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Position of the n and y Bands in Alkali-Halide Crystalsf
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The traditional model of the exciton is used to determine the positions of the n band and the P band rela-
tive to the Grst maximum of the fundamental absorption bands. The P band is considered to be due to an
exciton created in the immediate vicinity of an F center and the n band to an exciton created in the im-
mediate vicinity of a negative-ion vacancy.

Simple assumptions are made in performing the calculations of the energy required to create the exciton.
The results obtained agree satisfactorily with the available experiments.

I. INTRODUCTION

HE experimental evidence concerning the ap-
pearance of an absorption band, in the tail of the

fundamental absorption band when a large number of
halogen vacancies are present in the crystal suggested
that this absorption band, which is called the e band,
is due to an exciton which is created in the vicinity of
an halogen ion vacancy. ' The P band, which appears in

the tail of the fundamental absorption when a large
number of Ii centers are present in the crystal, has been
attributed to an exciton created in the vicinity of an
F center. ' Since such excitons are localized at speci6c
points of the lattice where the imperfections are present,
the related absorption coeKcients are of the same order
of magnitude as those associated with the bands due to
color centers and are smaller than the fundamental

absorption coefFicients by several orders of magnitude.
In contrast with the excitons responsible for the funda-

mental absorption these excitons have no ability to
migrate about the crystal. A critical discussion of the
properties of the n and P bands can be found in the
review article by Seitz. '

The model used by Von Hippel, de Boer, Mott, and
others' to determine the position of the first and the
second fundamental absorption peaks in alkali-halides

crystals can be also used to determine the positions of
the n band and the P band relative to the first absorption
maximum. The model has been recently revived by
Overhauser, who has used it to explain the occurrence
of many components in the fundamental absorption
band. ' It amounts essentially to looking at the crystal
from an atomic standpoint. The exciton is considered.

as an excited state of the crystal in which a valence
electron from one halogen ion has been transferred to
one of its nearest alkali ions. In this framework the

three diferent situations of a free exciton, an exciton
trapped at an Ii center, and an exciton trapped to a
negative-ion vacancy are illustrated by Figs. 1, 2, and
3, respectively.

In all cases the change in energy involved in the
creation of the exciton can be evaluated by considering
the following cycle: first, a negative ion and one of the
nearest neighboring positive ions are extracted from
their lattice positions indicated in the figures by the
numbers 1 and 2. Next, the valence electron is trans-
ferred from the halogen ion to the alkali ion so that two
neutral atoms result. Finally, the neutral atoms are
brought back into their original lattice positions in the
crystal. The total work required is, for the different
cases:

hv (free exciton) ='W +'W+f l+E—I+Qt, (1)

hs (P exciton) ='W +'W+i l+E I+Os, (2)—
ho (n exciton) ='W +'W~f '+E—I+&a. (3)

In these formulas, 8 represents the energy required to
extract an ion from the crystal and the diferent sub-

scripts and superscripts refer to the negative or the
positive ions and to the con6gurations represented by
Figs. 1, 2, and 3. The symbol 8 represents the elec-
tronic amenity of the halogen atom, and I the ionization

energy of the alkali atom. The symbol 0 represents the
energy required to bring the newly formed neutral
atoms into their original lattice positions in the crystal.
The contribution to this energy of the halogen atom is
small because its dimensions are small and the atom
does not interact with the surrounding ions. On the
contrary, the metal atom is large compared with the
lattice distance, and the valence electron must be
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I"xG. 1.Schematic representation of an exciton as the transfer
of a valency c,lqctrpg. from halogen ion 1 to alkali ion 2.
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FIG. 2. Schematic representation of a p exciton. One electron Fxo. 3. Schematic representation of an o.'exciton. One electron is
is transferred from halogen ion 1 to alkali ion 2 in presence of the transferred from 1 to 2 in presence of the negative-ion vacancy 3.
J -center 3.

shared between six positive ions giving a non-negligible
energy. Unfortunately it is impossible to evaluate 0
in any simple way which would take into account the
detailed atomic and electronic structure of the lattice.
It will be assumed that its value for the n exciton and the
p exciton is the same as in the case of a free exciton
where it has been estimated by De Boer and Mott to
be of the order of 2 ev. In the framework of the present
model, it is possible to see that

hv(free exciton)) hv(p-exciton) )kv(n-exciton).

The inequality follows from Eqs. (i), (2), and (3) and
the fact that intuitively the energy 'W +'8+[ J re-
quired to obtain two vacancies in the perfect lattice is
expected to be greater than the energy required to
obtain two vacancies near the F center, which in turn
should be greater than the energy required to obtain
two vacancies near a negative ion vacancy.

It is generally true in lattice energy calculations that,
though some of the quantities involved are affected by
considerable error, the difference between two quan-
tities evaluated in the same way is quite reliable. For
this reason the model is particularly suited for calcu-
lating the positions of the n and p bands relative to the
position of the 6rst fundamental absorption.

IL POSITION OF THE g BAND

The quantity to be evaluated is obtained by sub-
tracting formula (2) from formula (I). The result is

kv(free exc.)—kv(P exc.)
ill« +1'fP' [—J 2' 2'[jan' [—J (4)

The assumption that 0~ is equal to 02 has been used.
The energy required to extract an ion from a lattice

point to infinity is the average of the potential energy
at the lattice point before the ion has been removed
and of the potential energy of the same point after the
ion has been removed. During this removal no displace-
ment of the ions from their equilibrium positions is
considered because the ideal cycle must be completed
in the short time during which the optical absorption
occurs.

The potential energy at a lattice point consists of
three parts: (a) the electrostatic energy due to the

Coulomb interaction of the charges in the lattice;
(b) the repulsive energy between closed shells of elec-
trons; (c) the polarization energy due to the dipole
moments induced on the ions by the charges present
in the lattice.

The first part gives no final contribution to the ex-
pression of formula (4) because the electrostatic en-
ergies involved in the extraction of the positive and the
negative ion are the same in the case of the free exciton
as in the case of the p exciton.

For the repulsive energy the Mott and Littleton
approximation can be used. 4 This includes only the
interaction between nearest neighbors. The formula for
the repulsive energy between a positive and a negative
ion at a distance r is

with
JJ«1 «P'e/«2,

2n i ( ilM= —
(

I—f,
n++n 42r ( keJ

where the a s are the ionic polarizabilities and ko is the
high-frequency dielectric constant. The assumption is

4
¹ F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485

(1938).
2 P. Brauer, Z. ¹turforsch. 6a, 255 (1951).

~mP
II'(«) =———-pL("—«)/~j,

6 ~oro

where ro is the lattice distance, n~ the Madelung con-
stant, e the electronic charge, and p is a constant which
can be determined from the values of the elastic con-
stants of the crystal and is equal to about 0.32 A for all
alkali halides. ' The contribution to formula (4) arises
from the lack of interaction between the ions 2 and 3
in Fig. 2; it is equal to —W(«o).

The main contribution to the difference in energy is
due to the different polarization energies of the F center
and of the negative ion. If the Ii center and the negative
ion are considered to be localized in a very small region
around, the lattice position, the Mott and Littleton
zero-order approximation can be employed to evaluate
the energy which they contribute. In this approxima-
tion the dipole moment induced on a negative ion at a
distance ~ from a charge e is given by



cg AND p BAN D S IN AL KAL I-HALI D E CRYSTALS

made that the effective polarizing field is the same at
all lattice points of the crystal. If one also assumes that
the average polarization is unchanged by the presence
of the P center, the dipole moment created on an F
center by a charge e at a distance r can be expressed as: Crystal

AM p e2

6 ro ro

—L0.2714M
+0.701SM+'

, e2+1.2320M 'g-
rp

hv(free exc.)—hv(ex exc.)

TABLE II. Position of the a band relative to the
first absorption peak (ev).'

with
pv M——verps/r',

2nv 1 ( 1 l
n +n+ 4s E hp)

1 1 2 cos(ris, r.s) e'
+ (Mv M)—

-r13 r23 2fp

The polarizability of the P center, n p, can be evaluated
easily because the center has only one electron and there
is one optical transition preferred with an oscillator
strength close to 1. Under these conditions the polariza-
bility can be obtained from the formula:

nv e'/(4rrm——vv'),

where ns is the electronic mass and v& is the frequency
corresponding to the observed position of the maximum
of the F band. The contribution to the difference in
energy due to the polarization term can be obtained by
inspection of Fig. 2 and Fig. 1. The result is:

NaCl
KCl
KBr
KI

1.498
1.343
1.282
1.195

—0.169—0.136—0.124—0.108

—0.829—0.678—0.669—0.652

0.50
0.53
0.49 (0.59)
0.44 (0.59)

III. POSITION OF THE e BAND

When the exciton is created in the vicinity of a
negative-ion vacancy, as is indicated in Fig. 3, the
calculation of the energy involved should take into
account the relaxation of the lattice in the immediate
vicinity of the vacancy. However, as a crude approxi-
mation, it is assumed that the ions 1 and 2 are in their
regular lattice positions when the exciton is created.
The other ions of the lattice have a permanent dipole
due to the presence of the vacancy. This dipole can be
estimated by the Mott and Littleton zero-order ap-
proximation and, on a positive ion at a distance r from
the negative-ion vacancy, can be written as

ss The values in parentheses represent the experimental data after
Martienssen. i As in Table I, the Pauling values of the ionic polarizabilities
have been used in evaluating the polarization term. These and the other
constants are found in Mott and Gurney's book. i

where r;; measures the distance from ion i to ion j in
units of rp.

Finally, the formula which gives the position of the
P band relative to the first absorption peak is:

with
M~'er p'/r',

hv(free exc.)—hv(P exc.)

2.5—W2 ~2 ~M p ~2

(Mv —M )
2 2rp 6 rprp

(6)

The results for some ionic crystals are given in Table
I.' 6 7 For comparison the experimental data available
are presented in parentheses in Column 4.

TABLE I. Position in energy of the P band relative to
the erst absorption peak (ev).'

Crystal

NaCl
KCl
KBr
KI

pxM p
6 roro

—0.169—0.136—0.124—0.108

(2.5 —
v2)

e2
X (Ms —M-)—

2rp

0.355
0.416
0.418
0.341

hv(free exc. )—hv(P exc. )

0.19
0.28
0.29 (0.30)
0.23 (0.32)

a In obtaining M and Mp, the Pauling theoretical values of the ionic
polarizability and the positions of the F band given by Mollwo' have been
used. The experimental results have been derived from Martienssen's
measurements of the tx and P bandsi and from the positions of the first
absorption band measured at liquid nitrogen temperature in KI, 7 and
extrapolated to liquid nitrogen temperature in the case of KBr.

6 E. Mollvro, Z. Physik 85, 56 (1933).
7 H. Fesenfeld, Z. Physik 64, 623 (1930).

An analogous formula holds for the negative ions. The
quantity E represents the dielectric constant for static
fields. The quantity n is the polarizability due to the
displacement of the ions and has been derived by Mott
and Littleton4 from the repulsive forces. From their
work, one obtains the expression

n = 3rp'p/[2n~ (rp —2p) ],
where n~ is the Madelung constant, and p the constant
appearing in the expression for the repulsive energy.

The energies of the cycle considered in the creation
of the excitons can then be calculated in the same way
as in Sec. I. Assuming that Q1——Q3,

hv(free exc.)—hv(n exc.)
='W +'W~' ' —'W —'W+i—

&. (7)

It is not obvious in this case that the assumption Q1 ——Q3

is justi6ed; to support it there is only a calculation of
Mott' in which he evaluated the energy of the lowest
state of the conduction band under the assumption that
the presence of a nearest positive charge does not change
the energy obtained by bringing a metal atom into a
lattice position. The agreement of this with other
calculations and with experiments seems to indicate
that the assumption is not incorrect.
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The contribution to the energy in formula (7) due
to Coulombic forces is (1—1/V2) (e'/rp).

The contribution due to the repulsive forces is the
same as in the case of Sec. II, i.e. , —W(rp).

The contribution of the polarization of the ions
consists of two parts: one due to the absence of the
negative ion in position 3 of Fig. 3 and the other due
to the eGect of the permanent dipoles induced on the
ions of the lattice by the charge present in position 3
of Fig. 3. It can be written as

(2.5—V2 y

2 ) 2r,

cos(rs, ,rs;) cos(rt;,rs;) e
M '—

pos. Ions f2 f3, pos. cons f1, f3, fp

cos rs;rs;)
fl(

i
neg. ions f2' f3'.2 .2 neg. ions

cos(f1' f3') e
M '—.

f pfls f3'.2

The relations used to indicate; lattice summations refer
to Fig. 3, the distances are measured in units of fp, and
the double prime indicates that the ions 1, 2, and 3 are
excluded.

Finally, the shift in energy of the n band relative to
the fundamental band is

hv(free exc.)—hv(o. exc.)

1 q
e' rrsr e' p e'

—O.271uz-
v23 rp 6 rpt'p rp

with

g2 g2—s~Mp' ——s M '—, (8)
fp fp

cos rQgrs, ) cos(rggfsj)

pos. 10ns f ] ' f 3
'

s~= p,"
pos. ions f2; f3~.2 .2

cos(r„r,~) cos(rings;)s = p,"
neg. ions f1~ f3~neg. ions f2 2f3,.

s Rittner, Hunter and DuPre, J. Chem. Phys. 17, 198, 204
(1949).' J. E. Jones and A. E. Ingham, Proc. Roy. Soc. (London)
A107, 636 (1925).

'0 J. R. Reitz and J.L. Gammel, J. Chem. Phys. 19, 894 (1951).

The values of the above summations on the positive
and negative ions can be obtained from the calculations
of similar lattice summations made by Rittner and
others, Jones and Ingham, ' Reitz and Gammel. "From

the work of reference 8,

1 1 2 cos(rsvp;)
+

f21 f3'.2f;4 f
=2C,

where C=2.0285. The summation has the same value
for positive ions as for negative ions. The prime in-
dicates that ions 2 and 3 must be excluded from the
summation. From Jones and Ingham, '

so that
-f2'' f3i—.4 .4

=15.5323,

cos(rs, ,rp, )=5.7375.II

pos. ions f2; f3;

The corresponding summation over the negative ion
has the same value, except for the fact that the term
arising from ion 1 must be excluded. The summations
of the type

cos(r ~y s,)/I

fl f3'

over positive and negative ions have been calculated
by Reitz and GammeP' in connection with a diGerent
problem. They obtained for the summations over
positive and negative ions the values 5.036 and 4.152,
respectively. The Anal results are S+=0.7015 5 = 1.232.

The numerical results for some alkali-halides crystals
are presented in Table II and are compared with the
experimental data in the cases of KI and KBr.
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IV. CONCLUSIONS

The agreement between the available experimental
results and the values calculated in the preceding sec-
tions is good, as is shown in Tables I and II. This can
be considered as a further argument in support of the
current theory on the o. and P bands. It is however
possible that the agreement is partially due to a com-
pension of the errors arising from the approximations
made.

It may be of some interest to note that the present
model can be used to calculate the positions of the
absorption bands due to excitons trapped at other
defects of the lattice, such as divalent impurities,
positive-ion vacancies, or dislocations.


