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An attempt is made to give a phenomenological approach to a unified field theory by imposing four
restrictions based on known experimental and theoretical considerations. The first two criteria, namely,
that for weak electromagnetic fields the unified equations obey the flat space principle of conservation of
energy and that the first-order corrections to Maxwell’s equations not violate known experiments con-
cerning the electron, lead to the requirement that a microscopic length appear in the Lagrangian. The
remaining two conditions are a correspondence principle constraint for determining the form of the affinity
and a gauge invariance condition. These four restrictions lead to a Lagrangian. The gauge invariance
requirement forces the existence of a cosmological term. The field equations have been investigated for the
spherically symmetric static solutions around a point electron. They lead to finite Coulomb energies, the

microscopic length acting as the cut-off parameter.

1. INTRODUCTION

EVER since Einstein’s fundamental work in general
relativity appeared, attempts have been made to
generalize it in order to include, within a single geo-
metrical framework, both electromagnetic and gravita-
tional phenomena. In recent years, approaches have
tended towards broadening the geometrical foundation
of space-time by assuming the existence of asymmetric
affinities and metric tensors! in order that the antisym-
metric Maxwell field be included in a natural fashion.
This is, indeed, the next step in generalizing Riemannian
geometry (though wider generalizations involving pro-
jective geometries may be considered) and we will
restrict ourselves here to theories of this kind. Within
this framework, then, the question arises as to what
general considerations can be imposed to limit the pos-
sibilities available, in this fashion obtaining a pheno-
menological approach to unification.

Before turning to a detailed discussion of these
points, it is perhaps important to ask why one should
attempt to unify two theories which at first glance
appear to have only one feature in common in that they
both deal with macroscopic range (massless) fields.
First, from the viewpoint of general relativity, it is well
known that the general theory is incomplete as it
stands. It derives a geometrical quantity representing
the gravitational phenomena, R,,—3%g.R, which is pro-
portional to the stress-energy tensor, T',. The latter is
not determined by the theory and thus when distributed
energy is present in space one does not have a complete
set of equations. On the other hand, for point singu-
larities, the dynamics is completely determined by the
geometry.? It is natural (though, of course, not logically
necessary) to try to extend the analysis so that both
sides of Einstein’s equation are obtained from a geo-
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A. Einstein, The Meaning of Relativity (Princeton University
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metrical idea when the source term is a field. The inclu-
sion of electromagnetic phenomena is thus a first step
in this direction.

Second, it may be observed that electromagnetic
effects have already entered into the gravitational theory
in that a light ray is assumed to travel along the null
geodesic. Thus the equations of motion for “ray optics”
has already been included within the geometrical ideas
of the general theory. In order to better understand this
assumption, it would again seem reasonable to try to
include “physical optics” within the same framework
as the gravitational phenomena.

As a final point, it may be noted that if the above
arguments suggesting a connection between the Maxwell
field and general relativity are valid, the electromag-
netic field is in the unique position of being coupled both
to the macroscopic gravitational phenomena and the
microscopic charged fields. It has recently been sug-
gested,? also, that the inconsistencies discovered in
quantum electrodynamics may be removed when gravi-
tational effects are included. Since one of the roles of
classical theory in quantum mechanics is to furnish
one with a Lagrangian to be quantized, a deeper study
as to what that Lagrangian is (and how it is modified by
its interaction with the gravitational field) may prove
fruitful.

2. PRELIMINARY THEORY

Recently Gupta and Kraichnan* have given an alter-
nate derivation of general relativity based on Lorentz
covariance rather than general covariance. Briefly, if
one assumes that the gravitational field is represented
by a spin-two particle, one might write down the fol-
lowing Lorentz covariant field equations for free space:

—[P=0; 3,w=0, I=l* (1)

3L. D. Landau, in Niels Bohr and the Development of Physics,
edited by W. Pauli (McGraw-Hill Book Company, Inc., New
York, 1955), pp. 60-61.

4S. N. Gupta, Phys. Rev. 96, 1683 (1954); R. H. Kraichnan,
Phys. Rev. 98, 1118 (1955); see also A. Papapetrou, Proc. Roy.
Irish Acad. A52, 11 (1948).
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736 R. L.

Since the only divergenceless symmetric tensor available
is the stress-energy tensor, 7, the sources of the gravi-
tational field must be 7#. Further, since it is the total
energy that must be conserved, any inhomogeneous
term inserted on the right of Eq. (1) must include the
stress-energy of any external fields present plus that
carried by the gravitational field itself. Equation (1)
can be generated by some Lagrangian Ly, from which
one can derive the energy tensor T'¢* representing the
gravitational field. Thus to next order, one amends
Eq. (1) to read

- %‘DQIZ‘"’= To""’. (2)

The procedure may now be continued [by finding an
L, which generates Eq. (2)] and in this way one obtains
an infinite series representation of the Einstein equa-
tions

R;w_ %guVR:(); (3)

where?

R;wz Bap.vaz - Fa;w, a+raua, v+PBavFayﬂ— Pﬁaﬂrauv,

R = gl“’R“y’ gl“’ = n#”+ ]Zl“"

and n* is the Lorentz metric. The basic ingredients that
go into the derivation, thus, are the spin of the field
and conservation of energy.

One may well ask what such an approach leads to
when one considers the combined gravitational and
electromagnetic equations, i.e., when one starts the
analysis with Eq. (1) and

f""',u:O; fuv:nuanvﬂfaﬂ, f#vav.u

One must now augment Eq. (2) with an extra term of
the form —«[ — fre "8y e+ 29* f77 f*fn, .5 ] and even-
tually the entire Lagrangian with the term —3k(—g)}f,.
X fasgt*g’®. One thus is lead to the field theory equa-
tions:

- AM. ve (5)

R,—%gwR=—«T,,
= —«k[— fuafreg® S+ 18w for fapg’g™"],
L(—g)ig g fas],=0.

Equations (6) are, of course, quite well-known repre-
senting the simplest generalizations of Einstein’s and
Maxwell’s theories according to the principle of equiva-
lence. It is not a unified theory in that a geometrical
interpretation of the electromagnetic field has not been
made. However, one may easily be found in the fol-
lowing fashion. Even with a symmetric affinity, the
contracted curvature tensor is not necessarlly sym-
metric, the antisymmetric part being given by

(6a)
(6b)

R‘\‘f: l_‘apu. v I"ava,n‘ (7)

5 The comma denotes ordinary differentiation, 4, =094 /9x%,
while 4., or Ao will be retained for covariant derivatives with
respect to a specified affinity.
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For the usual Christoffel affinity, I'*,, is a gradient and
thus R,, does indeed vanish. In order to obtain an anti-
symme?ric tensor, this suggests the adding of a con-
tribution to the usual affinity such that ', is no longer
restricted to being a pure gradient. We therefore assume
that the affinity is given by

T#op=Ctap+T pdta, (8)
Crap=158""(Zas, 1 860, a— EaB.o)- 9)

where

In terms of the new affinity, the curvature tensor
becomes )
Baﬂl’ﬁ[rvhjzBaﬂVﬁ[CUM]"*_aau vBy

fnv: =Ty

(10)
(11)

Thus space is flat only when both the gravitational
field and the electromagnetic field, f., vanish. The
contracted tensor becomes®

R,.,,[:F”)‘,,] = Ruv[CUM]'i' fw = R;g“" fvu-

where

(12)

Choosing a Lagrangian density of the form
8= (—g)*g* Rag[Tny ] — 3 (— )*RyuaRipgg?  (13)

to be varied with respect to g, and I', one obtains Eqgs.
(6) (provided one measures the electromagnetic field,
fus, in units such that f,=«}f,.).7

3. CONDITIONS ON THE CHOICE OF LAGRANGIAN

Though the theory discussed in the preceding section
does not disagree with any of the well-known experi-
mental tests of Maxwell’s and Einstein’s theories,? it is
somewhat artificial in construction. In view of the fact,
however, that Eqgs. (6) depend mainly on the flat
space concept of conservation of energy, they can act
as a guide to the formulation of a more satisfactory
theory. We thus adopt as our first assumption®:

A ~—Any theory should reduce to the theory of Egs.
(6) (perhaps with a cosmological term) to a first
approximation for weak electromagnetic fields.

We have required that Egs. (6) be satisfied only for
weak fields since the arguments leading to the form of
the electromagnetic stress-energy tensor are based
essentially upon the principle of equivalence and may
not be valid for fields where space is more strongly
curved.

6 The second contraction gives nothing new since B%u,=
—4R
wye

7 While it has not been shown that the choice of affinity, Eq.
(8), is the only one that will generate Egs. (6), the simplicity of
these equations make it hard to see how anything more compli-
cated could be used.

8 For electronic charge and mass, the warping of space causes
deviations at r~107% cm.

¢ That the Einstein-Strauss theory does not satisfy this assump-
tion has been first noted by A. Papapetrou, Proc. Roy. Irish
Acad. A52, 69 (1948).



UNIFIED FIELD THEORY

Electromagnetic theory has been quite successful, of
course, within its domain of validity. One must there-
fore require that any new unified theory not disturb
this. Coupled with the procedure of quantization this
domain of acceptability of Maxwell’s equations seems
to be down to within at least ~ 107" cm of the electron.
We thus further assume

B—First-order corrections to the Coulomb field of
the electron should not become appreciable for
r2>10718 cm.

Conditions A and B do not at first sight seem to be
very restrictive. However, we will try to indicate how
the simultaneous validity of both 4 and B implies the
necessity of a microscopic constant appearing in the
Lagrangian while B alone implies the necessity of
measuring the electromagnetic field in microscopic units
for many schemes.

Let us consider a theory built from an asymmetric
affinity and metric tensor. Presumably g,, will be related
to the electromagnetic field while g, will be gravita-

tional potential. One has, according_ to condition A4,
then, that for weak g,

af ot
Rw(gtlﬁ)_%gﬁgR (ggﬂ) =—Tuw(g",g), (14a)

ko vB
[(—detgs)*¢ g gasl =0, (14b)
where 7, is a tensor of the same structure as the bracket
on the right-hand side of Eq. (6a), i.e., quadratic in
g If one relates the electromagnetic field f. to g

via the equation!®

8w = fuw, (15)

~

where a is a constant, then clearly a=«. First-order
corrections to Eq. (14b) will arise, perhaps, through
replacing the determinant there by det(gas+gas). For
an almost flat world (g.s=n.s), this gives a correction
term of 1+O(g@2), where O(g.g®) is of order g.g°. Thus
the change is roughly given by g.’=a f,.,.2=x\j:,w2. But
kJw? 1s not dimensionless [having dimensions of
(length)~?], indicating that either 4 is violated or a
constant X of dimension (length)? explicitly enters into
the formulas. Such a constant would have to appear in
the Lagrangian. In this eventuality, the first-order
change becomes Ak f.,2=7"1f,? where we have written
A=1/kn. Condition B, however, requires that for
fuw~e/r? (where e is the electronic charge):

7l ret<1, (16)

which can be maintained only for 7> mc?/r¢; i.e., the
constant appearing in the Lagrangian must be 2 elec-
tromagnetic energy density on the ‘“‘surface” of the

ro=e%/mc?, m=-electronic mass,

1 Tt is irrelevant to this argument whether gy, or its dual is the
Maxwell field. e
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electron. If condition 4 were violated, one would still
have to assume that g,~n"%f,, i.e., the natural unit

to measure field strengths is the microscopic one, 7.
The question arises as to the choice of  (a lower
limit only having been found). Assuming the mass, m,
to be available, one must choose a length. If one does
not wish to invent a new length, only the classical elec-
tronic radius or the Schwartzschild electronic radius is
available. In view of the fact that the latter possibility
does not seem to have anything to do with electromag-
netic phenomena (and, further, is so small that the
concept of distance becomes questionable), we shall
provisionally assume that n=mc?/r,* where r,~ro.
Turning next to the question of affinity, it may be
noted that even in general relativity the relation
between the affinity and the Christoffel symbols is
somewhat arbitrary. A more fundamental approach,
perhaps, is to use the Palatini method and have the
relation determined by one of the field equations. One
thus has only to decide on the symmetry properties to
be assigned to I'#,s and g, For this matter we again
lean on the results of the preceding section and postulate

C—The affinity has the form I'*,g=Ct.s+T's6%,
where Ct,5=C*s, and T'g is a vector. Also, the
metric tensor obeys the relation g, = g,.

In order to justify, somewhat, the use of C we note
that, according to assumption 4, C is certainly the
appropriate method of introducing the electromagnetic
field when the fields are weak. Whether a more com-
plicated form for the affinity is needed for stronger
fields remains to be seen. In this respect condition C
plays something of the role of the principle of equiva-
lence in general relativity. For that case (via the ele-
vator experiment, say) one learns that the metric
tensor is related to gravitational fields while here (for
weak fields) one learns that the Maxwell field is related
to I's (according to Sec. 2). As a further point it should
be noted that it seems difficult to find a more general
form of T'*4 which will not also destroy condition 4.

If T's is to be associated with the vector potential,
one must demand that when I's=A, 5 where A is a
scalar, there be no electromagnetic effects. According to
Eq. (10), the curvature tensor is unchanged in this
situation. However, aside from the field equations,
there exists the geodesic equation for a neutral particle

(17

Equation (17) exists without any specification of the
connection between I'#,s and the metric tensor. For
l—“‘,,r,g=C“m,ﬁz-l-Av 80" One has

dx* dxf dA dx*
ds? ds ds

(18)

Equation (18) may be reduced to standard form by
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making the transformation ds={[expA (x)]ds’:

d2x* dx® dxf
——4CHog— =0.
ds"? ds’ ds’

(19)

Thus when no electromagnetic field is present, a change
of gauge C*og—CFas+A, go#, implies a change of metric
along the geodesic ds—[expA(x)]ds, or equivalently
guw—[exp2A (x) Jgu. Since one expects that the motion
of a neutral particle will still depend upon C¥,s only,
even when a real electromagnetic field is present, one
postulates!!

D—The Lagrangian must be invariant under the
combined gauge transformation I'“,5—T#g+A, 5644
and g,—[exp2A (%) ]gu-

Conditions C and D may be viewed in a slightly
different manner in terms of a “gauge-type” argument.
In general, ds®=g,dx*dx* gives the readings between
two events on the measuring rods and clocks. The
freedom allowed in the transformation ds—[ expA (x) ]ds
corresponds to the freedom of calibrating one’s meas-
uring devices differently at each point in space. When
no electromagnetic field is present, a neutral particle
will obey an equation of the form of (19), according to
the general theory. This equation is invariant under a
constant recalibration of one’s rods (A=const), i.e.,
a constant change of measurement standards through-
out all space-time is unobservable. Let us further
assume that a variable recalibration [A=A (x)] will also
produce no observable effects. Now under

ds—[expA (x)]ds,

Eq. (19) turns into Eq. (18), violating the above as-
sumption unless, simultaneously, C¥,—CFss4A, 0%,
This last can be achieved if a new field I'g is introduced
into the affinity I'#os=C*.5+Tg6*, such that I's—T'g
+A g under the recalibration transformation.

The invariance under the combined transformations
of condition D assumes already that C*,g is not related
to the metric tensor according to the usual Christoffel
affinity,

Cag=%8""2 (a0, 8880, a— GaB o), (20)

for if Eq. (20) held, it would not follow that T'#,g—T"¥4g
—+A, g8, when g, —[exp2A(x)]g..12

4. LAGRANGIAN AND THE FIELD EQUATIONS

We proceed next to the choice of a Lagrangian which
does not violate assumptions 4 through D. One has
available, in order to form scalars, the metric tensor,

11 The requirement of invariance under I'¥,g—T¥,g+A, gé%
(the so-called N\ transformation) has also been discussed by A.
Einstein and B. Kaufman, Ann. Math. 62, 128 (1955). See also
P. G. Bergmann, Phys. Rev. 103, 780 (1956).

12 The assumption of Eq. (20) with invariance under gu,—
(exp2A)guy corresponds essentially to Weyl’s theory. H. Weyl,
Space, Time, Matter (Dover Publications, New York, 1950), pp.
282-312.
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gas= g8a, and the contracted curvature tensor
R#”[Faﬁ‘/jzRw[C‘xﬂv‘l‘Pvaaﬂ]'

Similarly there are two scalar densities: (—g)} and
(—detR,,)% The only Lagrangian that does not violate
any of the conditions of the preceding section is

L= fd%i?(x) = fd“‘x%(—g);

X [a1RuaRisg" g% +as(gRu)?], (21)

where a; and a» are two constants that will be deter-
mined below.® Equation (21) is also the most general
bilinear Lagrangian that can be formed from R,, and
Rﬂ, as the units for measuring I, have not yet been
decided upon.

Following Schrédinger! it is convenient to define the
quantity!

g =0%/0R,,. (22)

From Eq. (21) one obtains
g =(—g [argh*gPRagtargg*Rag],  (23a)
0" =an(—g)igog*Ras. (23b)

The first set of field equations may be found by
varying Eq. (21) with respect to C%, and T,. From
Eq. (12) one has

5pr: - 5Cauv; a+5caua;v+ (61‘#. v 51‘1’, u); (24)
where the semicolon refers to covariant differentiation
with respect to the symmetric affinity C<,,. This leads
to the equations

0 a— 1 (98, 00" at0%8, g8 =0, (25)

Contracting Eq. (25) with respect to » and «, one
obtains directly [by imposing Eq. (26)]

4 :a=0. (27)
Hence, if one defines
v uy '
g—-:g_(_gs)ly
where
pa
g:= detgiﬁr g_g!gZ:a“h (28)
one obtains
Caur':%g— (gu_fr,v‘*_gvjm_ g#_-'. ,), (29)

13 Other possible terms that might appear, such as a; (—detRy,)3,
violates condition B unless, of course, a; itself is very small.
14 German symbols will denote tensor densities.
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and R, is the usual contracted curvature tensor (as a
function of 2). One also has then Ro=—fu.

Setting f.=a!f,, in Eq. (23b), where a is a constant
and f, is the electromagnetic field, (26) becomes the
source-free Maxwell equations:

[(—g)igrgP fag]»=0.

Equation (30) may alternately be written in the form

=0, frr=gragbfog, (31)

where |» means covariant differentiation with respect
to a Christoffel affinity defined in terms of g#f. One thus
has two “metric tensors” occurring in the theory: a
“gravitational” tensor g.s and an ‘“electromagnetic”
one gag. This analogy follows through the rest of the
equations. However, the original assumptions imply
that g.s defines the metric as measured by rods and
clocks while g.p is a derived quantity.

The second set of field equations are obtained by
varying with respect to g#:

0= (=g [2a1{Ruag**Rys
+R“ﬁ‘gaﬂRﬂl’_ %ngRvagargaﬂRTﬂ}

(30)

+302{2R,g* Ras— 38w (§°PRap)’} 1. (32)
Equation (32) may easily be recast into the form
0= (= &) [en{ Ryug"g* Rrg—10*R;a8""g*"Ryg}
Fa{Rag*g*Rap— 18" (§*PRap)’} ]
—aia(—g)iT, (33)

where 7%, is the electromagnetic stress-energy tensor

TH,=— g g*Bf,o frot+ 1848778 foa frp. (34

Equation (33) is quadratic in the curvatures Ry. It
may, however, be linearized in these quantities by

eliminating one of the R’s in favor of gié in the first
brace by Eq. (23a). One obtains in this fashion

a af
0" Roa—3088" Rag=ca(—g)'T%,. (35)

Equation (35) resembles Einstein’s equations. However,

while gﬂ2 appears on the left-hand side, g*# occurs in
T+, and (—g)} indicating effects to be found in this
theory that are not contained in Egs. (6). Also, the
condition 7#,=0 is satisfied identically by the left
hand side (a phenomena resulting from the gauge
invariance of ¥).

We turn next to the problem of obtaining a relation
between gg—ﬂ and g*f. This may easily be done by again
eliminating R,, from Eq. (35) with the aid of (23a).
From the latter equation, one has

Ry=0ar"(—g) 78" gougrr—a2(— ) gwg**Rap]. (36)
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Hence
g**Rap= (42 (— §)~g " ger,
or
Ry=ai (— )0 gougr—cea(arHd) g s ). (37)

Substituting into Eq. (35), one obtains

up ot 2] or
{978 g0.8r— 2 (al+4a2)_lg T888 gor)

aff or

—10{87 0 goagrp—az(c1t4a2) " (g%%gap)’}
=ae(—g)T+. (38)
Equation (38) does not uniquely determine g.s as a
function of gas and f, since the condition 7#,=0 is
identically satisfied by the left member. In fact, if one
has a solution to Eq. (38) of the form g.s=sas(guw),

then another solution is easily seen to be

Zap=[expA (x)]sqs,

where A(x) is any scalar. Since Egs. (23a), (30), and
(32) are all invariant to the scale of gag, the scale is
not determined by the field equations, this being, of
course, just the statement of the gauge invariance of
the theory.

We now determine the constants «a; and as so that
the theory conforms with conditions 4 and B. When
no electromagnetic field is present, Eq. (38) has only
the solution

gap=[expA (%) ]gas, (39)
where A(x) is an arbitrary scalar. Equations (37) then
becomes

Ru_s_': (a1+4a2)—1g#_’7 (40)
which are Einstein’s equations with the cosmological
term

A= (011‘{“4012)_1- (41)

Equation (35) leads to a consistent result.!® The solution
of Eq. (40) produces a unique determination of g,
(when some set of coordinate conditions have been
imposed). However, the metric is not determined
uniquely from Eq. (39). Hence C*qg is determined, not
in terms of gqg, but in terms of gag, a result in accord-
ance with that obtained at the end of Sec. 3.

We turn next to the situation of a weak electromag-
netic field. Rewriting Eq. (38) as

18 PP L
{g g‘”gwgrﬁ_a2(al+4a2) g gvﬁg gor}

aff ot aB
— 168 (8™ 8 goagrp— az(art4as) (g™ ga)?}
=ara(—g/—8) 1" (gas, for), (42)

15 If one continues with the association of anything on the
right-hand side of Einstein’s equations with a stress-energy tensor
(to first order), one is led to equating A with xpuc? (where p, is
the mean density of matter in the universe) and in this way to
the steady state cosmology. However, such an association in the
cosmological domain does not seem to be necessary.



740 R. L.

one may assume a solution of the form

gap=Bapthas, (43)

where 7. 1s considered small. The gauge condition may
conveniently be set by

af
h=0; h=h*=8 has. (44)
To first order in %4p, one easily obtains
= 3a,%a(a1+4as) (a1+2a2)—1Tm'(ga_B:far) . (45)

From Eq. (37) one may show that, to within quartic
terms in f,,,

wy ,
i‘g_Rl_l_V: (al'*"lc"Z)_1 (_ gs)% =\ ( - gs) .
Hence Eq. (35) becomes, to the lowest order,
a af
8 Ria— 3048 Rust A= 10T (8ap, for)  (46)

indicating that assumption 4 has been verified and that

a1 8= —K. (47)
One may, in general, rewrite Eq. (35) as
a —8s 3
(_gS)%[ g“_Rva_’%a"V[al‘l( )
B —£
aB ot of
X[8™ & goagrs—ar(art4a) (g 805)2]] }
= _K(_"g)%T“v(gaﬁyf")v (48)

where the quantity in the square brackets will differ
from 4\ only for strong electromagnetic fields. Equations
(29), (30), (38), and (48) then become the field equa-
tions defining the theory.

Returning to Eq. (45), condition B requires that
Ry~ guw~1 only for » <10 cm. Since for an electron
Tuw~e/r!, one has

1 = %Kal (a1+4a2)/ (a1+ 2(!2)82/7'14
= gkpeciar(art4as)/(or+2a),

where 7;~e2/mc? and p.®=e?/r* is the order of the
energy density on the ‘“surface” of the electron.!®
Equations (49) and (41) may be solved for «; and «;

(49)

16 The sign of Eq. (49) is @ priori arbitrary and one is in a
position somewhat analogous to the problem of the choice of
sign of « in general relativity. However, with the sign as written,
the spherically symmetric solutions of the next section are non-
singular (except at the origin). Unfortunately, «; now turns out
to be positive and hence fy,=a!f,, imaginary. This difficulty can
be removed, however, by slightly modifying the Lagrangian to read
2=3(—g) [en(RyuaRype" g — RyaRypg* §*F+a(g* Ryw)?], the net
effect being only to change the sign in Eq. (47).
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yielding
1 1 1 1—-(2/N)
a= —_— apm— ————,
kpec? 1— (1/N) AN1—-(1/N)
(50)
KpeC*
N= ~1038,
A
Hence
Qs 11— (2/N)
= :%1 a‘g_xzpf’/c?,
art4da; 41—(1/n) (51)
ar ' Skpoc?, g IS4,

For all practical considerations, terms of order 1/V
may be neglected.'”

One might note that if condition D is dropped, there
appears to be one more Lagrangian available:

8= (=) (8"’ Ragt301Ryag"g**Rop). (52)

Equation (52) leads to results similar to those obtained
here and in the next section (the spherically symmetric
solutions are slightly more complicated, though quali-
tatively the same). The main distinction seems to
involve the lack of a cosmological term. While, of
course, one might add the term A(—g)? to Eq. (52), it
appears that in this theory (as in Weyl’s) the only
natural way of introducing a cosmological term is
involved in the gauge invariance of the metric ds.

5. SPHERICALLY SYMMETRIC SOLUTION

We consider next the static spherically symmetric
solution corresponding to the electric field around a
point charged particle. We assume a coordinate frame
such that the “gravitational” metric takes the form
8= 8.0, Where

Si(r)=—n(r), g)=—7r,

83(r)=—7r"sin%),
gi(r)=\(r). (33)
In general it is not possible for both g, and gu to have

an 72 dependence for the angular part of the line ele-
ment. However, for this case it will be seen that a
gauge transformation can be made to insure this. We
assume first the general form g,, = g,6,,, where

g=—n(Mf(Nf, g)=—rfilr) [
ga(r)=—r*sin®8fs(r) f71, gu(r)=N(r)fa(r) [,

fi=(NfofsfOr (54)
The only surviving Maxwell equation reads:
i} i} 2 3
gl fsina( 22 [-o. 69
ar ar Sifh
or
Jra= far=(e/7) (f1fN/ faf3)?, (56)

17 In fact, one could always add terms to the left member of
Eq. (49) of order 1/N (and hence without violating postulate B)
such that the approximate results of Eq. (51) are exact for a;.
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where ¢ is a constant of integration. Substituting Eqs.
(54) and (56) into Eq. (34), one finds that T4,(g,f)
=T,6* and

Ti=T1=—Ty=—T3=3(/r)f1fs. (57)

Thus Eq. (42), which determines the f,, is independent
of n(r) and \(r):

(f2—tfZafa) =3 Zafd—1Cafa)?)

=—(pet®) T (58)

Since 7,=T4 and T;=Tj, the nonsingular spherically
symmetric solutions require that fi= fi, fo= f5. Hence
(58) reduces to

{f2=3n(fit 2} —3{f+ f2— 3 (it f2)%)
+in() f2=0, (59a)
(FE=3fafit S} =3+ =3k 12
—1u(r)f2=0, (59b)
where
u(r)=(2/pc?) (e*/7*). (60)

Equation (59b) is equivalent to (59a), the latter
yielding!®

f1/f2=[:1+_#(7')]_%- (61)

Turning to the gravitational equations, Eq. (48)
may be rewritten as

a af 1
g“_ R,o— %5“vg~ Raﬁ+%6“7[ :' ="K ( - g/ - gx) i,
N - (62)
=—kfITH,

where the expression in square brackets is given by

[ Jmar (= g/~ )M 8 gagrs—1 (8" ge)?)
=kpec®(f1/ fa— 121/ fy,

from Eq. (54) (neglecting terms proportional to A).
When one writes 5(r)=expa(r), A(r)=expr(r) the
nonvanishing components of Eq. (62) are easily seen
to be

(63)

1 fi 2 f, k € f1
) B
r? fz f1 27 fz
V” )\’V’ Vlz y/___}\l ercz fl 2 f2
(s (7”‘) 7
“ : " (o4)
k e
2 r f2
a 1 1 erC2 f1 2f2 k e f1
r 7 4 \f, fi 27 f,

18 We take the positive root in order to preserve the signature
of the metric.
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where v'=dv(r)/dr, etc. The solution to (64) is given by
f1 df

2m
7Y r)=A(r)= 1~—-———
r o for?

(~— 1) Zdr, (65)

where m is the second constant of integration. Since
fi/ fa~7? near the origin, the electrical term of Eq. (65)
approach a finite value for small ». Hence a Schwarz-
schild type singularity still occurs though (—g.)? is
always finite.

We now choose the gauge such that the angular com-
ponents of g, have only an 72 radial dependence, i.e.,
set fi=1. One has then

g =—N1(N[14+pr)TH,

erc2

ga(r)=—r, gs3(r)=—1r*sin%, (66)
g()=N(r[1+p()I*
Similarly, from Eqgs. (56) and (57),
fra=(e/™)[1+p(nTH, 7

Ty(—gt=3(e/r)[14n(r) T " sind.

Both the electric field, fis, and the energy density,
Ts(—g)?, are finite at the origin. Thus the point electron
produces finite electromagnetic quantities in the theory.
The fact that the integral of T4(—g)? exists, suggests
the possibility of equating it to m¢? and thus deter-
mining p.. One has then

mcz=f Ty(—g)idrdbd o
0

= (;) f " drdQr 141/ T3, (68)

= 82/ (precz):

where we have re-expressed the charge in unrationalized
units. Performing the integral, one obtains 7;=0.93r,
=0.93¢2/mc?, or

pec?=1.4(1/2w)mc?/rsd. (69)

It should, of course, be mentioned that even if the
hypothesis that all the electronic mass is electromag-
netic be valid, the above figures will be changed when
one more completely includes the matter field into the
coupling as well as quantum effects. Thus the result
given in Eq. (69) must be viewed at best as provisional.!?

6. CONCLUSIONS

In the preceding sections, an attempt has been made
to build up a unified field theory based on certain

19 Tt is interesting to note that an exact solution of the equations
for a plane monochromatic wave also exists. Of course the super-
position theorem ceases to hold for frequencies such that
TH,~p,? Similarly, for high frequencies, the wave does not
travel along the null geodesic.
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general principles (of both experimental and theoretical
origin). Before discussing the results obtained, one
might ask whether a less general Lagrangian than (21)
is compatable with these assumptions. As pointed out
earlier, Eq. (21) is the most general structure quadratic
in R,, and Rtg :

L(x) =%a1(— ) RuaRupg” g0+ 310 (— g)* fua frsg”g*®

Sar(— 9 (g Ry)?.  (10)
If one drops the third term (sets a2=0), Eq. (41) shows
that A=1/a; and hence Eq. (49) (with a,=0) will
violate condition B. The other possibility of a more
restrictive choice for ¥(x) stems from limiting a; to
zero (but keeping aje finite). From Eq. (51) this cor-
responds to limiting p.c? to infinity, the theory resulting
being precisely that of Eqs. (6). Thus, aside from this
limiting case (and an issue as to a sign'$), the conditions
laid down in Sec. 3 force a finite-electron theory.

As was seen explicitly in Sec. 5, it is not possible by
a coordinate or gauge transformation to make the
“gravitational” metric tensor g, equal to the true
metric tensor g, when an electromagnetic field is
present. One would expect, according to some Einstein,
Infeld, and Hoffman type analysis, that g,, governs the
motion of a neutral particle since this is the tensor that
appears in C#. and hence in the gravitational side of
the equations. Thus the measure of length along a
neutral particle’s geodesic is given by ds?= g,,dx*dx".
On the other hand, it is assumed that the rods and
clocks measure length according to ds*=g,dx*dx’.
These two quantities will, of course, agree (to within a
gauge recalibration) except at very small distances. Since
the neutral geodesic will not be altered significantly
by the presence of the electromagnetic field, the fact
that ds#ds’ under these circumstances implies that the
rods and clocks have been influenced by the presence
of electromagnetic energy. In general relativity, it is
always possible to set up a local Lorentz coordinate
system ds’= —dr’+c¢%df?, over a small space-time region,
where dr and dt measure directly the readings on rods
and clocks. The presence of ¢ in the metric indicates
that a consistent electromagnetic definition of time is
available in terms of the distance, cdt, that an electro-
magnetic wave travels between two events.? It would
appear from the above discussion, that the theory pre-
sented here suggests that all rods and clocks are electro-
magnetic in nature. This conclusion is, of course, quite
preliminary since the neutral nuclear fields have not
been included into the formalism.

20 This definition of a clock is also consistent with the require-
ment that the stress-energy carried by the measuring devices
postulated not disturb the local flatness of the space, since the
velocity of light remains constant as the amplitude of the wave
tends to zero.
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From the spherically symmetric solution of Sec. 5 it
is clear that g,, deviates from the Lorentz metric, n,,
only at extremely small distances. Hence, for all prac-
tical electrodynamical problems, Egs. (30) and (38) can
be replaced by

[(—g)*g g fus],, =0, (71)
{ﬂ”ﬂn"gavgrﬂ - %Qnuﬁg"ﬁ"l”gﬂ'f}
— 30510 goagep— % (1*Pgap)?}
=—1/p)T%(g,f). (72)

The major effect of the unification, thus, is the kine-
matical constraint (72) on Maxwell’s equations (71).
Since #* is a Lorentz tensor, these equations are meant
to replace the usual Lorentz-invariant Maxwell equa-
tions.

The approach being followed here is considerably
different from that of Einstein. Einstein hoped to
obtain completely regular solutions of the field equa-
tions to represent particles.?’ As mentioned earlier, the
viewpoint being adopted in this paper eventually
requires the introduction of extra terms to represent
the matter stress-energy tensor. Thus to describe elec-
trons, one will need an added structure similar to the
Dirac Lagrangian. The question as to whether these
nonlinear interactions can be quantized remains
unanswered.

A preliminary investigation has been unable to dis-
cover any invariances of the Lagrangian aside from
those following from the usual freedom of coordinate
and gauge transformations. Thus the solutions to the
field equations seem to be constrained only to the
amount that they are in general relativity and electro-
magnetic theory separately. This was seen explicitly in
the spherically symmetric solutions of the preceding
section.

As a final point, it might be mentioned that Infeld
and Wallace? have shown that for a theory obeying
Egs. (6), a charged point particle travels according to
the Dirac equations of motion.?? Hence to a first ap-
proximation, the electron will obey the usual classical
equations with radiation reaction. At high energies and
small distances, one would expect factors of the type
appearing in Eq. (67) to enter, a result which might
damp the runaway solutions.
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