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Analysis of Results of High-Energy Nuclear Reactions*
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The determination of branching ratios for the formation of specific products at given deposition energies
is described for high-energy nuclear reactions. These branching ratios may be obtained by use of deposition
energy spectra from recent Monte Carlo calculations. The calculated branching ratios are used to analyze
formation cross sections in the Bev region into "fission" and "fragmentation" components, and to calculate
average and most probable deposition energies for the formation of specific nuclides. The fission process in
bismuth is compared with that in tantalum as to relative fissionability, deposition energy for fission, and
spread in fissioning nuclei.

observed cross section for forming a product A at a bom-
barding energy, E„,for a given target nucleus, is given in

~ &max*

o~(E'„)=,

Eq. (1), where E, * is the maximum excitation energy
that may be deposited, corresponding to the sum of the
kinetic and binding energies of the bombarding particle,
and f~(E*) is the branching ratio for the residual nucleus
with excitation energy E* for formation of A. There
will, in general, be a different f~(E*) for each residual
nucleus formed with a given excitation energy. In
Eq. (1), fz(E*) is the average branching ratio for all
such residual nuclei. It is noted that f~(E*) has been
assumed to be independent of the bombarding energy.
In Eq. (1), $(E*,E„) is normalized so that its integral
over E* is unity. The nuclear radius has been taken
as 1.3&&10 "A& cm for calculation of the geometric
cross sections of the target nuclei, the value used in the
Monte Carlo calculations. '

The quantity fz(E*) is of interest in high-energy
reactions since it represents the probability for forming
a given product, not at a given bombarding energy, but
at a given deposition energy, the'reby providing specific
information on the relative contributions of diferent
parts of the deposition energy spectrum to the observed
cross section. Values of f&(E*) may be obtained from
observed excitation functions by use of Eq. (1) and
the deposition energy spectra cV(E*,Eo) for all values
of E„ for which there are cross-section data. Recent
Monte Carlo caluclations' have made available de-
position energy spectra for a number of target elements
for a wide range of bombarding energies. These results
may thus be combined with experimentally measured
excitation functions, ' ' to yield the desired branching
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I. INTRODUCTION

"UCI,EAR reactions induced by particles with
incident energies above 70 or 80 Mev are best

described in terms of the "cascade-evaporation" model
erst suggested by Serber. ' At these energies, where the
mean free path of the incident particle becomes com-
parable to nuclear dimensions, the target nucleus

appears as a partially transparent collection of quasi-
free nucleons to the incoming particle. The cascade
process consists of two-body collisions between the
incident particle and the nucleons of the target nucleus,
and subsequent collisions of the struck nucleons, which
results in the emission of "knock-on" particles. The
nuclear cascades leave the residual nucleus in various
states of excitation, up to the excitation produced by
the deposition of all the incident energy. The excitation
energy is then dissipated by the subsequent evaporation
of particles, much in the same way as in low-energy
bombardments. The observed nuclear reactions are thus
the result of a variety of processes representing the
deposition of diBerent amounts of excitation energy.

There is a parallelism in the quantitative treatment
of cross-section data from high-energy reactions and
low-energy reactions involving compound-nucleus for-
mation. In the case of the latter, the cross section for
forming a given product A, o-&, is given by the product
of the cross section for forming the compound nucleus
and the branching ratio of the excited compound
nucleus to A. Similarly, in the case of high-energy
reactions, r~ is the integral for all values of the excita-
tion energy E* of the product of the cross section for
forming a residual nucleus with a given E*, and the
branching ratio of the decay into A for that excitation
energy. The cross section for forming a nucleus with
excitation energy E* is given by the product of the geo-
metric cross section of the target nucleus, O.„and the
probability that a projectile of energy E„will deposit
excitation energy E*, 1V(E*,E„).The expression for the
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ratios, fz(E*). Analyses of spallation and fission data
for a given bombarding energy have previously been
made by Meadows, ' Jackson 8 Russell, ' and Rudstam "
by use of Monte Carlo calculations. In this study we
restrict ourselves to reactions of bismuth, lead, and
tantalum with protons, giving products in the "fission"
region. The f~(E*) values are calculated for several
typical cases, and are used to interpret cross-section
data, to calculate deposition energies for formation of
of specific fission products, and to compare the high-
energy Qssion process in,bismuth with that in tantalum.

II. DETERMINATION OF THE BRANCHING
RATIO, fg(Ee)
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FIG. 1.Deposition energy spectra obtained for proton bombard-
ment of bismuth from Monte Carlo calculations. The tabulated
deposition energy intervals and the statistical error associated with
each value are indicated by the crosses.
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The branching ratio for forming a product A at a
deposition energy E*,f& (E~), may be obtained from the
measured excitation functions and the deposition
energy spectra by use of Eq. (1).The problem here is
formally analogous to the calculation of cross sections in
photonuclear reactions from the observed yields at
maximum bremsstrahlung energies. In this study, the

fz (E*) curves were obtained by trial and error. Succes-
sive adjustments were made to the assumed f&(E*)

&o I I I I I I o.ooI
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E,~or E&(Mev)

Fro. 2. Variation of fg(Ee) with E* and of vr~(E„) with E„
for Cu" from proton bombardment of bismuth.

curve until it was able to reproduce the observed
o~(E„) values to within about 2%. The deposition
energy spectra for proton bombardment of bismuth
used in this determination were obtained from the
Monte Carlo calculations, ' and are shown in Fig. 1.The
statistical errors associated with the calculated values
are given.

The resulting curve of f~(E*) vs E* is shown for
two typical cases in Figs. 2 and 3. In Fig. 2, the f~ (E*)
curve for Cu" formed in the proton bombardment of
bismuth is given for deposition energies up to 450 Mev.
The measured excitation function for Cu", ' o~(E~) 8s

E„,used to obtain the f~(E*) curve is also included. It
is seen that the fz(E ) curve initially rises more
steeply than the corresponding o z (E„)curve, and then,
as the latter begins to flatten, goes through a maximum
and decreases sharply. This general behavior is char-
acteristic of f~(E*) curves associated with excitation
functions that become flat or go through a maximum at
bombarding energies below 500 Mev. The errors associ-
ated with the derived f~(E*) curve for Cu" are in-
dicated by the heavy vertical bars in Fig. 2. These are
the maximum expected errors, obtained by assuming a
pileup of the errors in 1V(E*,E„) and o~(E~). The
maximum error is about 50 to 60% for deposition
energies less than 200 Mev. In the region beyond the
maximum of the fz(E*) curve, the errors become very
large, and the f~ (E*) values are known only to within

a factor of 10 or 20. In spite of this large uncertainty,
however, it is apparent that f&(E*) actually does go
through a rather sharp maximum. The large uncertainty
in f~(E*) at deposition energies close to the maximum

bombarding energy arises from the fact that Jtf(E*,Er)
is very small for E~ close to E„.Hence, the product of
X(E*,E„) and f~(E*) will make a rather small con-
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FxG. 3. Variation of fg(E*) with E* and of o-g(E„) with E~
for Ba'31 from proton bombardment of lead.

percent, for E* close to E„. Hence, if the excitation
function goes through a maximum, f~(E*) has to go
through a rather sharp maximum so that the higher
deposition energy processes do not contribute sub-
stantially to the observed cross section. This behavior
of the branching ratio has also been found by Russell' in
his analysis of the pion- and proton-induced fission of
uranium. In the Bev region, on the other hand, 1V(E*,E„)
is very close to zero for E*close to E~. Consequently the
excitation function can Qatten or go through a maximum
without necessarily requiring fz(E~) to go through a
maximum.

Second, the ratio of the maximum value of f~(E*) to
the maximum value of o~(E„) is greater for Ba"' than
for Cu". This observation once again reQects the fact
that the fraction of cascades leading to deposition
energies in the Bev region, for incident energies of 1 to
3 Bev is vexy small. Consequently the corresponding
f~(E*) values are rather large, in order to account
for the substantial cross section observed in the Bev
region. Third, the absolute width at half-maximum of
the f~(E*) curve for Ba"' is much greater than that of
the corresponding curve for Cu", indicating formation
of Ba"' over a wider deposition energy region.

tribution to the observed cross section, o~(E~), regard-
less of the value of fz(E*) within fairly wide limits.
Also, the statistical uncertainty in E(E,E„) is very
large for E* close to E„, due to the small number of
cascades leading to large E*values.

In Fig. 3 we have plotted the f~(E*) curve for Ba"'
formed in proton bombardment of lead up to 3 Bev, as
well as the corresponding excitation function. ' The
fz(E*) curve can actually only be calculated to E*
values of about 1 Bev, since, for the 1.83 Bev cascade
calculations, ' out of a total of nearly 600 cascades none
leading to E*values above 1.2 Bev were observed. The
dashed continuation of the f~ (E*)curve for Ba"' above
1 Bev was obtained on the assumption that there were
actually two events leading to E*greater than 1.2 Bev.
A different choice for N(E*,E„)would lead to a different
shape for the fz(E*) curve. The very large errors
indicated in Fig. 3 reQect this situation. The errors have
been terminated at f~(E*) values of 0.1. This reflects
our belief that the branching ratio, at a given E*value,
for any product will not be more than 10%.The f~ (E*)
curve consequently levels o6, and possibly goes through
a maximum, as indicated in Fig. 3.

There are three differences between the f~(E*)
curves for Cu' and Ba"'.These may be correlated with
the fact that the excitation function for Cu" Qattens
below 500 Mev, whereas the excitation function for
Ba"' only begins to flatten near 3 Bev. First, the
f~(E*) curve for Cu'~ goes through a maximum, while
the corresponding curve for Ba'" may or may not go
through a maximum. For 500-Mev bombarding energy,
X(E*,E„) is small, but still with a value of about a few

III. FISSION AND FRAGMENTATION

The analysis of the excitation function for Cu",
given in Fig. 2, shows that the production of Cu" with
450-Mev protons arises from deposition energies below
270 Mev, It is of interest to determine whether this
low-energy process accounts for the entire cross section
for making Cu" in the Bev region, or whether in
addition, one has to invoke contributions from a higher
energy process. Assuming that the former is true, we
may by use of Eq. (1) calculate an excitation function
for Cu" to 3 Bev. For this purpose it is convenient to
approximate the fz(E*) curve for Cu" by a rectangle,
centered at 180 Mev, 150-Mev wide and with a value of
3)&10 '. In this case, then, o~(E„) depends upon the
integral of E(E*,E„) for deposition energies between
105 and 255 Mev at each bombarding energy. We have
previously assumed that fz(E*) does not depend on
the bombarding energy. This assumption may not be
strictly true, however, particularly over the wide range
in bombarding energies under consideration. The
branching ratio f&(E*) is, as was previously stated, an
average of the branching ratios for all the residual
nuclei resulting from the cascade process leading to the
same deposition energy. The average branching ratio
will thus be independent of bombarding energy only if
the distribution in residual nuclei for a given deposition
energy is independent of bombarding energy. An
examinatiorl of the Monte Carlo cascades' shows that
in going from 458-Mev to 1.83-Bev bombarding energy
the average number of nucleons emitted from cascades
in bismuth leading to deposition energies of about 170
Mev increases from about 3 at.458 Mev to about 6 at
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1.83 Bev and that Z'/A of the average residual nucleus
decreases from 33.2 to 32.7. It may be expected that
f~ (E*) will decrease with increasing bombarding
energy, since the residual nuclei become, on the average,
less fissionable. The magnitude of this eBect can be
estimated from the observed dependence of the produc-
tion cross sections of fission products on the charge and
mass of the target nucleus in 450-Mev proton bombard-
ments. "The correction to the f~(E*) values at 3-Bev
bombarding energy, obtained from excitation functions
to 450 Mev, is greatest for symmetric fission products
where it amounts to a reduction by a factor of two or
three, whereas for Cu'~ it amounts to a reduction of
about 20'%%uo. This difFerence is due to the broadening of
the fission yield curve observed in going to targets of
lower Z"

We assume that the f~(E*) rectangle, although
varying in height, does not shift appreciably in de-
position energy with increasing bombarding energy. A
large shift in deposition energy would affect the values
of the integral of N(E*,E~), and thereby the values of
o & (E~). Our justification for this assumption is that the
average E*value for the production of a given fragment
in the 6ssion of bismuth with 450-Mev protons is only
slightly lower than that in tantalum. "Since the diGer-
ence in Zs/A under consideration for the residual
nuclei resulting from the bombardment of bismuth with
protons of di8erent energy is much smaller than that
of corresponding residual nuclei for bismuth and tan-
talum at 450 Mev, we may expect that there will be no
significant shift of the f~(E*) rectangle along the E*
axis.

The cross section of Cu" from bismuth was calculated
to 3-Bev bombarding energy on the basis of data up to
450 Mev, in the manner outlined above. The a~(E~)
values obtained by use of Eq. (1) were corrected at each
energy for the decrease in f& (E*)by multiplication by a
correction function obtained by interpolation from the
Monte Carlo data at several energies and from the
6ssion yield studies at 450 Mev."The resulting excita-
tion function for Cu" is plotted in Fig. 4. The error at
at- each bombarding energy is primarily the error
associated with N(E*,E„) at Ee between 105 and
255 Mev for the same bombarding energy. The points
are the experimentally observed cross sections obtained
at Brookhaven for proton bombardments of lead. 4 The
Chicago data were normalized to the Brookhaven data
at 400 Mev by increasing the Chicago values by a
factor of 2.1.The origin of this discrepancy may be due
to diferent corrections for counting ef5ciency of the
weak p radiation of Cu". The height of the f~(E*)
rectangle was increased by the same factor. We assume
that there will be no significant change in position of the
f~(E*) rectangle along the E* axis in going from
bismuth to lead. It is seen that the predicted cross

"P. Kruger and N. Sugarman, Phys. Rev. 99, 1459 (1955).
"N. T. Porile and N. Sugarman, preceding paper LPhys. Rev.

107, 1410 (1957)g.
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FIG. 4. Comparison of experimental and calculated o z(B„)
curves for Cu" from proton bombardment of lead. The 6 symbols
are the experimental values of Wolfgang, et al.4 Solid curve—
calculated "fission" cross section. Dashed curve —calculated
"fragmentation" cross section.

section in the Bev region is considerably smaller than
the experimental value. This suggests that there is a
contribution to the observed cross section in the Bev
region from a high deposition energy process, in addition
to the low deposition energy process responsible for
the observed cross section at lower bombarding energies.
We shall refer to this low deposition energy process as
"6ssion" and to the suggested high deposition energy
process as "fragmentation. " We use the term "frag-
mentation" in the same sense as Wolfgang et al. ,

'
namely, as a high deposition energy process associated
with pion formation and readsorption. It is possible to
determine the relative contribution of each process to
the observed cross section at any bombarding energy by
subtracting the calculated "6ssion" cross section from
the observed cross section. The resulting excitation
function for the "fragmentation" process is given by
the dashed line in Fig. 4. It is seen that the "fragmenta-
tion" cross section becomes comparable to the "fission"
cross section at 1.3 Bev and predominates at higher
energies. This fragmentation excitation function may be
analyzed to yield an f&(E*) curve by the use of Eq. (1).
The resulting curve has the same general appearance as
the f~(E*) curve for Ba"', with a maximum value of
about 4X10 ' at 1.1 Bev and a. width at half-maximum
of approximately 700 Mev. As in the case of Ba"', the
uncertain value of N(E*,E„) above 1 Bev may lead to
substantial errors in f~(E*).If the excitation function
for Cu" is not divided into two energy intervals, each
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of which is analyzed separately, but is treated as one
continuous function, it is still necessary to assume the
presence of at least two peaks in the f~(E*) curve in
order to reproduce the observed o~(E„) values. An

f~(E~) curve with only one peak, centered perhaps at
500 or 600 Mev does not fit the data.

The calculation described for Cu" was repeated for
Mn" and Cd"', the two other nuclides for which there
are both low- and high-energy data available. The
position of the low-energy f&(E*) rectangle was ob-
tained from average deposition energies obtained in
recoil studies of bismuth 6ssion with 450-Mev pro-
tons.""The relation between the average deposition
energy and f&(E ) is described in the following section.
The deposition energy data was used since no excitation
functions up to 450 Mev were available for these
nuclides. The f~(E*) rectangles for Mn" and Cd"'"'
were centered at 195 Mev and 160 Mev, respectively,
and were adjusted in height so that the calculated cross
sections agreed with the values obtained by Wolfgang
et al,.' at 450 Mev. ln the case of Mn~' the experimental
values had to be extrapolated down to 450 Mev to
permit the normalization. The width of the f~(E*)
rectangles could be varied between 50 and 250 Mev
with negligible results on the calculated cross section
values. Consequently it was not necessary to obtain a
well-defined value for the width of the f~(E~) rec-
tangles. The lowering of the height of the f~(E*)

"N. T. Porile (unpublished results).

rectangle in 3-8ev bombardments relative to the
height for 450-Mev bombardments was found to be
negligible in the case of Mn", and amounted to a factor
of 2.6 for Cd"' . Just as in the case of Cu' it was found
necessary to postulate contributions from the "frag-
mentation" process for both nuclides in order to explain
the diGerence between the observed and calculated
values.

The excitation functions for the calculated frag-
mentation components of Mn", Cu", and Cd"' are
plotted in Fig. 5. The excitation functions for a number
of light nuclides have been determined in bombard-
ments of lead by Wolfgang and co-workers. 4 These
nuclides, such as Na'4 or P", are made in very low
yield at 600 Mev and their excitation functions show a
behavior consistent with a high deposition energy
fragmentation process. The measured excitation func-
tions for Na'4 and P" as well as for Ba'" are included in
Fig. 5. lt can be seen that the calculated fragmentation
curves have about the same shape and magnitude as
the experimental curves. Fragmentation thus appears
to lead to products over the whole mass region, as was
pointed out by Wolfgang et al.4 Our analysis indicates
that at 3 Bev the fragmentation cross sections are
lowest for products of roughly half the mass of the
target nucleus and increase by about an order of
magnitude for the lightest observed nuclides. A similar
increase is seen in the heavy mass region, as evidenced
by Ba"', but the situation is complicated by the con-
tribution from the spallation process in this mass
region. The analysis of the observed cross sections into
their "Qssion" and "fragmentation" components in-
dicates that the total "6ssion" cross section at 3 Bev for
lead or bismuth is down by about a factor of 5 to 10
from its value at 450 Mev, to a value of 20 to 40
millibarns.

I

Em~*

~0
E*X gXoN(E*,E,)Xfg(E*)dE*

p &max

o,XN(E*,E„)Xf~(E*)dE~
0

(2)

Figure 6 shows the values of E~* for Ba'", Cu", and a
hypothetical fragment X from bismuth up to a bom-
barding energy of 1 Bev. Fragment X is made ex-
clusively by a low-energy process. The E&* curve for
fragment X essentially levels o6 at rather low bom-
barding energies. The curve for Cu" shows an initial
rise followed by a plateau and another rise, reflecting

IV. DEPOSITION ENERGY

The fz(E*) curves may be used to calculate, for each
bombarding energy, the average value of the excitation
energy deposited in the struck nucleus for processes
leading to fragment 2, denoted by E&*.This quantity is
given by Eq. (2):
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the high deposition energy process. The curve for Ba'"
increases monotonically, as does the corresponding
f~(E") curve to 1 Bev. It is thus clear that the experi-
mental determination of average deposition energies for
various bombarding energies can be of considerable
value in differentiating between diGerent kinds of
formation processes.

Deposition energy values can be obtained directly,
independent of the above considerations, from recoil
studies. "" One obtains from the latter the forward
component of momentum imparted to the struck
nucleus. The deposition energies may then be obtained
from the momentum values with the aid of a momen-
tum-deposition energy relation obtained from the
Monte Carlo calculations. ' This relation, Fig. 4 of the
preceding paper, "was obtained on the assumption that
a given fragment is formed from nuclei of a given
excitation energy. The breadth of the f&(E~) curves
shows that this is not the case. A correct treatment gives
the average forward component of momentum imparted
to the struck nucleus for formation of fragment A, P~,
by the equation:

P(E*,Ey) X~OXN(E*,E,)Xf~(E*)dE*

~sXN(E*,E,)Xf~(E*)dE*

(3)

where P(E*,E„) is the average momentum imparted to
the struck nucleus corresponding to a given deposition
energy E*for a bombarding energy E„.P(E*,E~) is the
quantity that is actually plotted against E"' in Fig. 4 of
the preceding paper. In order to obtain values of E~*
from the measured values of P~ it is thus necessary to
correct for the width of the f~ (E*)curve. Increasing the
width of the latter from 0 to 200 Mev raises the corre-
sponding value of E&* for a given P& by a few Mev
from that given in Fig. 4 of the preceding paper.
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FIG. 6. Variation of Ez*with E„for Ba"', Cu", and a hypothetical
fragment X formed in proton bombardment of bismuth.

"Sugarman, Campos, and Wielgoz, Phys. Rev. 101,388 (1956).
'5 Perfilov, Ivanova, Lozhkin, Ostroumov, and Shamov, Pro-

ceedings of the Conference of the Academy of Sciences of the U.S.S.R.
on the Peaceful Uses of Atom& Energy, 3&scorn, July 2, 1955
(Akademiia Nauk, S.S.S.R., Moscow, 1955), p. 55 Ltranslated by
Consultants Bureau, New York (1955)7.
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F~(E*,E„) represents the fractional contribution to the
total cross section of 3 for a bombarding energy E„by
nuclei of deposition energy E*.A plot of F~ (E*,E„)for
Cu" and Ba"' calculated for 400-Mev proton bombard-
ment of bismuth is given in Fig. 7. It can be seen that
the Cu" fragments originate in the main from a
narrower deposition energy interval than the Ba"'
fragments. This result is a consequence of the fact that
the f~(E*) curve for Ba'" is still rising sharply at E* of
400 Mev (see Fig. 3) so that the product of fg(E*) and
N(E*,E„) is fairly constant despite the decrease in the
N(E*,E„) curve above 150 Mev. For Cu'r, on the
other hand, both curves decrease above E* values of
200 Mev, and hence the F~(E*,E~) curve decreases
sharply. In the model of the "Gssioning nucleus" this
means that the approximation of a single fissioning
nucleus is better for processes leading to Cu" than to
Ba"', although even for the former, the most probable
fissioning nucleus only gives rise to about 10% of the
total yield in 400-Mev bombardments.

V. FISSION PROCESS IN BISMUTH
AND TANTALUM

The analysis of excitation functions by use of Monte
Carlo calculations presented earlier may be applied to
the case of the total 6ssion cross section of bismuth' ' '
and tantalum. The excitation function for tantalum may

Equation (3) may be used directly to obtain values of
the average forward component of momentum of the
struck nucleus from the experimentally determined
excitation functions through the use of the Monte
Carlo calculations, as discussed earlier. The excitation-
function data for Cu" ' give a value of 0.516 in units
of 931 Mev/c for P~, in 450-Mev proton bombardment
of bismuth. This value is in excellent agreement with
the value of 0.528+0.009 obtained from recoil studies. "

The most probable deposition energy required to form
a given nuclide may be obtained for a given bombarding
energy by plotting the quantity o', XN(E*,E„)Xf~ (E")
versus E*, and noting the position of the maximum. If
this expression is divided by the value of the measured
cross section of the nuclide at the desired bombarding
energy, o z (E„),the quantity obtained is

XoNg(E*,E„)Xf~(E*)
F~(E+ E ) = og(E„).
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be obtained by extrapolation from measured values for
bismuth and gold, ' combined with measurements of the
total 6ssion cross section of tantalum at individual
energies. "' The resulting f~ (E*)'~ curves are plotted to
E,*values of 450 Mev in Fig. 8. Both curves go through
a maximum and the decrease beyond the maximum is
less sharp than that observed for individual fission
fragments (see Fig. 2), since these curves for the 6ssion
process represent the total of many individual f~(E~)
curves, peaked at different energies. Several conclusions
may be drawn from these curves. First, the branching
ratio for fission in bismuth attains a peak value of 0.17
at a deposition energy of l90 Mev, and then decreases.
The maximum value for the branching ratio for fission
of tantalum is 0.007 at a deposition energy of 230 Mev.
At no deposition energy is fission the predominating
process for either bismuth or tantalum.

Second, the fact that the f~(E*) curves for 6ssion go
through a maximum, coupled with the fact that the
1V(E*,E„) curves also go through a maximum for all
bombarding energies for which there are data, ' implies
that the corresponding excitation functions go through
a maximum. This maximum in the excitation function
for fission will occur at a bombarding energy for which
the most probable deposition energy is about equal to
the deposition energy corresponding to the maximum in
the fz(E*) curve. With the aid ot the deposition energy
spectra we estimate this bombarding energy to be about
750 Mev for bismuth, and 1.5 Bev for tantalum.

Third, the ratio of the integral ot f~(E*) for E*
values between 0 and 450 Mev for bismuth to that for

~6 W. E. ¹rvik and G. T. Seaborg, Phys. Rev. 97, 1092 (1955).» The subscript A now refers to the fission process in general
rather than to the formation of a specific product.
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FIG. 9. Variation of deposition energy with bombarding energy
for bismuth. E fission —average deposition eriergy for fission.
E* fission —most probable deposition energy for fission.
E* inelastic —average deposition energy for all inelastic events.

tantalum is about 30. This is the calculated ratio of the
450-Mev fission cross sections of bismuth and tantalum,
on the assumption that 1V(E*,E~) has a constant value
for all deposition energies. This ratio of 30 then repre-
sents what- might be called the greater "intrinsic"
fissionability of bismuth. The ratio of the observed
fission cross section of bismuth and tantalum at 450
Mev, is about 44."There is, then, an extra factor of
about 1.5 favoring the fission of bismuth over that of
tantalum, in 450-Mev bombardments, besides the factor
of 30 obtained from the branching ratios. This extra
factor comes from the fact that the average deposition
energy for all inelastic events is closer to the deposition
energy corresponding to the maximum in the fz(E*)
curve for bismuth than for tantalum.

The results of recent recoil studies on fission products
from bismuth and tantalum with 450-Mev protons"
show that there is no marked dependence of the average
deposition energy on the mass asymmetry of the most
probable fragments. The preference for symmetric
fission found in high-energy bombardment of these
elements" is consequently inherent in the fission act
itself.

The average and most probable deposition energies
for the fission of bismuth and tantalum may be obtained
as a function of bombarding energy to 450 Mev. The
resulting curves are shown in Figs. 9 and 10 for bismuth
and tantalum, respectively. We include for comparison
a plot of the average deposition energy for all inelastic
events, obtained from the Monte Carlo calculations. '
At the very lowest bombarding energies, where the
compound-nucleus model is applicable, all three quan-
tities coincide. At higher bombarding energies, the E*
values for fission are higher than those for all inelastic
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Fzo. 10.Variation of deposition energy with bombarding energy
for tantalum. E* fission —average deposition energy-for fission.
E~ fission —most probable deposition energy for fission.
E* inelastic —average deposition energy for all inelastic events.

events, a consequence of the very low branching ratios
for fission at low deposition energies (see Fig. 8),
particularly in the case of tantalum. Higher values of
E*are obtained for the 6ssion of tantalum as compared
to bismuth at all bombarding energies to 450 Mev
because of the relative shift of the f~(E*) curve for
tantalum to higher E*values. At some higher bombard-
ing energy, beyond the range of the data, we expect the
average deposition energy for all inelastic events, which
will continue to increase monotonically with bombard-
ing energy, to become greater than the average de-
position energy for fission, since the latter may be
expected to level off as the branching ratio for 6ssion
decreases (see Fig. 6). Figures 9 and 10 also show that,
at a given bombarding energy, the average deposition
energy for 6ssion is greater than the most probable
deposition energy for 6ssion. The values for the average
and most probable deposition energies for the 450-Mev
6ssion of bismuth and tantalum obtained in this
fashion from excitation-function data, are in very good
agreement with the corresponding values obtained from
recoil studies at 450 Mev."

The probability for 6ssion as a function of deposition
energy 8* for bombarding energy E„ is given by
&z(E*,E„).This quantity is plotted as a function of E*
in Fig. 11 for bismuth and tantalum for E„of450 Mev.
It is apparent that fission occurs over a wide range of
deposition energy for both bismuth and tantalum. If it
is assumed that 6ssion occurs after de-excitation by
evaporation of neutrons, there then is a correspondence
between "fissioning nucleus" and deposition energy.
The most probable "fissioning nucleus" in the 450-Mev
proton bombardment of bismuth has a mass of 191,and
gives rise to about 7% of all fissions. The most probable
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FH:. 11.Variation of Fg(E~,E~) with 8* for the fission of bismuth
and tantalum with 450-Mev protons.

"6ssioning nucleus" for tantalum has a mass of 163, and
gives rise to about 8% of all fissions. Previously, more
qualitative results on the spread of fissioning nuclei in
high-energy 6ssion have been presented by Douthett
and Templeton "Biller, "and Nervik and Seaborg. "%'e
have previously" shown that for both bismuth and
tantalum fission, the most probable 6ssioning nucleus
gives rise to the most probable 6ssion fragment over
most of the 6ssion region. Since the most probable
fragments for a given mass have been shown to account
for perhaps as much as 40% of the total chain yield, "
we might expect that the most probable fissioning
nucleus would give rise to about 40% of the fissions. The
fact that instead it only gives rise to 7 or 8% of all
fissions implies that there is a set of perhaps 5 to 10
fissioning nuclei, with an average deposition energy that
of the most probable 6ssioning nucleus, which gives rise
to the most probable fragments throughout most of the
fission region. The variation of F~(E*,E~) for Cu", a
primary fragment in the 6ssion of bismuth, given in
Fig. 7, shows about the same variation with deposition
energy, or 6ssioning nucleus, as the total fission process,
in agreement with the above view.

VI. CONCLUSIOÃ

In this study we have obtained branching ratios for
the formation of nuclides at given deposition energies
from measured excitation functions and deposition
energy spectra obtained from Monte Carlo calculations.
These branching ratios were used to analyze the
measured cross sections for the formation of products
in Bev-proton bombardments of lead into low dep-
osition energy "fission" and high deposition energy
"fragmentation" components. For bombarding energies
above 1 Bev, the fragmentation process was found. to
contribute to the observed formation cross sections of
nuclides over the mass region conventionally attributed
to fission, and to predominate over the Gssion process

~8 E. M. Douthett and D. H. Templeton, Phys. Rev. 94, 128
(1954).

"W. F. Micr, University of California Radiation Laboratory
Report, UCRL-206"/, December, 1952 (unpubhshedtl.
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for bombarding energies greater than about 1.5 Bev. At
3-Bev bombarding energy, the mass distribution of
fragmentation products exhibits a broad minimum at a
mass of about 100, with an increase in yield of about
an order of magnitude in going to the lightest and
heaviest fragments.

The average and most probable deposition energies
for formation of nuclides at given bombarding energies
were calculated. The variation with bombarding energy
of the average deposition energy for formation of a given
nuclide was shown to depend on the nature of the
process responsible for the formation of this nuclide. An
experimental study of this variation should therefore
be of value in the study of formation processes. The
6ssion process for bismuth was compared with that for
tantalum. Fission was found to account for a maximum
of 17% of the total inelastic cross section of bismuth,
this maximum occurring at a deposition energy of 190
Mev, whereas for tantalum the corresponding value is
0.8% at a deposition energy of 230 Mev. The "intrinsic"
fissionability of bismuth was found to be 30 times

greater than that of tantalum for 450-Mev bombard-
ments. The average deposition energy for Qssion of
tantalum was found to be greater than that for hssion
of bismuth for all bombarding energies to 450 Mev.
Both deposition energies for fission were greater than
the corresponding deposition energies for all inelastic
events at bombarding energies above 50 Mev. The
most probable "fissioning nucleus" from 450-Mev
bombardln. ent of bismuth and tantalum accounts for
about 7%%u~ of all ftssions.
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Energy Dependence of the X'+-Meson Interaction Cross Section*
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X+ interactions in nuclear photographic emulsion have been studied at three e8'ective mean IC+ energies:
54 Mev, 95 Mev, and 140 Mev. The cross section for inelastic interaction is found to increase slightly with
energy. The scattering appears to be s-wave, T=1, at low energies, with p-wave scattering becoming
appreciable above about 100 Mev.

INTRODUCTION

' "N order to obtain information on the interaction of E
~ ~ mesons with nucleons, a number of groups have
studied the scattering of low-energy E+ mesons from
both hydrogen and heavier nuclei. ' "The following,
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(1)—(3), are the only possible processes (at energies
below meson-production thresholds) in accordance with
the requirements of the strangeness scheme, which
forbids E+ absorption. The fact that in no case has
absorption been found is in agreement with this pre-
diction.

E++p +E++p, —(1)
E++st-+E++ st, (2)
E++rt~E'+ p. (3)
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