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Formulas for the density of the energy levels of a system of independent Fermi particles are derived
which are valid for all values of the excitation energy, and thus a criterion for the validity for the usual
(high-degeneracy) formulas is obtained. It is shown that as the energy of the system increases, the degree
to which the usual (high-degeneracy) formulas are modified, depends strongly on the distribution of the
individual-particle levels. If the levels are spaced uniformly, the corrections are especially small. Applica-

tions to nuclei are discussed briefly.

1. INTRODUCTION

OME years ago Bethe! derived the level density of

an excited nucleus by regarding it as an almost
completely degenerate Fermi-Dirac gas of Z protons
and N neutrons. Thereby he explained the rapid con-
vergence of the experimentally observed level spacing
with increasing excitation energy, and he obtained
quantitative results which are of the correct order of
magnitude.

In an attempt to improve the agreement with ex-
periment, Van Lier and Uhlenbeck? generalized Bethe’s
problem in two respects. First, they based their deriva-
tion of the level density formula on a general form p(e)
for the energy level density of the individual particles;
however, they found that for a highly degenerate system
the result depends on only one parameter, namely the
value of p(e) at the Fermi level. Secondly, they in-
vestigated what the influence on the level density is
when the degeneracy is not almost complete. Since a
calculation for arbitrary values of the degeneration
parameter is rather complicated for a general p(e), they
confined their study to the case in which the individual-
particle levels are equidistant. On that basis they con-
firmed Bethe’s original idea that, insofar as the deriva-
tion of the level demsity formulas is concerned, a
nucleus excited to about 10 Mev may be treated as an
almost completely degenerate Fermi system.

We have extended the work of van Lier and Uhlen-
beck by investigating the second question for a p(e)
which follows a general positive power law. We find
that as the energy of the system increases the rise in
the level density is less rapid than for a highly de-
generate system. However, the result depends rather
sensitively on the distribution of the individual-particle
levels p(e). Furthermore, the case of equidistant spac-
ing is an exceptional one in which the effects of lack of
almost complete degeneracy are atypically small com-
pared to other distributions.

The special character of uniform spacing is exhibited
in Sec. 2 for one kind of particle and in Sec. 3 for a mix-
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ture of two kinds. We shall obtain the formulas which
are valid for all values of the degeneration parameter
and base some illustrative numerical computations on
those. However, we shall also derive some simple
analytical expressions for the level density which
contain the first order corrections to the formulas of
Bethe, and of van Lier and Uhlenbeck. Thereby a
degeneracy criterion for the validity of the zeroth order
formulas is established. The physical assumptions and
the general approach to the combinatorial problem is
the same as that of van Lier and Uhlenbeck.

The implications of the foregoing for nuclear level
densities are discussed briefly in Sec. 4. The main
conclusions are these: For excitations of about 10 Mev
(thermal neutron resonance experiments) Bethe’s origi-
nal idea is now confirmed to within a few percent rather
than the small fraction of one percent obtained by van
Lier and Uhlenbeck for a uniform spacing of the in-
dividual-particle levels. At 100 Mev, corresponding, for
example, to the excitation of a fission fragment, the
zeroth order results are affected by only a few percent
for uniform spacing, whereas other distributions may
give rise to reductions of as much as an order of
magnitude.

2. ONE KIND OF PARTICLE

The combinatorial problem which we shall treat in
this section is the one considered in Sec. 2 of the paper
by van Lier and Uhlenbeck. There are N identical,
noninteracting Fermi particles. Let the allowed energies
of an individual particle be e, €, - - -. Let these energies
be expressed in terms of a unit § which is sufficiently
small so that the €’s are integers. Let the levels be non-
degenerate, so that each level is occupied by either no
particles or one particle.

Let the resulting levels of the compound system be
denoted by E, Es, Es, ---. We assume with van Lier
and Uhlenbeck that the level structure of the com-
pound system has the following two properties: The
levels are separated by the same small unit 8, and the
number of realizations D(E) of the total energy E is a
slowly and smoothly varying function of energy. In
that case the product of the level density R(N,E) and
dis equal to D(E), and is therefore given by the Darwin-
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Fowler integral:

1 TT:(14xy<)dxdy
R mi= o e O

Evaluating the above by the saddle point method, one
obtains

o/ (@.8)
R(N,E)o=——, (2)
27 (detA)?
with
flaf)=EB—Na+3_ilog(1+e7Pe), 3)
and A is the symmetric matrix formed from the second
derivatives,
faa f«xB
a1, 0
foa  fos

a and B correspond to the location of the saddle point
on the real axes of the integrand of (1) and are deter-
mined by the two equations

f/da=9f/3=0. (5)

We make the usual “continuous approximation” in
which the sum over discrete states is dealt with by
assuming that there exists an equivalent individual-
particle density function p(e) such that

% log(14¢9) = f o(5) log(1-Fe=#2)dz.  (6)

Next, we introduce the Fermi level e;—the top of the
distribution in the most compact occupation of the
individual-particle levels—and the energy E, of the
ground state of the entire system according to:

N=f¢0p(x)dx (7

and

Ey= f mxp (x)dx. (8)

We shall now restrict ourselves to a p which follows
a general positive power law:

pa(e)=kre™, n2>1. )

The power law is sufficiently general to give useful in-
formation about the dependence of the level density
(of the entire system of particles) on the distribution of
the energy levels of the individual particle, and at the
same time the power law is simple enough to permit an
exact treatment of the integral in Eq. (6). We shall
find it convenient to have the constant of propor-
tionality in the form k*. Evidently, n=1 corresponds
to a uniform spacing of the individual-particle levels.
We shall now show that subject only to the assump-
tions which we have already made, the level density of
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the system is given by

exp{m[3Qpx(e0) 1*g~(Q/Eo)}
(48)*Qd.(Q/Ev)

where g, and d, are functions of the ratio Q/Eq. Q is
the excitation energy, i.e.,

Q=E—E,. (11)

We shall see that g, and d,—1 as Q/E—0 (high de-
generacy), thus giving the zeroth-order formulas ob-
tained in references 1 and 2 [our formula (44)] in the
appropriate limit. The rate at which g,—1 will depend
very strongly on #; in particular, if #=1 (equidistant
spacing) gi—1 especially fast.

If we introduce (6) and (9) into (3) and integrate
by parts, f becomes

R(N,E)=

, (10)

f=EB—Na+(k/B)"¢n(a), (12)
where . ;
©  x"dx

lo)=—] ——. 13

$a(@) nf e (13)

We shall frequently suppress the subscript #. The
saddle point equations (S) assume the form

N=(/B)"¢’, (14)
kE=n(k/B)""'¢. (15)

Equations (7) and (8) can now easily be integrated,
giving the relations
(keo)»=nN, (16)

(n4-1)kEo= (nN)*+in, an

Using (14) and (15), we can eliminate £ and N from
(3), and this leads to

f=&/B)"L(n+1)p—ag’]. (18)
In view of (9), (14), and (16), we have®
p(a/B)=Fkam1(k/B)"'=p(e)a™ (ng/) /" (19)
From (14), (15), and (17), we obtain
O T
Substitution of (19) and (20) in (18) yields
f=m{300(e0) I} (a), (21)

in which

1
gn(a) =—(3)}(ng/)~10-1/m
" (MS')“'I In

n

—3
] [otDg—ad']. (22)

3 Equation (19) is true only if «/82>0. If «/8<0, then p=k"
X (—a/B)"1. However, the final formulas remain the same.
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The denominator of (2) is similarly evaluated by calcu-
lating the second derivatives on the basis of (12) and
using the relation (20). The result is

27 (detd) = (48)}Qd (o), (23)
with
du(e)= (12)%En(n+1)¢¢”— (ng')* ]t
(n¢/)l+1/n —1
x[n¢~—————] . (24)
n+1

It should be noted, in view of (2) and (23), that the
quantity R(NV,Q)é is given by a dimensionless function
divided by Q. Q is an integer, the excitation energy ex-
pressed in terms of the unit §, which was introduced at
the beginning in order to make the treatment in terms
of the Darwin-Fowler integral possible. If § is expressed,
for example, in Mev, then Q6 is equal to the excitation
energy in Mev. Therefore, formula (10) gives the level
density in terms of that unit of energy in which Q is
expressed. That is the justification for the practice of
setting the level density equal to the Darwin-Fowler
integral, an equality which holds only in the sense
described (references 2 and 6).
¢ From (14), (17), and (20) it follows that for a given
n, a is determined solely by the ratio Q/FE,, viz.,*

1
o _rerive 2
EO (1,l¢’)1+1/‘n

For that reason a is called the degeneration parameter,

Q
o | LOGEINE

n+)E, VS @

. N\

-2l | I |
6 -4 -2 -0 2 4 6 8 10 12 14

F1c. 1. Logi[Q/(n+1)E] as a function of « for =1, 2, and 3.
The plot illustrates that Q/F, is a monotonic function of « also in
the region in which the asymptotic formulas (32) do not apply.

4 Formula (25) reduces to the result obtained in reference 2 if
one sets #=1.
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and we are also justified in writing

9()=¢(Q/Eo). (26)

We shall now have to consider the functions ¢, and
their first and second derivatives more closely.® If
a <0, it is readily shown that ¢, is given exactly by the
exponential series

on(@)=T(n)S.(a), «a<0,n>1, (27)
with
w gklal
Sal@)=2 . (28)
ko1 prt

If » is a positive integer, then one can show by the
method suggested in reference 2 that if « >0,

$n(@)=Pn(e)+ (—)"(n—1)!Sa(),
a >0, n=positive integer (29)
where P, is a polynomial of degree n+1. In particular,
Pi(a)=a?/2+72/6,
Py(a)=0?/6-+an?/6,
P3(@)=0a*/124a*n2/6+ (7/5) (w2/6)2.

The leading three terms of the polynomials of higher
degree are given by

(30)

2
-
n(n+1) 6a?

—{-;76(7;—1)(%—2)(6—1:;)2]- (31)

If 2>1 but is not an integer and « is positive, then ¢,
is asymptotically equal to the Sommerfeld series, the
first three terms of which are also given by (31).
Thus, regardless of whether # is an integer or not,
one obtains the following asymptotic formulas for Q/Eo:

O/ (n+1)E;—n?/6a> as a—®
—>[T'(n4+1)J Ve /» as a—— oo, (32)

The variation of Q/E, with @ is monotonic between the
regions of asymptotic behavior, and to illustrate that
we have plotted log1o[Q/ (n+1)Ey] against « for n=1,
2 and 3. (See Fig. 1.) The exact expressions (27) and
(29) were used in the numerical computations, regard-
ing which we shall make some further remarks below.

We are now in a position to discuss the behavior of
g(@) and d(e) at high degeneracies (large positive a).
If we make the asymptotic approximation

én(@)>~am/n(n+1), (33)

then §(a)=0, and that approximation is evidently in-
adequate. Approximating by two terms, viz.:

Pn (CY) —_ an+l[

m@wﬂ[ +—], (34)
n(n+1) 60

5 See A. Sommerfeld, Z. Physik 47, 1 (1928).
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has the following consequences: If n=1 (equidistant
spacing), both ¢; and d; reduce to unity for all @, and
furthermore P, contains no terms beyond (34). There-
fore, in order to obtain a first-order correction one
must include the first term of the exponential series
(28). As we shall see, the behavior is quite different if
the spacing is not uniform (nz=1).

If n#%1, a straightforward application of the two-
term approximation (34) would lead to an infinite
power series in 1/a® with the leading term equal to
unity. It can readily be verified, however, that because
of a cancellation in the factor n(n+1)¢p— (np’)+V=
which occurs in both § and d, the third term in the
asymptotic series

T

n(n+1) g;é

d)n (a)gaéﬁlj

7 7|'2 2
+;(—)(n— 1)(n—2) (—6;;) +-- ] (35)

TABLE I. Pertinent values of g, and d, for Q/E,=0.01 and
0.1. The values of 103 (g,—1) and d, are listed in odd and even
rows, respectively.

\Q/Es
[N

0.01 0.1
1 0.000 —1.005
1.000 0.999
2 —0.837 —8.718
0.999 0.991
3 —0.749 —7.298
0.999 0.993

also contributes to the coefficient of 1/e?. Incidentally,
that fact suggests strongly that in the derivation of the
zeroth-order formulas for a general p, as given in refer-
ence 2 and more recently also by Bloch,$ the additional
assumptions such as “|e—e| sufficiently small” are
not really separate assumptions, but that they are
already implied by the two-term Sommerfeld approxi-
mation. However, n=2 (also n=1) clearly forms an
exception to the rule since the entire asymptotic series
consists of only two terms, namely Ps.
Applying (35), we obtain the following results:

Gn(@)==1+ (n—1) (2n—9) (7*/120a?), (36)
and
dnla)~1— (n—1)(x%/12a2). 37
However, if #=1 we must set
¢1~0a?/2+72/6—e 2, (38)
and that leads to
gi1le)~1—e2(3/7?), (39)

6 C. Bloch, Phys. Rev. 93, 1094 (1954).
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TaBLE II. Values of C(n,N,Q/E,) to illustrate the modification of
the level density formula at intermediate degeneracy.

E

n z\vo\/ i 0.01 0.1

1 50 1.000 0.973
2 50 0.988 0.671
3 50 0.986 0.646
1 100 1.000 0.945
2 100 0.976 0.446
3 100 0.972 0414
1 200 1.000 0.892
2 200 0.952 0.197
3 200 0.945 0.171

and
di(@)>1—e(a?/2—a+72/6—1)(3/7?). (40)

The above relations together with the asymptotic
formula

Q/Eo= (n+1)7°/6c,

which holds also for =1, clearly exhibit the excep-
tional character of uniform spacing (n=1). They also
provide a simple degeneracy criterion for the validity
of the zeroth-order level density formula which reads: If

(41)

Q/Eo<<1, (42)
and
|7[30p () P(1—g) |1, (43)
ther (= [30p(en)]1)
expy\m 3P €0
~Ro(N,Q)=——""". 44
R(N,Q)=~Ro(N,Q) @0 (44)

We have also made some numerical computations to
illustrate the strong dependence of the level density on
the form of p as Q/E, increases from zero. Calculations
were done for n=1, 2, and 3 using the exact expressions
(29) for ¢ipaps. The first and second derivatives could
readily be evaluated from the identities:

1=’ =303,
¢1'=¢2" =log(1+e%),
&3’ = 29,
é1"'=1/(1+€2).
We have listed some pertinent values of g. and d, in

Table I. The effect on the zeroth-order formula Ry(N,Q)
can be expressed by a factor C which is defined through

R(N)Q)=R0(N7Q)C(n:N7 /EO)- (46)

(45)

For high degeneracies, C will be close to unity, and it
may then be regarded as a correction factor. However,
(46) is valid for all values of Q/E, (for which the
saddle point method and the continuous approximation
are good approximations). The exceptional character of
uniform spacing is clearly exhibited in the numerical
results for C which are listed in Table II. It should also
be noted that C is less than unity in all cases. Thus, as
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the energy of the system increases, the rise in the level
density is less rapid than for a highly degenerate system.

3. TWO KINDS OF PARTICLES

In this section we shall show that the case of uniform
spacing of the levels of an individual particle forms an
exception also when the system consists of two kinds
of particles. Let there be N Fermi particles of the first
kind (neutrons) with levels e, €2, - -+ and P particles
of the second kind (protons) with levels 71,79, --- E
again denotes the total energy of the combined system.
The level density of the system is again given by the
appropriate Darwin-Fowler integral,? and the saddle
point integration yields

ef («.8.7)
R(N,PE) =, (47)
(2m)¥(detA)?
with
j(a;.B:’Y)= _aN+'8b—7P+Zl 10g(1—}—e*a+ﬂei)
+3 ;i log(14er+8m) (48)
and
Jaa fag O
=\ foa fo5 Jfov |- (49)
0 frs Jor

The values of a, 8, v are determined by the equations
for the saddle point:

df/da=0f/3B =0df/dy=0.

Let us first discuss the case of uniform spacing. As in
Sec. 2, we make the continuous approximation and
write for the neutrons

pN(E) = k;

(50)

(51)
> log(l—l—e“"‘*'g"')zkf log(1+4-eot85)dx, (52)
i 0

and for the protons

pp(n)=1, (53)

5 log(14-¢~r+8m)~d f log(14-e-r89)dx.  (54)
7 0

Denoting the Fermi levels of the two distributions by
€0 and 7o, one obtains

N=rFe, (55)
P=l7’0; (56)

and
2Ea= k602+l7702. (57)

The equations which determine the saddle point become

BN =ke'(a), (58)
S E=k¢+1, (59)

and
BP=U(v), (60)
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in which

xdx
8(e)= f = (60)

and ¥ (y) is the same function of v as ¢ is of a. As in
Sec. 2, we have suppressed the subscript 1 which
properly belongs to ¢1, ¢4, and their derivatives. Using
the relation

Q=E—E,, (61)

it is readily shown by means of algebraic manipulations
which are similar to those employed in Sec. 2 that

20 [k (2¢—ag)+1(2¢—)]

flaByy) = a8 g (62)
(27)}(detA)?
QLR (206" — ") kPG (24 —¢ ) T (63)
[k(p—3¢”) +1Gp— 1) o o
and
Q k(2¢ &) +1(2¢y— ¢’2)
(64)
4

Next we wish to discuss the case of high degeneracy,
ie.,

0/EL1. (65)

It should be noted that the condition (65) does not
necessarily imply that both a and v are large and posi-
tive. That can easily be seen by considering the example
in which « is a large positive and v is a large negative
number. Then (64) is dominated by « and is given by

Q/Eo=12/6a2, (66)

which can be made as small as one pleases. Thus, the
situation is in general more complicated than for one
kind of particle. However, if we make the assumption,
which is a reasonable one for nuclei, that roughly (say
within 209)

N/k>~P/, (67)

then e~y in view of (58) and (60). In that case ¢ and
¥ may be represented by the same number of terms in
their series expansions (27), (29), or (31). From that it
follows that Q/E¢<K1 requires large positive values for
both a and . Using the two-term approximation Py,

Eq. (30), for both ¢ and ¢, one obtains
w2 (k41
g=—_—__) . (68)
Ey 6(ka®+Iv?)

As in Sec. 2, the @ and y dependence drops out of (62)
and (63) in the two-term approximation. This leads to
the zeroth order result for the level density, namely,

f(‘I?ﬂy'Y):fO:"r[% (k+l)Q]%a (69)
(27)3(det )~ (2x)3(detAd)?
=4[216Q%1/ (k+1)* 1%,  (70)
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and
efO
R(N,P,Q)~Ro=— 7
(N, PQ)=Ro (27)}(detA )} 1)

The above is in agreement with formula (10) of van
Lier and Uhlenbeck. The three-term approximation
(38) leads to the result that fo is to be multiplied by

g_l(ay’Y))

gilay)=1— (ke +le], (72)

72 (k+1)

and the denominator of (71) is to be multiplied by
hl(a77)a

_ 3 2 Y
hx(aﬁ)=1—————[ke—a<a2—sa+—-3+— —)
22 (k+1) 3 3k

2 2k

HWGLMJGH_J}”Q
3 31

Thus, as in the case of one kind of particle, the first-
order corrections for uniform spacing lead to the ex-
ponential function and §; will approach unity especially
fast with decreasing Q/Eo in comparison with other
distributions which we shall discuss next.

Let us consider, for example, a mixture having the
same number of neutrons and protons and let the level
density of each kind of particle follow the same power
law; thus,

N=P, (74)
and
pn(x)=pp(x)= ka1 (75)
Then f assumes the form
flaBy)=—N(atv)+*/B)"[o@+¥ ()], (76)
and the saddle point equations become
N=(k/B)"¢' (a), (77)
BE=n(k/B)"(¢+¥), (78)
P=(k/B)" (x). (79)

In view of (74), (77), and (79) it is clear that at the
saddle point, a=<. Therefore, f assumes the much
simpler form

f=—2Na+(k/B8)"2¢.

By manipulations which are almost identical with those
of Sec. 2, it is readily shown that

f=7[(4/3)Qp(e0) g (),

where ¢ is the Fermi level of the N neutrons and also
of the N protons.

For a given # in the power law (75), the degeneration
parameter is again determined solely by the ratio
Q/ E,, the relationship being exactly the same as (25).
The denominator of (47) may be evaluated in terms of
a by means of algebraic operations which are similar,

(80)

(81)
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TaBLE III. Values of %,(Q/E,) to illustrate the effect on the
denominator of the level density formula for intermediate de-
generacy.

Q/Eo

7\ 0.01 0.1
1 1.000 0.990
2 0.998 0.977
3 0.996 0.962

though somewhat more complicated than those of Sec.
2. It helps to obtain the result first on the basis of the
two-term Sommerfeld approximation (34); this leads
to the zeroth order approximation for the denominator,
namely

(2m)i(detd o) =2[ 43205 (eo) Jt (82)

in agreement with Eq. (10) of reference 2. For any
value of @, the result is

(2m)¥(detd) = (2m)}(detd o) h(a),

in which @4 (@)
_ - §(@)9" (@ K
h(a)=nd(a)]| ————————| =h(Q/E,). (84
@=rid| o] /. o

§(e) and d(a) are given by (22) and (24) of Sec. 2, and
¢ is, of course, the integral defined by (13). 2(e) be-
comes unity in the two-term approximation for ¢. The
result for the three-term approximation is readily ob-
tained if we make use of (31), (36), and (37):

(83)

‘II'Z

240a?

Fra(c)=1— (n—1) (6n+13). (85)

Equation (85) does not give a first-order correction if
n=1 (uniform spacing), and the situation is quite
similar to that encountered in Sec. 2. For n=1, the
three-term approximation yields

) 3¢« 2m?
hi(le)=1— (a2—3cx+——-3).
272 3

(86)

We have also made some computations for n=1, 2,
and 3 to illustrate numerically the effect on the zeroth
order results for the level density. As in Sec. 2, we can
define a factor C'(#,2N,Q/E,) such that

R(N,N,0)=RC". (87)

R, is given by
o ep(l/30(e) 1)
2[4320%(e) b

It can easily be shown that C’ is related to the factor
C of Sec. 2 through

C'=(d/h)C(n,2N,Q/Ey).

(87"

(88)

We have calculated some values of %, based on the
exact expressions (27) and (29) for ¢, and the relations
(15). They are listed in Table ITI. For Q/E;<0.1, d/h
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is equal to unity within 29, and therefore the results
for C’ are essentially the same as those listed for C in
Table II.

For the more general case in which NP, and in
which py and pp follow different power laws neither of
which corresponds to uniform spacing, the results are
qualitatively the same as above, although the detailed
discussion is considerably more involved. It is clear,
however, that since the three-term asymptotic approxi-
mation for the integrals will be of the form (35) rather
than (38), the corrections to the zeroth order formulas
will be qualitatively like (81) and (84) rather than (72)
and (73).

4. APPLICATION TO NUCLEI

In this section we shall briefly discuss the implication
of the foregoing for nuclei. Our treatment of the de-
generacy question as given in the preceding two sec-
tions is entirely satisfactory for the class of Fermi
systems which have the two characteristics that (1)
the system consists of independent particles and (2) the
level structure of each particle can be adequately
represented by a continuous function p(e). It is well
known, however, that actual nuclei can be described in
those terms only to a limited extent.” One expects,
therefore, that our simple physical model will predict
some general trends but no fine details. In this respect
the situation is the same as for the excitation energies
corresponding to the almost completely degenerate
nuclear systems which were considered by Bethe and
also by van Lier and Uhlenbeck.

Let us indicate, for example, the application of our
results for the system which is characterized by rela-
tions (74) and (75). In addition to the total number of
particles A =2}, there are only two independent pa-
rameters which may be taken to be any two of k, #, €,
p(eo), or Eo. These must be determined from experiment
and/or from further assumptions about the nuclear
model.

The most abundant experimental data which give
information about the level density of nuclei are ob-
tained from low-energy neutron experiments which
correspond to excitation energies of about 6-10 Mev.
It is well known8 that those data have been represented,
in a rough way, by zeroth order formulas of type (87').
Thus, the low-energy data determine only one of the
parameters of our theory, namely p(e). Two ways sug-
gest themselves for determining a second parameter
which is needed to make predictions for intermediate
degeneracies. One approach would be to analyze, in
terms of our formulas, such data as exist® for higher

7H. Margenau, Phys. Rev. §9, 627 (1941). See also reference 6.

8 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics
(J. Wiley and Sons, Inc., New York, 1952), pp. 371 ff. See also P.
Fong, Phys. Rev. 102, 434 (1956).

9 See, e.g., J. M. B. Lang and K. J. LeCouteur, Proc. Phys.
Soc. (London) A67, 586 (1954).
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excitation. The second method is to continue the dis-
cussion of the physical model itself. Thus, the individual-
particle levels e; (see Sec. 3) must presumably be re-
garded as the eigenvalues of a suitable potential well
of depth V. If the binding energy of the last nucleon
(the one which occupies the Fermi level ) is denoted
by ¢ (~8 Mev) then it can easily be shown from the
definitions that

Ey=[n/(n+1)J(V—¢€)4,
and in any case
2p(e0) =n?4%/ (n+1)E,.
Thus the low-energy data determine the quantity
2p(e0) =nd/(V—¢). (91)

If one combines that with a value of V—¢ 1 we shall
have the necessary information.

As a numerical illustration, we may choose p(e) to
approximate very roughly the results given on page 372
of reference 8; then for medium heavy nuclei, p(eg)
=0.024 per Mev. If we take V—¢'~40 Mev corre-
sponding to a depth which was recently used by
Sokoloff and Hamermesh!® in the analysis of neutron
scattering data, we obtain #~>~1.6 and E~254 Mev.
These values can be used in formulas (25), (81), and
(83) for amy value of Q. The first-order formula can
readily be obtained from (36) and (41):

(89)

(90)

Re~ exp{0.5(40)![1—0.00260/A4 T}.

5/4A}

(92)

The correction resulting from A(a) is negligibly small
in the region in which (92) is valid, and has been
omitted. The absolute value of (92) is probably in-
accurate; however, we may expect that the following
rough criterion will be valid: As 0.001Q%4~* approaches
unity, the high-degeneracy formula (87’) for the level
density is modified in accordance with the expressions
(81) and (84).
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