem in hydrodynamics for
which the velocity fields and the pressure field is known
in an inertial frame, we may determine the function
o(X,T).

In the X, T coordinate system the conservation
equations, Egs. (2.2) and (2.3), which describe the
motion of the fluid become

Tw,,=0, (4.1)
and

(pu"); =0, (4.2

respectively, where the semicolon represents the co-
variant derivative with respect to the metric tensor
given by Eq. (3.5). These equations are identically
satisfied. We verify this statement for Eq. (4.2). A
similar argument applies to Eq. (4.1).

Equation (4.2) may be written as

a9
—_ — w1=(.
N 6x“[\/ (—g)pur]

On substituting from Egs. (3.5) and (3.6), we see that
since

V(=8 =e%no/ (c*p),

the above equation becomes

(po)r=0,

which is identically satisfied as a consequence of po
being a constant.

Since Egs. (4.1) and (4.2) do not impose any re-
strictions on the function ¢(X,T), it would appear that
this function could be arbitrary. However this is not
the case. Since we are dealing with special relativity,
the space-time described by the line element (3.5)
must be the Minkowski one. That is, the Riemann-
Christoffel curvature tensor must vanish. To each
¢ (X,T) for which this condition is satisfied, there then
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corresponds a hydrodynamic motion determined by
the world lines of the particles of the fluid which are
the curves

x=x(t),

given parametrically by the equations
x=x(X,T), t=¢X,T), 4.3)

where X is kept fixed to obtain the world line of the
particle X,

Equations (4.3) are the transformation equations
from the orthogonal co-moving coordinates (X,T) to
the inertial ones #, . They may be determined from a
knowledge of the function ¢(X,T) by solving the metric
tensor transformation equations. We shall discuss these
equations later. :

5. DETERMINATION OF ¢

The situation encountered here, of having the con-
servation equations satisfied identically as a result of a
condition imposed on the metric tensor and the choice
of the coordinate system, is precisely that found in the
general theory of relativity. However, in the latter
theory the requirement of the vanishing of the Riemann-
Christoffel tensor is replaced by the requirement that
the Einstein gravitational field equations be satisfied.
Since we shall discuss the field equations of general
relativity by an approximation scheme in which the
zeroth order approximation to the metric is given by
Eq. (3.5), where ¢ is determined as in the special
theory of relativity, we evaluate the Riemann-Christoffel
tensor for the case where Eq. (3.5) holds.

It may be shown that in this coordinate system the
only nonvanishing component of this tensor is?

e S AR R

Hence the requirement that the space-time be flat is
equivalent to the requirement that

€%/ po P
)z
A \p/rlp Lpo X
and hence there must exist a function W such that

e® / po
Wx =_(_) ’
¢ \p/r

°p
IVT=—-(64’)x.
Po

(5.1)

(5.2)

(5.3)

Equations (5.2) and (5.3) are equivalent to Egs.
(2.20) and (2.21) if the latter equations are expressed
in terms of X, T as independent variables and if the

3L. P. Eisenhart, Riemannian Geometry (Princeton University
Press, Princeton, 1926), p. 44.
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function W is given by the equation

1+u
W=3log—,
1—u

(5.4)

and # is the quantity entering those equations:. In
verifying this result one uses the rules of partial differ-
entiation, and Egs. (3.1) and (3.2) in the form

Ty=c¢(1—ud)} (5.5)
and
P
Tx=——t. (5.6)
p C

Thus, starting with the co-moving coordinate system
in which Eq. (3.5) holds, we find that the requirement
that space-time be flat is equivalent to Eq. (5.1), that
is, to an equation for the determination of ¢. This
equation is in turn equivalent to Eqgs. (5.2) and (5.3),
the form that the equations of motion in the original
coordinate system take when we introduce X and T as
independent variables. In the next section we show how
to define the function # (and hence W) by starting
from the co-moving coordinate system.

6. FUNCTION u(X,T)

This function represents the tangent in the x, ¢ plane
of the curve given parametrically by the Eq. (4.3)
where X is kept fixed. That is,

cu= xT/tT. (61)

Hence if we can determine the transformation from the
coordinate system X, T to the inertial one #, ¢, that is
determine the functions x(X,T) and {(X,T) we would
then determine the function % from Eq. (6.1).

Many methods exist for determining these functions.
For example, we may say that this as the classical
equivalence problem between two metrics. We consider
another one. Let x be defined as a solution of the equa-

tion
Po P
(e‘“’—xr) - (e¢—xx) =0, (6.2)
pc? T po x
such that
e ¥xr— o/ pd?)ax’= — . (6.3)
Define
tx=e"*(po/p)xr, (6.4)
and
tr=e*(p/po)xx. (6.5)

Equation (6.2) is the integrability condition of these
equations. Then it follows that

o 1 o
e 20— —ix?= ———(e"""’xf—cz——xxz) =1. (6.6)
o2 &2 po?
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The functions x and ¢ so defined are the transforma-
tion functions that were being sought, for Egs. (6.3)
and (6.6), respectively, give the g'* and g* components
of the metric tensor in the «x, ¢ coordinate system. We
also have

gé=e2xrip— (2p?/po?)xxtx=0. 6.7)
1t follows from Egs. (6.1) and (6.5) that
e %xr (902/ po)tx
: (6.8)
(P/ PO)xx e ¥ty
Equation (6.3) may be written as
xx=po/[p(1—uA)}]. (6.9)

Equation (6.2) may be written as

ORCHE

On substituting for xx, we_have

(gp(li)m)%)f((1:2)%);0- (6.10)

It is a consequence of Eqgs. (6.2) to (6.5) that

(vez), (), 0

Equation (6.5) may be written as

tr=e?/(1—u?)k. 6.11)
Hence we have
P 1 etu
L LT W
poc (1= \(1—u?)}

Equations (6.10) and (6.12) may be solved for ur
and ux to give

ur=(1—=2")c(p/po) (e*)x, ux=(1—u")(e*/c)(po/p)r.

These equations are just Egs. (5.2) and (5.3).

The formal results of Sec. 5 and this section may be
summarized as follows. In order to solve the conserva-
tion equations determining the isentropic motion of a
fluid in an inertial coordinate system, we determine a
function ¢(X,7T) and a function x(X,T) in which ¢ is
determined in terms of xx and xr. Since the coefficients
of Eq. (6.2) are known when ¢ is known, the equation
for x(X,T) is determined. The function ¢ determined
by the method outlined will satisfy Eq. (5.2) since
Eq. (5.3) are a consequence of (6.2) and (6.3) and the
definition of %, as a function of x7 and xx.

Another method consists in determining ¢(X,T) as
a solution of Eq. (5.1) and then determining x(X,T)

TAUB
and ¢(X,T) by solving the equation

ol

Ix'kox’r  luy

x>

ox'8’

(6.13)

subject to Egs. (6.6), (6.7), and (6.3), where the primed
variables refer to the co-moving coordinate system,
the unprimed ones to the inertial one, and the quantity
in parentheses is the Christoffel symbol computed from
the metric tensor given by Eq. (3.5). In this notation,
we have

Oxt/dx =1x,

9xt/9x' =xx,
dx/9x'B= g,

x4/ 9x'=1tr,
%'/ 9x't=xp,

(o, =2, 3).

It may be verified that Egs. (6.13) are equivalent to
Egs. (5.3) with # defined by Eq. (6.1).

Still another method is that used in classical hydro-
dynamics, namely, to determine functions W and ¢
satisfying Eqgs. (5.2) and (5.3) subject to the given
boundary conditions. The function x(X,T) is then
determined from the function #(X,T) by an integration.

7. BOUNDARY CONDITIONS

Before reviewing the methods for integrating Egs.
(5.2) and (5.3), we state the various conditions that
the functions # and ¢ may be required to satisfy. These
will be called boundary conditions here and they are of
two sorts: (1) requirements on these functions on the
surface {(X,T)=0, and (2) requirements on these
functions at certain fixed values of X.

For example, consider a tube of length L in an
inertial coordinate system filled with gas, closed at one
end by a rigid wall and at the other by a movable
piston. The tube and gas are initially at rest in the
inertial coordinate system and at constant pressure,
density and entropy. Move the piston in accordance
with the equation

(7.1)

where xo is a given function of ¢. It is required to find
the motion of the gas. The boundary conditions for
this problem are

#(x,0)=0

¢ (x,0) = constant,

x=xo(t),

u(x0(£) 1) =dxo/dt,
u(L,t)=0.

That is, on the initial surface ¢(X,T), » and ¢ are
prescribed and in addition % is prescribed along two
“particle paths” given by the parametric equations

r=x(X,T), t=t(X,T), (7.3)

with « equal to L in one case and in the other case
X=X, where X is such that the curve described by
Eq. (7.1) is given parametrically by Egs. (7.3) with
= 0.
The first two of Eqs. (7.2) are boundary conditions
of type (1) and the second two are of type (2). In

(1.2)
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other problems Eqgs. (7.2) are replaced by corresponding
statements.

8. CHARACTERISTIC FORM OF THE EQUATION

We now turn to the integration of Eqs. (5.3) which
may be written as

e po, P
Wx=———p'¢r, Wr=c—e*px,
c p? Po

(8.1)

where the prime denotes the derivative with respect to

.
It may be shown that* @, the ratio of the velocity of

sound to the velocity of light, is given by the equation

at=—p/p. 82)
We define the quantity
* dp ¢ o’\?
P Y A VR
0 P 0 P
Hence
vx=—(—p'/p)iox, ¥Yr=—(—0p'/p)i¢r. (8.4)

Multiplying the first of Egs. (8.1) by «, one obtains

d

ap
—r+—Wx=0. (8.5)
c pPo
The second of Egs. (8.1) may be written as
e p
—Wrta—yx=0. (8.6)
c pPo
Adding and subtracting these equations gives
e P e P
—rrta—rx=0, —sr—a—sx=0, (8.7
c po c Po
where
r=y+W, s=y—W. (8.8)

Equations (8.7) are the characteristic form of the
equations of hydrodynamics in terms of the Riemann
functions 7 and s. They state that r is a constant along
the curve given by

dX/dT=ce*(p/po)a,
and that s is constant along the curve
dX /dT=—ce*(p/po)a.

(8.9)

(8.10)

9. PROGRESSIVE WAVES

Solutions of Egs. (8.7) which are such that either
or s is constant are called progressive waves. They
propagate in one direction alone. We shall discuss the
case

s=yp=constant.
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Then
W =y¢—1yx,
and hence
u=tanh (Y —yo). 9.1)
The first Eq. (8.7) may be written as
(1/¢)pr~+ae®(p/po)px=0. 9.2)
This equation has as its general solution
f(@)=X—cae?(o/p0)T, (9.3)

where f(¢) is an arbitrary function. It may be deter-
mined from a boundary condition such as the third of
Egs. (7.2) by using Eq. (9.1).

Equation (9.2) states that ¢ is constant along
straight lines in the X, T plane with slope

T'=cae®(p/po),

and hence this quantity is the velocity of propagation
of ¢. Depending on the nature of the function f(¢)
this set of straight lines may or may not intersect
in the region of interest in the X, T plane. When they
do, as they will for a compressive motion of a piston
into a compressible gas, a shock forms and the differ-
ential equations no longer can apply. These equations
must be replaced by the Rankine-Hugoniot equations.*

(9.4)

10. COMPOUND WAVES

Solutions of Egs. (8.7) for which neither » nor s are
constant are called compound waves. Such solutions
are most readily obtained by interchanging the role of
independent and dependent variables in these equa-
tions.® This may be done since

J=rxsp—rrsx=2cae®(p/po)sxrx#0, (10.1)

by the definition of compound waves.
It is a consequence of the rules of partial differenti-
ation, that

IX,=sp, —JXs=rp, —JT.=sx, JT.=rx. (10.2)
Hence Egs. (8.7) are equivalent to
X,~TT,=0, X,+TT,=0. (10.3)

On adding and subtracting these we obtain, after
using Eq. (8.8), the equations,

Xy4+TTw=0, Xy+TTy=0. (10.4)

Since T defined by Eq. (9.4) is a function of ¢ alone
and hence of ¢ alone, the second of these equations
states that there is a function of Z(y,W) such that

T=Zw=2,~2,, X=—TZy=—-T(Z,+Z,). (10.5)
The first equation is then the linear equation
Zww— (1/T)(T'Zy)y=0, (10.6)

4 A. H. Taub, Phys. Rev. 74, 328 (1948), p. 332.
5 A. H. Taub, Ann. Math. 47, 811 (1946).
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which may be written as

Zww—Zyy— (logl')yZy=0,
or as

Z .+ (logl") 4 (logl"), 1(Z,4+Z,)=0.  (10.7)

Solutions of this linear equation define X and T as
functions of # and s by Egs. (10.5). On inverting
these, that is solving for » and s as functions of X and
T we obtain solutions of Egs. (8.7), that is solutions
of our original problem. We may obtain x and ¢ as
functions of ¥ and W (hence of 7 and s) by noting that
the line element of the Minkowski space may be written
as

1 2
ds2=e2¢(T¢d¢+TWdW)2——2(i) (X ydp+ X wdW?
C Po

1
——(dy*+dz?).
62
That is,
1
ds* = g1+ gadfdW + god W ——(dy?+d7),
C

where

1/0\2
g1=e2¢T¢,2——(—) X2
c pPo

—ewzwy—— ) L2007,
g2=2zw[a¢zww—;1;(i)2r(rz¢)¢],

83—62"’(ZWW)2——( ) (TZyw)™

The functions x(¥,W) and {(y,W) define a transfor-
mation of coordinates in the Minkowski space which
may be evaluated by solving equations of the form of
Egs. (6.13). This is equivalent to solving the equations

xx=po/(1—u?}, wr=cuet/(1—u?)},

which follow from the results of Sec. 6.

11. FIELD EQUATIONS IN CO-MOVING
COORDINATES

It has been shown? that in a space-time with plane-
symmetry in which the gravitational field is created by
a perfect fluid at constant entropy, we may introduce a
co-moving coordinate system in which the line element
has the form

1 /po\? 1
dsz=e24’dT2——2—(—) e—4HdX2——;e2H (dy*+dz?), (11.1)
c c

where po may be taken to be a constant, ¢ is related to
the pressure by Eq. (3.1) and hence p is a function of ¢,
and H is a function of X and 7. The velocity vector

TAUB

of the fluid is
uk= 6_¢54" .

(11.2)

The Einstein field equations, in this coordinate

system, may be taken to be

) .
—_ 2HHX

- P
—® (HT8_¢)T+3 (e—¢HT)2~ 62(62H—Hx)
Po

po

+2—p—ew¢x) ——kp, (11.3)
Po

pr p p
e *H 7[36“4’11 T-I-Ze—‘i’—]-}- 26232H_( AH_ ¢ )
P 0 X

2
+3C2(62H£HX) =—k(p+p)=—k(p—0oc®), (11.4)
PO

px pr
— (M) r—— (M) x—,
P 0

(b 0
°r ( (em)rfe (11.5)

where & is given by Eq. (1.1) and the prime denotes
the derivation of p with respect to ¢.
Equations (11.3) to (11.5) are derived from the
equations
Rw—LgmwR=—k2T*

by using the line element (11.1) and Eq. (11.2).

The problem of determining the gravitational field
and one-dimensional isentropic motion of a perfect gas
subject to certain boundary conditions, when formu-
lated in terms of the co-moving coordinate system, is
analogous to the problems formulated and discussed for
such motions in special relativity. Thus the line element
(11.1) and that given by (3.5) differ only in the presence
of the function H(X,T). This function is related to ¢
by the field equations. The conservation equations,
Egs. (4.1) and (4.2) are again automatically satisfied.
We shall show that an equation which reduces to (5.1)
in the limit 2=0, H=0 is a consequence of the field
equations, Egs. (11.3) to (11.5).

The particle paths, Egs. (4.3) with X fixed, provide
a mapping from the line element given by equation
(11.1) to another one for a curved space time. For
problems in which the boundary conditions may be
expressed in terms of co-moving coordinates, the deter-
mination of these curves is unnecessary. In some prob-
lems, stated in a coordinate system which differs from
the co-moving one, it may be necessary to determine
these curves.

(11.6)

12. INTEGRABILITY CONDITIONS FOR THE
FIELD EQUATIONS

The system of field equations, Egs. (11.3) through
Egs. (11.5) contain only the first derivations of the
function ¢ and if ¢ is known, they presumably determine
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the function H. However, the function ¢ may not be
chosen arbitrarily. To see how this comes about, we
recast these equations into another form. Let us define

U(X,T)=ce*™ (p/po)Hx
and

V(X,T)=e¢%Hr. (12.2)

Then since we must have
Hxp=Hrx,

it follows that the functions U and V must satisfy the

equation
7

P I
e *Up—c?H—Vx—e¢—Udr
o p
p
—ceH—pxV=2UV. (12.3)
po

In terms of the variables U and V the system of
equations (11.3) through (11.5) may be written as

P
26V p=2cUH—px—kp+U—3V2,
pPo

(12.4)

P 4
265U x = —2—Vetdp+k(p+p)—3U2—3V2, (12.5)
p0 p

and

P
26—4’UT=2V(062”—¢X—U), (12.6)

"~ Po

respectively. Subtracting Eq. (12.6) from (12.3), one
obtains

P o
ZGeZH—VX=—2U(—¢T6“¢—I—3V). (12.7)
Po P

Thus the system of field equations may be considered
as a system of first order equations consisting of Egs.
(12.1) and (12.2) and (12.4) through (12.7) for the
quantities H, U, and V. In order that they admit a
solution it must be so that Vxr=Vrx and Uxr= Urx.
These integrability conditions imply conditions on the
function ¢, which we shall now obtain.

We may solve Eq. (12.4) for V7 and differentiate the
resulting expression with respect to X. After some
manipulation involving the use of Egs. (12.4) to (12.7),
we obtain

p
Vex= U[(cem—e%x) - Ue%x—l—e‘i’Ux]
Po X

- V(£_¢X¢T+3 Vetpx+3e? Vx) . (12.8)
P

Similarly we may solve Eq. (12.7) for Vx and differ-

(12.1)
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entiate it with respect to T to obtain

Po e*H py
Vxr=U{|{e2H—) ¢¢| —— —(—e*V?+V7)
pc/r T ¢ p

—-ZV(e—”’E) I—V(p—¢X¢T+3e¢¢XV). (12.9)
oc/ T P

Subtracting Eq. (12.9) from (12.8), we obtain

" 1
U! (c&”ie%x) ——[(e“mﬁ) e“¢]
pPo x C prT T

p
e 3y 4+ V2 U7 ] —0. (12.10)
pc
Similarly the condition
Uxr=Urx,

may be shown to be equivalent to

P 1 P
(erzeo) A2,
Po x C p/T T

+e¢—2Hﬂ(%kp’—{— V2—07) } =0. (12.11)
pc

Since U and V cannot both be zero when p and p'5<0
we must have as a condition on ¢ the equation

p 1 Po
Q= (ce”’—e%x) —-—[ (e‘"’—) e“”]
Po x ¢ P/ T T

+e"”2H£E(%kP’+ V2—U?%=0. (12.12)
. pc

Note that when 2=0 and H=0 the line element given
by Eq. (11.1) becomes the same as that given by Eq.
(3.5) and Eq. (12.12) is just Eq. (5.1), the condition
that the space-time be flat.

13. EQUIVALENT FORM OF THE FIELD EQUATIONS

We have seen that the problem of solving the field
equations is equivalent to solving the system of Egs.
(12.1), (12.2), (12.4) through (12.7) and for the func-
tions H, ¢, U, and V. In this section we show that
Egs. (12.4) through (12.7) may be written in another
equivalent form.

If we multiply Eq. (12.4) by Ve? and Eq. (12.6) by
— Ue?® and add, we obtain

2(VVe—UUr)=—kpVet+3Vet (U2—V?).
On multiplying this equation by €*¥, we may write it as

[SE(VE—=U?)Jr=—3kp(H) 1. (13.1)
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Similarly, if we multiply Eq. (12.5) by — (1/c)e™*#
X (po/p) U and multiply Eq. (12.7) by (1/¢)e"2H (po/p)V
and add, we obtain

[ (V= U Ix= —}k(p+2') ().  (13.2)

Equations (13.1) and (13.2) together with (12.1)
and (12.2), the definitions of U and V, imply Eqgs.
(12.4) through (12.7) when U0 and V0. To see
this, we note that it is a consequence of Egs. (13.1)
and (13.2) that

[p(e)r]x=[(p+#") (&)x]r.
That is,

P (&) xr— p'dx () r+ (p+9") dr(e#) x=0.

However, it is a consequence of the definition of p(¢)
[see Egs. (2.7) and (3.1)] that

(p+2")'=2"0"/p. (13.3)
Hence since p'5%0, we may write the above expression as
Hxr+3HxHr—¢xHr+ (o'/p)prHx=0, (13.4)

which is another form for Eq. (11.5); thus Egs. (13.1)
and (13.2) together with Egs. (12.1) and (12.2) imply
Egs. (12.6) and (12.7).

If Eq. (12.6) is substituted into the equation pre-
ceding Eq. (13.1), we obtain

Ve¢[2e‘¢ Viy—2ce?® (p/po)(ﬁxU—]— kﬁ— U*+3 V2:] =0.

When V0, this is Eq. (12.4). Similarly we may show
that when U0 Eq. (13.2) implies Eq. (12.5).

14. APPROXIMATION PROCEDURE

We shall use an approximating procedure for solving
the system of field equations, Egs. (12.4) to (12.7),
together with the defining Egs. (12.1) and (12.2) and
the integrability conditions, Eq. (12.12). The scheme
we shall use is similar to that of Einstein, Hoffmann,
and Infeld®and that of Einstein and Infeld” in discussing
the motion of singularities in the gravitational field.
However, it differs from the latter methods in that we
use expansions of the gravitational field quantities in
terms of the constant k instead of some velocity. This
will free us of the necessity of assuming that time
variations of the field quantities are small compared to
spatial ones. ’

Expansions of the type used below have been used by
McVittie? for determining integrals of the classical
equations of hydrodynamics from solutions of the
Einstein field equations. Thus McVittie has used the
general formulation of relativistic hydrodynamics to
obtain solutions of classical problems. The approach
given below uses special relativistic solutions of hydro-
dynamical problems as the first terms in series expan-
sions of general relativistic problems.

More precisely, our program is the following: we

¢ Einstein, Hoffmann, and Infeld, Ann. Math. 39, 65 (1938).
7 A. Einstein and L. Infeld, Can. J. Math. 1, 209 (1949).
8 G. C. McVittie, Quart. Appl. Math. 11, 327 (1953).
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write
k2 k3 w bi
¢=0O+kp®O+—0D+—¢®F ... =3 @ (14.1)
2! 3! =0 gl
k2 w ki
H=HO+4+ErHO4—H®4...=> —H®, (14.2)
2! i=0 ¢!

These expressions are substituted for ¢ and H in the
equations listed in the above paragraph, and coefficients
of like powers of & on both sides of each equation are
equated. We then discuss solutions of the resulting
system of equations.

It follows from Eqs. (14.1) and (14.2) that

= (d'¢/dk?) k=0

HO= (dH/dk?) e, (14.4)

respectively. That is, the superscript () on each of
these quantities represents the ith derivative of the
quantity with respect to k evaluated at £=0.

If F is an analytic function of ¢, H, and their first
derivatives, we may write also:

(14.3)
and

w ki
F=Y —F®, (14.5)
=0 7}
and again
F®O=(diF/dk?) 0. (14.6)

The right-hand side of the last equation may be evalu-
ated by using the rules for differentiating a function of
a function. It then follows that the various sets of
equations we must consider may be obtained by
differentiating with respect to % both sides of Egs.
(12.4) to (12.7) an appropriate number of times and
setting #=0. The equations resulting from differenti-
ating » times with respect to & will be called the nth
order equations.

15. ZERO-ORDER EQUATIONS

These €quations are obtained by setting £=0 in the
field equations and the defining equations. We then
obtain

cHxO = (e2Hpo/p)OU, (15.1)

HpO=(¢0) Oy ©® (15.2)

for Eqgs. (12.1) and (12.2), respectively, where we use
the notational device of denoting the rth derivative of
a quantity with respect to % evaluated at k=0 by
putting parentheses around the quantity and using a
superscript . The set of Eqgs. (12.4) to (12.7) inclusive
becomes

2V 7@ =2cUO (¢2Hp/po)© (¢%) x©

+ ()@ (U©@)2—3(e?) O (VO),  (15.3)
26V 5O = — 22y /p)OT©
XL (o'/p)pre—#+3VI™, (15.4)
2070 =2VOLe(ep/po)px— UV (e4), (15.5)
2cUx = (¢7*Hpo/p)®[2(p"/p)e~*dprV
—302—-3V7]®, (15.6)
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The integrability conditions of Egs. (15.2) and (15.1)
are satisfied as a consequence of (15.4) and (15.5).

Equations (15.3) to (15.6) may be derived from the

equations

Rww=0 (15.7)
by using the coordinate system in which the line
element is given by Eq. (11.1) with ¢=¢©® and
H=H®, This statement follows from the fact that the
equations we are concerned with are a consequence of
Egs. (11.6) and the latter equations reduce to (15.7)
when we set k=0. In general the zero-order equations
are contained in the field equations for an empty
space-time.

It is known! that plane-symmetric space-times satis-
fying (15.7) are one of two sorts: (1) those in which
there exists a coordinate system in which the line
element may be reduced to

1
ds®= (a—l—bx)“%( dtz——dx2)
52
1
= (a+bx)—(dy*+dz), (15.8)
C

and (2) those which are flat—that is, those for which
the Riemann-Christoffel curvature tensor vanishes.

We shall assume as the zero-order solution of Egs.
(15.3) to (15.6), the solution of Egs. (15.7) correspond-
ing to the flat-space time. There seems to be no general
justification for this assumption. In its favor, it may be
said that the zero-order solution equivalent to the
metric given by Eq. (15.8) has a singularity in it that
makes it plausible that it corresponds to a gravitational
field outside of matter. In the present discussion we are
concerned with the gravitational field inside of matter
and therefore discard the possibility represented by
the metric given by Eq. (15.8).

It is evident from Eqgs. (15.1) to (15.6) that

HO®=0 (15.9)

is a solution of these equations. The argument given
above shows that this is not the only solution. However,
from the discussion given of special relativistic hydro-
dynamics it is clear that Eq. (15.8) is consistent with
the assumption we are making, namely that the space-
time determined by H® and ¢© is flat. The equation
satisfied by ¢©@ will be determined from the first order
equations.

It is a consequence of Egs. (15.1), (15.2), and (15.9)
that

UO=y©0=, (15.10)

16. HIGHER ORDER EQUATIONS

By solving Eqs. (12.1) and (12.2) for Hx and Hr,
differentiating the resulting equation # times with
respect to k& (where n>1), setting k=0, and making
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use of Egs. (15.8) and (15.9), we obtain

poe—2H (
) U™, (16.1)
p

Po n—1
Hx®W=—U®+Y C, (
p(o) r=1

n—1
Hy™W=(e)OV+ 3 C, ,(e8) DV =), (16.2)
r=1

where C,, , denote the binomial coefficients.
Similarly the system of Egs. (12.4) to (12.7) lead
to the equations
p©
V™ =c[ (e4) O] x—Ur+Fin,
Po

(16.3)

po /0 ©
ch("’=—U("’7) —¢re® ) +Fs, (16.4)
P\ p
)
+F3n)

P
U gt = 770 (5e¢—¢x (16.5)

Po
’ ©
pop
cUxW=—pym (—Ze*%:r) +Fyn. (16.6)
P

The functions Fan (@=1,2,3,4) depend on ¢ and
H® with r=1, 2, ---, n—1, and the derivatives of
these functions with respect to X and 7.

The explicit expressions for the F,, are:

n—1 P (r) "
Fin=c¥ Cn, *&H+¢¢X) U= ——(¢#p) =D
2

r=1 Po

nt U2\ (=0
+ Z Cn,r(e¢)(r) ("")
r=1 2
n—1 V2 (n—r)
—33 Cp (%)™ (-2—) ., (16.7)
r=1

n—1 p, po (n—7)
Fanm— 3 Cn,,U(')(e*¢—e"2H—¢T+3V) . (16.8)
r=1 P

n—1 P (n—7)
Fa.= > C,, TV(”(cem—e%x—— U) ,

r=1 po

(16.9)

n—1 pop’ (r)
F4n= Z Cn, r(e_2H_—e—¢¢T) V(n—-r)
r=] p2

" po\ "D
P
2 P

n—1 Do (r)
_% Z C., r(eng_) (U2+ V2)(n—-—r). (1610)
r=1 p

If fis any analytic function of H, ¢ and their deriva-
tives with respect to X and 7', we assume that we may
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represent it by the convergent power series

o kt .
f=E 5.
i=0 7!
Hence
w Pkt )
fx=3 —fx®
i=01!
and
() (d"f ) -ue
x)\" = e X k=0—- X.
Similarly

(fT)(n) = (f("))T-

These observations may be used to study the inte-
grability conditions of the pairs of equations (16.1)
and (16.2), (16.3) and (16.4), and (16.5) and (16.6).
Since Hxr{® = (HXT)(") and Hrx™= (Hrx) » we have

Hxr'W—Hrx™= (Hxr—Hrx)™.

Hence the integrability condition of Egs. (16.1) and
(16.2) is satisfied if the #nth derivative with respect to
k evaluated at £=0 of the integrability condition of
Egs. (12.1) and (12.2) is satisfied, that is, if such an
nth derivative of Eq. (12.3) is satisfied. However, this
condition is satisfied for it is merely the difference of
Egs. (16.4) and (16.5).

Similarly the integrability condition of Egs. (16.3)
and (16.4) is given by

> Co, TNQ—1 =0,

r=0

(16.11)
and that of Egs. (16.5) and (16.6) is given by

Y. Ca, VOQ=1 =0,

r=0

(16.12)

where © is defined by Eq. (12.12).
If »=1, Egs. (16.11) and (16.12) together with
(15.10) imply that

QO =0. (16.13)

If Egs. (16.11) and (16.12) are satisfied from =1, 2,
- - -, m, then we must have

Qm=0, 5=0,1, ---m—1. (16.14)

When the functions H®=0, H®, -.-H™ D and the
functions ¢©@, ¢®, - - -¢™ are known, we may deter-
mine ¢V by solving Eq. (16.14) with #=m— 1. Then
the quantities F., in Egs. (16.3) to (16.6) are known
as well as the coefficients of U™ and V(® appearing in
these equations. These are nonhomogeneous linear first
order partial differential equations. The only nonlinear
equation we have to deal with is Eq. (16.13) which, as
was pointed out earlier, is Eq. (5.1), the equation which
holds in special relativity for the determination of the
function ¢ and whose solution was discussed in the
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earlier part of this paper. Thus the nonlinearity of the
field equations has been concentrated in the zero-order
equation for ¢, that is, in the special relativistic approxi-
mation to the problem.

17. FIRST-ORDER EQUATIONS

On setting »=1 in the above equations, we obtain
for Egs. (16.1) and (16.2) the equations

cHx®=UWpo/p®, (17.1)
and
HyW=(e))Oy®, (17.2)
respectively. Equations (16.3) to (16.6) become
V@ =c[(9)Ox (0@ /po) UD — 1 () 0 p©, (17.3)
V3= U (¢4 (p/pO)s, (17.4)
Ur® =V D¢(e9)© (5 /p)px®, (17.5)

U0 = VO (oo/p®) () O+ O+ /6, (17.6)

respectively.

It may be verified directly that the integrability
conditions of Eqgs. (17.1) and (17.2) are satisfied as a
consequence of Eqgs. (17.4) and (17.5). The integrability
conditions of the pair of equations (17.3) and (17.4)
and the pair of equations (17.5) and (17.6) are satisfied
as a consequence of Eq. (16.13) which is the same as
Eq. (5.1), namely

c[(e*)xp/po]x®—[e*(po/p)rJr®=0. (17.7)

The function ¢® may be determined by Eq. (16.14)
with #=1, that is, by the equation

e \© pop’\ ©
feey el Ay
po XX o 7
P © o
o (Bowe) m0] [ 2] o]
po x p@ g T

Po ©
+ (e"’—p’) =0. (17.8)
2p
If we write

© (e4)©@
<I>(l)=(£) .E_L_d,(l)’

Po T

we may write Eq. (17.8) as
[TV ]xx—[®D/T Jrp+DP =0, (17.9)

where D is given in terms of H® and ¢ by the sum
of the last three terms of Eq. (17.8) divided by ¢? and

p (—p\®
I'= ce“’— —l—) y
po N p
and is the value obtained from Eq. (9.4) by setting
¢=¢© in that equation. The quantity T is therefore

(17.10)
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the special theory of relativity velocity of sound in
orthogonal Lagrangian coordinates. :

Methods for dealing with Eq. (17.7) were described
earlier. In discussing the solution of Egs. (17.3) to
(17.7) it is convenient to introduce the characteristic
curves in the X, T plane (see Sec. 8). We define the
curves of parameter o as the solutions of the ordinary
differential equation, Eq. (8.9). Thus

Xo—TT,=0. (17.11)

Similarly we define the curves of parameter 8 as the
solutions of
X ,9+I‘ Tﬁ= 0

Then, for any function f(X,T), we have
fa:'-' fTTa+fXXa= Ta(fT_l_I‘fX)’

fo=frTs+fxXp=Ts(fr—T fx).

Equations (17.1) and (17.2) are then equivalent to
the equations

(17.12)

and

H O = (e2)OTAVO+[(—p/p)]OU®}. (17.13)
He® = (e?) OTo[VO—[(—p/p)]OUV]. (17.14)
Similarly Egs. (17.3) to (17.6) become
V= —=UDY, O —3(e?p)OT,, (17.15)
V5= U503 (c#p) 0T, (17.16)
U= = VOPO AL (= /st (p+ )]0 T, (17.17)
and
Us®W =V =4[ (—p/p")ie? (p+p')]OT5, (17.18)

respectively, where ¢ is defined as a function of ¢ by
Eq. (8.3). By adding and subtracting Eqs. (17.15) and
(17.17), we obtain

[(e)©(VO+T®)],

=3TA[(—p/p")(p+p")—pJet+*} @, (17.19)
and
[(e—»lf) (0) ( Vo U(l))]a
=—3To{[(—p/p")i(p+p)+ple ¥} @, (17.20)

respectively.
Similarly, by adding and subtracting Eqs. (17.16)
and (17.18),

[(eH)O(vo4+Tm)]s

=—3To{l(=p/p ) (p+p")+ple¥t2}@, (17.21)
and
[(eHOVO-UD)]g
=3Ts{[(—p/0 ) (p+p)—ple*?}@, (17.22)

respectively. Equations (17.19) to (17.22) are of course
equivalent to Egs. (17.3) to (17.6). Hence the solutions
of the latter may be determined by quadratures when
the function ¢© (X,T) or ¢© («,8) is determined by the
methods discussed in the earlier part of the paper.
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Thus, for example, if ¢©@ is such that it describes a
progressive wave (see Sec. 9), then it follows from Eq.
(9.2) that

6.0=0.

Thus ¢© and hence ¢©@, p©@; and p© are functions of 8
alone. Equations (17.19) and (17.20) may then be
integrated immediately to give

VoL pyo

=3T{[(=p/p")}(p+1)—ple?}O+4(6), (17.23)
VO_pyw

=—3T{[(—p/p")}(p+p")+p1e?} O+ B(B), (17.24)

where 4 (8) and B(8) are two functions of the variable
B which must be chosen so that Egs. (17.21) and (17.22)
are satisfied. Substituting from Egs. (17.23) and (17.24)
into the latter equations we obtain first order ordinary
differential equations for 4 (8) and B(B). These are

(TAe¥)s=—Ts{[(—p/p")(p+1)+ple¥+4}©

—{TL(—=p/p")t(p4p")—ple¥4}5@, (17.25)
and
(TBe*)g=Ts{[(—p/p")i(p+p")— plet**}©@
+{TL(—=p/0") i (p+ ")+ pet+2}5©. (17.26)

The solutions of these equations depend on a single
arbitrary constant.
It follows from Egs. (17.23) and (17.24) that

VO=—3Tpes 43[4 (8)+B(B)], (17.27)
UO=3T(—p/p")i(p+p"e*+35[A(B)—B(@)]. (17.28)

When these quantities are substituted with Egs. (17.13)
and (17.14), we obtain equations for the determination
of H,® and Hg®, namely

H O =32TTo p— (p/0") (p+1)]
+34(B)[1+4(—p/p")'e*Ta

. +3BB)1—(—p/p)¥]e*Ta, (17.29)
an
HgW=3*TTs[ p+(o/p) (p+2")]
+34(B)1— (—p/p") e T
+3B@) 1+ (—p/p")¥1e?Tp.  (17.30)

It is evident from the last two equations that even
if ¢ is characterized as a progressive wave, that is, even
if p=¢(B8), H® is a compound wave, that is, a function
of o and B. Hence the determination of V' U™ and
H™ (n>1) involves the solution of equations of the
form of (17.19) to (17.22) where the right hand sides
are known functions of both « and 8.

18. DETERMINATION OF ¢®

Equation (17.9) is equivalent to the statement that
there exists a function ¥® such that

= (TdD)x+u(X,T),
Yx®=(@0/T)r+»(X,T),

(18.1)
(18.2)
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where the functions x and » are given by

p © K
u=2H(‘)[—(e¢)X] +—X, (18.3)
Po 4¢?

2 po © K
() ] K s

c p/ T 42

where

K=[e*(po/p)p']?, (18.5)

and it follows from Egs. (2.7) and (3.1) that K is a
constant. For, the integrability condition of Egs. (18.1)
and (18.2) is just Eq. (17.9).

If we multiply Eq. (18.2) by +TI" and —T', and add
the ensuing equations to (18.1), we obtain

(O — D) T (TO—HD) x
W
=— (PT—ITX)—P“"FM‘JFPV,

W
(IO 430 p—T (T DO PD) y = (rT_[_ITX)_.I:_}_ﬂ_ T,
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These equations determine the change in ¥®—@®
along the characteristic curve (17.11) and the change
in T@W4®W along the other characteristic. Hence the
value of ¥®—@W at a point «, 8 in the characteristic
plane may be determined from its value at ao, 8.
Similarly the value of ¥®W+®W® at (e,8) may be deter-
mined from its value at a, Bo. We may then determine
YO and W at «, 8 in terms of the values of ¥ —@®
at ao, 8 and YO+&® at a, Bo.

In the X, T plane we may determine &® and ¥® at
a point X, T as follows. Through this point draw the
two characteristics, the characteristic of parameter «
and the characteristic of parameter 8. On the first of
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these characteristics find a point where ¥W—3® jg
known. From this value and Eq. (18.6) compute the
value of ¥W—&® at X T. Similarly on the second
characteristic find a point where ¥®+4&® is known,
and from this value and Eq. (18.7) compute ¥®-@®
at X, 7.

The methods employed for discussing the first order
equations hold for the nth-order ones equally well. The
equations for U™ and V' in terms of the characteristic
parameters are of the form of (17.19) to (17.22) with
the right-hand sides known as functions of @ and 8 in
virtue of the determination of U™, Vm H™ and
o™ for m=0, 1, - - -n—1 by methods similar to those
discussed above.

19. PARTICLE PATHS

The preceding discussion has treated the determi-
nation of the gravitational field, the pressure distri-
bution, and the density distribution, for the isentropic
motion of a perfect fluid in its own gravitational field
in a particular coordinate system—the co-moving one.
In such a coordinate system the world-line of any
particle of the fluid has as its tangent vector the
four-velocity vector

U= %04".

We may obtain the solution of the same problem in
any other coordinate system by using the tensor
transformation laws and the equations of transformation

v=2(X,T), t=i(X,T), (19.1)

once these functions are known. It is the purpose of
this section to discuss the determination of these
functions for the case where the #, ¢ coordinates are
such that the line element is given by

etH

1
ds2=e”’(dt2——dx2) ——(dy*+d#?). (19.2)
c? c?

Every line element in a space-time with plane symmetry
may be reduced to this form.
Consider the function x(X,T) satisfying the equation

PO P
(6—211—4»_967,) —02(e¢+2”-xx) =0. (19.3)
p T po X

Then there exists a function #(X,T) such that

P Po
tr= 6¢+2H—xx, tx=—e2H"b—pp,

(19.4)
PO c P
It follows that #(X,7T) also satisfies the differential
equation (19.3).
If we consider the functions x and ¢ satisfying (19.3)
and (19.4) as defining the transformation (19.1), the
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metric tensor in the new coordinate system is given by
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Hence in the #, ¢ coordinate system the line element of
space-time is given by Eq. (19.2), where the function
F is defined by the first of Egs. (19.5).
By adding and subtracting Eq. (19.4), we obtain
(tr+xr)—ce* ™  (p/po) (tx+xx) =0,
(tr—=xr)+ce?** (p/ po) (tx—xx) =0.

The first of these equations states that ¢+ is constant
along the curve in the X, T plane given by

dX/dT = — ce#+Hp/py,

(19.6)

(19.7)

and the second states that {—x is constant along the
curve in the X, T plane given by

dX/dT = ce?** p/p,. (19.8)

Equations (19.7) and (19.8) describe the curves in
which the X, T plane intersect the light-cone of the
space-time.

If #(0,7) and ¢(0,T) are known as well as x(X,0),
$(X,0), then we may determine x(X,T) and ¢(X,T) at
any point of the X, T plane as follows. Through this
point of the plane there exists an integral curve of the
family defined by Eq. (19.7) which intersects the curve
T=0, say at the point X,. Then

HX,T)+2(X,T)=1(X0,0)+x(X0,0).  (19.9)

Similarly through X, T there is a curve of the family
given by Eq. (19.9) which intersects the curve X=0
in the point (0,7). Then

UX,T)— (X, T)=1(0,To)+x(0,Ty). (19.10)

Hence x(X,T) and {(X,T) are determined by the values
of these functions along the curves 7=0 and X=0,
provided Eqs. (19.7) and (19.8) can be integrated and
the quantities X, and Ty detemined as indicated above.

20. FUNCTION u(X,T) IN GENERAL RELATIVITY

Just as in special relativity (see Sec. 6), we may
interpret #(X,T") defined by the equation

cu=xr/tr (20.1)
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as the three-dimensional velocity of the particle X at
time 7. In terms of #, we define the function

1+u cipt+xp
W=%ln(——-—) =%1n( ) (20.2)

1—u cr—xr

Hence
Wx= (— chtXT—i—cthxr)/ (Uztzﬂ-— xT2).

However, it follows from Egs. (19.4) and (19.5) that
A — xpt= C2ez¢+4H(p2/p02)xx2—xT2=6262¢_2F,
and that

—cxrtxrcirexr
=— (1/c)xr[e*E=*(po/p)ar Jr+ce**# (p/po)xxsxT
=ce* T (e =T py/p)r.

Therefore
ef—¢ Po
Wx=—oof e28-F_
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¢ e/ p

Similarly we may derive the equation,
Wr=c(et~F)xe™*p/poy=ce?**  (p/po) (px—Fx). (20.4)

Equations (20.3) and (20.4) are the general relativity
theory analogs of Eq. (5.3) of the special theory of
relativity. The former equations reduce to the latter
when H=F=0. The former equations may be inter-
preted as the equations of motion of the fluid in terms
of the orthogonal Lagrangian coordinates X, T. In this
interpretation, the terms involving H and F are attrib-
uted to the effects of the gravitational field. It follows
from Egs. (19.5) and (19.4) that

F=E(1—)e (pd)es. (205)

This equation reduces to Eq. (6.9) the special theory of
relativity form of the conservation of mass when H
=F=0.

When the approximation method discussed in earlier
sections is used to obtain approximate functions to
represent ¢, H, and p, these approximations may be
used in Egs. (19.3) and (19.4) to define approximate
values of the functions x(X,7T) and T'(X,T). In terms
of the latter (approximate) functions, we may define
an (approximate) three-dimensional velocity field
#(X,T) and even u(x,t), where in the latter expression
we use the inverse transformation to that defined by
Egs. (19.1) to determine X (x,t) and T (x,z).

21. BOUNDARY CONDITIONS

As pointed out in Sec. 11, in general relativity, just
as in special relativity, the solution of a particular
physical problem is determined by supplementing the
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field equations with specific boundary conditions. That
is, by specifying the values of various functions on
certain surfaces in space-time. It is the purpose of this
section to illustrate by means of an example the deter-
mination of the boundary data and in the next section
to describe their use in determining solutions of the
field equations for a specific problem.

The example we shall consider is the analog of the
isentropic motion of a gas in a tube set into motion by
moving a piston (see Sec. 7). The tube filled with gas
will be replaced by a region of space-time occupied by
a free surface on which the pressure vanishes; that is,

p(#)=0. @1.1)

Outside of this surface the space-time is empty.

The condition requiring the tube and gas to be
initially at rest and at constant pressure, density, and
entropy is replaced by the condition that the gas be at
constant entropy and in equilibrium under the hydro-
dynamic and gravitational forces acting.

It has been shown in an earlier paper? that under
these conditions there exists a co-moving coordinate
system in which the line element is of the form given
by Egs. (11.1) and in which the functions H and ¢ are
independent of 7. Methods for determining the func-
tions H and ¢ as functions of X for different gases,
each of which is described by a specific caloric equation
of state, e=e(p,p) were described in that paper.

Thus, the assumption of equilibrium is equivalent
to assuming a knowledge of H(X,T)=H,(X) and
(X, T)=¢.(X) for T<T,, where T is a time at which
we shall assume that the equilibrium is disturbed in the
following way: We shall assume that ¢(X,T) departs
from its equilibrium value for X=X, and all 7> T.
Thus, we specify the function

¢(X0)T)'

In the special theory of relativity, this is equivalent to
prescribing a piston motion. For moving a piston into
a gas at rest sends a progressive wave into the gas and
hence is determined at the piston via Eq. (9.1). The
specification of the function (X,7) is also equivalent
to giving the pressure at the “particle X, as a function
of time since, for isentropic motion,

p(Xo,T)=p(¢(Xo,1)).

Thus, in the example we are considering, we have
the following boundary data: On the surface T'= T,

¢(X,T)=¢.(X), HEX,T)=H.(X), (21.2)

where ¢.(X) and H.(X) are the equilibrium solutions
obtained in the earlier paper.! On the surfaces X =X,

¢=0¢(Xo,T); (21.3)

and on the surface X = X3> X, which is the boundary
between the fluid and empty space-time,

o=do,
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where ¢ is a constant such that
p(¢0)=0. (21.4)

We shall further assume, as is generally done in the
general theory of relativity, that across any surface
the metric tensor is continuous as are its derivatives.
This assumption together with Eqs. (21.2) implies that
on I'= To

¢r=0 and Hp=0. (21.5)

Equation (21.5) will be consistent with Eq. (21.3) if
and only if
3¢(Xo,T)/0T=0.

We shall assume that Eq. (21.6) holds.

With the above sequence of assumptions, we have
specified the values of ¢, H, U, and V on the surface
T'=T,. In particular, we have specified the values of
@, HD U® and V@ on this surface for X in the range

XXXy, (21.7)
In addition, we have specified ¢? (Xo,T") and ¢ (X3, 7).

(21.6)

22. METHOD OF SOLUTION

The function ¢©@(X,T) is determined as is the
function ¢(X,T) in the special theory of relativity.
That is, in the region of the X, T plane between the
line T=0 and the line X=TT, where T is defined by
Eq. (17.10), we have

O (X,1)=¢.2(X).

This region will be called region I.
We define region II as follows: It is bounded by the
lines

(22.1)

X=TT, (22.2)
X=X,, (22.3)
and the characteristic defined by the equation
dX/dT=~-T (22.4)
which passes through the point
(X, X3/T).

In the region I the functions ¢©, H® and ¢® are
given by

$0=¢,0(X), HO=HO(X), ¢0=¢,0(X),

since these functions satisfy the field equations and
the boundary conditions,

In region II, ¢ is determined by Eq. (9.3) in which
¢=¢© and in which f(¢) is chosen so that ¢© (Xo,T)
is the prescribed function. Thus, in region II, ¢© is
constant along one family of characteristics which is
the family of straight lines (22.2), which have varying
slopes. The second family of characteristics, the curves
defined by Egs. (22.4), can now be determined.

In region III, the remainder of the X, T plane
between the lines X=X, and X=X, $© is given by a
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compound wave which may be determined by the
methods described in Sec. 10.

When ¢©@(X,T) is determined, the characteristic
curves described by Eqs. (17.11) and (17.12) are deter-
mined. As is evident from the discussion in Secs. 17
and 18, these curves play an important role in the
determination of U®, V® H® and ¢®. We shall
illustrate how the characteristics may be used to
determine these quantities at a point X, T in region II.
Through this point, the characteristic of parameter o
is a straight line

X=TT,

and the curve of parameter 8 is the solution of equation
(22.4). We shall assume that the data given on the
curve X=X, are such that there is one characteristic
of each family through the point X, 7. This assumption
will be examined in some detail in the next section.

A curve of parameter 8 through X, T will intersect
the curve T=0 at a point which we shall call X® (X,T).
Along this curve the variation of U® and V® may be
determined from Eqgs. (17.21) and (17.22). Hence, we
may determine V® and V® by integrating these
equations along the (known) curve of parameter 8 and
by using as initial conditions the known values of U®
and V® at X=X® and T=0.

Similarly, by integrating Eq. (17.14) along the
same curve of parameter 8 and using the (known) value
of H at X=X® and T=0, we may determine H® (X,T").

The value of ¢® at X, T may be determined from
Egs. (18.6) and (18.7) in a similar fashion. However,
in this case we must use both the curve of parameter 8
and the curve of parameter a. The latter curve is a
straight line which intersects the curve X=X, in a
point X° T (X,T). By integrating the two equations
(18.6) and (18.7) along the curves of parameter « and
8, respectively, we may determine ®© (and hence ¢®)
and Y@ at X, T provided we know the values of these
quantities at (X®,0) and (X,,7@).

However, ¥®(X,0) may be determined by integrat-
ing equation (18.2) with respect to X along the curve
T=0. In this equation the right-hand side is a known
function of X (actually zero) specified by the boundary
conditions.

The values of ¥®(X® 0) may be determined by
making use of Eq. (18.7). Since, in region II, ¢© is
given by a progressive wave for which ¢,@=0, Eq.
(18.7) may be written as

(¥O+3W)p= (K/4c*) (X+TT)Ts.

However, throughout region IT we have, from equation
(9.3),

X=T@) T+ f(4(8)).

Hence by integrating this equation we have

K
O = 0 f [2T(8) T+ £ ($(8)) 1T pdB.
4¢?
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The constant of integration in this equation is chosen
so that the value of ¥® at X=X, T'=0 obtained from
this formula agrees with that obtained by use of Eq.
(18.2).

Similar methods enable one to determine ¢ and
H® for 1>1 in region II of the X, T plane.

23. SHOCKS

It is well known in classical theory and in the special
theory of relativity that when I'(¢) is an increasing
function of ¢, as it is for many gases, then the family of
straight-line characteristics in the X, T plane along
which ¢ is a constant and which are defined by Eq.
(9.3) is such that at least two of them intersect in a
point in region IT when the specified functions ¢© (X, T)
is an increasing function of 7.

Thus, in classical theory when the motion of a piston
is such as to compress the gas contained in a tube, the
theory analogous to that described above breaks down
because two characteristics intersect. This failure in
mathematical description is known to be associated
with the physical phenomenon of the formation of
shock waves. Since the theory of a perfect fluid repre-
sents that idealization of a compressible fluid which
ignores viscosity and heat conductivity, the shock
waves are represented as mathematical discontinuities
instead of transition zones with large gradients in
velocity, pressure and density. However, it is known
that the results obtained in classical theory by treating
shocks as mathematical discontinuities give the same
relations between the hydrodynamical variables on
both sides of the continuous transition zone as the
theory which takes viscosity and heat conduction into
account. It is to be expected that a corresponding
relation between the general relativistic theory of
perfect fluids and that of physically realizable com-
pressible fluids will obtain.

When the prescribed boundary data, ¢(X,,T) is such
that the family of straight lines in region II of the
X, T plane, on which ¢©@(X,T)=constant and which
are described by Eq. (9.3), has a real envelope in region
II, then the functions ¢ and H® (=0, 1, ---)
determined in the manner described above will not be
single-valued throughout region II and hence will not
be physically acceptable. In this case, we must change
the theory described in the preceding sections.

The change that seems most plausible is to generalize
the theory of general relativity so as to allow for the
existence of surfaces across which the hydrodynamical
(and hence the gravitational) fields change discontinu-
ously and in such a manner that an isentropic flow
becomes merely adiabatic. That is, the Einstein field
equations will be said to hold in regions of space-time
but the possibility of having surfaces (shocks) across
which these equations are not defined will be allowed.
The relations that will hold across these surfaces will be
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a generalization of the Rankine-Hugoniot equations.
The derivation of these relations will be discussed
elsewhere.

This proposed change is suggested by classical hydro-
dynamics and special relativistic hydrodynamics. In
fact, if the general theory of relativity is going to admit
an approximation procedure in which either of these
theories are going to be obtained as low-order approxi-
mations to the general theory, we must modify the
general theory in the manner proposed, since this is
the manner in which those theories discuss the physi-
cally unacceptable solutions of the equations of motion.
Note that these unacceptable solutions appear in the
zero-order (special relativistic) approximation, and it
can be shown that if we have means of determining
physically acceptable zero-order solutions of the field
equations, then higher order approximations are deter-
mined by linear equations alone. Therefore, the resolu-
tion of the difficulty for special relativity together with
an acceptance of the approximation procedure discussed
earlier gives a resolution of this difficulty for general
relativity.

If shocks are allowed in general relativity, then we
must expect the flow behind the shock to be non-
isentropic. However, if the Einstein field equations
(11.6), with T* given by Egs. (2.4), are to hold in such
regions and if the conservation of mass is also required
to hold, then the flow will be such that entropy is
conserved along a world line of a particle. For the
plane-symmetric case, these assumptions imply the
existence of a co-moving coordinate system in terms of
which the field equations may be shown to imply a
set of equations which involve only one set of dependent
variables. The approximation procedure  described
above may be applied to this set of variables. Again,
the nonlinearity of the problem is concentrated in the
special relativistic approximation and this approxi-
mation determines linear equations for higher order
corrections.

Thus, the physical and geometrical interpretation of
shocks in general relativity may be based on their
interpretation in special relativity. We note that in
that theory a singularity in the function ¢(X,T") which
implies that the metric tensor in the co-moving La-
grangian coordinate system in which the line element
is given by Eq. (3.5) is not interpreted as a singularity
in space-time, which is always the Minkowski space-
time. Instead, we interpret the singularity as a singu-
larity in the transformation between the inertial coordi-
nates #,¢ and the coordinates X, T. In the inertial
coordinates the equations describing the world line of
a particular element of the fluid are given parametrically
as

z=2(X,T), t=t(X,T),
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with X fixed. These curves are allowed to have points
at which the tangent is discontinuous. The totality of
such points make up the shock.

Similarly in general relativity we may expect that
the shocks which represent surfaces on which the line
element is singular are not essential singularities in the
following sense: By making an appropriate (singular)
transformation we may introduce a coordinate system
in which the line element does not have singularities.
The coordinate transformation will determine the world
lines of elements of the fluid, and these world lines may
have points at which the tangents are discontinuous.

24. GRAVITATIONAL WAVES

In the plane-symmetric case, equations determining
these transformations in regions where the flow is
isentropic are Egs. (19.3) and (19.4). In regions where
the flow is adiabatic, similar equations obtain. When
the metric tensor is determined in the co-moving
coordinate system, say by the approximation procedure,
these equations may be solved subject to appropriate
boundary conditions by the method described in Sec. 19.

That method involves the use of the characteristic
curves associated with Eq. (19.3), that is, the curves

_given by Egs. (19.7) and (19.8) which differ from the

characteristic curves which enter into the solution of
the equations determining the coefficients of the metric
tensor. That is, changes in the variables ¢ and H and
therefore in p and p are propagated along the “sound-
cone,” the surface which intersects the X, T" plane in
the characteristics associated with the field equations,
whereas changes in the functions X (X,T) and T'(X,T)
are propagated along the light-cone.

In a general coordinate system, say one in which the
line element is given by Eq. (19.2), changes in the
metric tensor, the function F in Eq. (19.2), will be
propagated along the light cone since F involves the
functions #(X,T) and #(X,T). The line element given
by Eq. (19.2) may be said to represent gravitational
waves. However, it must be pointed out that the light
cone enters the description of the variation of F in
space-time only through the choice of coordinate
system, and in the co-moving one the gravitational
waves (variations in the metric tensor) are propagated
along the hydrodynamical characteristics.

If shock waves occur, we may expect that, for very
strong shocks, the surface across which discontinuous
changes in various quantities may take place will
practically coincide with the light cone. In that case,
the hydrodynamic and gravitational phenomena even
in the co-moving coordinate system involve the light-
cone, and gravitational waves with a velocity of
propagation related to the velocity of light may be
said to exist.



