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PhotodisintegIation of Helium*f
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In this paper, we extend the sum-rule calculations of Levinger and Bethe to include two-body Heisenberg
and tensor forces. We apply these sum rules to calculate for the alpha particle the bremsstrahlung-weighted
cross section (aq) and the integrated cross section (0.; q) using Irving s wave function for tensor force. We
compare our results with values found from experiments integrated to 150 Mev. The experimental values
are 0|,=2.7 mb and 0.; t=124 Mev-mb, while the theoretical values are found to be orb=1.23 mb and o; &

=60LI+0.70(x+—,'y)+0.18(x'+ty') j Mev-mb. Here x and x' are the fractions of central and tensor
potentials, respectively, that have Majorana exchange character; y and y' represent fractions of the central
and tensor potentials that have Heisenberg exchange character. The low theoretical values for o.

& may be
related to the small root-mean-square radius of the alpha particle given by Irving's wave function. The
photodisintegration experiments seem to support Hofstadter's value for the size of the alpha particie,
when one takes account of the proton size in his electron-scattering experiments.

I. INTRODUCTION

'HE cross section and angular distribution of the
protons produced in the photodisintegration of

the deuteron, ' ' when compared with the experiments,
serve to test the basic theory of photonuclear reactions.
An over-all check of these calculations can be made by
sum-rule calculations on the photodisintegration of the
deuteron. ' Calculations on the photodisintegration of
the He4 nucleus have been made by Flowers and Mandl4
and by Gunn and Irving. ' Very little is known of the
wave function for the ground state of the helium
nucleus and much less is known of the wave function
for the excited states. Further, use of a plane wave to
describe the motion of the emitted particle in the 6nal
state, though justified for the deuteron at moderate
energies, seems to be quite dubious for He4. In sum-rule
calculations, we sum over all excited states and use
closure for the matrix elements, so that the results
depend only on the wave function assumed for the
ground state.

Flowers and Mandl' have calculated the (y,p) cross
section using S-state Gaussian wave functions to
describe the ground state of the o. particle while Gunn
and Irving' have made similar calculations using both
Gaussian and exponential-type wave functions. A com-
parison of these calculations with experiment indicates
that the experimentally measured' (y,p) cross section
is in better agreement with the calculations made by
Gunn and Irving, using the exponential-type wave

~ Supported by the National Science Foundation and the
Research Corporation.

t A portion of a dissertation by M. L. Rustgi submitted to
Louisiana State University in partial fulfilment of the require-
ments for the Ph. D. degree in Physics. (Copies may be obtained
from the L.S.U. Department of Physics, or from University
Microfilms, 313 North 5th Street, Ann Arbor, Michigan. )' L. I. Schiff, Phys. Rev. 78, 733 (1950).

s J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950).
~ J. S. Levinger, Phys. Rev. 97, 970 (1955).
4 B.H. Flowers and F. Mandl, Proc. Roy. Soc. (London) A206,

131 (1951).' J. C. Gunn and J. Irving, Phil. Mag. 42, 1353 (1951).' E. G. Fuller, Phys. Rev. 96, 1306 (1954).

function. In the region above 26 Mev a discrepancy is
indicated between the energy dependence given by
Gunn and Irving and that given by the experimental
curve of Fuller. This discrepancy may be due to the
crudeness of the experiment; but may be possibly
attributed to the omission of "D" terms in the wave
function or to the assumption of a free 6nal state.
Irving' has pointed out the need for the inclusion of a
tensor force in the nuclear interaction in. order to
obtain the correct binding for the helium nucleus. It
therefore seems necessary to include a tensor force in
the photodisintegration calculations also.

For the following calculations, we have chosen
Irving's7 later wave function, in which Irving has taken
tensor two-body forces into consideration and has
assumed the ground state wave function to be a
mixture of the 'Ss and the principal 'De state. (The
possible terms in the He4 wave functions are S, P, and
D, and have been listed by Gerjuoy and Schwinger. s)

In Sec. II we calculate the rms radius of the particle
using Irving's wave function and compare it with the
size of the 0, particle measured by Blankenbecler and
Hofstadter' by electron scattering experiments. In Sec.
III we calculate the dipole bremsstrahlung-weighted
cross section (os ——J'(o/W)dW), and in Sec. IU the
cross section integrated over the photon energy
(o; ~= J'odW). In Sec. U we compare the results for
0-~ and 0.;„t with experiments, and we discuss the dis-
crepancy between theory and experiments in Sec. VI.

II. SIZE OF THE ALPHA PARTICLE

The complete wave function for the ground state
of an alpha particle representing a mixture of the '50 and
the principal 'Do states may be written in the form':

(4s+(-4D), (I)
(i+(=')'

r J. Irving, Proc. Phys. Soc. (London) A66, 17 (1953).
8 E. Gerjuoy and J. Schwinger, Phys. Rev. 61, 138 (1942).' R. Hofstadter, Revs. Modern Phys. 28, 214 (1956).
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where

Ps=Ns exp[ —2u(u2+vs+w2)«], (2)

Therefore

b= ([4u'+2w']oo)«=0 99X10 "cm (12)

Pn=Nn exp[ 2—P(u2+ns+w2)«][6(rri v)(es w)

+6( )( ) 4( )( )] (3)

v= (r2—ri)/2«; w= (r4—rs)/2«,

ll =—(r4+ 1'2—1'2—1'1),

R=-„'(ri+r,+r,+r4),

Ns'= 2'rr'/(32r') Nn'= 2'P"/(5'3'm')

(4)

(5)

and

&12 +r18 +r14 +r22 +r24 +r24 4(u +1 +lo ) (6)

n=1.19X1012cm ' P=1.792X1012 cm ' (7)

C= —0.162.

In order to calculate the rms size of the charge dis-
tribution (fi) of the alpha particle, we shall have to
evaluate

(g)&= {-',[(r —R)'+ (r —R)']oo}«.

From Eq. (4), it is evident that

rs —R= pu —w/W2 and r4—R= 2u+w/V2. (9)

Therefore

fi = [4u +22O ]pp

"Ps*(4u'+ 2w')«tsdudvdw-
(1+C') &

+C' pg)*(4u'+-2w') fndudvdw . (10)

Here r~, r2, r3, and r4 denote the position vectors of the
particles; 1 and 2 denote the neutron and 3, 4 the proton
coordinates. R stands for the center of gravity of the
He4 nucleus. C' determines the amount of D state in
the mixtures assuming that the "5" and "D" parts
of the wave function have been separately normalized
to unity. rr, P, and C are variation parameters and have
been chosen to minimize the energy. The results fit the
binding energy of He4 reasonably well. It is found' that

which is about —, of the experimental' value b=1.61
)(10 " cm found from electron-scattering. Dalitz and
Ravenhall' have recently computed an rms radius from
the wave function of Clark" who also used a variation
method to 6t the binding energy of the alpha particle.
The resulting radius is found to be —', of the required
size. Since Clark has included two D states in his wave
function while Irving has used only one, we conclude
that the additional D states have little eGect on the
rms radius of the alpha particle. Also note in Eq. (11)
that the principal "D" state contributes only 2.5% to
the mean square radius. There are several possibilities
for this serious disagreement between theory and
experiment.

(1) This application of Irving and Clark's wave
functions to electron-scattering does not consider the
finite size of the proton' (0.77X10 "cm). An inclusion
of this 6nite size of the proton with treatment of the
neutron as a point particle increases the rms radius of
the n particle to about 1.30)&10 " cm, which is still
0.30&10 " below the experimental value. McIntyre's
use" of this procedure gives agreement with his meas-
urements of electron-deuteron scattering; but it violates
the assumption of charge symmetry in nuclear physics.

(2) Recently Yamada et at.12 have calculated the
effect of a hard core in the nucleon-nucleon potential
on the binding energy of H' and He' and they find
that the hard core reduces the binding energy of H', and
with properly chosen parameters decreases the Coulomb
energy of He' by 25% to give agreement with the
experimental value. The rms radius of the 3-body
system is increased by roughly 25%. We therefore
believe that in addition to all D states, an inclusion of
a hard core might possibly lead to the right binding
energy and rms radius of the n particle. (Other changes
in the shape of the two-body potential, or the inclusion
of many-body forces could have similar eGects to those
of a two-body repulsive core.)

(3) A third alternative suggested by McIntyre" is
to assume that the charge density found from scat-
tering experiments at high energies (400 Mev) cannot
be directly related to «t, the solution of the nuclear
Schrodinger equation. "

Carrying out the integrations by Irving's method, ~ we
obtain

1 45 91C'
[4u +22s ]op=

(1+C') 32412 32P2

{0.986+0.023}
(1.026)

=0.98+10 2' cm'.

III. BREMSSTRAHLUNG-WEIGHTED
CROSS SECTION

In this section we shall evaluate the electric dipole
bremsstrahlung-weighted cross section 0~ using Irving's
wave function.

"A. C. Clark, Proc. Phys. Soc. (London) A67, 323 (1933)."J.A. McIntyre, Phys. Rev. 103, 1464 (1956).
'2 Kikuta, Morita, and Yamada, Progr. Theoret. Phys. (Japan)

15, 222 (1956).
'3 Vennie, Levy, and Ravenhall, Revs. Modern Phys. 29, 144

(1957).
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Levinger and Bethe' evaluate the electric dipole
bremsstrahlung-weighted cross section as

ob= t (o/W)dW

4n' )es q 1
o b=

~

—
I A*ugsdudvdw

3 Ehc) (1+C') ~

+C ' fi& I piidudvdw

4or' )e' y
I '

pp

3 Ehc) '=s,4

(13) 4n' (e' q 1
t

15 21Cs~
+

3 (pic) (1+C') E8ct' 8ps )

But from Eq. (9),

(r,—R)+ (r4—R) =u.
Therefore

=1.23 mb, (15)

where the values of n, P, and C have been substituted
(14) from Eq. (7). The value of ob with Irving's central wave

function"" is only 0.8 mb.

IV. CROSS SECTION INTEGRATED OVER PHOTON ENERGY

Levinger and Bethe'4 have calculated an expression for the photodisintegration cross section of a nucleus
integrated over the photon energy for a central potential with Majorana exchange. They find that

f
~dF'

(16)

Here x is the fraction of the neutron-proton force that has a Majorana exchange character; i denotes proton and
j neutron, the double sum being over all pairs of neutrons and protons; r;; is the distance between proton "i"and
neutron "j";V(r, ;) is the neutron-proton potential; and P,;~ is the Majorana exchange operator.

Using the property that

Levinger and Bethe obtain
=P.P.(s. z,)sp. .M

II go Q;Q; V(r;;)r;;sP;ppodr, (17)

where Po is the complete nuclear wave function.
In their paper, Levinger and Bethe have not considered tensor forces, or Bartlett and Heisenberg exchange

operators. Since the tensor operator commutes with the space coordinate, Eq. (17) still holds, with V now includ-
ing the tensor operator S;;.The Bartlett operator exchanges the spin directions of the two particles, leaving their
positions unaffected. Bartlett forces therefore will not contribute anything to a.;„t, because the Bartlett operator
commutes with the space coordinates.

The Heisenberg operator I' interchanges both position and spin coordinates, and for central forces of the form
V(r;;)[1+xP;;~+yP; ~], we find that

I 4'o Jig; V(r'i)r'i P;s hodr —
II iso g;P; V(r;;)r,,&P;@hodr~c A 3A' ~ 3ys J (18)

Here x and y denote the fractions of Majorana and Heisenberg type forces. For most even-even nuclei, including
the alpha particle, any pair of neutrons and protons will have a probability of 4 for being in a spin triplet state
and 4 for being in the spin singlet state. Since the Bartlett operator gives +1 when it acts on a spin triplet state
and —1 acting on a spin singlet state, and since I';;~=I';, ll";;&,

LA*P A]=kL~Io*P Po].
"J.S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950).
'~ J. Irving, Phil. Mag. 42, 332 (1951).
'6 M. L. Rustgi, dissertation submitted to Louisiana State University, January, 1957 (unpub1ished).

(19)
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where the factor 33comes out of averaging over the nucleon spins. (See reference 16 for further discussion. ) Thus,
for an even-even nucleus, Eq. (18) reduces to

&int =
2m e'h EZ M(x+-,'y) r 6*Z' E; V(r';)r'sP'PAd

Mc A 3A'
(20)

For the present calculation, we shall use a general Yuk.awa potential including tensor interaction written as

where the tensor operator
(22)S;;=r;, 3/3(4—3, r;;)("4r; r;,)j (43;—n~),

and

V(r;;) = —VeL((1—x—31y ——,'g+-, g(n; n;))+xP,;~+yP;;s}J(r;;)
+~((1 *'—ly—' 'g—+-'g( -' ))+*'P' +y'P' ")E( ')S 3 (21)

e r'Ir. e—

rsvp'/r

g

J(r,,)=; E(r,,) =
( *%.) (.%)

(23)

Vo, g, p, r„and r& are parameters and have been chosen to fit the binding energy of the triton by Pease and Fesh-
bach lv fhey find

r,=1.184X10 "cm, r&=1.67X10 "cm, Ve——46.1 Mev, y=0.54, and g= 0 0—04.
For an alpha particle,

2m'e'h MVO
(Ps*+Can )$P; P; r;3sox+ ,'y) J(r;;)+(x'+—,y')&E(r;;)—S;&)7(fs+Cfo)dr

~

.
(1+C')3h' ~

From the orthogonality of the S and D states, it follows that

0'int = M vs1— (x+sy) fs E4 p; J(r;,)r;4sg'sdr+2C(x'+, y')y ps* p;—p; K(r;;)S;,r;,~QDdr
(1+C')3h' J

+C'(x+sy) $11*P;P; J(r;;)r;4'gr&dr+C'(x'+sy')y Pr1* P;P;E(r;;)S;,r;PPDdr
~

. (24)

All the spin matrix elements needed are given by Irving' and are worked out in detail in reference j.6.
Carrying out the spatial integrations by Irving's method, we obtain

2' VA
(rd8"= MVp

1+
(1+C')3h'

(x+-,'y)Ess(1 —g) 233r4(9 I)
~(s1)

(~2/r. )"

(~/«)"(VZ/r, )"
where

(x'+-,'y')NscVz&2'3r4yC(12!) (x+-', y)A711'C'23s'(20) (13 I) (x'+-,'y')1V11'C'23m. p(13 I)
D(as)+ F(u3)—

(
P(s4) (25)

u1——2VZnr„as= V2(n+P) r4, ss= 2V2Pr„434 242Pr1—— (26)

E, D, and F are the integrals listed in the Appendix. (Though two of these integrals are listed by Irving, we shall
list them again for completeness. )

Evaluating (25), we obtain

o; 4
——601 1+0.6710(x+—',y)+0.1815(x'+1y')+0.0240(x+13y) —0.0001(x'+sy')]

=60L1+0.695(x+-',y)+0.181(x'+13y') g Mev-mb, (27)
while for Irving's central force wave function'

o;„&——60L1+0.97(x+-',y) g Mev-mb.

Levinger has made a sum-rule calculation of the electric-dipole transitions in the nuclear photoeffect using
a simple harmonic oscillator independent-particle model with nuclear radius parameter r0=1.2)&10 '3 cm. For

'~ R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952)."J.S. Levinger, Phys. Rev. 97, 122 (1955).



M L. RUSTGI AND J. S. LEVINGER534

's wave function for a~ ~ ~

about twice our value using Irvingof He' he finds that my= 2.3 mb, or a ou
h t o" =60(1+0.84x), in surprismgly

the particular case o e, e
t 1 otential Levinger finds t ata;„~=smaller alpha particle. For q - t o en

'
or a uasi-Yukawa centra po en

'

good agreement with our Eq. (27) if we put y=y = an x =

V. EXPERIMENTAL DATA

In this section, we s ah 11 make a comparison with
rious ex eriments on the photodisintegration of the

e hotodisintegrationH 4 nucleus. Experiments on e pe
1 h articles have been performed byar ic b Bene ictof ap a par ic

lier ' de Saussureand Woodward, "Halpern et a/. , Fu er, e
and Osborne" and Smith and Barton."

a W dward measured the cross sections
ner ies from 45 tofor the production of protons of energies from o

120 Mev produce romd f He4 by a bremsstrahlung beam,
~ ~

d th results in terms of differentiaand have expresse eir re
. W 1 late the total cross section fromcross sections. e ca cu a

their grap y ah b assuming an angular distri ution o
(a+b sin'8). Fuller' irradiated helium gasthe form ~u~i sin

'
h 26- 29- and 40-Mev bremsstrahlung ann and meas-

ured the energy and angular distrib utions of the
rotons produce y ed b the photodisintegration o He'

usin nuclear emu sion ec1
' t hniques. The results. of hisu g

d from a curve for a us photonmeasurements were rea~ .rom
hotonener y. Both Woodward and Fuller obtain p oton

checked this assumption in his energy range by use o
diferent betatron energies.

for theHal em et a. met /" measured the cross section or e
f He by direct detection of thephotodisintegration o e

4,Q

&.0-

&z.o-
b

l.0

anal zed their yield curve byoutgoing neutrons, and y
the hoton difference method. We have rea eir
cross sections also rom eir

aveH '. de Saussure and Osborne avecross section for e . e
He4 —+d the hotodisintegration reaction y e

d 1 d' bHe'+n by measuring the energy and angu ar
tion of the He' recoi1 nuclei for photon energies
between 40 and 120 Mev.

'
ldS ith and Barton" have measured proton yie

al ha articlesan neu ron-a t -proton coincidences from p p
ed b 285-Mev bremsstrahlung. Analy

'
1 sis of the

neutron-proton coincidences or - ev
uasi-deuteron model of Levinger gives an ap a-

particle cross section o . m
~ ~

180 Mev. Since some protons were nwere not in coin-
'a ith neutrons, Smith suggests

'
gusin a totalci ence wi n

r er i.e., 0.3 mb.cross section about 50% larger, t.e., m .
followin, we shall assume that o.(y,e) =o (y,p)

of He'. Thus we double thefor the photodisintegration o e . us
f Woodward and of Fu er anproton cross sections of Woo

fobthe neutron cross sections o p
to Qnd the total cross sections of photodisintegration
of the alpha particle.

ve the total

standard error of about 10 0 or e e
F' 1 the measurements are notments. As shown in ig.

om letel consis en .om
' t t More experimental measure-

150 Mev using the preliminary curve shown in ig.to ev usin
Table I shows a comparison etw
experiments. ree sTh tandard central-force mixtures
are:
Rosenfeid": 0.93P~—0.13—0.268~+0.468~,

giving x+-,'y =0.80;

I. Inte rated cross sections for photodisintegration of the
h,l;.-...l...

0
$0

I I I I

l00
W(MEV)

l40 leo

1269"T.S. Benedict an d W M. Woodyard, Phys. Rev. 83,
(1951).

, N than and Yergin, Phys. Rev. 95,"Ferguson, Halpern, Nat an, an
776 {1954}."G. de Saussure and L. S. Osborne, ys. ev.

. H. Smith and M. Q. Barton, Phys. Rev.
(1955) and g. . miJ. H S 'th (private communications).

easurements of the total cross section,
f h"lh "'I-

h measurements by Halpern
for hotodisintegration o t e a p a

les Fuller; the open circles, Osborne et a .""""""'"'"'' .d. 'l- 'nd h. -ld--l. S-hthe sohd squares, W
et ul. .

22 The curve is used for the numerica c
0 in'.

Experiment'
Calculation:

Central forces
Central plus tensor

~~= J (~yw)dw

2.7 mb

0.8 mb
1.23 mbb

trinal = J'OdW

124 Mev-mb

60L2+0.97(x+$y) 7
60(1+0.695(x+~2y)

+0.182 (x'+~2y') g&

a See Fig. i.
b See Sec. III.

re the fractions of central and tensor potentials,hne charctr; d 'd1 that have Majorana exc ange c
f Heisenberg forcessimilar quantities or e se

ublished cross sections have been increased by
rong y o i'b t i the photon monitor (private

rivate communication}.
(No th-Holi d P bli h'2~ L. Rosenfeld, Nuclear Forces or - o a

Company, Amsterdam, 1948).
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Inglis28: 0.8P~+0.2P~ giving x+~~y=0.80&

and Serber'~: 0.5+0.5P~, giving x+ay=0.50.

For central forces,
kn (e' q4

3 Ehc) 3
(29)

For central forces and Irving's central wave function
0;„~is 89 Mev-mb for a Serber mixture and 106 Mev-mb
for a Rosenfeld or Inglis mixture. If we use the same
mixture parameter for central and tensor forces in the
Pease-Feshbach potential (x=x' and y=y'), a Serber
mixture gives 86 Mev-mb, while a Rosenfeld or Inglis
mixture gives 102 Mev-mb.

VI. DISCUSSION

A comparison between theory and experiment shows
a serious discrepancy between theory and experiment
for o.b though there is a fairly good agreement between
the two for r;„t, for Inglis or Rosenfeld mixtures. The
large disagreement between theory and experiment for
ob may be due to the small rms value of the alpha par-
ticle given by Irving's wave functions. (Calculations of
O.b usually provide a good check on the ground-state
wave function used. )

As discussed above, the interpretation of the alpha
particle's rms radius is not completely clear at present.
McIntyre" has recently analyzed the electron-deuteron
scattering successfully by treating the proton as a
spread-out charge distribution and the neutron as a
point charge. If we start from Hofstadter's measured
rms radius of b=1.61X10 "cm for the alpha particle,
and, following McIntyre, subtract the contribution due
to the proton's radius, we obtain an alpha rms radius
of about b= L(1.61)'—(0 77)']&=1.40&(10 " cm. (The
subtraction of mean square radius is justified for
Gaussian charge distributions, which are not in dis-

agreement with Hofstadter's measurements. )

"D. R. Inglis, Revs. Modern Phys. 25, 390 (1953)."R.Serber, Phys. Rev. 72, i114 (1947).

D(a) =

Jp

(1—q')'q'dq 21a'+19u'+7a+1

(a+q)so 504as (a+1)v

(1—q')'q'dq 231a'+159a'+45a+5

(a+q)" 13860a'(a+1)'

(1-q')'q'dq

(a+q)"

3003a'+9630a'+4710a'+350a+35

360360a'(a+ 1)"

LSee Eqs. (11) and (15).$ Equation (29) is a good
approximation for tensor forces. [Note added in proof.
We are grateful to L. L. Foldy (private communication
and preprint, "Photodisintegration of the Lightest
Nuclei, ") for the following: (1) only the independence
of the two charge distributions is needed to justify our
subtraction of the proton's mean square radius; (2)
Equation (29) can be generalized for A &4, using only
the assumption of a space-symmetric wave function. ]
Using the experimental value o-b=2.7 mb in this equa-
tion, we Gnd b = 1.44&10 "cm which supports Hofstad-
ter's value of 1.40)&10 "cm obtained by taking account
of the proton size.
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APPENDIX

In Sec. IV, the following integrals are used:


